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Abstract

The problemof obtainingthe maximuma posterioriestimateof ageneradiscreteMarkov random
eld (i.e.,a Markov random eld de ned usinga discretesetof labels)is known to be NP-hard.
However, duetoits centralimportanceén mary applicationsseveralapproximatioralgorithmshave
beenproposedn theliterature.In this paperwe presenananalysisof threesuchalgorithmsbased
on corvex relaxations:(i) LP-s: the linear programming(LP) relaxationproposedoy Schlesinger
(1976)for aspecialcaseandindependentlyn Chekurietal. (2001),Kosteretal. (1998),andWain-
wright etal. (2005)for thegenerakasefii) QP-RL: the quadraticprogramming(Qp) relaxationof
RavikumarandLafferty (2006);and(iii) socp-ms: thesecondrderconeprogramming SOCP) re-
laxation rst proposedy MuramatsuandSuzuki(2003)for two labelproblemsandlaterextended
by Kumaretal. (2006)for ageneralabelset.

We shaw thatthe socP-ms andthe QpP-RL relaxationsareequivalent. Furthermorewe prove
thatdespitethe e xibility in theform of the constraints/objecte functionofferedby Qp andsocp,
theLP-s relaxationstrictly dominategi.e., providesabetterapproximatiorthan)Qpr-RL andsocr-
MS. We generalizaheseresultsby de ning alarge classof socp (andequivalentQp) relaxations
which is dominatedby the LP-s relaxation. Basedon theseresultswe proposesomenovel SocP
relaxationsvhichde ne constraintsisingrandomvariableghatform cyclesor cliquesin thegraph-
ical modelrepresentationf the random eld. Using someexampleswe showv thatthe new socp
relaxationsstrictly dominatethe previousapproaches.

Keywords: probabilisticmodels,MAP estimation,discretemRF, corvex relaxationsjinear pro-
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1. Intr oduction

Discreterandom elds area powerful tool to obtaina probabilisticformulationfor variousapplica-
tionsin computervision andrelatedareagBoykov etal., 2001;Cohen,1986). Hence,developing
accurateandef cient algorithmsfor performinginferenceon a given discreterandom eld is of
fundamentaimportance. In this work, we will focuson the problemof maximuma posteriori
(MAP) estimation. MAP estimationis a key stepin obtainingthe solutionsto mary applications
suchasstereo,jmagestitchingandsegmentation(Szeliskiet al., 2006). Furthermoreijt is closely
relatedto mary importantCombinatorialOptimizationproblemssuchasmAxcuT (Goemansand
Williamson, 1995), multi-way cut (Dalhauset al., 1994), metric labelling (Boykov et al., 2001;
Kleinberg andTardos,1999)and0-extension(Boykov etal., 2001;Karzanw, 1998).

GivendataD, a discreterandom eld modelsthe distribution (i.e., eitherthe joint or the con-
ditional probability) of a labelling for a set of randomvariables. Eachof thesevariablesv =
fvo;vi;  ;Vvn 19 cantake a labelfrom a discretesetl = flg;11;  ;ln 10. A particularlabelling
of variablesv is speci ed by afunction f whosedomaincorrespondso the indicesof the random
variablesandwhoserangeis theindex of thelabelset,thatis,

f:f0;1;, ;n 1g! f0;1;, ;h 1g:

In otherwords,randomvariablev, takeslabell ¢y . For cornveniencewe assumehe modelto bea
Markov random eld (MRF) while notingthatall the resultsof this paperalsoapplyto conditional
random elds (CRF).

An MRF speci esaneighbourhoodelationshipE betweertherandomvariablesthatis, (a; b) 2
E if, andonly if, v, andv, areneighbouringrandomvariables. Within this framework, the joint
probability of alabelling f givendataD is speci edas

: 1
Pr(f; Dja) (@ exp( Q(f;D;q)):
Hereq representshe parametersf the MRF andZ(q) is a normalizationconstantwhich ensures
thatthe probability sumsto one (known asthe partitionfunction). Assuminga pairwiseMRF (i.e.,
anMRF with maximumclique sizeof 2 accordingto the neighbourhoodelationshipE), theenegy
Q(f;D;q) is givenby
Q(f:D;q)= & q;;f(a) + 4 ng;f(a)f(b):
(ab)2E

Va2V

Theterm q;_ f(a) is calleda unarypotentialsinceits valuedependn the labelling of onerandom

variableat a time. Similarly, ng;f(a)f(b) is calleda pairwise potentialasit dependson a pair of
randomvariables.Notethatthe assumptiorof pairwiseMRF is not a severerestrictionasary MRF
canbe convertedinto an equivalent(i.e., representinghe sameprobability distribution) pairwise
MRF, for example,seeYedidiaet al. (2001). For further simplicity of notation,we assumehat
ng;f(a)f(b) = w(a;b)d(f(a); f(b)) wherew(a;b) is the weight that indicatesthe strengthof the
pairwiserelationshipbetweenvariablesv, andwy,, with w(a;b) = 0if (a;b) 2 E, andd( ;) is a
distancefunction on the labels! As will be seenlater, this formulationof the pairwisepotentials
would allow usto conciselydescribeour results.

1. The pairwisepotentialsfor arny MRF canberepresenteih the form ng;ij = w(a;b)d(i; j). Thiscanbeachieved by
usinga largersetof labelsi = floo;  lop:  ln 10,0 suchthattheunarypotentialof v, takinglabelly; is qé;i if
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We notethata subclas®f this problemwherew(a;b) 0 andthedistancefunctiond( ; ) is a
semi-metricor a metrichasbeenwell-studiedin theliterature(Boykov etal., 2001;Chekurietal.,
2001;Kleinbelg andTardos,1999). However, wewill focusonthegeneraMAP estimatiorproblem.
In otherwords,unlessexplicitly statedwe do notplaceary restrictionontheform of theunaryand
pairwisepotentials.

Theproblemof MAP estimatiorfor adiscretemRF is well knowvn to beNP-hardin general Since
it playsa centralrole in seseralapplicationsmary approximatealgorithmshave beenproposedn
theliterature.In thiswork, we analyzethreesuchalgorithmswhich arebasedn corvex relaxations.
Speci cally, we consider:(i) LP-S, thelinearprogrammingLP) relaxationof Chekurietal. (2001),
Kosteret al. (1998), Schlesinge(1976), and Wainwright et al. (2005); (ii) QP-RL, the quadratic
programming(Qp) relaxationof Ravikumar and Lafferty (2006); and (iii) socp-Ms, the second
order cone programming(socP) relaxationof Kumar et al. (2006) and Muramatsuand Suzuki
(2003). In orderto provide an outline of theserelaxations,we formulate the problemof mAP
estimationasan Integer Program(I P).

1.1 Integer Programming Formulation

We de ne abinaryvariablevectorx of lengthnh. We denotethe elementof x atindexa h+ i as
Xai Wherev, 2 v andl; 2 |. Theseelementsy;i specifyalabelling f suchthat

1 if f(a) =i,

Xai = 1 otherwise.

We saythatthevariablex,;; belongsto variablev, sinceit de neswhetherthevariablev, takesthe
labell;. Let X = xx>. Werefertothe(a h+ i;b h+ j)" elementof the matrix X asXapij Where
Va; Wb 2 v andli; 1 2 |. Clearlythesumof theunarypotentialsfor alabellingspeci ed by x is given
by

(1+ Xq;i) |
& oy
Vali
Similarly the sumof the pairwisepotentialsfor alabellingx is givenby
9 (1+ Xai) (1+ Xp;j) Q (1+ Xai + Xp;j + Xabiij) .
a ng;ij > I 5 2= a ng;ij : 4J i
(&b)2E;lijl; (ab)2E;lisl;

Hencethefollowing 1P nds thelabellingwith the minimumenenpy, thatis, it is equivalentto the
MAP estimationproblem:

P X = argminxéva;li qé;i (l+2xa;i) + é-(a;b)zE;Ii;Ij qazlb;ijw
s.t. x2f 1;1g™ (1)
dj21%i =2 b (2)
X=xx: (3)
a= band¥ otherwise.In otherwords,avariablev, canonly take labelsfrom thesetf 15.0;  ;lan 10 Sinceall other

labelswill resultin anenegy valueof ¥. The pairwisepotentialfor variablesva andvy taking labelsla; andly;j
respectiely canthenbe representeih theform w(a; b)d(a;i;b; j) wherew(a;b) = 1 andd(a;i;b; j) = ng;ij. Note

thatusingalargersetof labelsl will increasehetime compleity of MAP estimationalgorithms but doesnot affect
theanalysispresentedn this paper
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Constraintg1) and(3) specifythatthe variablesx and X arebinary suchthat Xapij = XaiXy;j. We
will refer to them asthe integer constaints Constraint(2), which speci es that eachvariable
shouldbeassigneanly onelabel,is known asthe uniquenessonstaint. Notethatoneuniqueness
constrainis speci edfor eachvariablev,. Solvingtheabore 1P isin generaNp-hard.lt is therefore
commorpracticeto obtainanapproximatesolutionusingcorvex relaxations We describdour such
convex relaxationsbelow.

1.2 Linear Programming Relaxation

TheLP relaxationproposedy Schlesingef1976)for a specialcase(wherethe pairwisepotentials
specifya hardconstraintthatis, they areeither0O or ¥) andindependentlyn Chekurietal. (2001),
Kosteretal. (1998),andWainwrightet al. (2005)for thegenerakasejs givenasfollows:

LP-SI X = algminyd.,, qg\;i(l+2)(a:i) + & (ab)2E; ng;ijw
s.t. x2[ La™mx2[ 120 nh
di21%i=2 b
121 Xabij = (2 )Xa;i; ()
Xabjij = Xoaji; (5)
1+ Xgj + Xpj + Xapij O (6)

In the above relaxation,which we call LP-s, only thoseelementsXyyj of X are usedfor which
(a;b) 2 E andl;;1; 2 1. Unlike the 1P, the feasibility region of the above problemis relaxed such
that the variablesxa;j and Xap;ij lie in theintenal [ 1;1]. Further the constraint(3) is replaced
by Equation(4) which is called the marginalization constaint (Wainwright et al., 2005). One
maiginalizationconstraintis speci ed for each(a;b) 2 E andl; 2 I. Constraint(5) speci esthat
X is symmetric. Constraint(6) ensureghat ng;ij is multiplied by a numberbetween0 and 1 in

the objective function. Theseconstrainty(5) and (6) are de ned for all (a;b) 2 E andl;;l; 2 I.

Theformulationof the LP-s relaxationpresentedhereusesa slightly differentnotationto the ones
describedn Kolmogorw (2006) and Wainwright et al. (2005). However, it caneasily be shavn

thatthetwo formulationsareequivalentby usingthevariablesy andY insteadof x andX suchthat
Yai = T Yo = M. Throughouthis paperwe will male useof thevariablesx and
X insteadof y andY. As will be seenin the subsequergectionsthis would allow usto concisely
describeour results. Note that the aborve constraintsare not exhaustve, thatis, it is possibleto

specifyotherconstraintgor the problemof MmAP estimation(e.g.,see§ 1.3and1.5).

1.2.1 PROPERTIES OF THE LP-S RELAXATION

Sincethe LP-s relaxationspeci esalinear programit canbe solvedin polynomialtime. A
labelling f canthenbe obtainedby roundingthe (possiblyfractional)solutionof the LP-s.

Usingtheroundingschemef Kleinbeig andTardos(1999),the L P-s providesamultiplicative
bound of 2 whenthe pairwisepotentialsform a Pottsmodel(Chekurietal., 2001).

2. Considera setof optimizationproblemsA andarelaxationschemede ned over this setA. In otherwords,for every
optimizationproblema 2 A, therelaxationschemeprovidesarelaxations 2 B of A. Lete” denotetheoptimalvalue
of the optimizationproblema. Further let & denotethe valueof the objective function of A at the point obtained
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Using the roundingschemeof Chekurietal. (2001),LP-s obtainsa multiplicative boundof
2+ 2for truncatedinearpairwisepotentials.

LP-s providesa multiplicative boundof 1 whenthe enegy functionQ( ;D;q) of the MRF is
submodulafSchlesingeandFlach,2000)(alsoseelshikava2003andSchlesingeandFlach
2006for thest-MINCUT graphconstructiorfor minimizing submodulaenegy functions).

The LP-s relaxationprovides the sameoptimal solution for all reparameterizationg of g
(Kolmogora, 2006;Werner,2007)3

We noteherethat, althoughthe LP-s relaxationcanbe solved in polynomialtime, the stateof
theart Interior Pointalgorithmscanonly handleup to a few thousandrariablesandconstraintsin
orderto overcomehisde ciency severalef cient algorithmshave beenproposedn theliteraturefor
(approximately)solvingthe Lagrangiardual of LP-s (Kolmogorars, 2006;Komodakisetal., 2007;
Schlesingerand Giginyak, 2007a,b;Wainwright et al., 2005; Werner,2007). Recently ef cient
methodshave alsobeendevisedfor solvingthe primal problemdirectly (Ravikumaretal., 2008).

1.3 Quadratic Programming Relaxation

We now describethe QP relaxationfor the MAP estimationipP which was proposedoy Ravikumar
andLafferty (2006). To thisend,it would be corvenientto reformulatethe objective functionof the
IP usingavectorof unarypotentialsof lengthnh (denotecby al) andamatrix of pairwisepotentials

of sizenh nh (denotedby az). The elementof the unary potentialvectoratindex (a h+ i) is
de nedas
1 1 o o . 2 .
qa;i - qa;i aa anc,ikJa
V2V 21
wherev, 2 v andl; 2 I. The(a h+i;b h+ j) elementof the pairwise potentialmatrix 612 is
de ned suchthat
2 AvavAiaiid; if a=bji=j;
Gabij = P otherwise
ab;i j !
whereva;Wp 2 v andli;lj 2 1. In otherwords, the potentialsare modi ed by de ning a pairwise
potentialqgla.ii andsubtractinghevalueof thatpotentialfrom thecorrespondingr;marypotentialqgl;i .
The adwantageof this reformulationis thatthe matrix 612 is guaranteedo be positve semide nite,

thatis, E{Z 0. This canbeseenby observinghatfor ary vectorz 2 R™ thefollowing holdstrue:

~2 0 0 . . . .
Zqz = a a qub;ijjzzza;i+1qe21b;ijjzg;j+quzib;ijza;izb;j ;
(ab)2E ;1521
0 1 1
qzb.. n2
, - i .
= é. é. @)qub;ijj Zyit - 2 J-Zb;j A
(a:b)2E Ii;1;2! abij)
0:

by roundingthe optimal solutionof its relaxations. Therelaxationschemas saidto provide a multiplicative bound
of r for thesetA if, andonly if, thefollowing conditionis satis ed: E(8") re®;8a 2 A, whereE( ) denoteghe
expectationof its agumentundertheroundingschemeemployed.

3. A parameteq is calleda reparameterizatioof q (denotedby q  q) if andonly if Q(f;D;q) = Q(f;D;q) for all
labellingsf.
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Usingthefactthatfor x5 2 f  1;1g,

1+ Xa;i 2_ 1+ Xai .

2 2

it canbe showvn that the following is equivalentto the MAP estimationproblem (Ravikumar and
Lafferty, 2006):

: > ~1 > ~2
G x = amming a7 o
S.t. dl21%i =2 h8va2v; 8)
x2f 1,1g™; )

wherel is avectorof appropriatedimensionsvhoseelementsareall equalto 1. It is worth noting

that, althoughfql and6|2 de ne the sameenengy for alabelling f asthe original parametenr, they
arenot a valid reparameterizatioof g sincethey containnon-zeropairwisepotentialsof the form
qga” . By relaxingthefeasibility region of theabove problemto x 2 [ 1;1]"", theresultingQp can

besolvedin polynomialtime sinced2 0 (i.e., therelaxationof the Qp (7)-(9) is corvex). We call
theabore relaxationQpr-RL. Notethatin RavikumarandLafferty (2006),the Qp-RL relaxationwas
describedusingthe variabley = sz However, the above formulation caneasilybe shavn to be
equialentto theonepresentedn RavikumarandLafferty (2006).

In RavikumarandLafferty (2006),theauthorgproposedroundingschemdor Qp-RL (different
from theonesusedin Chekurietal. 2001andKleinbeig andTardos1999)that providesanadditive
bound' of $ for the MAP estimationproblem where

S= & & i%uii;
(ab)2E Ii;1;21

thatis, Sis thesumof theabsolutevaluesof all pairwisepotential{ RavikumarandLafferty, 2006).
Undertheirroundingschemethis boundcanbeshavn to betight® usingarandomeld de ned over
two randomvariableswhich speci esuniform unarypotentialsandising modelpairwisepotentials
(seeFig. 2(a)). Further they alsoproposedan ef cient iterative procedureor solving the QpP-RL
relaxationapproximately However, unlike LP-s, no multiplicative boundshave beenestablished
for the QP-RL formulationfor specialcasef the MAP estimationproblem.

1.4 Semide nite Programming Relaxation

The spP relaxationof the MAP estimationproblemreplaceshe non-cowex constraintX = xx> by
the corvex semide niteconstraintX xx> 0 (deKlerk et al., 2004; Goemansand Williamson,
1995;Lasserre2001)which canbeexpresseds

1 x

X X O

4. A relaxationschemede ned over the setof optimizationproblemsA is saidto provide an additive boundof s for
A if, andonly if, thefollowing holdstrue: E(&") e*+ s;8a 2 A. Heree” is theoptimalvalueof A andé” is the
valueobtainedby roundingthe solutionof B.

5. The multiplicative boundspeci ed by a relaxationschemede ned over the setof optimizationproblemsA is said
to betight if, andonly if, thereexistsana 2 A suchthatE(&") = r é®. Similarly, theadditive boundspeci ed by a
relaxationschemede ned over A is saidto betight if, andonly if, thereexistsana 2 A suchthatE(&*) = e+ s.
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usingSchurs complemen{Boyd andVandenbeghe,2004).Further like LP-s, it relaxestheinteger
constraintdby allowing thevariablesxy; andXap,j to lie in theinterval [ 1; 1] with Xaqi = 1 for all
Va2 v;li 2 |. Notethatthevalueof Xaaii is derivedusingthefactthatXaqii = xg;i. Sincexg; canonly
take thevalues 1 or1intheMAP estimationip, it follows thatX,ai = 1. The SDP relaxationis a
well-studiedapproachwhich providesaccuratesolutionsfor the MAP estimationproblem(e.g.,see
WainwrightandJordan2004). However, dueto its computationalnef ciency, it is not practically
usefulfor large scaleproblemswith nh> 1000.Seehowever Olssonetal. (2007),Schellevald and
Schnorr(2003)andTorr (2003).

1.5 SecondOrder Cone Programming Relaxation

We now describethe socp relaxationthat was proposedoy Muramatsuand Suzuki(2003)for the
MAXCUT problem(i.e.,MAP estimatiorwith h= 2) andlaterextendedor ageneralabelset(Kumar
etal.,2006). Thisrelaxationwhichwe call socp-Ms, is basednthetechniqueof Kim andKojima
(2000). For completenesse rst describethe generaltechniqueof Kim andKojima (2000)and
latershav how socp-Ms canbederivedusingit.

1.5.1 SOCP RELAXATIONS

In Kim andKojima (2000),theauthorsobseredthatthe sbp constraintX xx> 0 canbefurther
relaxed to secondordercone(soc) constraints. Their techniqueusesthe fact that the Frobenius
inner productof two semide nite matricesis non-ngative. For example,considertheinner prod-
uctof a x edmatrix C= UU> 0 with X xx> (which, by the sbp constraint,is also positive
semide nite). The non-n@ativity of this inner productcan be expressedasan sSocC constraintas
follows:

C (X xx7) 0
) k(U)’xk? C X:

Hence by usinga setof matricesS= f CXjCk = UX(U¥> 0:k= 1;2;:::;ncg, the sDP constraint
canbefurtherrelaxedto nc SOC constraints,thas,

) k(UK”xk?> ck X;k=1; :nc

It canbe shown that, for the abore setof soc constraintg¢o be equivalentto the sbp constraint,
nc = ¥. However, in practice,we canonly specifya nite setof soc constraints.Eachof these
constraintsnay involve someor all variablesxai andXapij. For example,if C';b;ij = 0, thenthekth
soc constrainwill notinvolve Xap;ij (sinceits coefcient will be0).

1.5.2 THE SOCP-MS RELAXATION

Considera pair of neighbouringvariablesv, andvy, thatis, (a;b) 2 E, anda pair of labelsl; and
lj. Thesetwo pairsde ne the following variables:Xy;i, Xp:j, Xagii = Xonjj = 1 andXapij = Xpaji
(sinceX is symmetric).For eachsuchpair of variablesandlabels the socp-ms relaxationspeci es
two soc constraintswvhich involve only the above variables(Kumaret al., 2006; Muramatsuand
Suzuki,2003). In orderto specifythe exactform of thesesoc constraintswe needthe following
de nitions.
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Usingthevariablesv, andvy, (where(a; b) 2 E) andlabelsl; andlj, we de ne the submatrices
x@bi) andX (@bi)) of x andX respectiely as:

x(@biit)) = Xaii -x (@biizj) = Xaaii  Xabij
Xoij Xoaiji - Xobjj
The socp-Ms relaxationspeci essoc constraintof theform:
k(Ufg)” x@BEDK2  ck o x @b, (10)

for all pairsof neighbouringrariableqa; b) 2 E andlabelsl;;1; 2 I. Tothisend,it useshefollowing

two matrices:
11

11

1 1

C%/IS = 1 1

c2 =
,Cus =
In otherwordssocpP-ms speci esatotal of 2] Ejh? soc constraintsNotethatboththematricesf:%,I S
andC2,5 de ned above are positive semide nite,andhencecanbewritten asCl,s = U} 4(Uko)”
andC2,s= U2,4(U%9)” where

0
01

0 1

Ubhs= andUZg= g 1 ¢

Substitutingthesematricesin inequality (10) we seethat the constraintsde ned by the socp-ms
relaxationaregivenby

k(U%/IS)>X(a;b;i;j)k2 ClMS X (@Diiij)-

k(UfAS)>X(a;b;i;j)k2 CE/IS X (@Diisj)-
2

) 00 Xa;i _ 11 Xaaii Xabij .
11 Xo;] 11 Xpaji  Xobjj
2
0 O Xa:i _ 1 1 Xaaii Xabij .
11 Xo;j 11 Xpaji  Xobjj
) (Xai + X0:))2 Xaaii + Xobjj + Xanij + Xoaji;
(Xai X)) Xaaii + Xobjj  Xabij Xoaji;
) (X + Xp;j)? 2+ 2Xapii;

Xai X0))2 2 2Xapij:

Thelastexpressions obtainedusingthe factthat X is symmetricandXaaii = 1, for all v; 2 v and
li 2 . Hence,in the socp-Ms formulation,the MAP estimation P is relaxedto

SOCP-MS! X = argminy,, o T2+ & @nzei, iy g
s.t. x2[ 12X 27 1;1° nh.
§|i2|xa;i =2 h
(Xai Xoj)? 2 Xapij; (11)
(X + Xp;j)? 2+ 2Xapii; (12)
Xabiij = Xbaji: (13)
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We refer the readerto Kumar et al. (2006) and Muramatsuand Suzuki (2003) for details. The
SocP-Ms relaxationyields the supremumand in mum for the elementsof the matrix X using
constraintg11) and(12) respectiely, thatis,

(Xasi + Xo:j)?

(Xai  Xo:j)?.
5 Ak T T

1 Xajj 1 >

Theseconstraintsarespeci edfor all (a;b) 2 E andl;;1; 2 . Whentheobjective functionof socp-
MS is minimized,oneof thetwo inequalitieswould be satis ed asanequality This canbe proved
by assuminghat the valuefor the vectorx hasbeen x ed. Hence,the elementsof the matrix X
shouldtake valuessuchthatit minimizesthe objectve function subjectto the constraintg11) and
(12). Clearly, the objective functionwould be minimizedwhenXa,ij equalseitherits supremunor
in mum value,dependingn the signof thecorrespondin@airwisepotentialng;ij, thatis,

(
Xabij =

aitXe)® 4 if Gabij > O;

. )2
(i o) sz;,) otherwise.
SimilartotheLpP-s andQP-RL relaxationgle ned above, thesocP-ms relaxationcanalsobesolved
in polynomialtime. To the bestour knowledge,no boundshave beenestablishedor the socp-ms
relaxationin earlierwork. Ourrecentwork (KumarandTorr, 2008)providesan ef cient approach
for solvinggeneralsocp relaxationsof the MAP estimationproblemfor discreteMRF.

2. Comparing Relaxations

In orderto comparethe relaxationsdescribedabove, we requirethe following de nitions. We say
thatarelaxationa dominategChekuriet al., 2001)therelaxations (alternatvely, B is dominated
by A) if andonly if

(x;xgglé](A)e(X’x'q) (X;X?;|P(B)e(x,x,q),8q,
whereF (A) and F (B) are the feasibility regions of the relaxationsAa and B respectiely. The
terme(x; X; g) denoteghevalueof the objective functionat (x; X) (i.e., theenegy of the possibly
fractionallabelling (x; X)) for the MAP estimationproblemde ned overthe MRF with parameteq.
Thustheoptimalvalueof thedominatingrelaxationa is alwaysgreatetthanor equalto theoptimal
value of relaxations. We note herethatthe conceptof dominationhasbeenusedpreviously by
Chekuriet al. (2001) (to compareLP-s with the linear programmingrelaxationof Kleinberg and
Tardos1999).

Relaxationsx andB aresaidto be equivalenif A dominatess ande dominates, thatis, their
optimal valuesare equalto eachotherfor all MRFs. A relaxationA is saidto strictly dominate
relaxations if A dominatess but B doesnot dominatea. In otherwordsthereexists at leastone
MRF with parameteq suchthat

min x; X;q) > min xX; X;q):
(X;X)ZF(A)e( R (X;X)ZF(B)e( 9

Notethat, by de nition, the optimalvalue of ary relaxationwould alwaysbe lessthanor equalto
theenepy of theoptimal(i.e.,themAP) labelling. Hence the optimalvalueof a strictly dominating
relaxationa is closerto the optimal value of the MAP estimationiP comparedo thatof relaxation
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B. In otherwords,A providesatighterlower boundfor MmAP estimationthanBs and,in thatsense,
is abetterrelaxationthans. It is worth notingthatthe concepiof domination(or strict domination)
doesnot apply to the nal solutionsobtainedby roundingthe possiblyfractional solutionsof the
relaxation.In otherwords,it is possibldor arelaxations whichis strictly dominatedy arelaxation
A to provide a better nal (integer)solutionthanA. However, the conceptof dominationprovides
anintuitive measurdor comparingrelaxationsOnemay alsoarmguethatif adominatingrelaxation
providesworse nal solutions,thenthe de ciency of the methodmay be rootedin the rounding
techniqueused.

We now describewo specialcaseof dominationwhich areusedextensiely in theremainder
of this paper

Casel: Considerntwo relaxationsa andB which sharea commonobjectie function. For ex-
ample,the objectie functionsof the LP-s andthe socpP-Ms relaxationsdescribedn the previous
sectionhave the sameform. Further let A andB differ in the constraintghatthey specifysuchthat
F(aA) F(B), thatis, thefeasibility region of A is asubsebf thefeasibility region of B.

Giventwo suchrelaxationswe claim thatA dominatess. This canbe provedby contradiction:
assumehat A doesnot dominates then, by de nition of domination,there exists at leastone
parameteq for which B providesa greatervalue of the objective functionthana. Let anoptimal
solutionof A be (xa; Xa). Similarly, let (xg; Xg) be anoptimal solutionof B. By our assumption,
thefollowing holdstrue:

&(Xa; Xa;0) < &(xg; Xpg;0): (14)

However, sinceF (A)  F (B) it follows that(xa; Xa) 2 F (B). Hence from Equation(14), we see
that(xg; Xg) cannotbe anoptimalsolutionof B. This provesour claim.

We canalsoconsidera casewhereF (A) F (B), thatis, the feasibility region of A is a strict
subsebf thefeasibility region of B. Usingthe abore agumentwe seethatA dominatess. Further
assumehatthereexistsa parameteq suchthattheintersectiorof the setof all optimalsolutionsof
A andthesetof all optimalsolutionsof B is null. In otherwordsif (xg;Xg) is anoptimalsolution
of B then(xg; Xg) 2 F (A). Clearly, if suchaparameteq existsthena strictly dominates.

Note thatthe corverseis not true, thatis, if A dominateqor strictly dominatesk® it doesnot
necessarilymply thatF (o) F (B) (orF(A) F (B)). In otherwords,theconcepbf domination
is relatedto the value of the objective function andnot to the feasibility region. In Section5, we
will considersomeexamplesof relaxationswvhich canberelatedthroughthe concepof domination
despitethe factthattheir feasibility regionsarenot subsetgor supersetsdf eachother

Casell: Considertwo relaxationsa andB suchthatthey sharea commonobjective function.
Further let the constraintf B be a subsebf the constraintof A. We claim thatA dominatess.
Thisfollows from thefactthatF (A) F (B) andtheargumentusedin Casel above.

2.1 Our Results

We prove thatL pP-s strictly dominatessocp-mMs (seeSection3). Further in Sectiond, we show that
QP-RL is equvalentto socpP-ms. This impliesthatLP-s strictly dominateghe QpP-RL relaxation.
In Section5 we generalizéhe above resultsby proving thata large classof socp (andequivalent
QP) relaxationds dominatediy LP-s. Basedontheseresultswe proposeanovel setof constraints
which resultin socp relaxationghatdominateLP-S, QP-RL and socP-MS. Theserelaxationsan-
troducesoc constraintson cycles and cliquesformed by the neighbourhoodelationshipof the
MRF.
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A preliminaryversionof this article hasappeared@sKumaretal. (2007).

3. LP-Svs. SOCP-MS

We now shaw thatfor the MAP estimationproblemthelinearconstraintof LP-s, thatis,

x2[ La"mx2[ 1,1 nh (15)
di21%ai=2 (16)
a121%anij = (2 M)Xai; 17)
Xawij = Xoaji; (18)

1+ Xai + Xp;j + Xapij O (19)

arestrongerthanthe socp-Ms constraintsthatis,

x2[ La"mx2[ 1,1 nh

é|i2|xa;i =2 h
(ai Xi))? 2 Xanij; (20)
(Xai+ Xo:))? 2+ anij; (21)
Xabij = Xoaji-

In otherwordsthe feasibility region of LP-s is a strict subsebf the feasibility region of socP-ms
(i.e.,F(LpP-s) F(socp-ms)). Thisin turnwould allow usto prove thefollowing Theorem.

Theorem 1: TheLP-s relaxationstrictly dominateghe socp-Ms relaxation.

Proof. TheLP-s andthe socp-ms relaxationdiffer only in theway they relaxthe non-comwex
constraintX = xx>. While LP-srelaxesX = xx” usingthe mamginalizationconstraint(17), SOocpP-
MS relaxesit to constraintg20) and (21). The socp-Ms constraintgorovide the supremumand
inmum of Xaij as

(Xaji + Xp;})? (Xai  Xo;j)?.
2 2 '
Considera pair of neighbouringvariablesvy andvy anda pair of labelsl; andl;. Recallthatsocp-
MS speci esthe constraintg20) and(21) for all suchpairsof randomvariablesandlabels,thatis,
for all Xa;i; Xo;j; Xanij suchthat(a;b) 2 E andl;;1; 2 1. In orderto prove this Theoremwe usethe
following two Lemmas.
Lemma 3.1: If Xai, Xp;j @andXay;ij satisfytheL P-s constraintsthatis, constraintg15)-(19),then

1 Xaij 1

Xai Xo:jf 1 Xapij:

Theabove resultholdstruefor all (a;b) 2 E andli;1; 2 1.
Proof: Fromthe LP-s constraintsyve get

1+ Xai _ o 1+ Xait Xok+ Xapjik

2 121 4 ’
I+ X _ g 1+ Xak* Xo;j + Xapkj . 22)
2 121 4
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Therefore,
- - 1+ Xgii 1+ Xy .
Kai Xpjj = 2 =5 =5
=2 X I Xait X, + Xabij Xy 1+ Xait X i+ Xabij
- 2 4 2 P '
2 T+ Xai 1+ Xai+ Xp i+ Xabij +2 Xy 1+ Xai+ Xp i+ Xabij
2 4 2 4 ’
=1 Xapij:

Notethattheinequalityholdssinceboththe expressionsn the parentheseshatis,

1+ Xai 1+ Xai+ Xpj+ Xapij . 1+ Xoj 1+ Xai+ Xojj + Xabij

2 4 ' 2 4 ’

arenon-ngative, asfollows from equationg19) and(22). |}
Usingtheabore Lemma,we get

(Kai %)% (1 Xagi)(1 Xanij);
) (Xai X)) 21 Xanij);
) (Xai X)) 2 Xayij:

Inequality (24) is obtainedusingthe factthat 1 Xa,ij 1 andhence,l Xapij

(23)
(24)
(25)

2. Using

inequality(23), we seethatthe necessargonditionfor the equalityto hold trueis (1 Xap;ij)(1
Xabij) = 2 2Xabij, thatis, Xapij = 1. Notethatinequality (25) is equialentto the socP-mMs

constraini(20). ThusLP-s providesa smallersupremunof Xapij whenXagij > 1.
Lemma 3.2: If X4, Xo:j andXap;ij satisfytheLP-s constraintshen

Xaji + Xoyj) 1+ Xapij:

Thisholdstruefor all (a;b) 2 E andl;;1; 2 I.
Proof: Accordingto constrain(19),

(Xai + X)) 1+ Xapij:
UsingLemma3.1,we getthefollowing setof inequalities:
Xai Yok 1 Xapikilk2 k6 j:
Adding theabove setof inequalitieswe get
Al2iks jiXai  Xoij]  An2ike (1 Xabik);
) dl2ike j(Xai Xok)  An2ike (1 Xapik);

) (h DXai &2ikejXok  (h 1) &j20ke j Xavik:
) (h Dxait(h 2+x; (h D+ (h 2)Xai+ Xapij:

Thelaststepis obtainedusingconstraintg16) and(17), thatis,

A Xok= (2 h); A Xapik= (2 )X
121 121
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Rearrangingheterms,we get
(Xai + Xoij) 1+ Xapij: (27)
Thus,accordingio inequalities(26) and(27)

Xai+ Xoiji 1+ Xapij: M
Usingtheabove Lemma,we obtain

(Xai + X60:))2 (14 Xapij) (1+ Xapij);
) (Xa;i + Xb;j)2 2+ 2Xapij-

wherethenecessargonditionfor theequalityto holdtrueis 1+ Xapij = 2 (i.€., Xap;ij = 1). Notethat
the above constraintis equivalentto the socp-ms constraint(21). Togetherwith inequality (25),
this provesthatthe L p-s relaxationprovidessmallersupremumandlargerin mum of theelements
of thematrix X thanthe socp-ms relaxation.Thus,F (LP-S) F (SOCP-MS).

Onecanalsoconstructa parameteq for which the setof all optimal solutionsof socp-ms do
notlie in thefeasibility region of LP-S. In otherwordsthe optimal solutionsof socp-Ms belongto
thenon-emptysetF (socp-ms)  F (Lp-s), for example,seeFig. 1. Usingtheargumentof Casel
in Section2, thisimpliesthatL p-s strictly dominatessocp-Ms. |

Note that the abore Theoremdoesnot apply to the variationof socp-ms describedn Kumar
etal. (2006)andMuramatsuand Suzuki(2003)which includetriangular inequalities(Chopraand
Rao,1993). However, sincetriangularinequalitiesarelinear constraints,. p-s canbe extendedto
includethem. The resultingLP relaxationwould strictly dominatethe socp-ms relaxationwith
triangularinequalities.

4. QP-RL vs. SOCP-MS

We now prove thatQpP-RL andsocP-Ms areequialent(i.e., their optimalvaluesareequalfor MAP
estimationproblemsde ned over all MRFs). Speci cally, we considera vectorx which liesin the
feasibility regionsof the Qp-RL andsocp-Ms relaxationsthatis, x 2 [ 1;1]™". For this vector we
shawv that the valuesof the objective functionsof the Qp-RL and socp-Ms relaxationsare equal.
This would imply thatif x is anoptimal solutionof QP-RL for someMRF with parametenq then
thereexists an optimal solution(x ;X ) of the socp-Mms relaxation. Further if e ande® arethe
optimal valuesof the objectie functionsobtainedusingthe Qp-RL and socpP-Ms relaxation,then
Q= ¢’

Theorem 2: The QP-RL relaxationandthe socp-Ms relaxationareequivalent.

Proof: Recallthatthe QP-RL relaxationis de ned asfollows:

. — ; 1+x > Al 1+x > A2 1+x .
QP-RL: X =amgmine =* q+ & 4 5
S.t. Ai21%i = 2 h;8va2v,

x2f 1;1g™
wherethe unarypotentialvectordl andthe pairwisepotentialmatrix &2 O arede nedas

0= Ga  a aidid; (28)

V2V 21
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U | ()

(@) (b) (©)

Figurel: (a) An exampleMRF de ned usingtwo neighbouringrandomvariables. Note that the
obserednodesarenot shavn for the sale of clarity of theimage.Eachrandomvariable
cantake oneof two labels,representedy the branchegi.e., the horizontallines) of the
trellises(i.e., the vertical lines) on top of the variables.The valueof the unarypotential
qé;i is shovn next to the it" branchof the trellis on top of v,. For example,qé;O =10
(shavn next to the lower branchof the trellis on top of v,) andqg;l = 3 (shawn next to
theupperbranchof thetrellis ontop of vp). The pairwisepotentialng;ij is shavn next to

theconnectiorbetweertheit" and j'" branche®f thetrelliseson top of v, andv, respec-
tively. For example,gZ,,0= 10 (shavn next to the bottom-mosiconnectionbetween
the two trellises)andg3,,; = 5 (shavn next to the diagonalconnectionbetweenthe
two trellises).(b) The opiimalsolutionobtainemsingthe LP-S relaxation.Thevalueof
Xgi IS shovn next to theit" branchof thetrellis ontop of va. Similarly, thevalueof Xabij
is shavn next to the connectiorbetweertheit" and ji" brancheof the trelliseson top
of v4 andvy, respectiely. Note thatthe value of the objective function for the optimal
solutionis 6. (c) A feasiblesolutionof the socpP-ms relaxationwhich doesnot belong
to the feasibility region of LP-s andhasan objective functionvalueof 2. It follows that
the optimalsolutionof socr-ms wouldlie in F (socp-ms)  F (Lp-s) andhave avalue
of atmost2. Togethemwith Lemmas3.1and3.2,this provesthatL P-s strictly dominates
SOCP-MS.

a2, .. = E'Qchzvé|k2|jq<§1(;;i|(j; if a= b’| = J;
favi) = oy, otherwise. (29)

Here,thetermsqgl;i andqezlc;ik arethe(original) unarypotentialsandpairwisepotentialdor thegiven
MRF. Considera feasiblesolutionx of the QP-RL andthe socP-Ms relaxations.Further let X be
the solution obtainedwhen minimizing the objective function of the socp-Ms relaxationwhilst
keepingx x ed.We prove thatthevalueof the objective functionsfor bothrelaxationsattheabove
feasiblesolutionis the sameby equatingthe coefcient of q;;i andqglb;ij forallva2 v, (a;b) 2 E

andl;;1; 2 1'in bothformulations.UsingEquation(28),weseethatqé;i is multiplied by % in the

objective function of the Qp-rRL. Similarly, qg;i is multiplied by 1+2Xa?‘ in the socP-Ms relaxation.
Thereforethe coefcients of q3; in bothrelaxationsareequalfor all v, 2 v andl; 2 1.
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We now considerthe pairwisepotentials thatis, ng;ij andshaw thattheir coefcients arethe
samewhenobtainingthe minimumof the objective function. We considerthe following two cases.

Casel: LetqZ,; = Gpyji 0. UsingEquation(29) we seethat,in theQp-RL relaxation g3, +
q%aji is multiplied by thefollowing term:

2 2

1+ Xy 1+ Xp;j + 92 1+ Xa; 1+ Xy;j 1+ Xai 1+ Xy,
2 2 2 2 2 2

(30)

In the caseof socP-ms relaxation,sincqulb;ij 0, the minimum of the objectie functionis ob-
tainedby usingthe minimum valuethat Xapi; would take given the soc constraints.SinceX is
symmetricwe seethatqzy,;; + b, is multiplied by thefollowing term:

1+ X+ X j + INff Xanijg
2

1 Xeri+ Xor i +( Xaii+ X )2=2 1,
_ Xeaii+ X (;a, Xo;j) (31)

wherethein mum of Xayij is de ned by constrain(21)in the socp-ms relaxation.It caneasilybe
veri ed thattheterms(30) and(31) areequal.
Casell: Now considerthe casewherqub;ij = qgaji < 0. In the QP-RL relaxation,the term
Qaij + Gbaji i Multiplied by
1+ Xa;i+ 1+ Xp;j 49 1+ Xg; 1+ Xy 1+ X 2 1+ Xy 2
2 2 2 2 2 2

(32)

In orderto obtaintheminimumof theobjective function,the socp-ms relaxationuseghemaximum
valuethatXap;j would take giventhe soc constraintsThus,q3;,;; + 05, is multiplied by

1+ Xaii*+ Xo;j+ SUHF Xanijg
2

1 . G+ 1 i . 2:2.
+ Xai+ X+ 2(Xa Xo:j) : (33)

wherethe supremunof Xap,ij is de ned by constraint(20). Again, theterms(32) and(33) canbe
shavnto beequivalent.  |j
Theoremsl and 2 prove thatthe LP-s relaxationstrictly dominateghe QP-RL and SOCP-MS

relaxations. A naturalquestionthat now arisesis whetherthe additve boundof QP-RL (proved
by Ravikumar and Lafferty 2006)is applicableto the LP-s and socP-Mms relaxations. Our next
Theoremanswerghis questionin anaf rmati ve. To this end,we usetheroundingschemeproposed
by RavikumarandLafferty (2006)to obtainthelabelling f for all therandomvariablesof thegiven
MRF. Thisroundingschemas summarizedelow:

Pick avariablev, which hasnot beenassigned label.

Assignthelabell; to vj (i.e.,f(a) = i) with probability%.

Continuetill all variableshave beenassignead label.

Recallthat& . & ¥ = 1 for all v, 2 v. Henceoncev, is pickedit is guaranteedo be assigned
label. In otherwordsthe above roundingschemderminatesaftern = jvj steps.To the bestof our
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knowledge,this additive boundwas previously known only for the QpP-RL relaxation(Ravikumar
andLafferty, 2006).

Theorem 3: For the above roundingscheme L P-s and socP-MsS provide the sameadditive
bound as the QP-RL relaxation of Ravikumar and Lafferty (2006), that is, % where
S= &(ap)2E é|i;|1.2|jq§b;ijj (i.e., the sum of the absolutevaluesof all pairwise potentials). Fur-
thermorethis boundis tight.

Proof. The Qp-RL and socP-ms relaxationsare equivalent. Thusthe abose Theoremholds
truefor socp-ms. We now considerthe LP-s relaxation(Chekuriet al., 2001;Kosteret al., 1998;
Schlesinger1976; Wainwrightet al., 2005). We denotethe enepgy of the optimallabellingase .
Recallthat €= denotesthe optimal value of the LP-s which is obtainedusing possiblyfractional
variables(x ;X ). Clearly e e . Theenegy of the labelling X, obtainedafter roundingthe
solutionof the LP-s relaxation s representedly thetermé*,

Usingthe above notation,we now show thatthe LP-s relaxationprovidesan additive boundof
% for theabove roundingschemeWe rst considerthe unarypotentialsandobsene that
1+ )A(a;i _ A1 1+ Xaii

E q;;i 2 - qa;i 2 ;

whereE( ) denoteghe expectatiorof its agumentundertheabove roundingschemeSimilarly, for
the pairwisepotentials,
1+ Xq; 1+ Ky _ 2 14 X+ Xoij T XaiXo:

2 > = Oabjij 4

E Qi

We analyzethefollowing two cases:

() q3;;  O: UsingthefactthatX,,

Xaii xb;jj 1 (seeLemma3.2),we get
1+ Xa;i + Xb;j + Xa;ixb;j (1+ Xa;i + Xb;j + Xab;ij)
= XaiXoj  Xabij
Xa;ixb;j +1 an;i + Xb;jj
1

wherethe equalityholdswhenx,; = Xpj = 0. Therefore,

E I+ Kai 1+ Xy o (L X X + Xapig) J9Gbij)
abjij 2 2 qab;l] 4 4

(i) ng;ij <0: Usingthefactthatxab;ij 1 )Xy xb;jj (seeLemma3.1),we get

1+ Xa;i + Xb;j + Xa;ixb;j (1+ Xa;i + Xb;j + Xab;ij)
XaiXpj 1+ 1%gi Xl
1

wherethe equalityholdswhenx,; = Xpj = 0. Therefore,

E I+ Xai 1+ Xy 2 (L X X + Xapig) J9Gbi )
abij 2 2 qab;l] 4 4
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Summingthe expectatiorof theunaryandpairwisepotentialsfor all va 2 v, (a;b) 2 E andl;;1; 2 I,
we get

S S

E(&) e+> e+,

e E(#) 2 ety

which provesthe additive boundfor LP-s.

1 g I 0 1 0
P T><]
1 - | 0 ] 0
(@) (b)

Figure2: An exampleMRF for proving thetightnessof the L p-s additive boundof %. (&) TheMRF
consistingof two randomvariablesv, andvy. The potentialsareshovn similarto Fig. 1.
Note that the unary potentialsare uniform while the pairwise potentialsform an Ising
model. (b) An optimal solutionof the LP-s relaxationfor the MRF shavn in (a). The
valuesof the variablesx,;; areshovn next to theith branchof thetrellis of v,. Notethat
all variables,;i have beenassignedo 0. Thevaluesof thevariablesXayi; areshovn next
to the connectiorbetweertheit" and jt" branchof the trellisesof v, andv,. Note that
Xanij = 1if Zp;; > 0andXapij = 1 otherwise.

This additive boundcanindeedbe shavn to be tight by usingthe following simple example.
Consideran instanceof the MAP estimationproblemfor an MRF de ned on two variablesv =
fva; Vhg eachof which cantake one of two labelsfrom the setl = flg;l1g. Let the unaryand
pairwise potentialsbe as de ned in Fig. 2(a), that is, the unary potentialsare uniform and the
pairwisepotentialsfollow the Ising model. Note thatthis MRF is a chainof size2 andcanthus,be
solved exactly usingthe LP-s relaxation(Chekurietal., 2001; Wainwrightand Jordan 2003)(i.e.,
the optimal value of the objective function of the LP-s relaxationis exactly equalto the enepgy of
the MAP estimate).However, ouraimis to shawv thatfor a particularrandomizedoundingscheme
the MRF in Fig. 2(a) offersanexampleof tightnesdor the additive bound.

An optimal solutionof the LP-s relaxationis givenin Fig. 2(b). Clearly, e = 2 (e.g.,for the
labelling f = f0;0gor f = f1;1g) while E(&") = 2+ 221: e+ %. Thustheadditive boundsobtained
for the LP-S, QP-RL and socP-Ms algorithmsarethe same. In fact, one canconstructarbitrarily
large MRFs (i.e., MRF de ned over a large numberof variables)with uniform unarypotentialsand
Ising modelpairwisepotentialsfor whichtheboundcanbeshavn to betight. |}

Theabove boundwasprovedfor thecaseof binaryvariablegi.e.,h = 2) by HammerandKalan-
tari (1987)usingaslightly differentroundingscheme Our resultcanbe viewedasa generalization
of this for ary arbitrarynumberof labels. The abose Theoremprovesa tight additive boundusing
a simpleroundingschemeHowever, usingthis roundingschemen practicalapplicationamay not
be desirableasit generatesinindependentandomnumberfor roundingthe fractionallabelling of
eachrandomvariable. We note herethat betterboundscanbe obtainedfor somespecialcasesof
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the MAP estimationproblemusingthe L p-s relaxationtogethemwith moreclever roundingschemes
(suchasthosedescribedn Chekurietal. 2001andKleinbeilg andTardos1999).

5. QP and SOCP Relaxationsover Treesand Cycles

We now generalizethe resultsof Theoreml by de ning a large classof socp relaxationswhich
is dominatedby LP-S. Speci cally, we considerthe socp relaxationswhich relax the non-comwex
constraintX = xx> usinga setof secondrdercone(soc) constraintof theform

UMYX ck Xk=1 ine (34)

whereCk= UX(UY> 0, forallk=1; ;nc. In orderto make the proofsof the subsequent
Theoremseasieywe make two assumptionsHowever, the Theoremswvould hold true evenwithout
theseassumptionasdiscussedelow.

Assumption1l: Weassumeéhattheintegerconstraints
x2f L+1g™:x2f 1;+1g™ "M (35)

arerelaxedto
x2[ L+1™x2[ 1,+1™ ™ (36)

with Xagii = 1, for all v4 2 v;l; 2 |. The constraintg36) provide the corvex hull for all the points
de ned by the integer constraintg35). Recallthatthe corvex hull of a setof pointsis the smallest
convex setwhich containsall thepoints.We now discusshow theabove assumptiotis notrestrictve
with respecto theresultsthatfollow. Let A bearelaxationwhich containsconstraint¢36). UsingA

it is possibleto obtainanotherelaxations by substitutingconstraint$36) by someotherrelaxation
of the integer constraints. By the de nition of corvex hull, it would follow thatF (A) F (B).

In otherwords A dominatess (seeCasel in Section2). Hence,if A is dominatedby the LP-s

relaxationthenLp-s would alsodominates.

Assumption 2:  We assumehat the setof constraintg34) containsall the constraintsspeci ed
in the socp-Ms relaxation. Recallthatfor a given pair of neighbouringandomvariables thatis,
(a;b) 2 E, andapair of labelsl;;1; 2 |, socp-Ms speci essoc constraintaisingtwo matrices(say
C! andC?) which are0 everywhereexceptfor thefollowing 2 2 submatrices:
Chai Caij . 11 . C&y Chyy _ 1 1 37)
Coaji Coijj 11" Gy Couy 11
In the casewherea givenrelaxationA doesnot containthe socp-ms constraintswe cande ne a
new relaxations. This new relaxationB is obtainedby addingall the socp-Ms constraintdo A.
By de nition, B dominatesa (althoughnot necessarilystrictly, seeCasell in Section2). Hence |jf
B is dominatedby the LP-s relaxationthenit follows thatL P-s would alsodominatea. Hence,our
assumptioraboutincluding the socP-ms constraintds not restrictive for the resultspresentedn
this section.

Note that eachsocp relaxationbelongingto this classwould not include the mamginalization
constraints.Hence,it would de ne an equialentQp relaxation(similar to the equivalent Qp-RL
relaxationde ned by the socP-ms relaxation).By de nition of equivalentrelaxationsall theseQpP
relaxationswill alsobe dominatedby LP-s. Beforewe begin to describeour resultsin detail, we
needto setup somenotationasfollows.
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5.1 Notation

(@)

(b)

()

Figure3: (a) An exampleMRF de ned over four variableswhich form a cycle. (b) The setEX
speci edby thematrix Ck shavn in Equation(39),thatis, EX = f (a;b); (b;c);(c;d)g. (c)
ThesetVk = fa:b:c; dg. Seetext for de nitions of thesesets.

We consideran soc constraintwhichis of theform describedn Equation(34), thatis,

iU xii

ck x:

(38)

wherek2 f1; ;ncg. In orderto helpthereademnderstandhenotationbetter we useanexample
MRF showvn in Fig. 3(a). This MRF is de ned over four variablesv = f vy; Wp; Ve; Vgg (connectedo
form a cycle of length4), eachof which take a label from the setl = flg;l19. For this MRF we
0 whichis O everywhere exceptfor the following 4 4

specifya constraintusinga matrix CK

submatrix: 0
Ck.
'aa;,00
I(aqoo
c'<aL

ca;,00

k
Cd a;00

CEb; 00
CEb; 00
Cﬁ b;00
Cdb;OO

k
Cﬁc,oo
quOO
Ck

ﬁqoo
Cdc;OO

1

0

1
2
1

1

N PR

1
0
1
1 § : (39)
2

1

Usingthe soc constraintshavn in Equation(38) we de ne thefollowing sets:

ThesetEK is de ned suchthat(a; b) 2 EX if, andonly if, it satis esthefollowing conditions:

(a;b) 2 E;

9l;;1; 2 | suchthatCl,;; 6 0:

RecallthatE speci estheneighbourhoodelationshigfor thegivenMRF. In otherwordsEX is
thesubsebf theedgesn thegraphicamodelof theMRF suchthatC* speci esconstraintgor
therandomvariablescorrespondingo thoseedges For theexampleMRF (shavn in Fig. 3(a))
andCX matrix (in Equation39), the setEX obtaineds shovn in Fig. 3(b).

ThesetVX is de ned asa 2 VK if, andonly if, thereexistsa vy, 2 v suchthat(a;b) 2 EX. In
otherwordsVX is the subsebf hiddennodesin the graphicalmodelof the MRF suchthat C¥
speci esconstraintdor therandomvariablescorrespondingo thosehiddennodes.Fig. 3(c)
shavs the setVK for our examplesoc constraint.
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ThesetT ¥ consistof elementsa;i 2 T K which satisfy
a2 Vv&li21;

9b2 VK;1; 2 I; suchthatC¥

In otherwordsthesetT ¥ consistof the setof indicesfor the vectorx which areconstrained
by inequality (38), thatis, the coefcient of xo; wherea;i 2 TX arenon-zerain the LHS of
inequality (38). Notethatin Equation(39) the constraintis speci ed usingonly the labellg
for all therandomvariablesv. ThusthesetT K is givenby

T = f(a;0);(b;0);(c;0);(d; 0)g:
For eachsetT K we de ne threedisjointsubset®f Tk T* asfollows.
ThesetT is de ned as
To' = f(aibr iaisbij) 2 TH TH(ab) 2 E;(ah) 2 E'g:

Notethatby de nition C;; = 0if (ai;b; j) 2 T Thus T indexesthe elementsof matrix
X which are not constrainedy inequality (38) but are presenin thesetTk Tk, For the
matrix CX in Equation(39), theset T is givenby

T = f(a;0;d;0)g:

ThesetTf is de nedas
T = f@ib i@ib )2 TH TH(ab) 2Eg:

In otherwordsthe set T indexes the elementsof matrix X which are constrainedy in-
equality (38) but do not belongto ary pair of neighbouringandomvariables.Note thatthe
variablesXypij suchthat (a;i;b; j) 2 Tl" were not presentin the LP-s relaxation. For the
matrix CX in Equation(39), theset T is givenby

T = f(a,0;¢;0);(b; 0;d;0)g:
ThesetT)is de ned as
TX= f(ai;b; j)j(ai;b; j) 2 TK Tk (a;b) 2 EXg:

In otherwordsthe set T.X indexes the elementsof matrix X which are constrainedy in-
equality (38) andbelongto a pair of neighbouringrandomvariables. For the matrix C in
Equation(39), thesethk is givenby

T) = f(a;,0;b;0); (b; 0;c; 0)(c; 0;d; 0) g:

S S . L .
Notethat T¢” T~ T} = T* Tk, For agivensetof pairwisepotentialsqZ,;; we de ne
two disjoint setsof T asfollows.
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The seth'i correspond$o non-ngative pairwisepotentialsthatis,
TS = f(aibr )j(aish; ) 2 TS5 05y 09

Thusthe setTZ‘_i indexesthe elementof matrix X which belongto T2k andaremultiplied by
anon-ngative pairwisepotentialin the objective functionof therelaxation.

The sethk correspond$o negative pairwisepotentialsthatis,
TS = f(ai;b; ))i(asi;h; ) 2 T 0y < 00;

Thusthe set T} indexesthe elementsof matrix X which belongto Ty and are multiplied
by asnegative pairwisepotentialin the objective function of the relaxation. Note that T2k =
Tz'_i T2k . Forthepurposeof illustrationlet usassumeéhat,for theexampleMmRF in Fig. 3(a),
@2poo  Owhile g2 o0 < 0andgZyy,< 0. Then,

T3 = f(ai0:b;0)g;
TS = f(b;0;¢;0);(c;0;d; 0)g;

We alsode ne aweightedgraphGK = (VX; EX) whoseverticesarespeci ed by the setV and
whoseedgesare speci ed by the setEK. The weight of an edge(a;b) 2 EK is given by w(a; b).
Recallthat w(a; b) speci es the strengthof the pairwiserelationshipbetweentwo neighbouring
variablesv; andvy,. Thus,for our examplesoc constraintthe verticesof this grapharegivenin
Fig. 3(c) while the edgesare shavn in Fig. 3(b). This graphcanbe viewed asa subgraphof the
graphicalmodelrepresentatiofor thegiven MRF.

Furthey we de ne thesubmatrices® andXX of x andX respectiely suchthat

XK = fxqija;i 2 Tg;
XK = f Xapiji(aish; j) 2 T Tkg:

For our example thesesubmatricesvill begivenby

0 1
Xaa00 Xaboo Xacoo Xad:00

0 1
Xa;0
K = % Xp;0 § .xk = B %ba00 Xbpoo Xbgoo  Xodoo (.
T X0 AT Xca00 Xeboo Xecoo Xed:00 N
Xd:0 Xda:00 Xdboo Xdeoo  Xdd:;00

Usingtheabove notation,we arenow readyto describeour resultsin detail.

5.2 QP and SOCP Relaxationsover Trees

We begin by consideringthoserelaxationswherethe soc constraintsare de ned suchthat the
graphsGX = (VK EK) form trees. For example,the graphG* de ned by the soc constraintin
Equation(39) formsatreeasshavnin Fig. 3(b). We denotesucharelaxation which speci essoc
constraintonly over trees,by socp-T. NotethatsocP-ms (andhence,QpP-RL) canbe considered
a specialcaseof this classof relaxationsvherethe numberof verticesin eachtreeis equalto two
(sincethe constraintsarede ned for all (a;b) 2 E).
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We will remove this restrictionby allowing the numberof verticesin eachtreeto be arbitrarily
large (i.e.,betweerl andn). We considemnesuchtreeG = (V; E). Notethatfor a givenrelaxation
socP-T, theremay be several soc constraintgde ned usingthis tree G (or its subtrees) Without
lossof generalitywe assumehatthe constraints

U ko xok=1 nd;
arede ned onthetreeG. In otherwords,
G Gk=1, ;n;

whereG¥ G impliesthatGK is asubtreeof G. In orderto make the notationlesscluttered we will
drop the superscript k from the setsde ned in the previous section(sincewe will consideronly
onetreeG in our analysis).

We will now showv thatsocp-T is dominatedby the LP-s relaxation.This resultis independent
of thechoiceof thetreeG andmatricesCX. To thisend,we de ne thetermey(x7) for agivenvalue
of Xt as I

o} o ng-i‘
a(m= a Gt A o i
(ai)2T (b:)2T

Further for a x edxr we alsode ne thefollowing two terms:

(xr) = min A OB Xabii;
& (xT;XT)ZF(SOCP-T)(a;i;sj')z-rz abij 7]
_ - o 2 .
XT) = min i Xabiij;
%( ) (xr:X7)2F (LP-S) (a;i;g)sz qab,lj i

whereF (socp-T) andF (LP-s) arethefeasibility regionsof socp-T andLpP-s respectiely. We use
thenotation(xt;Xt) 2 F (socp-T) looselyto meanthatwe canobtaina feasiblesolution(x; X) of
socp-T suchthatthevaluesof thevariablesx,i wherea;i 2 T andXapj; where(a;i;b;j)2 T T

areequalto thevaluesspeci ed by xr andX+. Thenotation(xt; X1) 2 F (LP-S) is usedsimilarly.
Notethatfor agivenxr thepossiblevaluesof X areconstrainedguchthat(xr;X1) 2 F (socp-T)

and(x7;X1) 2 F(LP-s) (in the caseof socp-T andLP-s respectiely). Hencedifferentvaluesof
x will provide differentvaluesof €5(xr) andes(xr).

Thecontrikution of thetreeG to the objective functionof socp-T andLP-sS is givenby

S = min®&0) &S(xT) .

XT 2 4
4 = min 81(;(T) N E%(:T);

respectrely. Assumingthat the treesG do not overlap, the total value of the objectie function
would simply bethesumof €S (for socp-T) or € (for LP-S) overall treesG. However, sincewe use
anarbitraryparameteq in our analysisjt follows thattheresultsdo notdependon this assumption
of non-overlappingtrees. In otherwordsif two treesG! andG? shareanedge(a;b) 2 E thenwe
cansimply considertwo MAP estimationproblemsde ned using arbitrary parameters); andqp
suchthatqgi; + g2 = g. We canthenaddthe contritution of G; for the MAP estimationproblemwith
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parameteiq; to the contritution of G, for the MAP estimationproblemwith parameteiy,. This
would then provide us with the total contritution of G; and G, for the original MAP estimation
de ned usingparametenq.

Usingtheabove agumentit follows thatif, for all G andfor all g, thefollowing holdstrue:

) 4 %(:T) ) %—(:T);SXT 20 11T
) &S(xt)  e&(xr);8xr2[ 11T, (40)

thenLpP-s dominatessocp-T (sincethis would imply thateS  €-, for all G andfor all g). Thisis

the conditionthatwe will useto prove thatLP-s dominatesall socp relaxationavhoseconstraints
arede ned over trees.To thisend,we de ne avectorw = fw,;k= 1; ;n2g of non-neative real

numberssuchthat

& WIChyij = 0oy 8(aib; ) 2 T
k

Due to the presencef the matricesCK de ned in Equation(37) (which resultin the socp-ms
constraintsgor all (a;b) 2 E andl;;1; 2 1), suchavectorw would alwaysexist for ary MRF parameter
. We denotethe matrix & ,wxC¥ by C. Clearly C 0, andhencecanbewrittenasC = UU”.

Usingthe constraintgj (U¥)>xjj2 C*X X7 togethemwith thefactthatw, 0, we getthe fol-
lowing inequality®

& (U7 xjj2 - &wiCe X

) iU xjz C X;
) iUXi?  &aiaT Caaii Xaaii + & (aiib:j)2T, Cabiij Xabij + & (asisb: )2, Cabij Xabiij:
) kU> xk? &ai2T Caaii A (aip;j)2T, CabijXabij & (aibij)2T ng;ijxab:iji

(41)

wherethe last expressionis obtainedusingthe fact that Cayij = d3,; for all (&i;b;j) 2 T, and
Xagii = 1forall v4 2 v andl; 2 I. Notethatthe above inequalityprovidesa lower boundof e§(xT).
Anotherlowerboundof e5(xt) is providedby theconstraintshat 1 Xapij 1forall (&i;b; j) 2
T,. Sincethe objective function beingminimizedcontainseg’(xT), it follows thatin the absencef
ary otherconstraint§whichis our assumption)a%(xT) would be equalto the maximumof thetwo
lower boundsthatis,

( )
<] ) .. > L2 <] o
max A | GaijXapij;KU"Xk® @ Caai a  CabijXabij
(&i;b;)27T ai2T (ai;b;j)2Ty
The rst expressioris obtainedby substitutingthefollowing valuesfor Xapij where(a;i; b; j) 2 To:
1 if Qi O

Xabij = 1 otherwise,

while the secondexpressionis the LHs of inequality (41). Clearly; if eg(xT) is equalto the rst
expressionthenes(xr)  e5(xt), thatis, LP-s dominatessocp-T. In whatfollows, we will only

6. Notethatthereareno termscorrespondingo (a;i;b; j) 2 To in inequality(41) sinceCqapij = 0if (a;i;b; j) 2 To. In
otherwords, Xap;j vanishedrom theabaove inequalityif (a;i;b; j) 2 To.
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considerthe non-trivial casewhen

Sxr) = min & 0y Xavij:
(&ish; )22
= kU xk?® & Caai a  CabijXabij: (42)
ai2T (ai;b;j)2Ty

For the L P-s relaxation from Lemmas3.1and3.2, we obtainthefollowing valueof e5(xr):

Xait Xoj] 1 Xawij 1 jXai  Xoijis

) €5(XT) = MiN& (a:b: )2, Yabi; Xabi
= A (aib;j)2Tos ng;ij(jxa;i + Xoij))  &aibj)2Ts ng;ij(an;i Xo:jJ)
é(a;i;b;j)Zszng;ijj: (43)

We arenow readyto prove oneof our mainresultswhich generalize§heoremsl and2. However,
beforeproceedingwith the proof, we notethat our resultcanalsobe obtainedusingthe moment
constaintsof WainwrightandJordan(2003)(whichimply thatL p-s providestheexactsolutionfor
the MAP estimationproblemsde ned over tree-structuredandom elds). However, aswill beseen
shortly, the proof presentedhereallows usto generalizeour resultsto certaincycles.

Theorem4: socp relaxationgandtheequialentQp relaxationswhich de ne constraintonly
usinggraphsG = (V;E) whichform (arbitrarily large) treesaredominatedby the L P-S relaxation.

Proof: We begin by assuminghatd(i; j) O for all I;;1; 2 | andlater dropthis constrainton
the distancefunction” We will show thatfor ary arbitrarytree G andary matrix C, the value of
e5(xt) is greatethanthevalueof e5(xt) for all xt. Thiswould prove inequality(40) whichin turn
would shaw thatthe LP-s relaxationdominatessocP-T (andthe equivalentQp relaxationwhichwe
call Qp-T) whoseconstraintsarede ned overtrees.

It is assumedhatwe do not specifyary additionalconstraintdor all the variablesXqy,;; where
(ai;b; j) 2 Ty (i.e.,for Xawij notbelongingto ary of ourtrees).In otherwordsthesevariablesXap;
areboundedonly by the relaxationof the integer constraint,thatis, 1 Xaij +1. Thusin
Equation(42) the minimumvalueof the RHS (whichis equalto the valueof eg(xT)) is obtainedby
usingthefollowing valueof Xapij where(a;i;b; j) 2 Ti:

1 if Canij O
1 otherwise.

Xabij =
Substitutingthesevaluesin Equation(42) we get

&(xt) = jU X% &qio7 Caaii & (aishj)2T, ICabii;
) &(xT) = &qioT CaaiiXqi + & (aiib;j)2T, Cabi XaiXer + & (aiibi )2 T, Fabij Xai Xoij
&ai2T Caaii & (ajiip;j)2T, JCabiji;

where the last expressionis obtained using the fact that C = U>U. Considerthe term
& (ai:b:j)2 T, CabijXaiXo;j Which appearsn the RHs of the above equation. For this term, clearly

7. Recallthatd( ; ) is a distancefunction on the labels. Togetherwith the weightsw( ; ) de ned over neighbouring
randomvariablesjt speci esthe pairvvisepotentialsasng;i | = w(a; b)d(i; j).
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thefollowing holdstrue
|Canij

A Cabij¥aiXoj a 12”]

(&i;b;j)2Ty (&i;b;))2 Ty

(G + %)) (44)

sincefor all (a;i;b; j) 2 Ty
Cabij Canijs
2 152
Xa;i Xp; 7()(3”;)(“’) .
Inequality(44) providesuswith anupperboundon thevalueof e5(xt) asfollows:
o o .Ca -i'. o
€5(x1)  aioT CaaiXG; *+ & (aiiy2Ts 3 OGi+ %61+ & (a2 T, By Xai X
&aioT Caaii 8 (aib:j)2T,JCabij) (45)
Notethatin orderto prove inequality(40), thatis,
eS(xr) es(xr);8xr2[ LT
it would be sufcient to shav that e5(xt) speci ed in Equation(43) is greaterthanthe RHs of
inequality (45) (sincethe RHS of inequality (45) is greater(haneg(xT)). We now simplify thetwo
in mums e5(x7) ande5(xt) asfgllows.
LP-S Inmum: Letz = jXaij(1 jXai]). From Equation(43), we seethatthe in mum
providedby the L p-s relaxationis givenby
& (aisbi )2 Tor iy (I%ai ¥ Xoijl) & (aisbyi)2Ty Fawij(Xai Xoijl) & (aistyj)2T, IG5 )
= Baib)2Te W (1 PXai + Xorji + XaiXoij)
& (i [)2 T qub;ijj(l Xai  Xoij]  XaiXo;j)
+ 8 (a2, Ba | Xaci X
é(a;i;b;j)Zngqzzab;ijj(l Xail) (1 [Xo:j)) 251(a;i;b;j)ZTzqub;ijjza;izb;j +
+ 8 (aiibi)2T, Y X X (46)
Thelastexpressions obtainedusingthefactthat
(1 jXai+ X jj + XaiXe;) (1 jXail)(1 [Xo;j)) + 22aize;j;
(1 i i) XaiXe) (1 Xail)(1 jXoj)) + 2Ze;i 2
SOCPIn mum: Frominequality(45), we seethatthein mum providedby the socp-T relax-
ationis givenby
o o .Ca -i'. o
8 aioT CaainGy + & aitiiaTy -~ 2 (K5 + X)) * & (a2 T, G X X
dai2T Caaii & (aizb:j)2T, I Cabiijl
. . 2 2
= &ai2T Camii (1 X2)  &(aijyaT, iCabii(1 2t %)
+ 8 (@ibij)2 T, ng;ijxa;ixb;j
8ai2T Caaiil (1 1%ail)®  &(ainij2TCanifi (1 jXai)(1  jXoiji)
Zéa;izTCaa;iiZg;i 2601(a;i;b;j)ZleCab;ijjza;izb;j
+ 8 (a2 T, o Xai X (47)
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Figure4: (a) An examplesubgraphG which forms a tree. The weightsof the edgesand corre-
spondingelementsof the vectorm arealsoshown. (b) An examplesubgraphG which
formsan even cycle whereall weightsarepositive. The elementf s arede ned using
thef+1; 1gassignmentsfthevertices.

Thelastexpressioris obtainedusing

1 )%Zl;i (1 jxaif)?+ 22§;i;
Xg;i

2 .. . ;
15 3 @ )1 X))+ 222

In orderto prove the Theoremwe usethefollowing two Lemmas.
Lemma 5.1: Thefollowing inequalityholdstruefor ary matrixC  O:

8ai2T Caaii (1 1%aii)?+ & (ain:j)2T,JCabif (1 iXai) (1 j%b;ji)
é—(a;i;b;j)Zszng;ijj(l Xaii) (1 [Xoij)):

In otherwords,the rst termin the RHS of inequality(46) exceedghe sumof the rst two termsin
the RHS of inequality(47).

Proof. Theproofrelieson thefactthatC is positive semide nite. We constructa vectorm =
fmg;a= 1; ;ng wheren is the numberof variables. Let p(a) denotethe parentof a non-root
vertex a of tree G (wheretheroot vertex canbe choserarbitrarily). The vectorm is de ned such
that

8

5 0 if adoesnotbelongto treeG;
M, = 1 if aistherootvertex of G;

; Mp(a) if w(a;p(a)) > 0,

My If w(ap(a) < O
Herew( ; ) aretheweightsprovidedfor agivenMRF. Fig. 4(a)shavs anexampleof agraphwhich

formsatreetogethemwith thecorrespondinglementof m. Usingthevectorm, we de ne avector
sof lengthnh (whereh = jlj) suchthats,; = Oif ai 2 T andssi = ma(1 jXaij) otherwise.Since
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C is positive semide nite,we get

sCs 0

) &aioT Caail (1 %ai))®+ & (aiieT, MeMCanij (1 iXaii)(1  jXoij)

+é(a;i;b;j)2szaanI§b;ij(1 Xai)(1 jxpj) O
) BaioT Caail (1 %ail)®+ & (aieT, MaMbCanij(1  iXaii)(1  jXo;))

& (aisb )2 To 1 B (1 PXail)(1 jX;j);

) &ai2T Caail (1 j%ail)®+ & (aimijy2TiCabiji (1 iXail)(1  jXoiji)

& (aipi)2 T G (1 PXail)(1 i)

Lemma 5.2: Thefollowing inequalityholdstruefor ary matrixC  O:

a CaiZi+ A ICavijizaizo;] a J OBt Zai 2o
ai2T (&iib;j)2Ty (&ish;j)27T>
In otherwordsthe secondermin the rRHS of inequality(46) exceedghe sumof thethird andfourth
termsin inequality(47).

Proof: Similarto Lemma5.1,we construcia vectors of lengthnh suchthats,i = Oif a;i 2 T
ands,; = maZyi otherwise. Theprooffollows by observinghatsCs 0. |}

Using the abore two Lemmas,we seethat the sum of the rst two termsof inequality (46)
exceedthe sumof the rst four termsof inequality (47). Further the third andthe fth termsof
inequalities(46) and (47) arethe same. Sinceinequality (46) providesthe lower limit of e5(xt)
andinequality(47) providesthe upperlimit of €5(x7), it followsthates(xr)  e(xr) for all xt 2
[ 1;2)Ti. Usingcondition(40), this provesthe Theorem. |

The proofs of Lemmas5.1 and 5.2 make use of the fact that for any neighbouringrandom
variables/; andv, (i.e.,(a;b) 2 E), thepairWisepotentialsng;ij have thesamesignfor all I;;1; 2 1.
Thisfollows from thenon-n@ativity propertyof the distanceunction. However, Theorem4 canbe
extendedo the casewherethe distancefunctiondoesnot obey the non-ngativity property To this
end,we de ne a parameteq which satis esthefollowing condition:

Q(f;D;0) = Q(f;D;q);8f:

Sucha parameteq is calledthe reparameterizatioof g (i.e.,q ). Notethatthereexist several
reparameterizationsf ary parameter. We areinterestedn a parameteq which satis es

o .—2 . Y .
A Oapiji =] & Gijii8(ab) 2 E: (48)
li;1;21 li;l;21

It caneasilybe shavn thatsucha reparameterizatioalwaysexists. Speci cally, considerthe gen-
eralform of reparameterizatiodescribedy Kolmogorw (2006),thatis,

—1
Oai = qela;i + Mpaj;

—2

Qabij = ng;ij Mbai  Mag;j:

Clearly one can setthe valuesof the termsMpg; gnd Map,j suchthat Equation(48) is satis ed.
Further the optimalvalueof L P-s for the parameteq is equalto its optimalvalueobtainedusingq.
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For details,we referthe readerto Kolmogora (2006). Using this parameter, we obtainanLpP-s

in mum which s similarin form to theinequality (46) for any distancefunction (i.e., without the

positiity constraintd(i; j) O for all Ij;I 2 1). This LP-s in mum canthenbe easilycompared
to the socpP-T in mum of inequality(47) (usingslight extensionsof Lemmass.1and5.2),thereby
proving theresultsof Theoremd for a generaldistancgunction. We omit details.

As an upshotof the abose Theorem,we seethat the feasibility region of LP-s is always a
subsebf thefeasibility region of socp-T (for ary generaketof treesandsoc constraints)thatis,
F(Lp-s) F(socp-T). ThisimpliesthatF (LP-s) F (QP-T), whereQp-T is the equivalentQpP
relaxationde ned by socp-T.

We now shav how the above proof canbe generalizedo certaincycles. To the bestof our
knowledge,the alternatve proof in Wainwrightand Jordan(2003) cannotbe trivially extendedto
thesecases.

5.3 QP and SOCP Relaxationsover Cycles

We now prove thatthe abore resultalsoholdstrue whenthe graphG formsan evencycle thatis,
cycleswith evennumberof vertices whoseweightsareall non-nejative or all non-positve provided
d(i;j) 0, foralllj;lj2 1.

Theorem 5: Whend(i; j) 0 for all I;;1; 2 1, the socp relaxationswhich de ne constraints
only usingnhon-overlappinggraphsG which form (arbitrarily large) even cycleswith all positive or
all nggative weightsaredominatedoy the LP-s relaxation.

Proof: It is sufcient to shav thatLemmasb.1and5.2holdfor agraphG = (V; E) whichforms
anevencycle. We rst consideIthecaseNherqulb;ij > 0. Withoutlossof generalitywe assumehat
V = f1;2;:::;tg (wheret is even)suchthat(i;i+ 1) 2 Eforalli= 1; ;t 1. Further(t;1) 2 E
therebyforming anevencycle. We construcia vectorm of sizen suchthatm, = 12if a2 V and
ms = 0 otherwise.WhengZ;; < 0, we de ne a vectorm suchthatma = 1if a2 V andms = 0
otherwise.Fig. 4(b) shavs an exampleof a graphG which forms an even cycle togethemwith the
correspondinglementsof m. Usingm, we constructa vectors of lengthnh (similar to the proofs
of Lemmas5.1and5.2). Lemmasb.1and5.2follow from thefactthats® Cs 0. We omit details.

It is worth notingthatthe feasibility region of the abore socp relaxation(with soc constraints
de ned using somespecialform of cycles)is not a subsetof the LP-s relaxation. However, we
are still ableto shav that LP-s dominatessuchan socp relaxation. The above Theoremhelps
illustratethe differencebetweercomparinghefeasibility regionsof relaxationsandthe employing
the conceptof domination. Speci cally, if the feasibility region of relaxationa is a subsetof the
feasibility region of relaxations, thens dominates\. However, the corverseof theabove statement
is nottrue.

Theorem5 canbe provedfor cyclesof ary lengthwhoseweightsareall negative by a similar
constructionFurtherit alsoholdstruefor oddcycleg(i.e., cyclesof oddnumberof variables)vhich
have only one positive or only one negative weight. However, aswill be seenin the next section,
unlike treesit is not possibleto extendtheseresultsfor any generakycle.
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6. SomeUseful SOC Constraints

We now describetwo socp relaxationswhich includeall the mamginalizationconstraintspeci ed
in LP-S. Notethatthe mamginalizationconstraintanbe incorporatedvithin the socp framewvork
but notin the QpP framework.

6.1 The SOCP-CRelaxation

The socp-c relaxation(wherec denotexycles)de nessecondrdercone(soc) constraintasing
positive semide nite matricesC suchthat the graph G (de ned in § 5.1) form cycles. Let the
variablescorrespondingo verticesof one suchcycle G of lengthc be denotedasvc = fwjb 2
fai;ap; ;acgg. Furtherletic = fljj 2 figio;  ;icgg2 1€ beasetof labelsfor thevariablesvc.
The socp-c relaxationspeci esthefollowing constraints:

Themamginalizationconstraintsthatis,

A Xabij = (2 h)xai;8(a;b) 2 E;li 2 1:
li2l

A setof soc constraints

jiuUxj C X (49)
suchthat the graph G de ned by the above constraintforms a cycle. The matrix C is O
everywhereexceptthefollowing elements:

R I ¢ if k=1,
Cacaricii = D¢(k;1) otherwise.
HereDcisac ¢ matrixwhichis de ned asfollows:
8
< 1 if jk 1j=1,
De(k;)= ( pel if jk lj=c 1,

0 otherwise,
andl  is theabsolutevalueof thesmallesteigervalueof D.

In otherwordsthe submatrixof C de ned by vc andlc hasdiagonalelementsqualto | . and off-
diagonalelementequalto the elementwf D.. As anexamplewe considertwo casesvhenc = 3
andc = 4. In thesecaseghematrix D is givenby

0 1
0 1 0 10 1
011 1 01 O

D;=@1 0 1A andD4=% §;
110 0 10 1
100 1

respectiely, whilel 3= 1 andl 4 = P 2. Clearly C= U>U 0 sinceits only non-zerosubmatrix
| I + D¢ (wherel isac cidentity matrix) is positive semide nite. This allows usto de ne avalid

soc constraintasshawn in inequality (49). We chooseto de ne the soc constraint(49) for only

thosesetof labelslc which satisfythe following:

a Dok@iaii @ DokDGBa:jj:8finiz i
(aa)2E (aa)2E
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Notethatthis choiceis motivatedby the factthatthe variablesX,,4 :i,i, correspondingo thesesets
Ve andlc areassignedrivial valuesby theLP-s relaxationin thepresencef non-submodulaierms

(seeexamplebelow), thatis,

o 1 if qgkal'ikil 0
Xaaidi = 1 otherwise.

In orderto avoid this trivial solution,we imposethe soc constraini(49) onthem.
Sincemaminalizationconstraintareincludedin the socp-c relaxation the valueof the objec-
tive functionobtainedoy solvingthis relaxationwould atleastbe equalto thevalueobtainedby the
LP-S relaxation(i.e., SOCP-C dominates P-s, seeCasell in Section2). We canfurthershaw that
in the casewherejlj = 2 andthe constraint(49) is de ned over a frustratedcycle® socp-c strictly
dominates P-s. Onesuchexampleis givenbelow. Notethatif thegivenMRF containsnofrustrated
cycle,thenit canbe solvedexactly usingthe methoddescribedy Hammeretal. (1984).

=11 I I

(@) (b) (c)

Figure5: An exampleMRF de ned over threerandomvariablesv = f v,; vp; Vcg shavn asun lled
circles. Eachof thesevariablescantake oneof two labelsfrom the setl = flg;11g which
areshowvn asbrancheqi.e., the horizontallines) of trellises(i.e., the vertical lines) on
top of the randomvariables. The unary potentialsare shavn next to the corresponding
branchesThepairwisepotentialsareshovn next to theedgesonnectinghebranchesf
two neighbouringvariables Notethatthe pairwisepotentialsde ned for (a;b) and(a; c)
form a submodularsing model (in (a) and (b) respectrely). The pairwise potentials
de ned for (b;c) arenon-submodula(in (c)). In otherwords,the abos/e MRF de nesa

frustratedcycle.

Example: We considerafrustratedcycle andshow thatsocp-c strictly dominated.P-S. Specif-
ically, we consideran MRF with v = fvy;Vvp;veg andl = flg;119. The neighbourhooaf this MRF
is de ned suchthat the variablesform a cycle of length3, thatis, E = f(a;b);(b;c);(c;a)g. We
de ne afrustratedcycle which consistsof all 3 variablesof this MRF usingthe unaryandpairwise
potentialsshavnin Fig. 5, thatis, theunarypotentialsaareuniform andthe pairwisepotentialsde ne
only onenon-submodulaterm (betweenthe verticesb andc). Clearly, the enegy of the optimal
labelling for the above problemis 4. The value of the objective function obtainedby solving the
LP-S relaxationis 3 atanoptimalsolutionshowvn in Fig. 6.

8. A cycleis calledfrustratedf it containsanodd numberof non-submodulaterms.
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0

0

0

0

0

0

=

K

0

0

() (b) (c)

Figure6: An optimal solutionprovided by the LP-s relaxationfor the MRF showvn in Fig. 5. The
value of variablexy; is shovn next to the ith branchof the trellis on top of va. In this
optimalsolution,all suchvariablesx,; areequalto 0. The valueof the variableXay;ij is
shavn next to theconnectiorjoining theit" andthe jt" branchof thetrellisesontop of v,
andvy, respectrely. Notethat Xayij = 1whenq§b;ij > 0 andXapij = 1 otherwise.This
providesuswith the minimumvalueof the objective functionof Lp-s, thatis, 3.

(@) (b) (c)

Figure7: An optimalsolutionprovidedby the socp-c relaxationfor theMRF shovnin Fig. 5. This
optimal solutionprovidesuswith the optimal valueof 3:75 which greaterthanthe LP-s
optimal value for the solutionshown in Fig. 6. Note that the optimal solutionof LP-s
doesnot belongto the feasibility region of socp-c asit violatesconstraint(50). This
exampleprovesthatsocp-c strictly dominates. p-S.

TheLP-s optimalsolutionis nolongerfeasiblewhenthe socp-c relaxationis used.Speci cally,
theconstraint
(Xa0+ Xo1+ Xc1)? 3+ 2(Xapo1+ Xaco1+ Xog11); (50)

is violated. In fact,thevalueof the objective functionobtainedusingthe socp-c relaxationis 3:75.
Fig. 7 shavs anoptimalsolutionof the socp-c relaxationfor theMRF in Fig. 5. Theabove example
canbe generalizedo a frustratedcycle of ary length. This provesthat socp-c strictly dominates
theLP-srelaxation(andhencethe Qp-RL andsocpP-Ms relaxations).

The constraintde ned in Equation(49) is similar to the (linear) cycle inequality constraints
(ChopraandRao0,1993)which aregivenby

& De(k ) Xaaid 2 C:
kil
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We believe thatthefeasibility region de ned by cycleinequalitieds a strict subsebf thefeasibility
regionde ned by Equation(49). In otherwordsarelaxationde ned by addingcycle inequalitiesto
LP-swouldstrictly dominatesocp-c. We arenotawareof aformal prooffor this. We now describe
the socpP-Q relaxation.

6.2 The SOCP-QRelaxation

In the previous sectionwe saw thatL P-s dominatessocP relaxationsvhoseconstraintarede ned
ontrees.However, the socp-c relaxation,which de nesits constraintaisingcycles,strictly dom-
inatesL P-S. This raisesthe questionwhethematricesC, which resultin morecomplicatedgraphs
G, would provide an even betterrelaxationfor the MAP estimationproblem. In this section,we
answerthis questionin anaf rmative. To this end,we de ne an socp relaxationwhich speci es
constraintssuchthat the resultinggraph G form a clique. We denotethis relaxationby socpr-Q
(whereq indicatescliques).

The socP-Q relaxationcontainsthe mamginalizationconstraintandthe cycle inequalities(de-
ned above). In addition, it alsode nes soc constraintson graphsG which form a clique. We
denotethevariablescorrespondingo theverticesof cliqueG asvg = fwjb2 faj;ay; ;a490. Let
lo=fljjj 2 fig;iz; ;iqog beasetof labelsfor thesevariablesvg. Giventhis setof variablesvg
andlabelslg, we de ne ansoc constrainusingamatrixC of sizenh  nhwhichis zeroeverywhere
exceptfor theelement, 4 i,i, = 1. Clearly C is arank1 matrix with eigervaluel andeigervector
u which is zeroeverywhereexceptus, i, = 1 wherevy, 2 vg andl;, 2 lg. ThisimpliesthatC 0,
which enablesisto obtainthefollowing soc constraint:

)

é. Xayik g+ é. Xakal;ikil: (51)
k k;l

We choosédo specifytheabove constrainbnly for thesetof labelsl g which satisfythefollowing
condition:
Eol Qi(a;iki. é. qgka,;jkj|;8f jirj2r 1l
(a:ay)2E (aa)2E
Again, this choiceis motivatedby thefactthatthe variablesX, 4 :i,i, correspondingo thesesetsvg
andlg areassignedrivial valuesby the L P-s relaxationin the presencef non-submodulapairwise
potentials.

Whenthe clique containsa frustratedcycle, it canbe shavn that socp-Q dominateghe LP-s
relaxation(similar to socp-c). Further usinga counterexample,it canprovedthatthe feasibility
region givenby cycle inequalitiess nota subsebf thefeasibility region de ned by constrain{(51).
Onesuchexampleis givenbelow.

Example: We presentanexampleto prove thatthe feasibility region given by cycle inequalities
is nota subsebf thefeasibility region de ned by the soc constraint

'

é Xayi q+ é Xaaixii (52)
k kil

whichis usedin socr-Q. Notethatit would besufcient to provide a setof variables(x; X) which
satisfythe cycle inequalitiesbut not constraint(52).
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(@) (b) ()

(d) (e) (f)

Figure8: An infeasiblesolutionfor socp-Q. The valueof the variablexa;; is shavn next to the
ith branchof thetrellis ontop of v4. Thevalueof Xapij is shavn next to the connection
betweertheith andthe jt" branche®f thetrellisesontop of v, andv, respectiely. It can
easilybeveri ed thatthesevariablessatisfyall cycle inequalities.However, they do not
belongto thefeasibility region of SOCP-Q sincethey violate constraint(53).

To this end,we consideran MRF de ned over the randomvariablesv = f vj;vp; Vc; vgg which
form a clique of size4 with respecto the neighbourhoodelationshipE, thatis,

E = f(a;b);(b;c);(c;d); (a;d); (a;c); (b;d)g:

Eachof thesevariablestakesa label from the setl = flp;119. Considerthe setof variables(x; X)
shawvn in Fig. 8 which do not belongto the feasibility region of socp-Q. It canbe easilyshavn
that thesevariablessatisfy all the cycle inequalities(togetherwith all the constraintsof the LpP-s
relaxation).However, (x; X) de nedin Fig. 8 doesnot belongto the feasibility region of the socp-
Q relaxationsinceit doesnot satisfythefollowing soc constraint:

I, !

é. Xa;0 4+ 2 é. Xaboo - (53)
Va2V (a;b)2E

7. Discussion

We presente@dnanalysisof approximatelgorithmsfor MmAP estimationvhich arebasedn corvex
relaxations Thesurprisingresultof ourwork is thatdespitethe e xibility in theform of the objec-
tive function/constraintsfferedby Qp andsocp, the LP-s relaxationdominatesa large classof Qp
andsocp relaxationslt appearshatthe authorswho have previously usedsocp relaxationdn the
combinatorialoptimizationliterature(Muramatsuand Suzuki,2003) andthosewho have reported
QP relaxationin the machinelearningliterature (Ravikumar and Lafferty, 2006) were unawvare of
this result. However, our resultsdo not discouragefutur e reseach on socp basedrelaxations
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Onthecontrary we have proposedwo new SocCP relaxationgsocp-c andsocp-Q) andpresented
someexamplesto prove thatthey provide a betterapproximationthanLpr-s. We alsobelieve that
SOC constraintsare easierto obtain (using the methodof Kim and Kojima 2000) thanLP con-
straints.An interestingdirectionfor futureresearctwould beto determinghebestsoc constraints
for agivenMAP estimationproblem(e.g.,with truncatedinear/quadrati@airwisepotentials).
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