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Abstract

Theproblemof obtainingthemaximuma posterioriestimateof ageneraldiscreteMarkov random
�eld (i.e., a Markov random�eld de�ned usinga discretesetof labels)is known to be NP-hard.
However, dueto its centralimportancein many applications,severalapproximationalgorithmshave
beenproposedin theliterature.In thispaper, wepresentananalysisof threesuchalgorithmsbased
on convex relaxations:(i) LP-S: the linearprogramming(LP) relaxationproposedby Schlesinger
(1976)for aspecialcaseandindependentlyin Chekurietal. (2001),Kosteretal. (1998),andWain-
wright et al. (2005)for thegeneralcase;(ii) QP-RL: thequadraticprogramming(QP) relaxationof
RavikumarandLafferty (2006);and(iii) SOCP-MS: thesecondorderconeprogramming(SOCP) re-
laxation�rst proposedby MuramatsuandSuzuki(2003)for two labelproblemsandlaterextended
by Kumaretal. (2006)for agenerallabelset.

We show that the SOCP-MS andthe QP-RL relaxationsareequivalent. Furthermore,we prove
thatdespitethe�e xibility in theform of theconstraints/objective functionofferedby QP andSOCP,
theLP-S relaxationstrictly dominates(i.e.,providesabetterapproximationthan)QP-RL andSOCP-
MS. We generalizetheseresultsby de�ning a largeclassof SOCP (andequivalentQP) relaxations
which is dominatedby the LP-S relaxation.Basedon theseresultswe proposesomenovel SOCP

relaxationswhichde�ne constraintsusingrandomvariablesthatformcyclesor cliquesin thegraph-
ical modelrepresentationof therandom�eld. Usingsomeexampleswe show that thenew SOCP

relaxationsstrictly dominatethepreviousapproaches.

Keywords: probabilisticmodels,MAP estimation,discreteMRF, convex relaxations,linearpro-
gramming,second-orderconeprogramming,quadraticprogramming,dominatingrelaxations
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1. Intr oduction

Discreterandom�elds areapowerful tool to obtainaprobabilisticformulationfor variousapplica-
tions in computervision andrelatedareas(Boykov et al., 2001;Cohen,1986). Hence,developing
accurateandef�cient algorithmsfor performinginferenceon a given discreterandom�eld is of
fundamentalimportance. In this work, we will focus on the problemof maximuma posteriori
(MAP) estimation. MAP estimationis a key stepin obtainingthe solutionsto many applications
suchasstereo,imagestitchingandsegmentation(Szeliskiet al., 2006). Furthermore,it is closely
relatedto many importantCombinatorialOptimizationproblemssuchasMAXCUT (Goemansand
Williamson, 1995), multi-way cut (Dalhauset al., 1994), metric labelling (Boykov et al., 2001;
Kleinberg andTardos,1999)and0-extension(Boykov etal., 2001;Karzanov, 1998).

GivendataD, a discreterandom�eld modelsthedistribution (i.e., eitherthe joint or thecon-
ditional probability) of a labelling for a set of randomvariables. Eachof thesevariablesv =
f v0;v1; � � � ;vn� 1g cantake a label from a discreteset l = f l0; l1; � � � ; lh� 1g. A particularlabelling
of variablesv is speci�edby a function f whosedomaincorrespondsto the indicesof therandom
variablesandwhoserangeis theindex of thelabelset,thatis,

f : f 0;1; � � � ;n� 1g ! f 0;1; � � � ;h� 1g:

In otherwords,randomvariableva takeslabell f (a) . For convenience,we assumethemodelto bea
Markov random�eld (MRF) while notingthatall theresultsof this paperalsoapplyto conditional
random�elds (CRF).

An MRF speci�esaneighbourhoodrelationshipE betweentherandomvariables,thatis, (a;b) 2
E if, andonly if, va andvb areneighbouringrandomvariables.Within this framework, the joint
probabilityof a labelling f givendataD is speci�edas

Pr( f ;Djq) =
1

Z(q)
exp(� Q( f ;D;q)) :

Hereq representsthe parametersof the MRF andZ(q) is a normalizationconstantwhich ensures
that theprobabilitysumsto one(known asthepartitionfunction). Assuminga pairwiseMRF (i.e.,
anMRF with maximumcliquesizeof 2 accordingto theneighbourhoodrelationshipE), theenergy
Q( f ;D;q) is givenby

Q( f ;D;q) = å
va2v

q1
a; f (a) + å

(a;b)2E
q2

ab; f (a) f (b) :

The termq1
a; f (a) is calleda unarypotentialsinceits valuedependson the labellingof onerandom

variableat a time. Similarly, q2
ab; f (a) f (b) is calleda pairwisepotentialas it dependson a pair of

randomvariables.Notethattheassumptionof pairwiseMRF is not a severerestrictionasany MRF

canbe convertedinto an equivalent(i.e., representingthe sameprobability distribution) pairwise
MRF, for example,seeYedidiaet al. (2001). For further simplicity of notation,we assumethat
q2

ab; f (a) f (b) = w(a;b)d( f (a); f (b)) wherew(a;b) is the weight that indicatesthe strengthof the
pairwiserelationshipbetweenvariablesva andvb, with w(a;b) = 0 if (a;b) =2 E, andd(�; �) is a
distancefunctionon the labels.1 As will be seenlater, this formulationof the pairwisepotentials
wouldallow usto conciselydescribeour results.

1. Thepairwisepotentialsfor any MRF canberepresentedin theform q2
ab;i j = w(a;b)d(i; j). This canbeachievedby

usinga largersetof labelsl̂ = f l0;0; � � � ; l0;h1; � � � ; ln� 1;h1g suchthattheunarypotentialof va takinglabellb;i is q1
a;i if
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We notethata subclassof this problemwherew(a;b) � 0 andthedistancefunctiond(�; �) is a
semi-metricor a metrichasbeenwell-studiedin theliterature(Boykov et al., 2001;Chekuriet al.,
2001;Kleinberg andTardos,1999).However, wewill focusonthegeneralMAP estimationproblem.
In otherwords,unlessexplicitly stated,wedonotplaceany restrictionontheform of theunaryand
pairwisepotentials.

Theproblemof MAP estimationfor adiscreteMRF is well known to beNP-hardin general.Since
it playsa centralrole in severalapplications,many approximatealgorithmshave beenproposedin
theliterature.In thiswork,weanalyzethreesuchalgorithmswhicharebasedonconvex relaxations.
Speci�cally, weconsider:(i) LP-S, thelinearprogramming(LP) relaxationof Chekurietal. (2001),
Kosteret al. (1998),Schlesinger(1976),andWainwright et al. (2005); (ii) QP-RL, the quadratic
programming(QP) relaxationof Ravikumar andLafferty (2006); and (iii) SOCP-MS, the second
order coneprogramming(SOCP) relaxationof Kumar et al. (2006) and Muramatsuand Suzuki
(2003). In order to provide an outline of theserelaxations,we formulatethe problemof MAP

estimationasanIntegerProgram(IP).

1.1 Integer Programming Formulation

We de�ne a binaryvariablevectorx of lengthnh. We denotetheelementof x at index a� h+ i as
xa;i whereva 2 v andl i 2 l. Theseelementsxa;i specifya labelling f suchthat

xa;i =
�

1 if f (a) = i;
� 1 otherwise.

We saythatthevariablexa;i belongsto variableva sinceit de�neswhetherthevariableva takesthe
label l i . Let X = xx> . We refer to the(a� h+ i;b� h+ j)th elementof thematrix X asXab;i j where
va;vb 2 v andl i ; l j 2 l. Clearlythesumof theunarypotentialsfor a labellingspeci�edby x is given
by

å
va;l i

q1
a;i

(1+ xa;i)
2

:

Similarly thesumof thepairwisepotentialsfor a labellingx is givenby

å
(a;b)2E;l i ;l j

q2
ab;i j

(1+ xa;i)
2

(1+ xb; j )
2

= å
(a;b)2E;l i ;l j

q2
ab;i j

(1+ xa;i + xb; j + Xab;i j )
4

:

Hence,thefollowing IP �nds thelabellingwith theminimumenergy, that is, it is equivalentto the
MAP estimationproblem:

IP: x� = argminx å va;l i q
1
a;i

(1+ xa;i )
2 + å (a;b)2E;l i ;l j

q2
ab;i j

(1+ xa;i+ xb; j + Xab;i j )
4

s.t. x 2 f� 1;1gnh; (1)

å l i2l xa;i = 2� h; (2)

X = xx> : (3)

a = b and¥ otherwise.In otherwords,avariableva canonly take labelsfrom thesetf la;0; � � � ; la;h� 1g sinceall other
labelswill result in an energy valueof ¥ . The pairwisepotentialfor variablesva andvb taking labelsla;i andlb; j

respectively canthenberepresentedin theform w(a;b)d(a; i;b; j) wherew(a;b) = 1 andd(a; i;b; j) = q2
ab;i j . Note

thatusinga largersetof labelsl̂ will increasethetime complexity of MAP estimationalgorithms,but doesnot affect
theanalysispresentedin thispaper.
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Constraints(1) and(3) specifythat thevariablesx andX arebinarysuchthatXab;i j = xa;ixb; j . We
will refer to them as the integer constraints. Constraint(2), which speci�es that eachvariable
shouldbeassignedonly onelabel,is known astheuniquenessconstraint. Notethatoneuniqueness
constraintis speci�edfor eachvariableva. Solvingtheabove IP is in generalNP-hard.It is therefore
commonpracticeto obtainanapproximatesolutionusingconvex relaxations.Wedescribefour such
convex relaxationsbelow.

1.2 Linear Programming Relaxation

TheLP relaxation,proposedby Schlesinger(1976)for aspecialcase(wherethepairwisepotentials
specifya hardconstraint,thatis, they areeither0 or ¥ ) andindependentlyin Chekuriet al. (2001),
Kosteretal. (1998),andWainwrightetal. (2005)for thegeneralcase,is givenasfollows:

LP-S: x� = argminx å va;l i q
1
a;i

(1+ xa;i )
2 + å (a;b)2E;l i ;l j

q2
ab;i j

(1+ xa;i+ xb; j + Xab;i j )
4

s.t. x 2 [� 1;1]nh;X 2 [� 1;1]nh� nh;

å l i2l xa;i = 2� h;

å l j 2l Xab;i j = (2� h)xa;i ; (4)

Xab;i j = Xba; ji ; (5)

1+ xa;i + xb; j + Xab;i j � 0: (6)

In the above relaxation,which we call LP-S, only thoseelementsXab;i j of X areusedfor which
(a;b) 2 E andl i ; l j 2 l. Unlike the IP, the feasibility region of theabove problemis relaxedsuch
that the variablesxa;i andXab;i j lie in the interval [� 1;1]. Further, the constraint(3) is replaced
by Equation(4) which is called the marginalization constraint (Wainwright et al., 2005). One
marginalizationconstraintis speci�ed for each(a;b) 2 E andl i 2 l. Constraint(5) speci�es that
X is symmetric. Constraint(6) ensuresthat q2

ab;i j is multiplied by a numberbetween0 and1 in
the objective function. Theseconstraints(5) and (6) arede�ned for all (a;b) 2 E and l i ; l j 2 l.
Theformulationof the LP-S relaxationpresentedhereusesa slightly differentnotationto theones
describedin Kolmogorov (2006)andWainwright et al. (2005). However, it caneasilybe shown
thatthetwo formulationsareequivalentby usingthevariablesy andY insteadof x andX suchthat
ya;i = 1+ xa;i

2 ;Yab;i j = 1+ xa;i+ xb; j + Xab;i j
4 . Throughoutthispaper, wewill makeuseof thevariablesx and

X insteadof y andY. As will beseenin thesubsequentsections,this would allow usto concisely
describeour results. Note that the above constraintsarenot exhaustive, that is, it is possibleto
specifyotherconstraintsfor theproblemof MAP estimation(e.g.,see§ 1.3and1.5).

1.2.1 PROPERTIES OF THE LP-S RELAXATION

� Sincethe LP-S relaxationspeci�esa linearprogramit canbesolved in polynomialtime. A
labelling f canthenbeobtainedby roundingthe(possiblyfractional)solutionof theLP-S.

� Usingtheroundingschemeof KleinbergandTardos(1999),theLP-S providesamultiplicative
bound2 of 2 whenthepairwisepotentialsform aPottsmodel(Chekurietal., 2001).

2. Considerasetof optimizationproblemsA andarelaxationschemede�ned over thissetA. In otherwords,for every
optimizationproblemA 2 A, therelaxationschemeprovidesarelaxationB 2 B of A. Let eA denotetheoptimalvalue
of theoptimizationproblemA. Further, let êA denotethevalueof theobjective functionof A at thepoint obtained
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� Using theroundingschemeof Chekuriet al. (2001),LP-S obtainsa multiplicative boundof
2+

p
2 for truncatedlinearpairwisepotentials.

� LP-S providesa multiplicative boundof 1 whentheenergy functionQ(�;D;q) of the MRF is
submodular(SchlesingerandFlach,2000)(alsoseeIshikawa2003andSchlesingerandFlach
2006for thest-MINCUT graphconstructionfor minimizingsubmodularenergy functions).

� The LP-S relaxationprovides the sameoptimal solution for all reparameterizationsq of q
(Kolmogorov, 2006;Werner,2007).3

We noteherethat,althoughthe LP-S relaxationcanbesolved in polynomialtime, thestateof
theart Interior Pointalgorithmscanonly handleup to a few thousandvariablesandconstraints.In
orderto overcomethisde�ciency severalef�cient algorithmshavebeenproposedin theliteraturefor
(approximately)solvingtheLagrangiandualof LP-S (Kolmogorov, 2006;Komodakiset al., 2007;
Schlesingerand Giginyak, 2007a,b;Wainwright et al., 2005; Werner,2007). Recently, ef�cient
methodshavealsobeendevisedfor solvingtheprimalproblemdirectly (Ravikumaretal., 2008).

1.3 Quadratic Programming Relaxation

We now describethe QP relaxationfor the MAP estimationIP which wasproposedby Ravikumar
andLafferty (2006).To thisend,it wouldbeconvenientto reformulatetheobjective functionof the
IP usingavectorof unarypotentialsof lengthnh(denotedby q̂

1
) andamatrixof pairwisepotentials

of sizenh� nh (denotedby q̂
2
). The elementof the unarypotentialvectorat index (a � h+ i) is

de�ned as
q̂1

a;i = q1
a;i � å

vc2v
å
lk2l

jq2
ac;ikj;

whereva 2 v and l i 2 l. The (a � h+ i;b � h+ j)th elementof the pairwisepotentialmatrix q̂
2

is
de�ned suchthat

q̂2
ab;i j =

�
å vc2v å lk2l jq2

ac;ikj; if a = b; i = j;
q2

ab;i j otherwise,

whereva;vb 2 v andl i ; l j 2 l. In otherwords, the potentialsaremodi�ed by de�ning a pairwise
potentialq̂2

aa;ii andsubtractingthevalueof thatpotentialfrom thecorrespondingunarypotentialq1
a;i .

Theadvantageof this reformulationis that thematrix q̂
2

is guaranteedto bepositive semide�nite,
thatis, q̂

2
� 0. Thiscanbeseenby observingthatfor any vectorz 2 Rnh thefollowing holdstrue:

z> q̂
2
z = å

(a;b)2E
å

l i ;l j2l

�
jq2

ab;i j jz
2
a;i + jq2

ab;i j jz
2
b; j + 2q2

ab;i jza;izb; j
�

;

= å
(a;b)2E

å
l i ;l j2l

0

@jq2
ab;i j j

 

za;i +
q2

ab;i j

jq2
ab;i j j

zb; j

! 2
1

A ;

� 0:

by roundingtheoptimalsolutionof its relaxationB. Therelaxationschemeis saidto provide a multiplicative bound
of r for thesetA if, andonly if, thefollowing conditionis satis�ed: E(êA) � r eA;8A 2 A, whereE(�) denotesthe
expectationof its argumentundertheroundingschemeemployed.

3. A parameterq is calleda reparameterizationof q (denotedby q � q) if andonly if Q( f ;D;q) = Q( f ;D;q) for all
labellings f .
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Usingthefactthatfor xa;i 2 f� 1;1g,
�

1+ xa;i

2

� 2

=
1+ xa;i

2
;

it canbe shown that the following is equivalent to the MAP estimationproblem(Ravikumar and
Lafferty, 2006):

QP-RL : x� = argminx
� 1+ x

2

� >
q̂

1
+

� 1+ x
2

� >
q̂

2 � 1+ x
2

�
; (7)

s.t. å l i2l xa;i = 2� h;8va 2 v; (8)

x 2 f� 1;1gnh; (9)

where1 is a vectorof appropriatedimensionswhoseelementsareall equalto 1. It is worth noting
that,althoughq̂

1
andq̂

2
de�ne thesameenergy for a labelling f astheoriginal parameterq, they

arenot a valid reparameterizationof q sincethey containnon-zeropairwisepotentialsof the form
q̂2

aa;ii . By relaxingthefeasibility region of theabove problemto x 2 [� 1;1]nh, theresultingQP can

besolvedin polynomialtime sinceq̂
2

� 0 (i.e., therelaxationof theQP (7)-(9) is convex). We call
theabove relaxationQP-RL. Notethatin RavikumarandLafferty (2006),theQP-RL relaxationwas
describedusingthe variabley = 1+ x

2 . However, the above formulationcaneasilybe shown to be
equivalentto theonepresentedin RavikumarandLafferty (2006).

In RavikumarandLafferty (2006),theauthorsproposedaroundingschemefor QP-RL (different
from theonesusedin Chekurietal. 2001andKleinberg andTardos1999)thatprovidesanadditive
bound4 of S

4 for theMAP estimationproblem,where

S= å
(a;b)2E

å
l i ;l j 2l

jq2
ab;i j j;

thatis, Sis thesumof theabsolutevaluesof all pairwisepotentials(RavikumarandLafferty,2006).
Undertheirroundingscheme,thisboundcanbeshown to betight5 usingarandom�eld de�nedover
two randomvariableswhichspeci�esuniformunarypotentialsandIsingmodelpairwisepotentials
(seeFig. 2(a)). Further, they alsoproposedan ef�cient iterative procedurefor solving the QP-RL

relaxationapproximately. However, unlike LP-S, no multiplicative boundshave beenestablished
for theQP-RL formulationfor specialcasesof theMAP estimationproblem.

1.4 Semide�nite Programming Relaxation

TheSDP relaxationof theMAP estimationproblemreplacesthenon-convex constraintX = xx> by
theconvex semide�niteconstraintX � xx> � 0 (deKlerk et al., 2004;GoemansandWilliamson,
1995;Lasserre,2001)whichcanbeexpressedas

�
1 x>

x X

�
� 0;

4. A relaxationschemede�ned over thesetof optimizationproblemsA is saidto provide anadditive boundof s for
A if, andonly if, thefollowing holdstrue: E(êA) � eA + s;8A 2 A. HereeA is theoptimalvalueof A andêA is the
valueobtainedby roundingthesolutionof B.

5. The multiplicative boundspeci�ed by a relaxationschemede�ned over the setof optimizationproblemsA is said
to betight if, andonly if, thereexistsan A 2 A suchthatE(êA) = r eA. Similarly, theadditive boundspeci�edby a
relaxationschemede�ned overA is saidto betight if, andonly if, thereexistsanA 2 A suchthatE(êA) = eA + s.
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usingSchur'scomplement(Boyd andVandenberghe,2004).Further, likeLP-S, it relaxestheinteger
constraintsby allowing thevariablesxa;i andXab;i j to lie in theinterval [� 1;1] with Xaa;ii = 1 for all
va 2 v; l i 2 l. Notethatthevalueof Xaa;ii is derivedusingthefactthatXaa;ii = x2

a;i . Sincexa;i canonly
take thevalues� 1 or 1 in theMAP estimationIP, it follows thatXaa;ii = 1. TheSDP relaxationis a
well-studiedapproachwhich providesaccuratesolutionsfor theMAP estimationproblem(e.g.,see
WainwrightandJordan2004). However, dueto its computationalinef�ciency, it is not practically
usefulfor largescaleproblemswith nh> 1000.SeehoweverOlssonetal. (2007),Schellewaldand
Schnorr(2003)andTorr (2003).

1.5 SecondOrder ConeProgramming Relaxation

We now describethe SOCP relaxationthatwasproposedby MuramatsuandSuzuki(2003)for the
MAXCUT problem(i.e.,MAP estimationwith h= 2)andlaterextendedfor agenerallabelset(Kumar
etal.,2006).Thisrelaxation,whichwecall SOCP-MS, is basedonthetechniqueof Kim andKojima
(2000). For completenesswe �rst describethe generaltechniqueof Kim andKojima (2000)and
latershow how SOCP-MS canbederivedusingit.

1.5.1 SOCP RELAXATIONS

In Kim andKojima(2000),theauthorsobservedthattheSDP constraintX � xx> � 0 canbefurther
relaxed to secondordercone(SOC) constraints.Their techniqueusesthe fact that the Frobenius
innerproductof two semide�nitematricesis non-negative. For example,considerthe innerprod-
uct of a �x ed matrix C = UU> � 0 with X � xx> (which, by the SDP constraint,is alsopositive
semide�nite). The non-negativity of this inner productcanbe expressedasan SOC constraintas
follows:

C � (X � xx> ) � 0;

) k(U)> xk2 � C � X:

Hence,by usinga setof matricesS= f CkjCk = Uk(Uk)> � 0;k = 1;2; : : : ;nCg, theSDP constraint
canbefurtherrelaxedto nC SOC constraints,thatis,

) k(Uk)> xk2 � Ck � X;k = 1; � � � ;nC:

It canbe shown that, for the above setof SOC constraintsto be equivalent to the SDP constraint,
nC = ¥ . However, in practice,we canonly specifya �nite setof SOC constraints.Eachof these
constraintsmayinvolve someor all variablesxa;i andXab;i j . For example,if Ck

ab;i j = 0, thenthekth

SOC constraintwill not involveXab;i j (sinceits coef�cient will be0).

1.5.2 THE SOCP-MS RELAXATION

Considera pair of neighbouringvariablesva andvb, that is, (a;b) 2 E, anda pair of labelsl i and
l j . Thesetwo pairsde�ne the following variables:xa;i , xb; j , Xaa;ii = Xbb; j j = 1 andXab;i j = Xba; ji

(sinceX is symmetric).For eachsuchpairof variablesandlabels,theSOCP-MS relaxationspeci�es
two SOC constraintswhich involve only the above variables(Kumaret al., 2006;Muramatsuand
Suzuki,2003). In orderto specifytheexact form of theseSOC constraints,we needthe following
de�nitions.
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Usingthevariablesva andvb (where(a;b) 2 E) andlabelsl i andl j , we de�ne thesubmatrices
x(a;b;i; j) andX(a;b;i; j) of x andX respectively as:

x(a;b;i; j) =
�

xa;i

xb; j

�
;X(a;b;i; j) =

�
Xaa;ii Xab;i j

Xba; ji Xbb; j j

�
:

TheSOCP-MS relaxationspeci�esSOC constraintsof theform:

k(Uk
MS)> x(a;b;i; j)k2 � Ck

MS� X(a;b;i; j) ; (10)

for all pairsof neighbouringvariables(a;b) 2 E andlabelsl i ; l j 2 l. To thisend,it usesthefollowing
two matrices:

C1
MS =

�
1 1
1 1

�
;C2

MS =
�

1 � 1
� 1 1

�
:

In otherwordsSOCP-MS speci�esatotalof 2jEjh2 SOC constraints.NotethatboththematricesC1
MS

andC2
MS de�ned above arepositive semide�nite,andhencecanbewritten asC1

MS = U1
MS(U1

MS)>

andC2
MS = U2

MS(U2
MS)> where

U1
MS =

�
0 1
0 1

�
andU2

MS =
�

0 � 1
0 1

�
;

Substitutingthesematricesin inequality(10) we seethat the constraintsde�ned by the SOCP-MS

relaxationaregivenby

k(U1
MS)> x(a;b;i; j)k2 � C1

MS� X(a;b;i; j) ;

k(U2
MS)> x(a;b;i; j)k2 � C2

MS� X(a;b;i; j) ;

)

�
�
�
�

�
�
�
�

�
0 0
1 1

� �
xa;i

xb; j

� �
�
�
�

�
�
�
�

2

=
�

1 1
1 1

�
�

�
Xaa;ii Xab;i j

Xba; ji Xbb; j j

�
;

�
�
�
�

�
�
�
�

�
0 0

� 1 1

� �
xa;i

xb; j

� �
�
�
�

�
�
�
�

2

=
�

1 � 1
� 1 1

�
�

�
Xaa;ii Xab;i j

Xba; ji Xbb; j j

�
;

) (xa;i + xb; j )2 � Xaa;ii + Xbb; j j + Xab;i j + Xba; ji ;

(xa;i � xb; j )2 � Xaa;ii + Xbb; j j � Xab;i j � Xba; ji ;

) (xa;i + xb; j )2 � 2+ 2Xab;i j ;

(xa;i � xb; j )2 � 2� 2Xab;i j :

Thelastexpressionis obtainedusingthefact thatX is symmetricandXaa;ii = 1, for all va 2 v and
l i 2 l. Hence,in theSOCP-MS formulation,theMAP estimationIP is relaxedto

SOCP-MS: x� = argminx å va;l i q
1
a;i

(1+ xa;i )
2 + å (a;b)2E;l i ;l j

q2
ab;i j

(1+ xa;i+ xb; j + Xab;i j )
4

s.t. x 2 [� 1;1]nh;X 2 [� 1;1]nh� nh;

å l i2l xa;i = 2� h;

(xa;i � xb; j )2 � 2� 2Xab;i j ; (11)

(xa;i + xb; j )2 � 2+ 2Xab;i j ; (12)

Xab;i j = Xba; ji : (13)
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We refer the readerto Kumar et al. (2006) and Muramatsuand Suzuki (2003) for details. The
SOCP-MS relaxationyields the supremumand in�mum for the elementsof the matrix X using
constraints(11)and(12) respectively, thatis,

(xa;i + xb; j )2

2
� 1 � Xab;i j � 1�

(xa;i � xb; j )2

2
:

Theseconstraintsarespeci�edfor all (a;b) 2 E andl i ; l j 2 l. Whentheobjective functionof SOCP-
MS is minimized,oneof thetwo inequalitieswould besatis�edasanequality. This canbeproved
by assumingthat the valuefor the vectorx hasbeen�x ed. Hence,the elementsof the matrix X
shouldtake valuessuchthat it minimizestheobjective functionsubjectto theconstraints(11) and
(12). Clearly, theobjective functionwouldbeminimizedwhenXab;i j equalseitherits supremumor
in�mum value,dependingon thesignof thecorrespondingpairwisepotentialq2

ab;i j , thatis,

Xab;i j =

(
(xa;i+ xb; j )2

2 � 1 if q2
ab;i j > 0;

1� (xa;i � xb; j )2

2 otherwise.

Similarto theLP-S andQP-RL relaxationsde�nedabove,theSOCP-MS relaxationcanalsobesolved
in polynomialtime. To thebestour knowledge,no boundshave beenestablishedfor theSOCP-MS

relaxationin earlierwork. Our recentwork (KumarandTorr, 2008)providesanef�cient approach
for solvinggeneralSOCP relaxationsof theMAP estimationproblemfor discreteMRF.

2. Comparing Relaxations

In orderto comparetherelaxationsdescribedabove, we requirethe following de�nitions. We say
thata relaxationA dominates(Chekuriet al., 2001)therelaxationB (alternatively, B is dominated
by A) if andonly if

min
(x;X)2F (A)

e(x;X;q) � min
(x;X)2F (B)

e(x;X;q);8q;

whereF (A) and F (B) are the feasibility regions of the relaxationsA and B respectively. The
terme(x;X;q) denotesthevalueof theobjective functionat (x;X) (i.e., theenergy of thepossibly
fractionallabelling(x;X)) for theMAP estimationproblemde�ned over theMRF with parameterq.
Thustheoptimalvalueof thedominatingrelaxationA is alwaysgreaterthanor equalto theoptimal
valueof relaxationB. We noteherethat the conceptof dominationhasbeenusedpreviously by
Chekuriet al. (2001)(to compareLP-S with the linear programmingrelaxationof Kleinberg and
Tardos1999).

RelaxationsA andB aresaidto beequivalentif A dominatesB andB dominatesA, thatis, their
optimal valuesareequalto eachother for all MRFs. A relaxationA is said to strictly dominate
relaxationB if A dominatesB but B doesnot dominateA. In otherwordsthereexistsat leastone
MRF with parameterq suchthat

min
(x;X)2F (A)

e(x;X;q) > min
(x;X)2F (B)

e(x;X;q):

Note that,by de�nition, theoptimalvalueof any relaxationwould alwaysbe lessthanor equalto
theenergy of theoptimal(i.e.,theMAP) labelling.Hence,theoptimalvalueof astrictly dominating
relaxationA is closerto theoptimalvalueof the MAP estimationIP comparedto thatof relaxation
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B. In otherwords,A providesa tighter lower boundfor MAP estimationthanB and,in thatsense,
is abetterrelaxationthanB. It is worthnotingthattheconceptof domination(or strictdomination)
doesnot apply to the �nal solutionsobtainedby roundingthe possiblyfractionalsolutionsof the
relaxation.In otherwords,it is possiblefor arelaxationB whichis strictly dominatedby arelaxation
A to provide a better�nal (integer)solutionthanA. However, theconceptof dominationprovides
anintuitive measurefor comparingrelaxations.Onemayalsoarguethatif a dominatingrelaxation
providesworse�nal solutions,thenthe de�ciency of the methodmay be rootedin the rounding
techniqueused.

We now describetwo specialcasesof dominationwhich areusedextensively in theremainder
of thispaper.

CaseI: Considertwo relaxationsA andB which sharea commonobjective function. For ex-
ample,theobjective functionsof the LP-S andthe SOCP-MS relaxationsdescribedin theprevious
sectionhave thesameform. Further, let A andB differ in theconstraintsthatthey specifysuchthat
F (A) � F (B), thatis, thefeasibility regionof A is asubsetof thefeasibility regionof B.

Giventwo suchrelaxations,weclaim thatA dominatesB. Thiscanbeprovedby contradiction:
assumethat A doesnot dominateB then, by de�nition of domination,thereexists at leastone
parameterq for which B providesa greatervalueof theobjective function thanA. Let anoptimal
solutionof A be(xA;XA). Similarly, let (xB;XB) beanoptimalsolutionof B. By our assumption,
thefollowing holdstrue:

e(xA;XA;q) < e(xB;XB;q): (14)

However, sinceF (A) � F (B) it follows that(xA;XA) 2 F (B). Hence,from Equation(14),we see
that(xB;XB) cannotbeanoptimalsolutionof B. Thisprovesourclaim.

We canalsoconsidera casewhereF (A) � F (B), that is, the feasibility region of A is a strict
subsetof thefeasibility regionof B. Usingtheabove argumentwe seethatA dominatesB. Further,
assumethatthereexistsaparameterq suchthattheintersectionof thesetof all optimalsolutionsof
A andthesetof all optimalsolutionsof B is null. In otherwordsif (xB;XB) is anoptimalsolution
of B then(xB;XB) =2 F (A). Clearly, if suchaparameterq existsthenA strictly dominatesB.

Note that the converseis not true, that is, if A dominates(or strictly dominates)B it doesnot
necessarilyimply thatF (A) � F (B) (or F (A) � F (B)). In otherwords,theconceptof domination
is relatedto the valueof the objective functionandnot to the feasibility region. In Section5, we
will considersomeexamplesof relaxationswhichcanberelatedthroughtheconceptof domination
despitethefactthattheir feasibility regionsarenotsubsets(or supersets)of eachother.

CaseII: Considertwo relaxationsA andB suchthat they sharea commonobjective function.
Further, let theconstraintsof B bea subsetof theconstraintsof A. We claim that A dominatesB.
This follows from thefactthatF (A) � F (B) andtheargumentusedin CaseI above.

2.1 Our Results

WeprovethatLP-S strictly dominatesSOCP-MS (seeSection3). Further, in Section4, weshow that
QP-RL is equivalentto SOCP-MS. This implies that LP-S strictly dominatesthe QP-RL relaxation.
In Section5 we generalizetheabove resultsby proving thata largeclassof SOCP (andequivalent
QP) relaxationsis dominatedby LP-S. Basedontheseresults,weproposeanovel setof constraints
which resultin SOCP relaxationsthatdominateLP-S, QP-RL andSOCP-MS. Theserelaxationsin-
troduceSOC constraintson cycles and cliquesformed by the neighbourhoodrelationshipof the
MRF.
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A preliminaryversionof thisarticlehasappearedasKumaretal. (2007).

3. LP-S vs. SOCP-MS

Wenow show thatfor theMAP estimationproblemthelinearconstraintsof LP-S, thatis,

x 2 [� 1;1]nh;X 2 [� 1;1]nh� nh; (15)

å l i2l xa;i = 2� h; (16)

å l j 2l Xab;i j = (2� h)xa;i ; (17)

Xab;i j = Xba; ji ; (18)

1+ xa;i + xb; j + Xab;i j � 0: (19)

arestrongerthantheSOCP-MS constraints,thatis,

x 2 [� 1;1]nh;X 2 [� 1;1]nh� nh;

å l i2l xa;i = 2� h;

(xa;i � xb; j )2 � 2� 2Xab;i j ; (20)

(xa;i + xb; j )2 � 2+ 2Xab;i j ; (21)

Xab;i j = Xba; ji :

In otherwordsthefeasibility region of LP-S is a strict subsetof the feasibility region of SOCP-MS

(i.e.,F (LP-S) � F (SOCP-MS)). This in turnwouldallow usto prove thefollowing Theorem.
Theorem1: TheLP-S relaxationstrictly dominatestheSOCP-MS relaxation.
Proof: TheLP-S andtheSOCP-MS relaxationsdiffer only in theway they relaxthenon-convex

constraintX = xx> . While LP-S relaxesX = xx> usingthemarginalizationconstraint(17), SOCP-
MS relaxes it to constraints(20) and(21). The SOCP-MS constraintsprovide the supremumand
in�mum of Xab;i j as

(xa;i + xb; j )2

2
� 1 � Xab;i j � 1�

(xa;i � xb; j )2

2
:

Considera pair of neighbouringvariablesva andvb anda pair of labelsl i andl j . RecallthatSOCP-
MS speci�estheconstraints(20) and(21) for all suchpairsof randomvariablesandlabels,that is,
for all xa;i ;xb; j ;Xab;i j suchthat (a;b) 2 E andl i ; l j 2 l. In orderto prove this Theoremwe usethe
following two Lemmas.

Lemma 3.1: If xa;i , xb; j andXab;i j satisfytheLP-S constraints,thatis, constraints(15)-(19),then

jxa;i � xb; j j � 1� Xab;i j :

Theabove resultholdstruefor all (a;b) 2 E andl i ; l j 2 l.
Proof: FromtheLP-S constraints,weget

1+ xa;i

2
= å

lk2l

1+ xa;i + xb;k + Xab;ik

4
;

1+ xb; j

2
= å

lk2l

1+ xa;k + xb; j + Xab;k j

4
: (22)
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Therefore,

jxa;i � xb; j j = 2
�
�
� 1+ xa;i

2 � 1+ xb; j
2

�
�
� ;

= 2
�
�
�
�

1+ xa;i
2 � 1+ xa;i+ xb; j + Xab;i j

4

�
�

�
1+ xb; j

2 � 1+ xa;i+ xb; j + Xab;i j
4

� �
�
� ;

� 2
�

1+ xa;i
2 � 1+ xa;i+ xb; j + Xab;i j

4

�
+ 2

�
1+ xb; j

2 � 1+ xa;i+ xb; j + Xab;i j
4

�
;

= 1� Xab;i j :

Notethattheinequalityholdssinceboththeexpressionsin theparentheses,thatis,
�

1+ xa;i

2
�

1+ xa;i + xb; j + Xab;i j

4

�
;
�

1+ xb; j

2
�

1+ xa;i + xb; j + Xab;i j

4

�
;

arenon-negative,asfollows from equations(19)and(22).
UsingtheaboveLemma,weget

(xa;i � xb; j )2 � (1� Xab;i j )(1� Xab;i j ); (23)

) (xa;i � xb; j )2 � 2(1� Xab;i j ); (24)

) (xa;i � xb; j )2 � 2� 2Xab;i j : (25)

Inequality (24) is obtainedusing the fact that � 1 � Xab;i j � 1 andhence,1 � Xab;i j � 2. Using
inequality(23), we seethat thenecessaryconditionfor theequalityto hold true is (1� Xab;i j )(1�
Xab;i j ) = 2� 2Xab;i j , that is, Xab;i j = � 1. Note that inequality(25) is equivalent to the SOCP-MS

constraint(20). ThusLP-S providesasmallersupremumof Xab;i j whenXab;i j > � 1.
Lemma 3.2: If xa;i , xb; j andXab;i j satisfytheLP-S constraintsthen

jxa;i + xb; j j � 1+ Xab;i j :

Thisholdstruefor all (a;b) 2 E andl i ; l j 2 l.
Proof: Accordingto constraint(19),

� (xa;i + xb; j ) � 1+ Xab;i j : (26)

UsingLemma3.1,wegetthefollowing setof inequalities:

jxa;i � xb;kj � 1� Xab;ik; lk 2 l;k 6= j:

Adding theabovesetof inequalities,weget

å lk2l;k6= j jxa;i � xb; j j � å lk2l;k6= j (1� Xab;ik);

) å lk2l;k6= j (xa;i � xb;k) � å lk2l;k6= j (1� Xab;ik);

) (h� 1)xa;i � å lk2l;k6= j xb;k � (h� 1) � å lk2l;k6= j Xab;ik;

) (h� 1)xa;i + (h� 2) + xb; j � (h� 1) + (h� 2)xa;i + Xab;i j :

Thelaststepis obtainedusingconstraints(16)and(17), thatis,

å
lk2l

xb;k = (2� h); å
lk2l

Xab;ik = (2� h)xa;i :
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Rearrangingtheterms,weget
(xa;i + xb; j ) � 1+ Xab;i j : (27)

Thus,accordingto inequalities(26)and(27)

jxa;i + xb; j j � 1+ Xab;i j :

UsingtheaboveLemma,weobtain

(xa;i + xb; j )2 � (1+ Xab;i j )(1+ Xab;i j );

) (xa;i + xb; j )2 � 2+ 2Xab;i j :

wherethenecessaryconditionfor theequalityto holdtrueis 1+ Xab;i j = 2 (i.e.,Xab;i j = 1). Notethat
the above constraintis equivalentto the SOCP-MS constraint(21). Togetherwith inequality(25),
this provesthattheLP-S relaxationprovidessmallersupremumandlargerin�mum of theelements
of thematrixX thantheSOCP-MS relaxation.Thus,F (LP-S) � F (SOCP-MS).

Onecanalsoconstructa parameterq for which thesetof all optimalsolutionsof SOCP-MS do
not lie in thefeasibility region of LP-S. In otherwordstheoptimalsolutionsof SOCP-MS belongto
thenon-emptysetF (SOCP-MS) � F (LP-S), for example,seeFig. 1. Usingtheargumentof CaseI
in Section2, this impliesthatLP-S strictly dominatesSOCP-MS.

Note that theabove Theoremdoesnot apply to thevariationof SOCP-MS describedin Kumar
et al. (2006)andMuramatsuandSuzuki(2003)which includetriangular inequalities(Chopraand
Rao,1993). However, sincetriangularinequalitiesarelinearconstraints,LP-S canbeextendedto
include them. The resultingLP relaxationwould strictly dominatethe SOCP-MS relaxationwith
triangularinequalities.

4. QP-RL vs. SOCP-MS

Wenow prove thatQP-RL andSOCP-MS areequivalent(i.e., theiroptimalvaluesareequalfor MAP

estimationproblemsde�ned over all MRFs). Speci�cally, we considera vectorx which lies in the
feasibility regionsof theQP-RL andSOCP-MS relaxations,thatis, x 2 [� 1;1]nh. For this vector, we
show that the valuesof the objective functionsof the QP-RL andSOCP-MS relaxationsareequal.
This would imply that if x� is anoptimal solutionof QP-RL for someMRF with parameterq then
thereexists an optimal solution(x� ;X � ) of the SOCP-MS relaxation.Further, if eQ andeS arethe
optimalvaluesof theobjective functionsobtainedusingthe QP-RL andSOCP-MS relaxation,then
eQ = eS.

Theorem2: TheQP-RL relaxationandtheSOCP-MS relaxationareequivalent.
Proof: RecallthattheQP-RL relaxationis de�ned asfollows:

QP-RL : x� = argminx
� 1+ x

2

� >
q̂

1
+

� 1+ x
2

� >
q̂

2 � 1+ x
2

�
;

s.t. å l i2l xa;i = 2� h;8va 2 v;

x 2 f� 1;1gnh;

wheretheunarypotentialvectorq̂
1

andthepairwisepotentialmatrix q̂
2

� 0 arede�ned as

q̂1
a;i = q1

a;i � å
vc2v

å
lk2l

jq2
ac;ikj; (28)
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(a) (b) (c)

Figure1: (a) An exampleMRF de�ned usingtwo neighbouringrandomvariables. Note that the
observednodesarenot shown for thesake of clarity of theimage.Eachrandomvariable
cantake oneof two labels,representedby thebranches(i.e., thehorizontallines)of the
trellises(i.e., thevertical lines)on top of thevariables.Thevalueof theunarypotential
q1

a;i is shown next to the ith branchof the trellis on top of va. For example,q1
a;0 = 10

(shown next to the lower branchof the trellis on top of va) andq1
b;1 = 3 (shown next to

theupperbranchof thetrellis on topof vb). Thepairwisepotentialq2
ab;i j is shown next to

theconnectionbetweentheith and j th branchesof thetrellisesontopof va andvb respec-
tively. For example,q2

ab;00 = � 10 (shown next to the bottom-mostconnectionbetween
the two trellises)andq2

ab;01 = � 5 (shown next to the diagonalconnectionbetweenthe
two trellises).(b) TheoptimalsolutionobtainedusingtheLP-S relaxation.Thevalueof
xa;i is shown next to theith branchof thetrellis on topof va. Similarly, thevalueof Xab;i j

is shown next to the connectionbetweenthe i th and j th branchesof the trelliseson top
of va andvb respectively. Note that the valueof the objective function for the optimal
solutionis 6. (c) A feasiblesolutionof the SOCP-MS relaxationwhich doesnot belong
to thefeasibility region of LP-S andhasanobjective functionvalueof 2. It follows that
theoptimalsolutionof SOCP-MS would lie in F (SOCP-MS) � F (LP-S) andhaveavalue
of at most2. Togetherwith Lemmas3.1and3.2,this provesthatLP-S strictly dominates
SOCP-MS.

q̂2
ab;i j =

�
å vc2v å lk2l jq2

ac;ikj; if a = b; i = j;
q2

ab;i j otherwise.
(29)

Here,thetermsq1
a;i andq2

ac;ik arethe(original)unarypotentialsandpairwisepotentialsfor thegiven
MRF. Considera feasiblesolutionx of the QP-RL andthe SOCP-MS relaxations.Further, let X be
the solution obtainedwhen minimizing the objective function of the SOCP-MS relaxationwhilst
keepingx �x ed.Weprove thatthevalueof theobjective functionsfor bothrelaxationsat theabove
feasiblesolutionis thesameby equatingthecoef�cient of q1

a;i andq2
ab;i j for all va 2 v, (a;b) 2 E

andl i ; l j 2 l in bothformulations.UsingEquation(28),weseethatq1
a;i is multipliedby 1+ xa;i

2 in the

objective functionof the QP-RL. Similarly, q1
a;i is multiplied by 1+ xa;i

2 in the SOCP-MS relaxation.
Thereforethecoef�cients of q1

a;i in bothrelaxationsareequalfor all va 2 v andl i 2 l.
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We now considerthepairwisepotentials,that is, q2
ab;i j andshow that their coef�cients arethe

samewhenobtainingtheminimumof theobjective function.Weconsiderthefollowing two cases.
CaseI: Let q2

ab;i j = q2
ba; ji � 0. UsingEquation(29)weseethat,in theQP-RL relaxation,q2

ab;i j +
q2

ba; ji is multipliedby thefollowing term:

�
1+ xa;i

2

� 2

+
�

1+ xb; j

2

� 2

+ 2
�

1+ xa;i

2

� �
1+ xb; j

2

�
�

1+ xa;i

2
�

1+ xb; j

2
: (30)

In thecaseof SOCP-MS relaxation,sinceq2
ab;i j � 0, theminimumof theobjective function is ob-

tainedby usingthe minimum valuethat Xab;i j would take given the SOC constraints.SinceX is
symmetric,weseethatq2

ab;i j + q2
ba; ji is multipliedby thefollowing term:

1+ xa;i+ xb; j + inff Xab;i j g
2

= 1+ xa;i+ xb; j +( xa;i+ xb; j )2=2� 1
2 ; (31)

wherethein�mum of Xab;i j is de�ned by constraint(21) in theSOCP-MS relaxation.It caneasilybe
veri�ed thattheterms(30)and(31)areequal.

CaseII: Now considerthe casewhereq2
ab;i j = q2

ba; ji < 0. In the QP-RL relaxation,the term
q2

ab;i j + q2
ba; ji is multipliedby

1+ xa;i

2
+

1+ xb; j

2
+ 2

�
1+ xa;i

2

� �
1+ xb; j

2

�
�

�
1+ xa;i

2

� 2

�
�

1+ xb; j

2

� 2

: (32)

In ordertoobtaintheminimumof theobjectivefunction,theSOCP-MS relaxationusesthemaximum
valuethatXab;i j would takegiventheSOC constraints.Thus,q2

ab;i j + q2
ba; ji is multipliedby

1+ xa;i+ xb; j + supf Xab;i j g
2

= 1+ xa;i+ xb; j + 1� (xa;i � xb; j )2=2
2 ; (33)

wherethesupremumof Xab;i j is de�ned by constraint(20). Again, the terms(32) and(33) canbe
shown to beequivalent.

Theorems1 and2 prove that the LP-S relaxationstrictly dominatesthe QP-RL and SOCP-MS

relaxations. A naturalquestionthat now arisesis whetherthe additive boundof QP-RL (proved
by Ravikumar andLafferty 2006) is applicableto the LP-S and SOCP-MS relaxations. Our next
Theoremanswersthisquestionin anaf�rmati ve. To thisend,weusetheroundingschemeproposed
by RavikumarandLafferty (2006)to obtainthelabelling f for all therandomvariablesof thegiven
MRF. This roundingschemeis summarizedbelow:

� Pickavariableva whichhasnotbeenassigneda label.

� Assignthelabell i to va (i.e., f(a) = i) with probability 1+ xa;i
2 .

� Continuetill all variableshavebeenassigneda label.

Recallthatå h� 1
i= 0

1+ xa;i
2 = 1 for all va 2 v. Hence,onceva is pickedit is guaranteedto beassigneda

label. In otherwordstheabove roundingschemeterminatesaftern = jvj steps.To thebestof our

85



KUMAR, KOLMOGOROV AND TORR

knowledge,this additive boundwaspreviously known only for the QP-RL relaxation(Ravikumar
andLafferty, 2006).

Theorem 3: For the above roundingscheme,LP-S and SOCP-MS provide the sameadditive
bound as the QP-RL relaxation of Ravikumar and Lafferty (2006), that is, S

4 where
S= å (a;b)2E å l i ;l j 2l jq

2
ab;i j j (i.e., the sum of the absolutevaluesof all pairwisepotentials). Fur-

thermore,thisboundis tight.
Proof: The QP-RL and SOCP-MS relaxationsareequivalent. Thus the above Theoremholds

truefor SOCP-MS. We now considerthe LP-S relaxation(Chekuriet al., 2001;Kosteret al., 1998;
Schlesinger,1976;Wainwrightet al., 2005). We denotetheenergy of theoptimal labellingase� .
Recall that eL denotesthe optimal valueof the LP-S which is obtainedusingpossiblyfractional
variables(x� ;X � ). Clearly, eL � e� . The energy of the labelling x̂, obtainedafter roundingthe
solutionof theLP-S relaxation,is representedby thetermêL,

Usingtheabove notation,we now show thatthe LP-S relaxationprovidesanadditive boundof
S
4 for theabove roundingscheme.We �rst considertheunarypotentialsandobserve that

E
�

q1
a;i

�
1+ x̂a;i

2

��
= q1

a;i

�
1+ x�

a;i

2

�
;

whereE(�) denotestheexpectationof its argumentundertheaboveroundingscheme.Similarly, for
thepairwisepotentials,

E
�

q2
ab;i j

�
1+ x̂a;i

2

� �
1+ x̂b; j

2

��
= q2

ab;i j

� 1+ x�
a;i + x�

b;i j + x�
a;ix

�
b; j

4

�
:

Weanalyzethefollowing two cases:
(i) q2

ab;i j � 0: UsingthefactthatX�
ab;i j � jx�

a;i + x�
b; j j � 1 (seeLemma3.2),weget

1+ x�
a;i + x�

b; j + x�
a;ix

�
b; j � (1+ x�

a;i + x�
b; j + X�

ab;i j )

= x�
a;ix

�
b; j � X�

ab;i j

� x�
a;ix

�
b; j + 1� jx�

a;i + x�
b; j j

� 1;

wheretheequalityholdswhenx�
a;i = x�

b; j = 0. Therefore,

E
�

q2
ab;i j

�
1+ x̂a;i

2

� �
1+ x̂b; j

2

��
� q2

ab;i j

(1+ x�
a;i + x�

b;i j + X�
ab;i j )

4
+

jq2
ab;i j j

4
:

(ii) q2
ab;i j < 0: UsingthefactthatX�

ab;i j � 1� jx�
a;i � x�

b; j j (seeLemma3.1),weget

1+ x�
a;i + x�

b; j + x�
a;ix

�
b; j � (1+ x�

a;i + x�
b; j + X�

ab;i j )

� x�
a;ix

�
b; j � 1+ jx�

a;i � x�
b; j j

� � 1;

wheretheequalityholdswhenx�
a;i = x�

b; j = 0. Therefore,

E
�

q2
ab;i j

�
1+ x̂a;i

2

� �
1+ x̂b; j

2

��
� q2

ab;i j

(1+ x�
a;i + x�

b;i j + X�
ab;i j )

4
+

jq2
ab;i j j

4
:
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Summingtheexpectationof theunaryandpairwisepotentialsfor all va 2 v, (a;b) 2 E andl i ; l j 2 l,
weget

e� � E(êL) � eL +
S
4

� e� +
S
4

;

whichprovestheadditiveboundfor LP-S.

(a) (b)

Figure2: An exampleMRF for proving thetightnessof theLP-S additive boundof S
4. (a) TheMRF

consistingof two randomvariablesva andvb. Thepotentialsareshown similar to Fig. 1.
Note that the unarypotentialsareuniform while the pairwisepotentialsform an Ising
model. (b) An optimal solutionof the LP-S relaxationfor the MRF shown in (a). The
valuesof thevariablesxa;i areshown next to the ith branchof thetrellis of va. Notethat
all variablesxa;i havebeenassignedto 0. Thevaluesof thevariablesXab;i j areshown next
to the connectionbetweenthe ith and j th branchof the trellisesof va andvb. Note that
Xab;i j = � 1 if q2

ab;i j > 0 andXab;i j = 1 otherwise.

This additive boundcanindeedbe shown to be tight by usingthe following simpleexample.
Consideran instanceof the MAP estimationproblemfor an MRF de�ned on two variablesv =
f va;vbg eachof which can take one of two labels from the set l = f l0; l1g. Let the unary and
pairwisepotentialsbe as de�ned in Fig. 2(a), that is, the unary potentialsare uniform and the
pairwisepotentialsfollow theIsing model.Notethatthis MRF is a chainof size2 andcanthus,be
solvedexactly usingthe LP-S relaxation(Chekuriet al., 2001;WainwrightandJordan,2003)(i.e.,
theoptimalvalueof theobjective functionof the LP-S relaxationis exactly equalto theenergy of
theMAP estimate).However, our aim is to show thatfor a particularrandomizedroundingscheme
theMRF in Fig. 2(a)offersanexampleof tightnessfor theadditivebound.

An optimal solutionof the LP-S relaxationis given in Fig. 2(b). Clearly, e� = 2 (e.g.,for the
labelling f = f 0;0g or f = f 1;1g) while E(êL) = 2+ 2

4 = e� + S
4. Thustheadditiveboundsobtained

for the LP-S, QP-RL andSOCP-MS algorithmsarethe same.In fact, onecanconstructarbitrarily
large MRFs (i.e., MRF de�ned over a largenumberof variables)with uniform unarypotentialsand
Isingmodelpairwisepotentialsfor which theboundcanbeshown to betight.

Theaboveboundwasprovedfor thecaseof binaryvariables(i.e.,h = 2) by HammerandKalan-
tari (1987)usingaslightly differentroundingscheme.Our resultcanbeviewedasageneralization
of this for any arbitrarynumberof labels.Theabove Theoremprovesa tight additive boundusing
a simpleroundingscheme.However, usingthis roundingschemein practicalapplicationsmaynot
bedesirableasit generatesanindependentrandomnumberfor roundingthefractionallabellingof
eachrandomvariable. We noteherethatbetterboundscanbeobtainedfor somespecialcasesof
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theMAP estimationproblemusingtheLP-S relaxationtogetherwith moreclever roundingschemes
(suchasthosedescribedin Chekurietal. 2001andKleinberg andTardos1999).

5. QP and SOCPRelaxationsover Treesand Cycles

We now generalizethe resultsof Theorem1 by de�ning a large classof SOCP relaxationswhich
is dominatedby LP-S. Speci�cally, we considerthe SOCP relaxationswhich relax thenon-convex
constraintX = xx> usingasetof secondordercone(SOC) constraintsof theform

jj (Uk)> xjj � Ck � X;k = 1; � � � ;nC (34)

whereCk = Uk(Uk)> � 0, for all k = 1; � � � ;nC. In order to make the proofsof the subsequent
Theoremseasier, wemake two assumptions.However, theTheoremswouldhold trueevenwithout
theseassumptionsasdiscussedbelow.

Assumption1: Weassumethattheintegerconstraints

x 2 f� 1;+ 1gnh;X 2 f� 1;+ 1gnh� nh; (35)

arerelaxedto
x 2 [� 1;+ 1]nh;X 2 [� 1;+ 1]nh� nh; (36)

with Xaa;ii = 1, for all va 2 v; l i 2 l. Theconstraints(36) provide theconvex hull for all thepoints
de�ned by theintegerconstraints(35). Recallthattheconvex hull of a setof pointsis thesmallest
convex setwhichcontainsall thepoints.Wenow discusshow theaboveassumptionis notrestrictive
with respectto theresultsthatfollow. Let A bearelaxationwhichcontainsconstraints(36). UsingA

it is possibleto obtainanotherrelaxationB by substitutingconstraints(36)by someotherrelaxation
of the integer constraints.By the de�nition of convex hull, it would follow that F (A) � F (B).
In otherwords A dominatesB (seeCaseI in Section2). Hence,if A is dominatedby the LP-S

relaxation,thenLP-S wouldalsodominateB.

Assumption 2: We assumethat the setof constraints(34) containsall the constraintsspeci�ed
in the SOCP-MS relaxation.Recallthat for a givenpair of neighbouringrandomvariables,that is,
(a;b) 2 E, andapairof labelsl i ; l j 2 l, SOCP-MS speci�esSOC constraintsusingtwo matrices(say
C1 andC2) whichare0 everywhereexceptfor thefollowing 2� 2 submatrices:

�
C1

aa;ii C1
ab;i j

C1
ba; ji C1

bb; j j

�
=

�
1 1
1 1

�
;
�

C2
aa;ii C2

ab;i j
C2

ba; ji C2
bb; j j

�
=

�
1 � 1

� 1 1

�
: (37)

In thecasewherea givenrelaxationA doesnot containthe SOCP-MS constraints,we cande�ne a
new relaxationB. This new relaxationB is obtainedby addingall the SOCP-MS constraintsto A.
By de�nition, B dominatesA (althoughnot necessarilystrictly, seeCaseII in Section2). Hence,if
B is dominatedby theLP-S relaxationthenit follows thatLP-S would alsodominateA. Hence,our
assumptionaboutincluding the SOCP-MS constraintsis not restrictive for the resultspresentedin
thissection.

Note that eachSOCP relaxationbelongingto this classwould not includethe marginalization
constraints.Hence,it would de�ne an equivalent QP relaxation(similar to the equivalent QP-RL

relaxationde�ned by theSOCP-MS relaxation).By de�nition of equivalentrelaxations,all theseQP

relaxationswill alsobe dominatedby LP-S. Beforewe begin to describeour resultsin detail,we
needto setupsomenotationasfollows.
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5.1 Notation

(a) (b) (c)

Figure3: (a) An exampleMRF de�ned over four variableswhich form a cycle. (b) The set Ek

speci�edby thematrixCk shown in Equation(39),thatis, Ek = f (a;b); (b;c); (c;d)g. (c)
ThesetVk = f a;b;c;dg. Seetext for de�nitions of thesesets.

WeconsideranSOC constraintwhich is of theform describedin Equation(34), thatis,

jj (Uk)> xjj � Ck � X; (38)

wherek 2 f 1; � � � ;nCg. In orderto helpthereaderunderstandthenotationbetter, weuseanexample
MRF shown in Fig. 3(a). This MRF is de�ned over four variablesv = f va;vb;vc;vdg (connectedto
form a cycle of length4), eachof which take a label from the set l = f l0; l1g. For this MRF we
specifya constraintusinga matrix Ck � 0 which is 0 everywhere,exceptfor the following 4� 4
submatrix: 0

B
B
@

Ck
aa;00 Ck

ab;00 Ck
ac;00 Ck

ad;00
Ck

ba;00 Ck
bb;00 Ck

bc;00 Ck
bd;00

Ck
ca;00 Ck

cb;00 Ck
cc;00 Ck

cd;00
Ck

da;00 Ck
db;00 Ck

dc;00 Ck
dd;00

1

C
C
A =

0

B
B
@

2 1 1 0
1 2 1 1
1 1 2 1
0 1 1 2

1

C
C
A : (39)

UsingtheSOC constraintshown in Equation(38)wede�ne thefollowing sets:

� ThesetEk is de�ned suchthat(a;b) 2 Ek if, andonly if, it satis�esthefollowing conditions:

(a;b) 2 E;

9l i ; l j 2 l suchthatCk
ab;i j 6= 0:

RecallthatE speci�estheneighbourhoodrelationshipfor thegivenMRF. In otherwordsEk is
thesubsetof theedgesin thegraphicalmodelof theMRF suchthatCk speci�esconstraintsfor
therandomvariablescorrespondingto thoseedges.For theexampleMRF (shown in Fig.3(a))
andCk matrix (in Equation39), thesetEk obtainedis shown in Fig. 3(b).

� ThesetVk is de�ned asa 2 Vk if, andonly if, thereexistsa vb 2 v suchthat (a;b) 2 Ek. In
otherwordsVk is thesubsetof hiddennodesin thegraphicalmodelof theMRF suchthatCk

speci�esconstraintsfor therandomvariablescorrespondingto thosehiddennodes.Fig. 3(c)
shows thesetVk for ourexampleSOC constraint.
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� ThesetT k consistsof elementsa; i 2 T k whichsatisfy

a 2 Vk; l i 2 l;

9b 2 Vk; l j 2 l; suchthatCk
ab;i j 6= 0:

In otherwordsthesetT k consistsof thesetof indicesfor thevectorx whichareconstrained
by inequality(38), that is, the coef�cient of xa;i wherea; i 2 T k arenon-zeroin the LHS of
inequality(38). Note that in Equation(39) theconstraintis speci�ed usingonly the label l0

for all therandomvariablesv. ThusthesetT k is givenby

T k = f (a;0); (b;0); (c;0); (d;0)g:

For eachsetT k wede�ne threedisjoint subsetsof T k � T k asfollows.

� ThesetT k
0 is de�ned as

T k
0 = f (a; i;b; j)j(a; i;b; j) 2 T k � T k; (a;b) 2 E; (a;b) =2 Ekg:

Notethatby de�nition Ck
ab;i j = 0 if (a; i;b; j) 2 T k

0 . ThusT k
0 indexestheelementsof matrix

X which arenot constrainedby inequality(38) but arepresentin the setT k � T k. For the
matrixCk in Equation(39), thesetT k

0 is givenby

T k
0 = f (a;0;d;0)g:

� ThesetT k
1 is de�ned as

T k
1 = f (a; i;b; j)j(a; i;b; j) 2 T k � T k; (a;b) =2 Eg:

In other words the setT k
1 indexes the elementsof matrix X which are constrainedby in-

equality(38) but do not belongto any pair of neighbouringrandomvariables.Note that the
variablesXab;i j suchthat (a; i;b; j) 2 T k

1 were not presentin the LP-S relaxation. For the
matrixCk in Equation(39), thesetT k

1 is givenby

T k
1 = f (a;0;c;0); (b;0;d;0)g:

� ThesetT k
2 is de�ned as

T k
2 = f (a; i;b; j)j(a; i;b; j) 2 T k � T k; (a;b) 2 Ekg:

In other words the setT k
2 indexes the elementsof matrix X which are constrainedby in-

equality(38) andbelongto a pair of neighbouringrandomvariables.For the matrix Ck in
Equation(39), thesetT k

2 is givenby

T k
2 = f (a;0;b;0); (b;0;c;0)(c;0;d;0)g:

Note that T k
0

S
T k

1
S

T k
2 = T k � T k. For a given setof pairwisepotentialsq2

ab;i j we de�ne
two disjoint setsof T k

2 asfollows.
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� ThesetT k
2+ correspondsto non-negativepairwisepotentials,thatis,

T k
2+ = f (a; i;b; j)j(a; i;b; j) 2 T k

2 ;q2
ab;i j � 0g;

ThusthesetT k
2+ indexestheelementsof matrix X whichbelongto T k

2 andaremultipliedby
anon-negativepairwisepotentialin theobjective functionof therelaxation.

� ThesetT k
2� correspondsto negativepairwisepotentials,thatis,

T k
2� = f (a; i;b; j)j(a; i;b; j) 2 T k

2 ;q2
ab;i j < 0g;

Thusthe setT k
2� indexesthe elementsof matrix X which belongto T k

2 andaremultiplied
by a negative pairwisepotentialin theobjective functionof the relaxation.Note thatT k

2 =
T k

2+
S

T k
2� . For thepurposeof illustrationlet usassumethat,for theexampleMRF in Fig.3(a),

q2
ab;00 � 0 while q2

bc;00 < 0 andq2
cd;00 < 0. Then,

T k
2+ = f (a;0;b;0)g;

T k
2� = f (b;0;c;0); (c;0;d;0)g;

We alsode�ne a weightedgraphGk = (Vk;Ek) whoseverticesarespeci�ed by thesetVk and
whoseedgesarespeci�ed by the setEk. The weight of an edge(a;b) 2 Ek is given by w(a;b).
Recall that w(a;b) speci�es the strengthof the pairwiserelationshipbetweentwo neighbouring
variablesva andvb. Thus,for our exampleSOC constraint,the verticesof this grapharegiven in
Fig. 3(c) while the edgesareshown in Fig. 3(b). This graphcanbe viewed asa subgraphof the
graphicalmodelrepresentationfor thegivenMRF.

Further, wede�ne thesubmatricesxk
T andXk

T of x andX respectively suchthat

xk
T = f xa;i ja; i 2 T kg;

Xk
T = f Xab;i j j(a; i;b; j) 2 T k � T kg:

For ourexample,thesesubmatriceswill begivenby

xk
T =

0

B
B
@

xa;0

xb;0

xc;0

xd;0

1

C
C
A ;Xk

T =

0

B
B
@

Xaa;00 Xab;00 Xac;00 Xad;00

Xba;00 Xbb;00 Xbc;00 Xbd;00

Xca;00 Xcb;00 Xcc;00 Xcd;00

Xda;00 Xdb;00 Xdc;00 Xdd;00

1

C
C
A :

Usingtheabovenotation,wearenow readyto describeour resultsin detail.

5.2 QP and SOCPRelaxationsover Trees

We begin by consideringthoserelaxationswherethe SOC constraintsare de�ned suchthat the
graphsGk = (Vk;Ek) form trees. For example, the graphGk de�ned by the SOC constraintin
Equation(39) formsa treeasshown in Fig. 3(b). Wedenotesucha relaxation,whichspeci�esSOC

constraintsonly over trees,by SOCP-T. Notethat SOCP-MS (andhence,QP-RL) canbeconsidered
a specialcaseof this classof relaxationswherethenumberof verticesin eachtreeis equalto two
(sincetheconstraintsarede�ned for all (a;b) 2 E).
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We will remove this restrictionby allowing thenumberof verticesin eachtreeto bearbitrarily
large(i.e.,between1 andn). WeconsideronesuchtreeG = (V;E). Notethatfor agivenrelaxation
SOCP-T, theremaybeseveral SOC constraintsde�ned usingthis treeG (or its subtrees).Without
lossof generality, weassumethattheconstraints

jj (Uk)> xjj � Ck � X;k = 1; � � � ;n0
C;

arede�ned on thetreeG. In otherwords,

Gk � G;k = 1; � � � ;n0
C;

whereGk � G impliesthatGk is asubtreeof G. In orderto makethenotationlesscluttered,wewill
drop the superscript k fr om the setsde�ned in the previoussection(sincewewill consideronly
onetreeG in ouranalysis).

We will now show thatSOCP-T is dominatedby theLP-S relaxation.This resultis independent
of thechoiceof thetreeG andmatricesCk. To thisend,wede�ne theterme1(xT) for agivenvalue
of xT as

e1(xT) = å
(a;i)2T

 

q1
a;i + å

(b; j)2T

q2
ab;i j

2

!

xa;i :

Further, for a �x edxT wealsode�ne thefollowing two terms:

eS
2(xT) = min

(xT ;XT )2F (SOCP-T)
å

(a;i;b; j)2T2

q2
ab;i jXab;i j ;

eL
2(xT) = min

(xT ;XT )2F (LP-S)
å

(a;i;b; j)2T2

q2
ab;i jXab;i j ;

whereF (SOCP-T) andF (LP-S) arethefeasibilityregionsof SOCP-T andLP-S respectively. Weuse
thenotation(xT ;XT) 2 F (SOCP-T) looselyto meanthatwecanobtaina feasiblesolution(x;X) of
SOCP-T suchthatthevaluesof thevariablesxa;i wherea; i 2 T andXab;i j where(a; i;b; j) 2 T � T
areequalto thevaluesspeci�edby xT andXT . Thenotation(xT ;XT) 2 F (LP-S) is usedsimilarly.
Notethatfor agivenxT thepossiblevaluesof XT areconstrainedsuchthat(xT ;XT) 2 F (SOCP-T)
and(xT ;XT) 2 F (LP-S) (in thecaseof SOCP-T andLP-S respectively). Hencedifferentvaluesof
xT will providedifferentvaluesof eS

2(xT) andeL
2(xT).

Thecontributionof thetreeG to theobjective functionof SOCP-T andLP-S is givenby

eS = min
xT

e1(xT)
2

+
eS

2(xT)
4

;

eL = min
xT

e1(xT)
2

+
eL

2(xT)
4

;

respectively. Assumingthat the treesG do not overlap, the total valueof the objective function
wouldsimplybethesumof eS (for SOCP-T) or eL (for LP-S) overall treesG. However, sinceweuse
anarbitraryparameterq in ouranalysis,it follows thattheresultsdonotdependon thisassumption
of non-overlappingtrees.In otherwordsif two treesG1 andG2 shareanedge(a;b) 2 E thenwe
cansimply considertwo MAP estimationproblemsde�ned usingarbitraryparametersq1 andq2

suchthatq1 + q2 = q. Wecanthenaddthecontributionof G1 for theMAP estimationproblemwith
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parameterq1 to the contribution of G2 for the MAP estimationproblemwith parameterq2. This
would thenprovide us with the total contribution of G1 andG2 for the original MAP estimation
de�ned usingparameterq.

Usingtheaboveargumentit follows thatif, for all G andfor all q, thefollowing holdstrue:

e1(xT )
2 + eS

2(xT )
4 � e1(xT )

2 + eL
2(xT )

4 ;8xT 2 [� 1;1]jT j

) eS
2(xT) � eL

2(xT);8xT 2 [� 1;1]jT j ; (40)

thenLP-S dominatesSOCP-T (sincethis would imply thateS � eL, for all G andfor all q). This is
theconditionthatwe will useto prove thatLP-S dominatesall SOCP relaxationswhoseconstraints
arede�ned over trees.To this end,we de�ne a vectorw = f wk;k = 1; � � � ;n0

Cg of non-negative real
numberssuchthat

å
k

wkCk
ab;i j = q2

ab;i j ;8(a; i;b; j) 2 T2:

Due to the presenceof the matricesCk de�ned in Equation(37) (which result in the SOCP-MS

constraintsfor all (a;b) 2 E andl i ; l j 2 l), suchavectorw wouldalwaysexist for any MRF parameter
q. Wedenotethematrix å k wkCk by C. Clearly, C � 0, andhencecanbewrittenasC = UU> .

Usingtheconstraintsjj (Uk)> xjj2 � Ck � XT togetherwith the fact thatwk � 0, we get the fol-
lowing inequality:6

å k wkjj (Uk)> xjj2 � å k wkCk � X;

) jjU> xjj2 � C � X;

) jjU> xjj2 � å a;i2T Caa;ii Xaa;ii + å (a;i;b; j)2T1
Cab;i jXab;i j + å (a;i;b; j)2T2

Cab;i jXab;i j ;

) kU> xk2 � å a;i2T Caa;ii � å (a;i;b; j)2T1
Cab;i jXab;i j � å (a;i;b; j)2T2

q2
ab;i jXab;i j ;

(41)

wherethe last expressionis obtainedusing the fact thatCab;i j = q2
ab;i j for all (a; i;b; j) 2 T2 and

Xaa;ii = 1 for all va 2 v andl i 2 l. Notethattheabove inequalityprovidesa lower boundof eS
2(xT).

Anotherlowerboundof eS
2(xT) is providedby theconstraintsthat� 1 � Xab;i j � 1 for all (a; i;b; j) 2

T2. Sincetheobjective functionbeingminimizedcontainseS
2(xT), it follows that in theabsenceof

any otherconstraints(which is our assumption)eS
2(xT) would beequalto themaximumof thetwo

lowerbounds,thatis,

max

(

å
(a;i;b; j)2T2

�j q2
ab;i jXab;i j j;kU> xk2 � å

a;i2T
Caa;ii � å

(a;i;b; j)2T1

Cab;i jXab;i j

)

:

The�rst expressionis obtainedby substitutingthefollowing valuesfor Xab;i j where(a; i;b; j) 2 T2:

Xab;i j =
�

� 1 if q2
ab;i j � 0;

1 otherwise,

while the secondexpressionis the LHS of inequality(41). Clearly, if eS
2(xT) is equalto the �rst

expressiontheneL
2(xT) � eS

2(xT), that is, LP-S dominatesSOCP-T. In what follows, we will only

6. Notethatthereareno termscorrespondingto (a; i;b; j) 2 T0 in inequality(41) sinceCab;i j = 0 if (a; i;b; j) 2 T0. In
otherwords,Xab;i j vanishesfrom theabove inequalityif (a; i;b; j) 2 T0.
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considerthenon-trivial casewhen

eS
2(xT) = min å

(a;i;b; j)2T2

q2
ab;i jXab;i j ;

= kU> xk2 � å
a;i2T

Caa;ii � å
(a;i;b; j)2T1

Cab;i jXab;i j : (42)

For theLP-S relaxation,from Lemmas3.1and3.2,weobtainthefollowing valueof eL
2(xT):

jxa;i + xb; j j � 1 � Xab;i j � 1� jxa;i � xb; j j;

) eL
2(xT) = minå (a;i;b; j)2T2

q2
ab;i jXab;i j ;

= å (a;i;b; j)2T2+
q2

ab;i j (jxa;i + xb; j j) � å (a;i;b; j)2T2�
q2

ab;i j (jxa;i � xb; j j) �

å (a;i;b; j)2T2
jq2

ab;i j j: (43)

We arenow readyto prove oneof our mainresultswhich generalizesTheorems1 and2. However,
beforeproceedingwith the proof, we notethat our resultcanalsobe obtainedusingthe moment
constraintsof WainwrightandJordan(2003)(which imply thatLP-S providestheexactsolutionfor
theMAP estimationproblemsde�ned over tree-structuredrandom�elds). However, aswill beseen
shortly, theproofpresentedhereallowsusto generalizeour resultsto certaincycles.

Theorem4: SOCP relaxations(andtheequivalentQP relaxations)whichde�ne constraintsonly
usinggraphsG = (V;E) which form (arbitrarily large)treesaredominatedby theLP-S relaxation.

Proof: We begin by assumingthatd(i; j) � 0 for all l i ; l j 2 l andlaterdrop this constrainton
thedistancefunction.7 We will show that for any arbitrarytreeG andany matrix C, thevalueof
eL

2(xT) is greaterthanthevalueof eS
2(xT) for all xT . Thiswouldprove inequality(40)which in turn

wouldshow thattheLP-S relaxationdominatesSOCP-T (andtheequivalentQP relaxationwhichwe
call QP-T) whoseconstraintsarede�ned over trees.

It is assumedthatwe do not specifyany additionalconstraintsfor all thevariablesXab;i j where
(a; i;b; j) 2 T1 (i.e.,for Xab;i j notbelongingto any of our trees).In otherwordsthesevariablesXab;i j

areboundedonly by the relaxationof the integer constraint,that is, � 1 � Xab;i j � + 1. Thus in
Equation(42) theminimumvalueof theRHS (which is equalto thevalueof eS

2(xT)) is obtainedby
usingthefollowing valueof Xab;i j where(a; i;b; j) 2 T1:

Xab;i j =
�

1 if Cab;i j � 0;
� 1 otherwise.

Substitutingthesevaluesin Equation(42)weget

eS
2(xT) = jjU> xjj2 � å a;i2T Caa;ii � å (a;i;b; j)2T1

jCab;i j j;

) eS
2(xT) = å a;i2T Caa;ii x2

a;i + å (a;i;b; j)2T1
Cab;i jxa;ixb; j + å (a;i;b; j)2T2

q2
ab;i jxa;ixb; j

� å a;i2T Caa;ii � å (a;i;b; j)2T1
jCab;i j j;

where the last expression is obtained using the fact that C = U> U. Consider the term
å (a;i;b; j)2T1

Cab;i jxa;ixb; j which appearsin the RHS of the above equation. For this term, clearly

7. Recall that d(�; �) is a distancefunction on the labels. Togetherwith the weightsw(�; �) de�ned over neighbouring
randomvariables,it speci�esthepairwisepotentialsasq2

ab;i j = w(a;b)d(i; j).
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thefollowing holdstrue

å
(a;i;b; j)2T1

Cab;i jxa;ixb; j � å
(a;i;b; j)2T1

jCab;i j j
2

(x2
a;i + x2

b; j ); (44)

sincefor all (a; i;b; j) 2 T1

Cab;i j � jCab;i j j;

xa;ixb; j �
(x2

a;i+ x2
b; j )

2 :

Inequality(44)providesuswith anupperboundon thevalueof eS
2(xT) asfollows:

eS
2(xT) � å a;i2T Caa;ii x2

a;i + å (a;i;b; j)2T1

jCab;i j j
2 (x2

a;i + x2
b; j ) + å (a;i;b; j)2T2

q2
ab;i jxa;ixb; j

� å a;i2T Caa;ii � å (a;i;b; j)2T1
jCab;i j j: (45)

Notethatin orderto prove inequality(40), thatis,

eS
2(xT) � eL

2(xT);8xT 2 [� 1;1]jT j ;

it would be suf�cient to show that eL
2(xT) speci�ed in Equation(43) is greaterthan the RHS of

inequality(45) (sincethe RHS of inequality(45) is greaterthaneS
2(xT)). We now simplify thetwo

in�mums eL
2(xT) andeS

2(xT) asfollows.
LP-S In�mum: Let za;i =

p
jxa;i j(1� jxa;i j). From Equation(43), we seethat the in�mum

providedby theLP-S relaxationis givenby

å (a;i;b; j)2T2+
q2

ab;i j (jxa;i + xb; j j) � å (a;i;b; j)2T2�
q2

ab;i j (jxa;i � xb; j j) � å (a;i;b; j)2T2
jq2

ab;i j j

= � å (a;i;b; j)2T2+
jq2

ab;i j j(1� jxa;i + xb; j j + xa;ixb; j )

� å (a;i;b; j)2T2�
jq2

ab;i j j(1� jxa;i � xb; j j � xa;ixb; j )

+ å (a;i;b; j)2T2
q2

ab;i jxa;ixb; j

� � å (a;i;b; j)2T2
jq2

ab;i j j(1� jxa;i j)(1� jxb; j j) � 2å (a;i;b; j)2T2
jq2

ab;i j jza;izb; j +

+ å (a;i;b; j)2T2
q2

ab;i jxa;ixb; j : (46)

Thelastexpressionis obtainedusingthefactthat

(1� jxa;i + xb; j j + xa;ixb; j ) � (1� jxa;i j)(1� jxb; j j) + 2za;izb; j ;

(1� jxa;i � xb; j j � xa;ixb; j ) � (1� jxa;i j)(1� jxb; j j) + 2za;izb; j :

SOCPIn�mum: Frominequality(45),weseethatthein�mum providedby theSOCP-T relax-
ationis givenby

å a;i2T Caa;ii x2
a;i + å (a;i;b; j)2T1

jCab;i j j
2 (x2

a;i + x2
b; j ) + å (a;i;b; j)2T2

q2
ab;i jxa;ixb; j

� å a;i2T Caa;ii � å (a;i;b; j)2T1
jCab;i j j

= � å a;i2T Caa;ii (1� x2
a;i) � å (a;i;b; j)2T1

jCab;i j j(1�
x2

a;i
2 �

x2
b; j
2 )

+ å (a;i;b; j)2T2
q2

ab;i jxa;ixb; j

� � å a;i2T Caa;ii (1� jxa;i j)2 � å (a;i;b; j)2T1
jCab;i j j(1� jxa;i j)(1� jxb; j j)

� 2å a;i2T Caa;ii z2
a;i � 2å (a;i;b; j)2T1

jCab;i j jza;izb; j

+ å (a;i;b; j)2T2
q2

ab;i jxa;ixb; j : (47)
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(a) (b)

Figure4: (a) An examplesubgraphG which forms a tree. The weightsof the edgesandcorre-
spondingelementsof the vectorm arealsoshown. (b) An examplesubgraphG which
formsanevencycle whereall weightsarepositive. Theelementsof s arede�ned using
thef + 1; � 1g assignmentsof thevertices.

Thelastexpressionis obtainedusing

1� x2
a;i � (1� jxa;i j)2 + 2z2

a;i ;

1�
x2

a;i
2 �

x2
b; j
2 � (1� jxa;i j)(1� jxb; j j) + 2za;izb; j :

In orderto prove theTheorem,weusethefollowing two Lemmas.
Lemma 5.1: Thefollowing inequalityholdstruefor any matrixC � 0:

å a;i2T Caa;ii (1� jxa;i j)2 + å (a;i;b; j)2T1
jCab;i j j(1� jxa;i j)(1� jxb; j j)

� å (a;i;b; j)2T2
jq2

ab;i j j(1� jxa;i j)(1� jxb; j j):

In otherwords,the�rst termin theRHS of inequality(46) exceedsthesumof the�rst two termsin
theRHS of inequality(47).

Proof: Theproof relieson thefact thatC is positive semide�nite. We constructa vectorm =
f ma;a = 1; � � � ;ng wheren is the numberof variables. Let p(a) denotethe parentof a non-root
vertex a of treeG (wheretheroot vertex canbechosenarbitrarily). Thevectorm is de�ned such
that

ma =

8
>><

>>:

0 if a doesnotbelongto treeG;
1 if a is theroot vertex of G;

� mp(a) if w(a; p(a)) > 0;
mp(a) if w(a; p(a)) < 0:

Herew(�; �) aretheweightsprovidedfor agivenMRF. Fig. 4(a)showsanexampleof agraphwhich
formsa treetogetherwith thecorrespondingelementsof m. Usingthevectorm, wede�ne avector
s of lengthnh (whereh = jlj) suchthatsa;i = 0 if a; i =2 T andsa;i = ma(1� jxa;i j) otherwise.Since
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C is positivesemide�nite,weget

s> Cs� 0

) å a;i2T Caa;ii (1� jxa;i j)2 + å (a;i;b; j)2T1
mambCab;i j (1� jxa;i j)(1� jxb; j )

+ å (a;i;b; j)2T2
mambq2

ab;i j (1� jxa;i j)(1� jxb; j ) � 0;

) å a;i2T Caa;ii (1� jxa;i j)2 + å (a;i;b; j)2T1
mambCab;i j (1� jxa;i j)(1� jxb; j )

� å (a;i;b; j)2T2
jq2

ab;i j j(1� jxa;i j)(1� jxb; j );

) å a;i2T Caa;ii (1� jxa;i j)2 + å (a;i;b; j)2T1
jCab;i j j(1� jxa;i j)(1� jxb; j j)

� å (a;i;b; j)2T2
jq2

ab;i j j(1� jxa;i j)(1� jxb; j j):

Lemma 5.2: Thefollowing inequalityholdstruefor any matrixC � 0:

å
a;i2T

Caa;ii z2
a;i + å

(a;i;b; j)2T1

jCab;i j jza;izb; j � å
(a;i;b; j)2T2

jq2
ab;i j jza;izb; j :

In otherwordsthesecondtermin theRHS of inequality(46)exceedsthesumof thethird andfourth
termsin inequality(47).

Proof: Similar to Lemma5.1,we constructa vectors of lengthnh suchthatsa;i = 0 if a; i =2 T
andsa;i = maza;i otherwise.Theproof followsby observingthats> Cs� 0.

Using the above two Lemmas,we seethat the sum of the �rst two termsof inequality (46)
exceedthe sumof the �rst four termsof inequality(47). Further, the third andthe �fth termsof
inequalities(46) and(47) arethe same.Sinceinequality(46) providesthe lower limit of eL

2(xT)
andinequality(47) providestheupperlimit of eS

2(xT), it follows thateL
2(xT) � eS

2(xT) for all xT 2
[� 1;1]jT j . Usingcondition(40), thisprovestheTheorem.

The proofs of Lemmas5.1 and 5.2 make useof the fact that for any neighbouringrandom
variablesva andvb (i.e.,(a;b) 2 E), thepairwisepotentialsq2

ab;i j havethesamesignfor all l i ; l j 2 l.
This followsfrom thenon-negativity propertyof thedistancefunction.However, Theorem4 canbe
extendedto thecasewherethedistancefunctiondoesnot obey thenon-negativity property. To this
end,wede�ne aparameterq whichsatis�esthefollowing condition:

Q( f ;D;q) = Q( f ;D;q);8 f :

Sucha parameterq is calledthereparameterizationof q (i.e., q � q). Note that thereexist several
reparameterizationsof any parameterq. Weareinterestedin aparameterq whichsatis�es

å
l i ;l j 2l

jq
2
ab;i j j = j å

l i ;l j 2l
q2

ab;i j j;8(a;b) 2 E: (48)

It caneasilybeshown thatsucha reparameterizationalwaysexists. Speci�cally, considerthegen-
eralform of reparameterizationdescribedby Kolmogorov (2006),thatis,

q
1
a;i = q1

a;i + Mba;i ;

q
2
ab;i j = q2

ab;i j � Mba;i � Mab; j :

Clearly one can set the valuesof the termsMba;i and Mab; j suchthat Equation(48) is satis�ed.
Further, theoptimalvalueof LP-S for theparameterq is equalto its optimalvalueobtainedusingq.
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For details,we refer thereaderto Kolmogorov (2006). Usingthis parameterq, we obtainan LP-S

in�mum which is similar in form to the inequality(46) for any distancefunction(i.e., without the
positivity constraintd(i; j) � 0 for all l i ; l j 2 l). This LP-S in�mum canthenbe easilycompared
to theSOCP-T in�mum of inequality(47) (usingslight extensionsof Lemmas5.1and5.2),thereby
proving theresultsof Theorem4 for ageneraldistancefunction.Weomit details.

As an upshotof the above Theorem,we seethat the feasibility region of LP-S is always a
subsetof thefeasibility region of SOCP-T (for any generalsetof treesandSOC constraints),thatis,
F (LP-S) � F (SOCP-T). This implies thatF (LP-S) � F (QP-T), whereQP-T is theequivalentQP

relaxationde�ned by SOCP-T.

We now show how the above proof canbe generalizedto certaincycles. To the bestof our
knowledge,the alternative proof in WainwrightandJordan(2003)cannotbe trivially extendedto
thesecases.

5.3 QP and SOCPRelaxationsover Cycles

We now prove that theabove resultalsoholdstruewhenthegraphG formsanevencycle, that is,
cycleswith evennumberof vertices,whoseweightsareall non-negativeor all non-positiveprovided
d(i; j) � 0, for all l i ; l j 2 l.

Theorem 5: Whend(i; j) � 0 for all l i ; l j 2 l, the SOCP relaxationswhich de�ne constraints
only usingnon-overlappinggraphsG which form (arbitrarily large)evencycleswith all positive or
all negativeweightsaredominatedby theLP-S relaxation.

Proof: It is suf�cient to show thatLemmas5.1and5.2holdfor agraphG = (V;E) whichforms
anevencycle. We�rst considerthecasewhereq2

ab;i j > 0. Withoutlossof generality, weassumethat
V = f 1;2; : : : ; tg (wheret is even)suchthat(i; i + 1) 2 E for all i = 1; � � � ; t � 1. Further, (t;1) 2 E
therebyforming anevencycle. We constructa vectorm of sizen suchthatma = � 1a if a 2 V and
ma = 0 otherwise.Whenq2

ab;i j < 0, we de�ne a vectorm suchthat ma = 1 if a 2 V andma = 0
otherwise.Fig. 4(b) shows anexampleof a graphG which formsanevencycle togetherwith the
correspondingelementsof m. Usingm, we constructa vectors of lengthnh (similar to theproofs
of Lemmas5.1and5.2). Lemmas5.1and5.2 follow from thefactthats> Cs� 0. We omit details.

It is worth notingthatthefeasibility region of theabove SOCP relaxation(with SOC constraints
de�ned usingsomespecialform of cycles) is not a subsetof the LP-S relaxation. However, we
are still able to show that LP-S dominatessuchan SOCP relaxation. The above Theoremhelps
illustratethedifferencebetweencomparingthefeasibility regionsof relaxationsandtheemploying
the conceptof domination.Speci�cally, if the feasibility region of relaxationA is a subsetof the
feasibilityregionof relaxationB, thenB dominatesA. However, theconverseof theabovestatement
is not true.

Theorem5 canbeproved for cyclesof any lengthwhoseweightsareall negative by a similar
construction.Further, it alsoholdstruefor oddcycles(i.e.,cyclesof oddnumberof variables)which
have only onepositive or only onenegative weight. However, aswill beseenin thenext section,
unlike treesit is notpossibleto extendtheseresultsfor any generalcycle.
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6. SomeUsefulSOCConstraints

We now describetwo SOCP relaxationswhich includeall themarginalizationconstraintsspeci�ed
in LP-S. Notethat themarginalizationconstraintscanbeincorporatedwithin the SOCP framework
but not in theQP framework.

6.1 The SOCP-CRelaxation

TheSOCP-C relaxation(whereC denotescycles)de�nessecondordercone(SOC) constraintsusing
positive semide�nite matricesC suchthat the graphG (de�ned in § 5.1) form cycles. Let the
variablescorrespondingto verticesof onesuchcycle G of lengthc be denotedasvC = f vbjb 2
f a1;a2; � � � ;acgg. Further, let lC = f l j j j 2 f i1; i2; � � � ; icgg2 lc beasetof labelsfor thevariablesvC.
TheSOCP-C relaxationspeci�esthefollowing constraints:

� Themarginalizationconstraints,thatis,

å
l j 2l

Xab;i j = (2� h)xa;i ;8(a;b) 2 E; l i 2 l:

� A setof SOC constraints
jjU> xjj � C � X; (49)

suchthat the graphG de�ned by the above constraintforms a cycle. The matrix C is 0
everywhereexceptthefollowing elements:

Cak;al ;ik;i l =
�

l c if k = l ;
Dc(k; l ) otherwise.

HereDc is ac� c matrixwhich is de�ned asfollows:

Dc(k; l ) =

8
<

:

1 if jk � l j = 1;
(� 1)c� 1 if jk � l j = c� 1;

0 otherwise,

andl c is theabsolutevalueof thesmallesteigenvalueof Dc.

In otherwordsthesubmatrixof C de�ned by vC andlC hasdiagonalelementsequalto l c andoff-
diagonalelementsequalto theelementsof Dc. As anexamplewe considertwo caseswhenc = 3
andc = 4. In thesecasesthematrixDc is givenby

D3 =

0

@
0 1 1
1 0 1
1 1 0

1

A andD4 =

0

B
B
@

0 1 0 � 1
1 0 1 0
0 1 0 1

� 1 0 0 1

1

C
C
A ;

respectively, while l 3 = 1 andl 4 =
p

2. Clearly, C = U> U � 0 sinceits only non-zerosubmatrix
l cI + Dc (whereI is ac� c identitymatrix) is positivesemide�nite.Thisallowsusto de�ne avalid
SOC constraintasshown in inequality(49). We chooseto de�ne the SOC constraint(49) for only
thosesetof labelslC whichsatisfythefollowing:

å
(ak;al )2E

Dc(k; l )q2
akal ;iki l � å

(ak;al )2E
Dc(k; l )q2

akal ; jk j l ;8f j1; j2; � � � ; jcg:
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Notethat this choiceis motivatedby thefact that thevariablesXakal ;iki l correspondingto thesesets
vC andlC areassignedtrivial valuesby theLP-S relaxationin thepresenceof non-submodularterms
(seeexamplebelow), thatis,

Xakal ;iki l =
�

� 1 if q2
akal ;iki l � 0;

1 otherwise.

In orderto avoid this trivial solution,we imposetheSOC constraint(49)on them.
Sincemarginalizationconstraintsareincludedin theSOCP-C relaxation,thevalueof theobjec-

tive functionobtainedby solvingthis relaxationwouldat leastbeequalto thevalueobtainedby the
LP-S relaxation(i.e., SOCP-C dominatesLP-S, seeCaseII in Section2). We canfurthershow that
in thecasewherejlj = 2 andtheconstraint(49) is de�ned over a frustratedcycle8 SOCP-C strictly
dominatesLP-S. Onesuchexampleis givenbelow. Notethatif thegivenMRF containsnofrustrated
cycle, thenit canbesolvedexactlyusingthemethoddescribedby Hammeretal. (1984).

(a) (b) (c)

Figure5: An exampleMRF de�ned over threerandomvariablesv = f va;vb;vcg shown asun�lled
circles.Eachof thesevariablescantake oneof two labelsfrom thesetl = f l0; l1g which
areshown asbranches(i.e., the horizontallines) of trellises(i.e., the vertical lines) on
top of the randomvariables.The unarypotentialsareshown next to the corresponding
branches.Thepairwisepotentialsareshown next to theedgesconnectingthebranchesof
two neighbouringvariables.Notethatthepairwisepotentialsde�ned for (a;b) and(a;c)
form a submodularIsing model (in (a) and (b) respectively). The pairwisepotentials
de�ned for (b;c) arenon-submodular(in (c)). In otherwords,theabove MRF de�nes a
frustratedcycle.

Example: We considera frustratedcycle andshow thatSOCP-C strictly dominatesLP-S. Specif-
ically, we consideran MRF with v = f va;vb;vcg andl = f l0; l1g. The neighbourhoodof this MRF

is de�ned suchthat the variablesform a cycle of length3, that is, E = f (a;b); (b;c); (c;a)g. We
de�ne a frustratedcycle which consistsof all 3 variablesof this MRF usingtheunaryandpairwise
potentialsshown in Fig.5, thatis, theunarypotentialsareuniformandthepairwisepotentialsde�ne
only onenon-submodularterm (betweenthe verticesb andc). Clearly, the energy of the optimal
labelling for the above problemis 4. The valueof the objective function obtainedby solving the
LP-S relaxationis 3 atanoptimalsolutionshown in Fig. 6.

8. A cycle is calledfrustratedif it containsanoddnumberof non-submodularterms.
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(a) (b) (c)

Figure6: An optimal solutionprovidedby the LP-S relaxationfor the MRF shown in Fig. 5. The
valueof variablexa;i is shown next to the ith branchof the trellis on top of va. In this
optimalsolution,all suchvariablesxa;i areequalto 0. Thevalueof thevariableXab;i j is
shown next to theconnectionjoining theith andthe j th branchof thetrellisesontopof va

andvb respectively. NotethatXab;i j = � 1 whenq2
ab;i j > 0 andXab;i j = 1 otherwise.This

providesuswith theminimumvalueof theobjective functionof LP-S, thatis, 3.

(a) (b) (c)

Figure7: An optimalsolutionprovidedby theSOCP-C relaxationfor theMRF shown in Fig.5. This
optimalsolutionprovidesuswith theoptimalvalueof 3:75 which greaterthanthe LP-S

optimal valuefor the solutionshown in Fig. 6. Note that the optimal solutionof LP-S

doesnot belongto the feasibility region of SOCP-C as it violatesconstraint(50). This
exampleprovesthatSOCP-C strictly dominatesLP-S.

TheLP-S optimalsolutionisnolongerfeasiblewhentheSOCP-C relaxationisused.Speci�cally,
theconstraint

(xa;0 + xb;1 + xc;1)2 � 3+ 2(Xab;01+ Xac;01+ Xbc;11); (50)

is violated.In fact,thevalueof theobjective functionobtainedusingtheSOCP-C relaxationis 3:75.
Fig.7 showsanoptimalsolutionof theSOCP-C relaxationfor theMRF in Fig.5. Theaboveexample
canbegeneralizedto a frustratedcycle of any length. This provesthat SOCP-C strictly dominates
theLP-S relaxation(andhence,theQP-RL andSOCP-MS relaxations).

The constraintde�ned in Equation(49) is similar to the (linear) cycle inequality constraints
(ChopraandRao,1993)whicharegivenby

å
k;l

Dc(k; l )Xakal ;iki l � 2� c:
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Webelieve thatthefeasibility regionde�ned by cycle inequalitiesis astrict subsetof thefeasibility
regionde�ned by Equation(49). In otherwordsarelaxationde�ned by addingcycle inequalitiesto
LP-S wouldstrictly dominateSOCP-C. Wearenotawareof aformalprooffor this. Wenow describe
theSOCP-Q relaxation.

6.2 The SOCP-QRelaxation

In theprevioussectionwesaw thatLP-S dominatesSOCP relaxationswhoseconstraintsarede�ned
on trees.However, the SOCP-C relaxation,which de�nes its constraintsusingcycles,strictly dom-
inatesLP-S. This raisesthequestionwhethermatricesC, which resultin morecomplicatedgraphs
G, would provide an even betterrelaxationfor the MAP estimationproblem. In this section,we
answerthis questionin an af�rmati ve. To this end,we de�ne an SOCP relaxationwhich speci�es
constraintssuchthat the resultinggraphG form a clique. We denotethis relaxationby SOCP-Q

(whereQ indicatescliques).
The SOCP-Q relaxationcontainsthe marginalizationconstraintandthe cycle inequalities(de-

�ned above). In addition, it alsode�nes SOC constraintson graphsG which form a clique. We
denotethevariablescorrespondingto theverticesof cliqueG asvQ = f vbjb 2 f a1;a2; � � � ;aqgg. Let
lQ = f l j j j 2 f i1; i2; � � � ; iqgg bea setof labelsfor thesevariablesvQ. Giventhis setof variablesvQ

andlabelslQ, wede�ne anSOC constraintusingamatrixC of sizenh� nhwhichis zeroeverywhere
exceptfor theelementsCakal ;iki l = 1. Clearly, C is arank1 matrixwith eigenvalue1 andeigenvector
u which is zeroeverywhereexceptuak;ik = 1 wherevak 2 vQ andl ik 2 lQ. This impliesthatC � 0,
whichenablesusto obtainthefollowing SOC constraint:

 

å
k

xak;ik

! 2

� q+ å
k;l

Xakal ;iki l : (51)

Wechooseto specifytheaboveconstraintonly for thesetof labelslQ whichsatisfythefollowing
condition:

å
(ak;al )2E

q2
akal ;iki l � å

(ak;al )2E
q2

akal ; jk j l ;8f j1; j2; � � � ; jqg:

Again, this choiceis motivatedby thefactthatthevariablesXakal ;iki l correspondingto thesesetsvQ

andlQ areassignedtrivial valuesby theLP-S relaxationin thepresenceof non-submodularpairwise
potentials.

Whenthecliquecontainsa frustratedcycle, it canbeshown that SOCP-Q dominatesthe LP-S

relaxation(similar to SOCP-C). Further, usinga counter-example,it canprovedthat thefeasibility
regiongivenby cycle inequalitiesis notasubsetof thefeasibility regionde�ned by constraint(51).
Onesuchexampleis givenbelow.

Example: We presentanexampleto prove that the feasibility region givenby cycle inequalities
is notasubsetof thefeasibility regionde�ned by theSOC constraint

 

å
k

xak;ik

! 2

� q+ å
k;l

Xakal ;iki l ; (52)

which is usedin SOCP-Q. Notethatit would besuf�cient to provide a setof variables(x;X) which
satisfythecycle inequalitiesbut not constraint(52).
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(a) (b) (c)

(d) (e) (f)

Figure8: An infeasiblesolutionfor SOCP-Q. The valueof the variablexa;i is shown next to the
ith branchof thetrellis on top of va. Thevalueof Xab;i j is shown next to theconnection
betweentheith andthe j th branchesof thetrellisesontopof vb andvb respectively. It can
easilybeveri�ed that thesevariablessatisfyall cycle inequalities.However, they do not
belongto thefeasibility regionof SOCP-Q sincethey violateconstraint(53).

To this end,we consideran MRF de�ned over the randomvariablesv = f va;vb;vc;vdg which
form acliqueof size4 with respectto theneighbourhoodrelationshipE, thatis,

E = f (a;b); (b;c); (c;d); (a;d); (a;c); (b;d)g:

Eachof thesevariablestakesa label from thesetl = f l0; l1g. Considerthesetof variables(x;X)
shown in Fig. 8 which do not belongto the feasibility region of SOCP-Q. It canbe easilyshown
that thesevariablessatisfyall the cycle inequalities(togetherwith all the constraintsof the LP-S

relaxation).However, (x;X) de�ned in Fig. 8 doesnotbelongto thefeasibility regionof theSOCP-
Q relaxationsinceit doesnotsatisfythefollowing SOC constraint:

 

å
va2v

xa;0

! 2

� 4+ 2

 

å
(a;b)2E

Xab;00

!

: (53)

7. Discussion

Wepresentedananalysisof approximatealgorithmsfor MAP estimationwhicharebasedonconvex
relaxations.Thesurprisingresultof our work is thatdespitethe�e xibility in theform of theobjec-
tive function/constraintsofferedby QP andSOCP, theLP-S relaxationdominatesa largeclassof QP

andSOCP relaxations.It appearsthattheauthorswhohavepreviouslyusedSOCP relaxationsin the
combinatorialoptimizationliterature(MuramatsuandSuzuki,2003)andthosewho have reported
QP relaxationin the machinelearningliterature(Ravikumar andLafferty, 2006)wereunawareof
this result.However, our resultsdo not discouragefutur e research on SOCP basedrelaxations.
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Onthecontrary, wehaveproposedtwo new SOCP relaxations(SOCP-C andSOCP-Q) andpresented
someexamplesto prove that they provide a betterapproximationthanLP-S. We alsobelieve that
SOC constraintsare easierto obtain (using the methodof Kim and Kojima 2000) than LP con-
straints.An interestingdirectionfor futureresearchwouldbeto determinethebestSOC constraints
for agivenMAP estimationproblem(e.g.,with truncatedlinear/quadraticpairwisepotentials).
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