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Abstract

Deepmulti-layer neuralnetworks have mary levels of non-linearitiesallowing themto compactly
represenhighly non-linearandhighly-varying functions. However, until recentlyit wasnot clear
how to train suchdeepnetworks, sincegradient-basedptimizationstartingfrom randominitial-

ization often appeardo get stuckin poor solutions. Hinton et al. recently proposeda greedy
layerwise unsupervisedearningprocedurerelying on the training algorithm of restrictedBoltz-

mannmachinegRBM) to initialize the parameter®f a deepbelief network (DBN), a generatie
modelwith mary layersof hiddencausalariables.This wasfollowed by the proposalof another
greedylayerwise procedurefelying on the usageof autoassociatonetworks. In the context of

the abore optimizationproblem,we studythesealgorithmsempirically to betterunderstandheir
successOur experimentscon rm the hypothesighatthe greedylayerwise unsupervisedraining
stratgy helpsthe optimizationby initializing weightsin a region neara goodlocal minimum, but

alsoimplicitly actsasasortof regularizationthatbringsbettergeneralizatiomndencouragester

nal distributedrepresentationthatarehigh-level abstraction®f theinput. We alsopresenta series
of experimentsaimedat evaluatingthelink betweerthe performancef deepneuralnetworksand
practicalaspectof their topology for example,demonstratingasesvherethe additionof more
depthhelps. Finally, we empirically explore simplevariantsof thesetraining algorithms,suchas
theuseof differentRBM inputunit distributions,a simpleway of combininggradientestimatorgo

improve performanceaswell ason-lineversionsof thosealgorithms.

Keywords: arti cial neuralnetworks, deepbelief networks, restrictedBoltzmannmachinesau-
toassociatorsjnsupervisedearning

1. Intr oduction

Trainingdeepmulti-layeredneuralnetworksis known to be hard. The standardearningstrategy—
consistingof randomlyinitializing the weightsof the network andapplyinggradientdescentising
backpropagtion—isknown empiricallyto nd poorsolutionsfor networkswith 3 or morehidden
layers.As thisis a negative result,it hasnot beenmuchreportedn the machindearningliterature.
For thatreasonarti cial neuralnetworkshave beenlimited to oneor two hiddenlayers.

However, compleity theoryof circuits strongly suggestshat deeparchitecturecanbe much
moreef cient (sometimesexponentially)thanshallov architecturesin termsof computationakl-
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ementsand parametersequiredto represensomefunctions(BengioandLe Cun, 2007;Bengio,
2007). Whereadt cannotbe claimedthatdeeparchitecturesare betterthanshallov oneson every
problem(Salakhutding andMurray, 2008;LarochelleandBengio,2008),therehasbeenevidence
of abene t whenthetaskis complex enoughandthereis enoughdatato capturethat compleity

(Larochelleetal.,2007).Hence nding betterlearningalgorithmsfor suchdeepnetworkscouldbe
bene cial.

An approachthat hasbeenexploredwith somesuccessn the pastis basedon constructiely
addinglayers.Eachlayerin amulti-layerneuralnetwork canbeseerasarepresentatioof theinput
obtainedthrougha learnedransformation What makesa goodinternalrepresentationf the data?
We believe thatit shoulddisentangleéhefactorsof variationthatinherentlyexplain the structureof
thedistribution. Whensucharepresentatiois goingto beusedfor unsupervisetearning wewould
likeit to presereinformationabouttheinputwhile beingeasieito modelthantheinputitself. When
arepresentatiois goingto beusedin asupervisegredictionor classi cationtask,wewouldlikeit
to besuchthatthereexistsa“simple” (i.e.,somehwa easyto learn)mappingirom therepresentation
to a good prediction. To constructvely build sucha representationit hasbeenproposedo use
a supervisectriterion at eachstage(Fahlmanand Lebiere,1990; Lengelle and Denoeux,1996).
However, aswe discusshere,the useof a supervisedriterionat eachstagemaybetoo greedyand
doesnotyield asgoodgeneralizatiorasusinganunsupervisedriterion. Aspectsof theinput may
be ignoredin a representatiotunedto be immediatelyuseful (with a linear classi er) but these
aspectanight turn out to be importantwhenmorelayersare available. Combiningunsupervised
(e.g.,learningaboutp(x)) andsupervisedomponentge.g.,learningaboutp(yjx)) canbebehelpful
whenbothfunctionsp(x) andp(yjx) sharesomestructure.

Theideaof usingunsupervisedearningat eachstageof a deepnetwork wasrecentlyput for-
ward by Hinton et al. (2006), aspart of a training procedurefor the deepbelief network (DBN),
a generatie modelwith mary layersof hiddenstochasticvariables. Upperlayersof a DBN are
supposedo represenimore“abstract’conceptghatexplain theinput obsenationx, whereadower
layersextract “low-level features”from x. In otherwords,this model rst learnssimpleconcepts,
onwhichit builds moreabstractoncepts.

Thistrainingstratgy hasinspiredamoregenerabpproacho helpaddresshe problemof train-
ing deepnetworks. Hinton (2006)shaved thatstackingrestrictedBoltzmannmachine§RBMs)—
thatis, trainingupperRBMs on the distribution of activities computedby lower RBMs—provides
agoodinitialization strateyy for theweightsof a deeparti cial neuralnetwork. This approactcan
beextendedo non-linearautoencodersr autoassociatorsSaund,1989),asshavn by Bengioetal.
(2007),andis foundin stacled autoassociatonsetwork (Larochelleet al., 2007),andin the deep
convolutionalneuralnetwork (Ranzataetal., 2007b)derivedfrom the corvolutionalneuralnetwork
(LeCunetal., 1998). Sincethen,deepnetworks have beenappliedwith successot only in clas-
si cation tasks(Bengioet al., 2007;Ranzatoet al., 2007b;Larochelleet al., 2007;Ranzatcet al.,
2008),but alsoin regression(Salakhutdine andHinton, 2008),dimensionalityreduction(Hinton
andSalakhutding, 2006;Salakhutding andHinton,2007b),modelingtextures(OsindercandHin-
ton, 2008),informationretrieval (Salakhutdine andHinton,2007a) robotics(Hadselletal.,2008),
naturallanguageprocessingCollobertand Weston,2008; Westonet al., 2008),and collaboratve

Itering (Salakhutdine etal., 2007).

In this paperwe discussn detailthreeprinciplesfor trainingdeepneuralnetworksandpresent

experimentakvidencethathighlighttherole of eachin successfullytrainingdeepnetworks:

1. Pre-trainingonelayeratatime in agreedyway;
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2. usingunsupervisedearningat eachlayerin away thatpreseresinformationfrom theinput
anddisentanglesactorsof variation;

3. ne-tuning thewhole network with respecto the ultimatecriterionof interest.

The experimentsreportedhere suggesthat this stratgy improves on the traditional random
initialization of supervisednulti-layer networks by providing “hints” to eachintermediatelayer
aboutthe kinds of representationghat it shouldlearn, and thusinitializing the supervisedne-
tuning optimizationin aregion of parametespacdrom which a betterlocal minimum (or plateau)
canbereached.We alsopresenta seriesof experimentsaimedat evaluatingthe link betweenthe
performanceof deepneuralnetworks and aspectof their topology suchas depthandthe size of
the layers. In particular we demonstrateeaseswhere the addition of depth helpsclassi cation
error, but too muchdepthhurts. Finally, we explore simplevariantsof the aforementionedraining
algorithms,suchasa simpleway of combiningthemto improve their performanceRBM variants
for continuous-aluedinputs,aswell ason-lineversionsof thosealgorithms.

2. Notations and Conventions

Beforedescribingthe learningalgorithmsthatwe will studyandexperimentwith in this paperwe
rst presenthe mathematicahotationwe will usefor deepnetworks.

A deepneuralnetwork containsan input layer and an outputlayer, separatedy | layersof
hiddenunits. Given an input sampleclampedto the input layer, the other units of the network
computetheir valuesaccordingto the activity of the unitsthatthey areconnectedo in the layers
belov. We will considera particularsortof topologyhere,wheretheinputlayeris fully connected
to the rst hiddenlayer, which is fully connectedo the secondayer andso on up to the output

layer.
Givenaninputx, thevalueof the j-th unitin thei-th layeris denoted%ij (x), with i = O referring
to theinput layer, i = | + 1 referringto the outputlayer (the useof “ b” will becomeclearerin

Section4). We referto the sizeof alayerasj H‘(x)j . Thedefault actvationlevel is determinedoy
theinternalbiasb| of thatunit. Thesetof weightswj, betweerh:( Y(x) inlayeri 1 andunit h'j (x)

in layeri determinesheactivationof unit H‘j (x) asfollows:

wheresigm( ) is thesigmoidsquashindunction: sigm(a) = ﬁ (alternatvely, thesigmoidcould
be replacedby the hyperbolictangent). Giventhe last hiddenlayer, the outputlayeris computed
similarly by

ox)= B*ix)= f a*i(x) wheread*(x) = b'*1+ W' 1R (x)

wheretheactivationfunction f( ) depend®nthe (supervisedjaskthe network mustachiese. Typ-
ically, it will betheidentity functionfor aregressiorproblemandthe softmaxfunction

&
fj(a) = softmax(a) = 2K o (2
ke 1

for aclassi cationproblem,in orderto obtaina distribution overtheK classes.
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Figurel: Illustrationof a deepnetwork andits parameters.

Whenaninputsamplex is presentedo the network, the applicationof Equationl ateachlayer
will generate patternof activity in thedifferentlayersof the neuralnetwork. Intuitively, we would
like the actiity of the rst layer neuronsto correspondo low-level featuresof the input (e.g.,
edgeorientationdor naturalimages)andto higherlevel abstractionge.g.,detectionof geometrical
shapes)n thelasthiddenlayers.

3. DeepNeural Networks

It hasbeenshawvn that a “shallow” neuralnetwork with only one arbitrarily large hidden layer
couldapproximateafunctionto ary level of precision(Hornik etal., 1989).Similarly, ary Boolean
functioncanberepresentetly atwo-layercircuit of logic gates.However, mostBooleanfunctions
requirean exponentialnumberof logic gates(with respecto the input size)to be representedby
a two-layer circuit (Wegener,1987). For example,the parity function, which canbe ef ciently
representedy a circuit of depthO(logn) (for n input bits) needs0(2") gatesto berepresentety
adepthtwo circuit (Yao,1985). Whataboutdeepercircuits? Somefamiliesof functionswhich can
berepresentedith adepthk circuit aresuchthatthey requireanexponentialnumberof logic gates
to be representedy a depthk 1 circuit (Hastad,1986). Interestingly an equivalentresulthas
beenprovedfor architecturesvhosecomputationatlementsrenotlogic gatesbut linearthreshold
units (i.e., formal neurons)(Hastadand Goldmann,1991). The machinelearningliteraturealso
suggestshatshallov architectureganbe very inef cient in termsof the numberof computational
units(e.g.,baseshiddenunits),andthusin termsof requiredexamplesBengioandLe Cun,2007;
Bengioetal., 2006). On the otherhand,a highly-varying function cansometimese represented
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compactly(with fewer parametershroughthe compositionof mary non-linearitiesthatis, with a
deeparchitectureWhentherepresentationf aconceprequiresanexponentiahumberof elements
(moregenerallyexponentialcapacity) for example,with a shallav circuit, the numberof training
examplesrequiredto learnthe conceptmayalsobeimpractical. Smoothinghelearnedfunctionby
regularizationwould not solve the problemherebecausen thesecaseshe targetfunctionitself is
complicatedandrequiresexponentialcapacityjust to berepresented.

3.1 Dif culty of Training DeepAr chitectures

Given a particulartask, a naturalway to train a deepnetwork is to frameit asan optimization
problemby specifyinga superviseccostfunction on the outputlayer with respectio the desired
talget and usea gradient-basedptimizationalgorithmin orderto adjustthe weightsand biases
of the network so thatits outputhaslow coston sampledn the training set. Unfortunately deep
networkstrainedin thatmannethave generallybeenfoundto performworsethanneuralnetworks
with oneor two hiddenlayers.

We discusgswo hypotheseshatmayexplainthisdif culty . The rst oneis thatgradientdescent
caneasilygetstuckin poorlocal minima(Auer etal., 1996)or plateausf the non-comwex training
criterion. The numberandquality of thesdlocal minimaandplateaugFukumizuandAmari, 2000)
clearly alsoin uence the chancedor randominitialization to be in the basinof attraction(via
gradientdescent)f a poor solution. It may be that with more layers,the numberor the width
of suchpoor basinsincreases. To reducethe dif culty, it hasbeensuggestedo train a neural
network in a constructve mannerin orderto divide the hard optimization probleminto several
greedybut simplerones eitherby addingoneneuron(e.g.,seeFahlmanandLebiere,1990)or one
layer(e.g.,seeLengele andDenoeux,1996)atatime. Thesetwo approachebave demonstratetb
bevery effective for learningparticularlycomple functions suchasavery non-linearclassi cation
problemin 2 dimensions.However, theseare exceptionallyhardproblems,andfor learningtasks
usuallyfoundin practice this approactcommonlyover ts.

This obsenationleadsto a seconchypothesis.For high capacityandhighly e xible deepnet-
works, thereactuallyexists mary basinsof attractionin its parametespace(i.e., yielding different
solutionswith gradientdescentjhatcangive low trainingerrorbut thatcanhave very differentgen-
eralizationerrors. Soevenwhengradientdescenis ableto nd a (possiblylocal) goodminimum
in termsof training error, thereareno guaranteeshat the associategharametercon guration will
provide goodgeneralization Of course modelselection(e.g.,by cross-alidation)will partly cor-
rectthis issue,but if the numberof goodgeneralizatiorcon gurationsis very smallin comparison
to goodtrainingcon gurations,asseemso bethecasein practice thenit is likely thatthetraining
procedurewill not nd ary of them. But, aswe will seein this paper it appearghatthe type of
unsupervisedhitialization discussedherecanhelpto selectbasinsof attraction(for the supervised
ne-tuning optimizationphase)rom which learninggoodsolutionsis easietbothfrom the point of
view of thetrainingsetandof atestset.

3.2 UnsupelrvisedLearning asa Promising Paradigm for GreedyLayer-Wise Training

A commonapproactto improve the generalizatiorperformanceof a learningalgorithmwhich is
motivatedby the Occams razor principle is the useof regularization(suchasweight decay)that
will favor “simpler” modelsover morecomplicatecbnes.However, usinggenericpriorssuchasthe
*2 normof the parametersorveys limited informationaboutwhatthe solutionto a particularlearn-
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ing taskshouldbe. This hasmotivatedresearcherto discorer more meaningful,data-dependent
regularizationprocedureswhich areusuallybasedn unsupervisedearningandnormally adapted
to speci ¢ models.

For example,Ando andZhang(2005)use“auxiliary tasks”designedrom unlabelleddataand
thatareappropriatdor a particularlearningproblem,to learna betterregularizationtermfor linear
classi ers. Partial leastsquaregFrankandFriedman,1993)canalsobe seerascombiningunsuper
visedandsupervisedearningin orderto learna betterlinear regressiormodelwhenfew training
dataareavailableor whentheinput spaces very high dimensional.

Marny semi-supervisetéarningalgorithmsalsoinvolve a combinationof unsupervise@ndsu-
pervisedearning,wherethe unsupervisedomponentanbe appliedto additionalunlabelleddata.
This is the casefor Fisherkernels(Jaaklola andHaussler1999)which arebasedon a generatie
modeltrainedon unlabelledinput dataandthat canbe usedto solve a supervisegroblemde ned
for thatinputspaceln all thesecasesyunsupervisetbarningcanbeseerasaddingmoreconstraints
onacceptableon gurationsfor theparametersf amodel,by askingthatit notonly describesvell
the relationshipbetweernthe input andthe target but also containsrelevant statisticalinformation
aboutthe structureof theinputor how it wasgenerated.

Moreover, thereis a growing literatureon the distinct advantage<f generatre anddiscrimi-
native learning.Ng andJordan(2001)arguethatgeneratre versionsof discriminatve modelscan
be expectedto reachtheir usually higherasymptoticout-of-sampleclassi cationerror faster(i.e.,
with lesstrainingdata),makingthempreferablen certainsituations.Moreover, successfuhttempts
at exploring the spacebetweendiscriminatve andgeneratie learninghave beenstudied(Lasserre
etal., 2006;Jebara2003;BouchardandTriggs,2004;Holub andPerona2005).

The deepnetwork learningalgorithmsthat have beenproposedecentlyandthat we studyin
this papercan be seenas combiningthe ideasof greedily learning the networkto breakdown
the learning probleminto easiersteps,using unsupervisedearning to provide an effective hint
aboutwhathiddenunits shouldlearn,bringingalongthe way aform of regularizationthatprevents
over tting evenin deepnetworks with mary degreesof freedom(which could otherwiseover t).
In addition, one shouldconsiderthe supervisedaskthe network hasto solve. The greedylayer
wise unsupervisedtratgy providesan initialization procedure after which the neuralnetwork is
ne-tunedto the global supervisedbjective The generalparadigmfollowed by thesealgorithms
(illustratedin Figure2 anddetailedin AppendixA) canbedecomposeth two phases:

1. In the rst phase,greedily train subsetsof the parametersf the network using a layer
wise and unsupervisedearningcriterion, by repeatingthe following stepsfor eachlayer

Until astoppingcriteriais met,iteratethroughtrainingdatabaséy

(a) mappinginput training samplex; to representatioﬂﬂi Y(x) (if i > 1) andhidden
representatiof (x;),

(b) updatingparameter®' 1, b' andW' of layeri usingsomeunsupervisedearning
algorithm.

Also, initialize (e.g.,randomly)the outputlayerparameterg'+ 1 W!*1,
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Figure2: Unsupervisedreedylayerwisetrainingprocedure.

2. Inthesecondand nal phase,ne-tune all the parameters of the network usingbackpropa-
gationandgradientdescenbn aglobalsupervisedosgfunctionC(x; yt; d), with inputx; and

labely, thatis, trying to make stepsin the directionE %&y‘;q) :

Regularizationis not explicit in this procedureasit doesnot comefrom a weightedtermthat
dependson the complity of the network andthat is addedto the global supervisedbjective.
Instead.,it is implicit, asthe rst phasethatinitializes the parameter®f the whole network will
ultimatelyhave animpactonthesolutionfoundin the secondgohasgthe ne-tuning phase)lndeed,
by usinganiterative gradualoptimizationalgorithmsuchasstochastigradientdescentvith early-
stopping(i.e., training until the error on a validation setreachesa clear minimum), the extentto
which the con guration of the network’'s parameterganbe differentfrom theinitial con guration
givenby the rst phasds limited. Hence similarly to usingaregularizationtermon the parameters
of themodelthatconstrainghemto becloseto aparticularvalue(e.qg.,0 for weightdecay) the rst
phaseherewill ensurethatthe parametesolutionfor eachlayerfound by ne-tuning will not be
far from the solutionfound by the unsupervisedearningalgorithm. In addition,the non-comwexity
of the supervisedraining criterion meansthat the choiceof initial parametewraluescan greatly
in uence thequality of the solutionobtainedby gradientdescent.

In thenext two sectionswe presentareview of thetwo trainingalgorithmsthatfall in paradigm
presente@dbove andwhich areempirically studiedin this paperin Section6.

4. Stacked Restricted Boltzmann Machine Network

Intuitively, a successfulearningalgorithmfor deepnetworks shouldbe onethatdiscosersa mean-
ingful and possiblycomple hiddenrepresentationf the dataat its top hiddenlayer. However,

learningsuchnon-linearrepresentationis a hardproblem.A solution,proposedy Hinton (2006),
is basedn thelearningalgorithmof therestrictedBoltzmannmachineg(RBM) (Smolensl, 1986),
a generatre modelthatusesa layer of binary variablesto explain its input data. In an RBM (see
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Figure3: lllustration of arestrictedBoltzmannmachineandits parametersW is aweightmatrix,
b is avectorof hiddenunit biasesandc a vectorof visible unit biases.

Figure 3 for anillustration), givenaninput x, it is easyto obtaina hiddenrepresentatioffor that
input by computingthe posterior(x) over the layerof binary hiddenvariablesh (we usethe“b”
symbolto emphasizehath(x) is notarandomvariablebut a deterministicepresentatioof x).

Hinton (2006) arguesthatthis representatiocanbe improved by giving it asinput to another
RBM, whoseposteriorover its hiddenlayer will thenprovide a more comple representatiomf
theinput. This processanbe repeatedan arbitrarynumberof timesin orderto obtainever more
non-linearepresentationsf theinput. Finally, the parametersf the RBMsthatcomputetheserep-
resentationsanbeusedto initialize the parametersf adeepnetwork, which canthenbe ne-tuned
to aparticularsupervisedask. This learningalgorithmclearlyfalls in the paradigmof Section3.2,
wherethe unsupervisegart of the learningalgorithmis that of an RBM. We will referto deep
networks trainedusingthis algorithmasstacled restrictedBoltzmannmachine(SRBM) networks.
For moretechnicaldetailsaboutthe SRBM network, andhow to trainanRBM usingthecontrastve
divegencealgorithm(CD-k), seeAppendixB.

5. Stacked AutoassociatorsNetwork

Therearetheoreticakesultsaboutthe advantageof stackingmary RBMsinto a DBN: Hinton etal.
(2006) shaw that this procedureoptimizesa boundon the likelihood of the input datawhen all
layershave the samesize. An additionalhypothesisto explain why this procesgprovidesa good
initialization for the network is thatit makeseachhiddenlayer computea different,possiblymore
abstractrepresentationf theinput. Thisis doneimplicitly, by askingthateachlayercapturedea-
turesof theinput thathelp characterizéhedistribution of valuesatthelayerbelav. By transitvity,
eachlayercontainssomeinformationabouttheinput. However, stackingary unsupervisetearning
modeldoesnot guaranteg¢hatthe representationlearnedgetincreasinglycomple or appropriate
aswe stackmorelayers.For instancemary layersof linear PCA modelscould be summarizedy
only onelayer However, theremay be othernon-linear unsupervisedearningmodelsthat, when
stacled,areableto improve thelearnedrepresentatioat thelastlayeradded.

An exampleof sucha non-linearunsupervisedearningmodelis the autoassociataor autoen-
codernetwork (Cottrell etal., 1987;Saund,1989; Hinton, 1989; Baldi andHornik, 1989;DeMers
and Cottrell, 1993). Autoassociatorare neuralnetworks that are trainedto computea represen-
tation of the input from which it canbe reconstructeavith asmuchaccurag aspossible.In this
paperwe will considerautoassociatanetworks of only onehiddenlayer, meaningthatthe hidden
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Figure4: lllustration of anautoassociataandits parametersW is the matrix of encodemveights
andW thematrix of decodemweights. H(x) is thecodeor representatioof x.

representationf x is acodeh(x) obtainedfrom the encodingfunction

Ri(x) = f(a;) whereaj(x) = bj+ & Wik : (3)
k

The input's reconstructions obtainedfrom a decodingfunction, herea linear transformation
of the hiddenrepresentatiowith weightmatrix W , possiblyfollowed by a nhon-linearactivation
function:

k= g(&) wherel = o+ é_Vijhj(X) 1
j

In this work, we usedthe sigmoid activation function for both f( ) andg(). Figure4 shovs an
illustrationof this model.

By noticing the similarity betweenEquations3 and 1, we are then able to usethe training
algorithmfor autoassociatorasthe unsupervisedearningalgorithmfor the greedylayerwise ini-
tialization phaseof deepnetworks. In this paper staclked autoassociatoréSAA) networks will
referto deepnetworkstrainedusingthe procedureof Section3.2 andthelearningalgorithmof an
autoassociatdor eachlayer, asdescribedn Section5.1.

Thoughtheseneuralnetworksweredesignedvith the goalof dimensionalityreductionin mind,
the new representatios'dimensionalitydoesnot necessarilyneedto be lower thanthe input's in
practice. However, in that particularcase,somecaremustbe taken so that the network doesnot
learnatrivial identity function, thatis, nds weightsthatsimply “copy” the whole input vectorin
thehiddenlayerandthencopy it again attheoutput. For example anetwork with smallweightswix
betweenthe input andhiddenlayers(maintainingactivationsin the linear regime of the activation
function f) andlarge weightstk betweenthe hiddenand output layers could encodesuchan
uninterestingidentity function. An easyway to avoid sucha pathologicalbehaior in the case
of continuousinputsis to setthe weight matricesw™ andW to be the same. This adjustment
is motivated by its similarity with the parametrizatiorof the RBM model and by an empirical
obsenation that W™ andW tendto be similar up to a multiplicative factor after training. In
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the caseof binary inputs, if the weightsare large, the input vector can still be copied (up to a
permutatiorof the elements}o the hiddenunits,andin turn theseusedto perfectlyreconstructhe
input. Weightdecaycanbe usefulto preventsuchatrivial anduninterestingnappingto belearned,
whentheinputsarebinary We setW' = W in all of our experiments.Vincentetal. (2008)have
animprovedway of training autoassociatolis orderto produceinteresting non-trivial featuresin

thehiddenlayer, by partially corruptingthe network's inputs.

Thereconstructiorerrorof anautoassociataranbe connectedo thelog-likelihoodof anRBM
in severalways.Ranzatcetal. (2008)connecthelog of the numeratoiof theinputlik elihoodwith
a form of reconstructiorerror (whereonereplaceshe sumover hiddenunit con gurationsby a
maximization). The denominatoiis the normalizationconstantsummingover all input con gura-
tionsthe sameexpressiorasin the numeratar Sowhereagnaximizingthe numeratois similar to
minimizing reconstructiorerrorfor the trainingexamples minimizing the denominatomeanghat
mostinput con gurationsshouldnotbereconstructeavell. This canbeachievedif the autoassoci-
atoris constrainedn suchaway thatit cannotcomputethe identity function, but only minimizes
thereconstructiorior trainingexamples.

Anotherconnectiorbetweerreconstructiorerror andlog-likelihood of the RBM wasmadein
Bengioand Delalleau(2007). They considera cornverging seriesexpansionof the log-likelihood
gradientand shav that whereasCD-k truncateshe seriesby keepingthe rst 2k termsandthen
approximategxpectationdy a single sample reconstructiorerroris a mean- eld approximation
of the rst termin thatseries.

5.1 Learning in an AutoassociatorNetwork

Training an autoassociatonetwork is almostidenticalto training a standardarti cial neuralnet-
work. Givena costfunction, backpropagtionis usedto computegradientsand performgradient
descentHowever, autoassociatoi@re”self-supervised’meaninghatthetargetto whichtheoutput
of theautoassociatds compareds theinputthatit wasfed.

Previouswork on autoassociatomminimizedthe squaredeconstructiorerror:

Clrx) = & (R %2
k

However, with squaredeconstructiorerror andlinear decoderthe “optimal codes”(the implicit
tamgetfor the encoderirrespectve of the encoderlarein the spanof the principal eigervectorsof
the input covariancematrix. Whenwe introducea saturatingnon-linearitysuchas the sigmoid,
andwe wantto reconstructalues|0; 1], thebinomial KL divergence(alsoknown ascross-entroy)
seemsnoreappropriate:

C(R;x) = & (&log(R)+ (1 x)log(l ) : (4)
k

It correspondgo the assumptiorthat R and x can be interpretedas factorizeddistributions over
binary units. It is well known thatthe cross-entrop plog(gq) (1 p)log(1 q) betweentwo
binary distributions parametrizedy p andq is minimizedwhenq = p (for a x ed p), makingit
anappropriatecostfunctionto evaluatethe quality of a reconstructionWe usedthis costfunction
in all the experimentswith SAA networks. Appendix C detailsthe correspondingutoassociator
trainingupdate.

10
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6. Experiments

In this section,we presentseveral experimentssetup to evaluatethe deepnetwork learningalgo-
rithmsthatfall in the paradigmpresentedn the Section3.2 andhighlight someof their properties.
Unlessotherwisestated stochastigradientdescentvasusedfor layerwise unsupervisedearning
(rst phaseof the algorithm) and global supervisedne-tuning (secondphaseof the algorithm).
The datasetswere separatedn disjoint training, validation andtestingsubsets.Model selection
consistedf nding thebestvaluesfor the learningratesof layerwise unsupervise@ndglobalsu-
pervisedlearningaswell asthe numberof unsupervisedipdategprecedinghe ne-tuning phase.
The numberof epochsof ne-tuning was chosenusing early-stoppingbasedon the progression
of classi cationerroronthe validationset. All experimentscorrespondo classi cationproblems.
Henceto ne-tune the deepnetworks, we optimizedthe negative conditionallog-likelihoodof the
trainingsamplestametclass(asgivenby the softmaxoutputof the neuralnetwork).

Theexperimentsarebasenthe MNIST dataset (seeFigure5), abenchmarkor handwritten
digit recognition aswell asvariantsof this problemwheretheinputdistribution hasbeenmademore
comple by insertingadditionalfactorsof variations,suchasrotationsandbackgroundmages.The
inputimagesaremadeof 28 28 pixelsgiving aninputdimensionalityof 784,thenumberof classes
is 10 (correspondingo thedigits from 0 to 9) andtheinputswerescaledbetweerD and1.

Successfubpplicationsof deepnetworks have alreadybeenpresentedn a large variety of
data,suchasimagesof faces(Salakhutding andHinton, 2008),real-world objects(Ranzatcet al.,
2007a)aswell astext data(Hinton and Salakhutding, 2006; Salakhutding and Hinton, 2007a;
CollobertandWeston 2008;Westonretal., 2008),andon differenttypesof problemssuchasregres-
sion (Salakhutdine andHinton, 2008),informationretrieval (Salakhutding andHinton, 2007a),
roboticsHadselletal. (2008),andcollaboratve ltering (Salakhutding etal.,2007).

In Bengioetal. (2007),we performedexperimentson two regressiordatasets with non-image
continuousinputs (UCI Abalone,anda nancial dataset),demonstratinghe useof unsupervised
(or partially supervisedpre-trainingof deepnetworksontheseasks.In Larochelleetal. (2007),we
studiedtheperformancef severalarchitecturesnvariousdatasets jncludingvariationsof MNIST
(with rotations,randombackground,and image background),and discriminationtasksbetween
wideandtall rectanglesandbetweerconvex andnon-coivex images.Onthesgasksdeepnetworks
comparedavorablyto shallav architectures.

Our focusis hencenot on demonstratingheir usefulnes®n a wide rangeof tasks,but on ex-
ploring their propertiesempirically Suchexperimentalwork requiredseveralweeksof cumulatve
CPU time, which restrictedthe numberof datasetswe could explore. However, by concentrat-
ing on the original MNIST datasetand harderversionsof it, we were able not only to con rm
the good performancenf deepnetworks, but alsoto study practicalvariations,to help understand
the algorithms,andto discussthe impacton a deepnetwork's performanceof steppingto a more
complicatedproblem.

6.1 Validating the UnsupervisedLayer-Wise Strategy for DeepNetworks

In this section,we evaluatethe advantagedroughtby the unsupervisethyerwise stratgy of Sec-
tion 3.2. We wantto separatehe differentalgorithmicconceptsehindit, in orderto understand
their contribution to thewhole strategy. In particular we pursuethefollowing two questions:

1. This datasetcanbe downloadedrom http://yann.lecun.com/expdb/mnist/
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Figure5: Sampledfrom the MNIST digit recognitiondataset. Here,a black pixel corresponds$o
aninput valueof 0 anda white pixel correspondso 1 (the inputsare scaledbetween0
andl).
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1. Towhatextentdoesinitializing greedilythe parametersf the differentlayershelp?

2. How importantis unsupervised¢karningfor this procedure?

To addresghesetwo questionswe will comparehe learningalgorithmsfor deepnetworks of
Sectionst and5 with thefollowing algorithms.

6.1.1 DEEP NETWORK WITHOUT PRE-TRAINING

To addresghe rst questionabore, we comparehe greedylayerwise algorithmwith a morestan-
dardway to train neuralnetworks: usingstandardackpropagtionandstochastigradientdescent,
andstartingat a randomlyinitialized con guration of the parametersin otherwords, this variant
simply putsaway the pre-trainingphaseof the otherdeepnetwork learningalgorithms.

6.1.2 DEEP NETWORK WITH SUPERVISED PRE-TRAINING

To addresshe secondquestion,we run an experimentwith the following algorithm. We greedily
pre-trainthelayersusingasupervisedriterion (insteadbf theunsupervisedne),beforeperforming
asbeforea nal supervisedne-tuning phase.Speci cally, whengreedilypre-trainingthe param-
etersW' andb', we alsotrain anothersetof weightsV' andbiasesc’ which connecthiddenlayer
R(x) to atemporaryoutputlayerasfollows:

o(x)=f ¢+ VR(x

12
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wheref (') is the softmaxfunction of Equation2. This outputlayercanbe trainedusingthe same
costasthe global superviseccost. However, asthis is a greedyprocedure only the parameters
W', b', VI andc' areupdated thatis, the gradientis not propagtedto the layersbelon. When
the training of a layeris nished, we cansimply discardthe parameters/' andc and move to
pre-trainingthe next hiddenlayer, having initialized W' andb'.

6.1.3 STACKED LOGISTIC AUTOREGRESSION NETWORK

The secondquestionaims at evaluatingto what extent ary unsupervisedearningcanhelp. We
alreadyknow that stackinglinear PCA modelsis not expectedto help improve generalization A
slightly morecomplex yet very simpleunsuperviseanodelfor datain [0; 1] is the logistic autore-
gressiormodel(seealsoFrey, 1998)

|

R = sigm b+ § WX (5)
i6k

wherethe reconstructiork is log-linearin the input x. The parameterdV andb canbe trained
usingthe samecostusedfor theautoassociatolis Equation4. This modelcanbe usedto initialize
the weightsW' andbiasesb' of thei-th hiddenlayer of a deepnetwork. However, becausan in
Equation5 is square the deepnetwork will needto have hiddenlayerswith the samesizeasthe
input layer. Also, the weightson the diagonalof W arenot trainedin this model,sowe initialize
themto zero. The stacled logistic autorgressionnetwork will referto deepnetworks usingthis
unsupervisethyerwiselearningalgorithm.

6.1.4 RESULTS

The resultsfor all thesedeepnetworksaregivenin Tablel. We alsogive resultsfor a “shallon”,
onehiddenlayerneuralnetwork, to validatetheutility of deeparchitectureslnsteadof thesigmoid,
this network useshyperbolictangentsquashingunctions,which are usuallyfound to work better
for onehiddenlayerneuralnetworks. The MNIST training setwasseparateéhto training (50,000)
and validation (10,000) sets. The test set hassize 10,000. In additionto the hyperparameters
mentionedat the beginning of this section,the validation setwas usedalsoto selectappropriate
decreaseonstant$ for the learningratesof the greedyand ne-tuning phases.The SRBM and
SAA networkshad500,500and2000hiddenunitsin the rst, secondandthird layersrespectiely,
asin Hinton et al. (2006) and Hinton (2006). In the pre-trainingphaseof the SRBM and SAA
networks,whentrainingthe parametersf thei-th layer, thedown-biases, wheresetto beequalto
b:( ! (althoughsimilar resultswereobtainedby usinga separatesetof biasescL ! whenthei 1-th
layeris thedown-layer).For thedeepnetworkswith supervisear no pre-training differentsizesof
hiddenlayerswerecomparedincludingsizessimilarto thestacledlogistic autorgressiometwork,
andto the SRBM andSAA networks. All deepnetworkshad3 hiddenlayers.

Overall, the modelsthat usethe unsupervisedayerwise procedureof Section3.2 outperform
thosethatdo not. We alsoobsene aslightadwvantagen the performancef the SRBM network over
that of the SAA network (on the MNIST testset, differencesof more than 0.1% are statistically
signi cant). The performancalifferencebetweerthe stacledlogistic autorgressionsietwork and

2. Whenusinga decreaseonstanb, thelearningratefor thet!" updatebecomes%, whereegy is theinitial learning
rate.
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| Models | Train.| Valid. | Test]
SRBM (stacledrestrictedBoltzmannmachineshetwork 0% | 1.20% | 1.20%
SAA (stacledautoassociatorsjetwork 0% | 1.31% | 1.41%
Stacledlogistic autorgressionsetwork 0% | 1.65% | 1.85%
Deepnetwork with supervisegre-training 0% | 1.74% | 2.04%
Deepnetwork, no pre-training 0.004% | 2.07% | 2.40%
Shallav network, no pre-training 0% | 1.91% | 1.93%

Tablel: Classi cationerroron MNIST training, validation, andtestsets,with the besthyperpa-
rametersaccordingo validationerror.

the deepnetwork with supervisedayerwise pre-trainingparticularlyhighlightsthe importanceof
unsupervisedearning.Indeed eventhoughsupervisedayerwise pre-trainingexplicitly trainsthe
hiddenlayersto capturenon-linearinformationaboutthe input, the overall procedureseemgo be
too greedywith respecto thesupervisedaskto belearned.Onthe otherhand,eventhoughlogistic
autorgressionsare simple log-linear modelsand their optimizationis blind with respectto the
futureusageof theweightsW asconnectionsnto non-linearhiddenlayers,theunsupervisedature
of trainingmakesthemestill usefulfor improving generalizationAs a point of comparisonbesides
thedeepnetworks,the bestresulton this datasetreportedfor alearningalgorithmthatdoesnotuse
ary prior knowledgeaboutthe task(e.g.,imagepre-processingik e deslewing or subsampling)s
thatof a supportvectormachinewith a Gaussiarkernel? with 1.4%classi cationerroron thetest
set.

At thispoint, it is clearthatunsupervisethyerwisepre-trainingimprovesgeneralizationHow-
ever, we couldwonderwhetherit alsofacilitatesthe optimizationproblemof theglobal ne-tuning.
The resultsof Table1 do not shedary light on this aspect.Indeed,all the networks, even those
without greedylayerwise pre-training,performalmostperfectlyon the training set. The explana-
tory hypothesisve evaluatehereis that,without pre-training thelower layersareinitialized poorly,
but still allow thetop two layersto learnthe training setalmostperfectlybecausehe outputlayer
andthe last hiddenlayer form a standardshallov but fat neuralnetwork. Considerthe top two
layersof the deepnetwork with pre-training; it presumablytakesasinput a betterrepresentation
onethatallows for bettergeneralizationlnsteadthe network withoutpre-training seesa “random”
transformatiorof theinput, onethatpreseresenoughinformationabouttheinputto t thetraining
set, but that doesnot help to generalize.To testthis hypothesiswe performeda secondseriesof
experimentsn which we constrainthetop hiddenlayerto be small (20 hiddenunits).

The results(Table 2) clearly suggestthat optimization of the global supervisedobjective is
madeeasieby greedylayerwise pre-training.This resultfor supervisedreedypre-trainingis also
coherentwith pastexperimentson similar greedystratgies(FahlmanandLebiere, 1990;Lengelle
and Denoeux,1996). Here, we have thuscon rmed thatit also appliesto unsupervisedjyreedy
pre-training. With no pre-training,training error degradessigni cantly whenthereare only 20
hiddenunits in the top hiddenlayer In addition, the resultsobtainedwithout pre-trainingwere
foundto have muchlargervariancethanthosewith pre-trainingjndicatinghigh sensitvity to initial

3. Seehttp:/lyann.lecun.com/exdb/mnist/ for moredetails.
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| Models | Train.| Valid. | Test]
SRBM network 0% | 1.5%| 1.5%
SAA network 0% | 1.38% | 1.65%
Deepnetwork with supervisegre-training 0% | 1.77% | 1.89%
Deepnetwork, no pre-training 0.59% | 2.10% | 2.20%
Shallav network, no pre-training 3.6% | 4.77% | 5.00%

Table2: Classi cationerroron MNIST training, validation, andtestsets,with the besthyperpa-
rametersaccordingo validationerror, whenthe lasthiddenlayeronly contains20 hidden
units

conditions:the unsupervisegre-trainingmore consistentlyputsthe parameterén a “good” basin
of attractionfor the supervisedjyradientdescenprocedure.

Figures6 and7 shaw thesortsof rst hiddenlayerfeaturegweightsgoinginto differenthidden
neurons)that arelearnedby the rst (bottom) RBM andautoassociatarespectrely, before ne-
tuning. Bothmodelsweretrainedonthe MNIST trainingsetof Section6.1for 40 epochswith 250
hiddenunitsanda learningrateof 0.005. We seethatthey bothlearnvisualfeaturescharacterized
by local receptve elds, which oughtto be usefulto recognizemore global shapegthoughthe
autoassociatoalso learnshigh frequeng receptie elds that are spreadover the whole image).
Thisis anotheraccountof how unsupervisegreedypre-trainingis ableto helpthe optimizationof
thenetwork. Evenif thesupervisedne-tuning gradientatthe rst hiddenlayeris weak,we cansee
thatthe rst hiddenlayerappeardo learnarelevantrepresentation.

6.2 Exploring the Spaceof Network Ar chitectures

An importantpracticalaspectn usingdeepnetwork is the choicethe architectureor topology of
thenetwork. Oncewe allow oursehesto consideranarbitrarynumberof hiddenlayersof arbitrary
sizes,somequestiongaturallyarise. First, we would like to know how deepa neuralnetwork can
be madewhile still obtaininggeneralizatiorgains, given a stratgy for initializing its parameters
(randomlyor with unsupervisedreedypre-training).We would alsolik e to know, for adetermined
depth,whattype of architecturds moreappropriate.Shouldthe hiddenlayer's sizeincreasede-
creaseor staythe samefrom the rst to thelast? In this section,we explore thosetwo questions
with experimentson the MNIST datasetaswell asa variant,takenfrom Larochelleet al. (2007),
wherethe digit imageshave beenrandomlyrotated.This lastdataset,notedMNIST-rotatiorf (see
Figure8), containsmuchmoreintraclassvariability, is muchlesswell describedy relatively well
separatedlass-speci acclustersandcorrespondso amuchharderclassi cationproblem.Thetrain-
ing, validationandtestsetscontain10 000, 2 000 and 50 000 exampleseach. We alsogenerated
setsof the samesizefor the MNIST dataset. We referto this versionwith a smallertraining setby
MNIST-small.

4. ThisdatasethasbeerregeneratedinceLarochelleetal. (2007)andis availablehere:http://www.iro.umontreal.
ca/ ~ lisa/icml2007
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Figure6: Display of theinputweightsof arandomsubsebf the hiddenunits,learnedoy anRBM
whentrainedon sampledrom the MNIST dataset. The activation of units of the rst
hiddenlayeris obtainedby a dot productof suchaweight“image” with theinputimage.
In theseimagesablackpixel correspond$o aweightsmallerthan 3 andawhite pixel
to a weight larger than 3, with the differentshadesof gray correspondingo different
weightvaluesuniformly between 3 and3.

Figure7: Inputweightsof arandomsubsebf the hiddenunits,learnedby anautoassociatovhen
trainedon samplesfrom the MNIST dataset. The display settingis the sameas for
Figure6.
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Figure8: Sampledrom the MNIST-rotationdataset. Here,a black pixel corresponds$o aninput
valueof 0 andawhite pixel correspondso 1 (theinputsarescaledbetweerD andl).

6.2.1 NETWORK DEPTH

Onecanwonderwhethera neuralnetwork canbe madetoo deep thatis, whetherhaving too mary
hiddenlayerscanworsenthegeneralizatioperformanceOf courseherearemary reasonsvhy this
mayhappenWhenaneuronis addedmoreparameterareinsertedn themathematicalormulation
of themodel,giving it moredegreesof freedomto t themodelandhencepossiblymakingit ableto
over t. Ontheotherhand,it is lessclearto whatextentthe performanceanworsen sinceaneuron
addedat the top layer of a neuralnetwork doesnot increasehe capacitythe sameway a neuron
added'in parallel”in agivenhiddenlayer. Also, in thecaseof an SRBM network, we canimagine
thataswe stackRBMs, the representatioat a hiddenlayer containsunitsthatcorrespondo more
and more disentanglecdconceptsof the input. Now, considera hypotheticaldeepnetwork where
thetop-level stackekd RBM haslearneda representatiomadeof unitsthataremostlyindependent.
An additionalRBM stacled on this representatiowould have no statisticalstructureto learn. This
would initialize the weightsof that nev RBM to zero, which is particularly troublesomeas the
representatioat this level would thencontainno informationaboutthe input. It is not clearif this
scenarias plausible unlikein thecaseof independentomponenanalysishut if it wereapproached
theresultwould bedetrimentato supervisedlassi cationperformanceThis particularsituationis
not expectedwith stacled autoassociatorgsit will alwayslearna representatiofrom which the
previouslayercanbereconstructedAnotherreasorwhy adeepeirchitecturecouldproducewnorse
resultsis simply thatour algorithmsfor training a deeparchitecturecanprobablybeimproved. In
particular notethattheonly joint trainingof all layersthatwe have donein our experimentsif ary,
is atthe supervisedne-tuning stage.
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Network MNIST-small MNIST -rotation

Type L Depth || classif testerror || classif testerror
Neural network 1 414% 0.17 15.22% o0.31
(randominitialization, 2 4.03% o0.17 10.63% o0.27
+ ne-tuning) 3 4.24% 0.18 11.98% o0.28
4 4.47% 0.18 11.73% 0.29

SAA network 1 3.87% 0.17 11.43% o0.28
(autoassociatdearning| 2 3.38% 0.16 9.88% 0.26
+ ne-tuning) 3 3.37% 0.16 9.22% 0.25
4 3.39% 0.16 9.20% 0.25

SRBM network 1 3.17% 0.15 10.47% 0.27
(CD-1learning 2 2.74% 0.14 9.54% 0.26
+ ne-tuning) 3 271% o0.14 8.80% 0.25
4 2.72% 0.14 8.83% 0.24

Table3: Classi cationperformancenMNIST-smallandMNIST-rotationof differentnetworksfor
differentstrat@iesto initialize parametersanddifferentdepthg(numberof layers).

Table3 presentshe classi cationperformancebtainedoy the differentdeepnetworkswith up
to 4 hiddenlayerson MNIST-smallandMNIST-rotation. The hyperparametersf eachlayerwere
sepaatelyselectedvith thevalidationsetfor all hiddenlayers,usingthefollowing greedystratey:
for a network with | hiddenlayers, only the hyperparameterfor the top layer were optimized,
the hyperparameterfor the layersbelov beingsetto thoseof the bestl 1 layersdeepnetwork
accordingto the validation performance.We settledfor this stratey becauseof the exponential
numberof possiblecon gurationsof hyperparameterg:or standardheuralnetworks,we alsotested
several randominitializations of the weights. For SRBM aswell as SAA networks, we tunedthe
unsupervisedearningratesandthe numberof updates.For MNIST-small, we usedhiddenlayers
of 500neuronssincethe experimentdy Hinton (2006)suggesthatit is anappropriatechoice.As
for MNIST-rotation,the sizeof eachhiddenlayerhadto bevalidatedseparatelyor eachlayer, and
we testedvaluesamong500,1000,2000and4000.

Table3 shaw thatthereis indeedanoptimalnumberof hiddenlayersfor thedeepnetworks,and
thatthis optimumtendsto belargerwhenunsupervisegreedylayerwiselearningis used.For the
MNIST-smalldataset(Table3), thegainin performancdetweer? and3 hiddenlayersfor SRBM
and SAA networks is not statisticallysigni cant. However, for the MNIST-rotation dataset, the
improvementfrom 2 to 3 hiddenlayersis clear This obsenationis consistenwith the increased
compl«ity of the input distribution and classi cation problemof MNIST-rotation, which should
requirea more complex model. The improvementremainssigni cant when xing the network's
hiddenlayersto the samesize asin the experimentson MNIST-small, as shaved in the results
of Table 4 wherethe numberof units per hiddenlayer was setto 1000. We also comparecthe
performanceof shallov anddeepSRBM networks with roughly the samenumberof parameters.
With ashallov SRBM network, thebestclassi cationerrorachiezedwas10.47% with 4000hidden
units (around3:2  10° free parameters)With a 3-layersdeepSRBM network, we reached®.38%
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Network MNIST -rotation
Type | Depth | Layerswidth || classif testerror
SRBM network 1 1k 12.44% 0.29
(CD-1learning 2 1k, 1k 9.98% 0.26
+ ne-tuning) 3 1k, 1k, 1k 9.38% 0.25

Table4: Classi cation performanceon MNIST-rotationof differentnetworks for differentstrate-
giesto initialize parametersand differentdepths(numberof layers). All hiddenlayers
have 1000units.

classi cationerrorwith 1000unitsin eachiayer(around2:8 106 parameters)oettergeneralization
wasachievedwith deepemnetshaving lessparameters.

6.2.2 TYPE OF NETWORK ARCHITECTURE

Themodelselectionprocedureof Section6.2.1workswell, but is ratherexpensve. Everytime one
wantsto train a 4 hiddenlayer network, networkswith 1, 2 and3 hiddenlayerseffectively have to
betrainedaswell, in orderto determineappropriatehyperparameterfor the lower hiddenlayers.
Thesenetworks cant evenbetrainedin parallel,addingto the computationaburdenof this model
selectionprocedureMoreover, the optimalhiddenlayersizefor a 1-hiddenlayernetwork couldbe
muchbiggerthannecessaryor a 4 hiddenlayer network, sincea shallav network cannotrely on
otherupperlayersto increasats capacity

Let usconsiderthe situationwherethe numberof hiddenlayersof a deepnetwork hasalready
beenchoserandgoodsizesof thedifferentlayersmustbefound. Becaus¢hespaceof suchpossible
choicesis exponentialin the numberof layers,we considerhereonly threegeneralcasesvhere,
asthe layerindex increasestheir sizeseitherincreasegdoubles),decreaseghalves) or doesnot
changeWe conductedxperimentdor all threecasesandvariedthetotalnumberof hiddenneurons
in the network. The samehyperparameterasin the experimentof Table 3 hadto be selectedor
eachnetwork topologieshowever a singleunsupervisedearningrateandnumberof updatesvere
choserfor all layers®

Weobsenrein Figures9 and10thatthearchitecturghatmostoftenis amonghebestperforming
onesacrosghe differentsizesof network is the onewith equalsizesof hiddenlayers.It shouldbe
notedthat this might be a consequencef usingthe sameunsupervisedearninghyperparameters
for eachlayer It might bethatthe sizeof a hiddenlayerhasa signi cant in uence ontheoptimum
valuefor thesehyperparametergndthattying themfor all hiddenlayersinducesa biastowards
networks with equally-sizechiddenlayers. However, having untiedhyperparametergould make
model selectiontoo computationallydemanding. Actually, even with tied unsupervisedearning
hyperparametershe modelselectionproblemis alreadycomplex enough(andproneto over tting
with smalldatasets) asis indicatedby thedifferencesn thevalidationandtestclassi cationerrors
of Table3.

5. Weimposedhis restrictionbecausef the large numberof experimentghatwould otherwisehadbeenrequired.
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(a) SRBM network. (b) SAA network.

Figure9: Classi cationperformanceon MNIST-small of 3-layerdeepnetworks for threekinds of
architecturesasa function of the total numberof hiddenunits. The threearchitectures

have increasing/ constant/ decreasindayer sizesfrom the bottom to the top layers.
Error-barsrepresen95%con denceintervals.

i

i

(a) SRBM network. (b) SAA network.

Figurel0: Classi cationperformancen MNIST-rotationof 3-layerdeepnetworksfor threekinds
of architecturesSamecorventionsasin Figure9.
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7. Continuous-Valued Inputs

In this section,we wish to emphasize¢he importanceof adaptingthe unsupervisedearningalgo-
rithmsto thenatureof theinputs.We will focusonthe SRBM network because¢hey rely on RBMs,
which arelesssimpleto work with andadaptto the sortsof visible datawe wantto model. With
thebinaryunitsintroducedor RBMsandDBNsin Hintonetal. (2006)onecan“cheat” andhandle
continuous-aluedinputsby scalingthemto the [0; 1] interval and consideringeachinput contin-
uousvalue as the probability for a binary randomvariableto take the value 1. This hasworked
well for pixel gray levels, but it may be inappropriatefor otherkinds of input variables. Previ-
ouswork on continuous-aluedinputin RBMs include ChenandMurray (2003),in which noiseis
addedto sigmoidalunits,andthe RBM formsa specialform of diffusionnetwork (Movellanetal.,
2002). Welling et al. (2005)alsoshav how to derive RBMs from arbitrarychoicesof exponential
distributionsfor the visible andhiddenlayersof an RBM. We shov heresimple extensionsof the
RBM framework in which only the enegy function andthe allowed rangeof valuesare changed.
As canbeseenin Figuresll and12 andin the experimentof Section7.3, suchextensionshave a
very signi cant impacton natureof the solutionlearnedfor the RBM's weightsandhenceon the
initialization of adeepnetwork andits performance.

7.1 Linear Energy: Exponential or Truncated Exponential

Considera unit with value xx in an RBM, connectedo units h of the layer abore. p(xkjh) can
be obtainedby consideringthe termsin the enegy function that containxx. Thesetermscanbe
groupedin xk(WTkh + ¢x) whenthe enegy functionis linearin xx (asin Equation7, appendixB),
whereW  is the k-th columnof W. If we allow xi to take ary valuein interval |, the conditional

densityof xx becomes
(W-I] h+ ¢y) 1
X2 |

PO = R o1

Whenl = [0;¥), thisis anexponentialdensitywith parametea(h) = WTjh + ¢k, andthenor

malizing integral, equalto Thl) only existsif a(h) < 0 8h. Computingthe density the expected

value(w})) and samplingwould all be easy but sincethe densitydoesnot alwaysexist it seems
more appropriateo let | be a closedintenal, yielding a truncatedexponentialdensity For sim-
plicity we considetthecasd = [0; 1] here,for whichthe normalizingintegral, which alwaysexists,
is
e ah 1
ath)
Theconditionalexpectatiorof xi givenh is interestingoecausé hasasigmoidal-like saturating

andmonotonenon-linearity:
1 1

1 eam ah)’
Note that E [xjh] doesnot explodefor a(h) near0, but is insteadsmoothandin the intenal

[0;1]. A samplefrom the truncatedexponentialis easilyobtainedfrom a uniform sampleU, using
theinversecumulative F 1 of the conditionaldensity p(xjh):

EDajh] =

ogl U (1 ey
a(h) '

F Yu)=
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Figurell: Inputweightsof arandomsubsebf thehiddenunits,learnedby anRBM with truncated
exponentialvisible units, whentrainedon samplesrom the MNIST dataset. The top
andbottomimagescorrespondo the same Iters but with differentcolor scale.Onthe
top, thedisplaysetupis the sameasfor Figures6 and7 and,on the bottom,ablackand
white pixel correspondo weightssmallerthan 30 andlargerthan30 respectiely.

The contrastve divergenceupdateshave the sameform as for binary units of Equation11,
sincethe updatenly dependon the derivative of the enegy with respecto the parametersOnly
samplingis changedaccordingo theunit's conditionaldensity Figurell shavsthe Iters learned
by anRBM with truncatedexponentialvisible units, whentrainedon MNIST samples.Note how
thesearestrikingly differentfrom thoseobtainedwith binomialunits.
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7.2 Quadratic Energy: GaussianUnits

To obtainGaussian-distriltedunits, oneonly needso addquadratictermsto the enegy. Adding
ay dlfxﬁ givesriseto a diagonalcovariancematrix betweenunits of the samelayer, wherexy is the
continuousvalueof a Gaussianunit anddlf is a positive parametethatis equalto theinverseof the
varianceof x¢. In this casethevarianceis unconditionalwhereaghe meandependn theinputs
of theunit: for avisible unit x, with hiddenlayerh andinversevarianced?,

a(h) .
202 °

Thecontrastve divergenceupdatesreeasilyobtainedoy computingthederivative of theenepy
with respecto the parametersFor the parameterdn the lineartermsof the enegy functionb, ¢
andW, the derivativeshave the sameform asfor the caseof binary units. For quadraticparameter
dx > 0,thedervativeis simply2dkx§. Figurel2shavsthe Iters learnedby anRBM with Gaussian
visible units,whentrainedon MNIST samples.

Gaussiarunits were previously usedas hiddenunits of an RBM (with multinomial inputs)
appliedto an informationretrieval task (Welling et al., 2005). That samepaperalso shovs how
to generalizeRBMs to units whosemaiginal distribution is from ary memberof the exponential
family.

E Pajh] =

7.3 Impact on Classi cation Performance

In orderto assesshe impactof the choicefor the visible layer distribution on the ultimate perfor
manceof an SRBM network, we trainedand comparedlifferentdeepnetworks whose rst level
RBM hadbinary, truncatedexponentialor Gaussiarinput units. Thesenetworks all had 3 hidden
layers,with 2000 hiddenunits for eachof theselayers. The hyperparameterthat were optimized
arethe unsupervisedearningratesandnumberof updatesaswell asthe ne-tuning learningrate.
Becausdhe assumptiorof binaryinputsis notunreasonabléor the MNIST imageswe conducted
this experimenton a modi ed andmorechallengingversionof the datasetwherethe background
containgpatcheof imagesdownloadedfrom the Internet. Samplesrom this datasetareshavn in
Figure13. This datasetis partof a benchmark designecby Larochelleet al. (2007). The results
aregivenin Table5, wherewe canseethat the choiceof the input distribution hasa signi cant
impacton the classi cation performanceof the deepnetwork. As a comparisona supportvector
machinewith Gaussiatkernelachieves22.61%erroronthisdataset(Larochelleetal.,2007).Other
experimentakesultswith truncatedexponentialand Gaussiannput unitsarefoundin Bengioetal.
(2007).

8. Generatingvs Encoding

Thoughthe SRBM and SAA networks aresimilar in their motivation, thereis a fundamentatif-

ferencein the type of unsupervisedearningusedduring training. Indeed,the RBM is basedon
the learningalgorithm of a genertive mode| which is trainedto be ableto generatedatasimilar
to thosefound in the training set. On the otherhand,the autoassociatois basedon the learning
algorithmof an encodingmodelwhich triesto learna new representatiolr codefrom which the
inputcanbereconstructeavithout too muchlossof information.

6. Thebenchmarls datasetscanbe downloadedrom http://www.iro.umontreal.ca/ ~ lisa/icml2007
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Figurel2: Inputweightsof arandomsubsebf the hiddenunits,learnedoy anRBM with Gaussian
visible units, whentrainedon samplesfrom the MNIST dataset. The top andbottom
imagescorrespondo thesamelters but with differentcolor scale.Ontop, the display
setupis the sameasfor Figures6 and 7 and, on the bottom, a black and white pixel
correspondo weightssmallerthan 10andlargerthan10respectiely.
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Figurel3: Samplesrom the modi ed MNIST digit recognitiondatasetwith a backgroundcon-
tainingimagepatchesHere,ablackpixel correspond aninputvalueof 0 andawhite
pixel correspond$o 1 (theinputsarescaledbetweerD andl).

| SRBMinputtype | Train.| Valid.| Test|
Bernoulli 10.50%| 18.10% | 20.29%
Gaussian 0% | 20.50% | 21.36%
Truncatedexponential 0% | 14.30% | 14.34%

Table5: Classi cationerroron MNIST with backgroundcontainingpatchesof images(seeFig-
ure 13) on the training, validation, and test sets,for differentdistributions of the input
layerfor thebottomRBM. The besthyperparameteraereselectedaccordingto the vali-
dationerror.

It is notclearwhichof thetwo approacheggeneratingr encoding)s themostappropriateThe
adwantageof a generatie modelis thatthe assumptionshataremadeareusuallyclear However,
it is possiblethatthe problemit is trying to solve is harderthanit needgo be, sinceultimatelywe
areonly interestedn comingup with goodrepresentationsr featuresof theinput. For instancejf
oneisinterestedn nding appropriatelusterdan avery highdimensionakpacepusinga mixture of
Gaussiansvith full covariancematrix canquickly becometoo computationallyintensive, whereas
usingthe simple k-meansalgorithm might do a good enoughjob. As for encodingmodels,they
do notrequireto beinterpretableasa generatre modelandthey canbe more e xible becauseary
parametricor non-parametriéorm canbe choserfor the encoderanddecoderaslong asthey are
differentiable.
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Anotherinterestingconnectiorbetweerreconstructiorrrorin autoassociato@ndCD in RBMs
was mentionedearlier: the reconstructiorerror can be seenas an estimatorof the log-likelihood
gradientof the RBM which hasmorebiasbut lessvariancethanthe CD updaterule (Bengioand
Delalleau,2007).In thatpaperit is shovn how to write the RBM log-likelihoodgradientasa series
expansionwhereeachtermis associatedvith a sampleof the contrastve divergenceGibbschain.
Becausethe termsbecomesmallerand corverge to zero, this justi es taking a truncationof the
seriesasanestimatorof thegradient.Thereconstructiorerrorgradientis amean- eld (i.e., biased)
approximatiorof the rst term,whereasCD-1 is a sampling(i.e., high-variance)approximatiorof
the rst two terms,andsimilarly CD-k involvesthe rst 2k terms.

This suggestsombiningthereconstructiorerrorandcontrastve divergencefor trainingRBMSs.
During unsupervisegbre-training,we canusethe updateggiven by both algorithmsand combine
themby associatingcoefcient to eachof them.Thisis actuallyequivalentto applyingtheupdates
oneaftertheotherbut usingdifferentlearningratesfor both. We testecthisideain the MNIST data
setsplit of Section6.1, wherewe hadto validateseparatelhthe learningratesfor the RBM and
the autoassociatoupdates.This combinationimproved on the resultsof the SRBM andthe SAA
networks,obtainingl.02%and1.09%on thevalidationandtestsetrespectrely. Thisimprovement
wascon rmed in a more completeexperimenton 6 otherfolds with mutually exclusive testsets
of 10 000 examples,wherethe mixed gradientvariantgave on averagea statistically signi cant
improvementof 0.1%o0na SRBM network. Onepossibleexplanationfor theimprovementbrought
by this combinationis thatit usesa bettertrade-of betweenbiasand variancein estimatingthe
log-likelihoodgradient.

Another deterministicalternatve to CD is mean- eld CD (MF-CD) of Welling and Hinton
(2002),andis equivalentto the pseudocodeodein AppendixB, with thestatement&®  p(hjx°)
andv! p(xjh® changedoh® sigm(b+ Wv®) andv! sigm(c+ WThO) respectiely. MF-CD
canbeusedto testanothemwway to changethe biashariancetrade-of, eitherasa gradientestimator
alone,or by combiningit to the CD-1 gradientestimate(in the sameway we combinedthe au-
toassociatogradientwith CD-1, previous paragraph)Onthe MNIST split of Section6.1, SRBM
networks with MF-CD and combinedCD-1/MF-CD’ achieved 1.26%and 1.17%on the test set
respectrely. The improvementbroughtby combiningMF-CD with CD-1 was not found to be
statisticallysigni cant, basedon similar experimentson the 6 otherfolds.

This suggestshatsomethingelsethanthebiashariancetrade-of is atplay in theimprovements
obsenedwhencombiningCD-1 with the autoassociatagradient.A hypothesighatshouldbe ex-
ploredis thatwhereaghereis no guaranteghatan RBM will encodein its hiddenrepresentation
all theinformationin theinput vector an autoassociatas trying to achieve this. In factan RBM
trainedby maximumlik elihoodwould be gladto completelyignoretheinputsif thesewereinde-
pendenbf eachother Minimizing thereconstructiorerrorwould preventthis,andmaybeusefulin
the context wheretherepresentationarelaterusedfor supervisealassi cation (whichis the case
here).

9. Continuous Training of all Layers of a DeepNetwork

Thelayerwisetrainingalgorithmfor networksof depthl actuallyhasl + 1 separatérainingphases:
rst thel phasegor theunsupervisettainingof eachlayer, andthenthe nal supervisedne-tuning
phaseo adjustall the parametersimultaneouslyOneelementhatwe would lik e to dispensevith

7. Theweightof the CD-1 andMF-CD gradientestimatesvasconsideredisa hyperparameter
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is having to decidethe numberof unsupervisedrainingiterationsfor eachlayerbeforestartingthe
ne-tuning. One possibility is thento executeall phasessimultaneouslythat s, train all layers
basedon boththeir greedyunsupervise@ndglobal supervisedjradients The advantageis thatwe
cannow have a single stoppingcriterion (for the whole network). However, computationtime is
slightly greateysincewe domorecomputationgnitially ontheupperlayers whichmightbewasted
beforethe lower layerscorvergeto a decentrepresentatiorut time is sazed on optimizing hyper
parameters Whenthis continuoustraining variantis usedon the MNIST datasetwith the same
experimentalsetupasin Section6.1, we reachl.6%and1.5%error on thetestsetrespectiely for
the SRBM network andthe SAA network, so unsupervisedearningstill bringsbettergeneraliza-
tion in this setting. This variantmay be moreappealingor on-linetrainingon very large datasets,
whereonewould never cycle backon thetrainingdata.
However, thereseemdo bea priceto payin termsof classi cationerror, with thisonlinevariant.
In orderto investicgatewhatcouldbethe causewe experimentedvith a 2-phaselgorithmdesigned
to shedsomelight on the contrikution of differentfactorsto this decreaseln the rst phaseall
layersof networks were simultaneouslytrainedaccordingto their unsupervisedariterion without
ne-tuning. Theoutputlayeris still trainedaccordingto the supervisecriterion, however, unlike
in Section6.1, the gradientis not backpropagtedinto the restof the network. This allows usto
monitor the discriminative capacityof the top hiddenlayer This rst phasealso enablesus to
verify whetherthe useof the supervisedyradienttoo early duringtraining explainsthe decreasén
performancerecall the poor resultsobtainedwith purely supervisedyreedylayerwise training).
Then,in thesecondphase? optionswereconsidered:

1. ne-tune thewhole network accordingto the supervisedriterion andstoplayerwise unsu-
pervisedearning;

2. ne-tunethewholenetwork andmaintainlayerwiseunsupervisetearning(asin theprevious
experiment).

Figuresl4(a)and15(a)shav examplesof the progressiomf thetestclassi cationerrorfor such
anexperimentwith the SRBM andSAA networksrespectiely. As abaselingor thesecondhase,
we alsogive the performanceof the networks whenunsupervisedearningis stoppedandonly the
parametersf theoutputlayeraretrained.Thesespeci ¢ curvesdonotcorrespondo thebestvalues
of thehyperparameter$ut arerepresentatie of theglobalpicturewe obseredon seseralrunswith
differenthyperparametevalues.

We obsene that the bestoption is to perform ne-tuning without layerwise unsupervised
learning, even when supervisedearningis not introducedat the beginning. Also, thoughper
forming unsupervise@nd supervisedearningat the sametime outperformsunsupervisedearn-
ing without ne-tuning, it appeardo yield overregularizednetworks, as indicatedby the asso-
ciatedcurves of the training negative log-likelihood of the target classedor both networks (see
Figuresl4(b)and15(b)). Indeed we seethatby maintainingsomeunsupervisedearning,the net-
works are not ableto optimize aswell their supervisedraining objectve. From otherrunswith
differentlearningrates,we have obsenredthatthis effect becomedessvisible whenthe supervised
learningrate getslarger, which reduceshe relative importanceof the unsupervisedipdates.But
thentheunsupervisedipdatesisuallybring signi cant instabilitiesin thelearningprocessmaking
eventhetrainingcostoscillate.

Anotherinterestingobsenation is that, when layerwise unsupervisedearningis performed,
theclassi cationerroris lessstablein an SRBM network thanin an SAA network, asindicatedby
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(a) SRBM network, testclassi cationerrorcurves (b) SRBM network, train NLL errorcunes.

Figurel4. Exampleof learningcurves of the 2-phaseexperimentof Section9. During the rst
half of training, all hiddenlayersare trainedaccordingto CD andthe outputlayer is
trainedaccordingto the supervisedbjective, for all curves. In the secondphase all
combinationf two possibilitiesaredisplayed:CD trainingis performedat all hidden
layers(“CD") or not (“No CD”"), andall hiddenlayersare ne-tuned accordingto the
supervisedbjective (“hidden supervisedne-tuning”) or not (“no hiddensupervised
ne-tuning”).

(a) SAA network, testclassi cationerrorcurves (b) SAA network, train NLL errorcurves.

Figurel5: SameasFigure 14, but with autoassociator6 AA”) usedfor layerwise unsupervised
learning.
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the dentedearningcurvesin Figure14(b),whereaghe curvesin Figure 15(b) aresmoother This
may be relatedto the betterperformanceof the SAA network (1.5%) versusthe SRBM network
(1.6%)whencombiningunsupervise@nd supervisedyradients,n the experimentreportedat the
beginning of this section. Autoassociatotearningmight hencebe moreappropriatehere,possibly
becausds trainingobjective, thatis, thediscovery of arepresentatiothatpreserestheinformation
in theinput, is morecompatiblewith the supervisedrainingobjective, which asksthatthe network
discorersarepresentatiothatis predictive of theinput's class.This hypothesids relatedto theone
presentedat the endof Section8 regardingthe apparenimprovementbroughtby minimizing the
reconstructiorerrorin additionto CD-1 updates.

Theseexperimentsshow that one caneliminatethe multiple unsuperviseghhases:eachlayer
canbepre-trainedn away thatsimply ignoreswhatthelayerabove aredoing. However, it appears
thata nal phasenvolving only supervisedyradientyields the bestperformance A plausibleex-
planationof theseresults,andin particularthe quick improvementwhenthe unsupervisedipdates
areremoved,is thattheunsupervisegre-trainingoringsthe parametergeara goodsolutionfor the
supervisectriterion, but far enoughfrom thatsolutionto yield a signi cantly higherclassi cation
error. Notethatin a settingwherethereis little labeleddatabut a lot of unlabelledexamplesthe
additionalregularizationintroducedoy maintainingsomeunsupervisetearningmightbebene cial
(Salakhutding andHinton, 2007b).

10. Conclusion

In this paper we discussedn detail threeprinciplesfor training deepneuralnetworks, which are
(1) pre-trainingonelayer at a time in a greedyway (2) usingunsupervisedearningat eachlayer
in a way that preseres information from the input and disentanglegactorsof variationand (3)
ne-tuning the whole network with respecto the ultimatecriterion of interest.We alsopresented
experimentalevidencethat supportsthe claim that they arekey ingredientsfor reachinggoodre-
sults.Moreover, we presentec seriesof experimentaresultsthatshedsomelight on mary aspects
of deepnetworks: con rming thatthe unsupervisegrocedurehelpsthe optimizationof the deep
architecturewhile initializing the parameterin a region nearwhich a goodsolutionof the super
visedtaskcanbe found. Our experimentsshoved caseswvheregreaterdepthclearly helps,but too
muchdepthcould be slightly detrimental. We found that CD-1 canbe improved by combiningit
with the gradientof reconstructiorerror, andthatthis is not just dueto the useof alowervariance
update We shavedthatthechoiceof inputdistributionin RBMs couldbeimportantfor continuous-
valuedinput andyieldeddifferenttypesof Iters atthe rst layer Finally we studiedvariantsmore
amenabléo onlinelearningin whichwe shaw thatif differenttrainingphasesanbecombinedthe
bestresultswereobtainedwith a nal ne-tuning phasanvolving only the supervisedjradient.

Thereare mary questionsand issuesthat remainto be addresseand that we intend to in-
vesticatein future work. As pointedoutin Section8, the mostsuccessfulnsupervisedearning
approactseemgo fall in betweergeneratre andencodingapproachesThis raisesquestionsabout
whatarethe propertiesof a learningalgorithmthatlearnsgoodrepresentationfor deepnetworks.
Findinggoodanswergo thesequestionsvould have a directpositive impacton the performancef
deepnetworks. Finally, bettermodelselectiontechniqueshatwould permitto reducethe number
of hyperparametersg/ould be bene cial andwill needto be developedfor deepnetwork learning
algorithmsto becomeeasietto use.
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Appendix A. Pseudocoddor GreedylLayer-Wise Training Paradigm

Input: trainingsetD = f(xt;yt)gtT:l, pre-traininglearningrateepre-trainand ne-tuning learning
rate€ne-tune

Initialize weightsw,  U( a %%a %°) with a= max(jR 1j;jAj) andsetbiases' to 0
% Pre-trainingphase

while Pre-trainingstoppingcriterionis notmetdo
Pickinputexamplex; from trainingset
ho(xt) Xt
for j2f1;:::;i 1gdo
al(x) = bl+ WIRI 1(x)
Ri(x) = sigm al(x)
endfor
UsingR' 1(x;) asinput example,updateweightsW' andbiasesb' 1, b' with learningrate
€pre-train @Ccordingto a layerwise unsupervisedriterion (seepseudocodes appendices
andC)
endwhile
endfor

% Fine-tuningphase
while Fine-tuningstoppingcriterionis not metdo
Pickinputexample(x; yt) from trainingset

% Forward propagtion

RO(x)

a(x) = b'+ WA (x)
R (x) = sigm a(x)
end for
a+ 1(Xt) = b1+ W't 1h|(xt)
o(x) = A (x;) = softmax a*(x;)

% Backwardgradientpropagtionandparameteupdate
Togonts) 9. - 0j(x) for j2 f1;:::;Kg

Tlaj" (%)
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bl +1 bl+ 14 ene-tuneﬂlogoyt (xt)

flal*1(xt)
|
whl o wi+lse ene-tuneﬂﬂ(;%olyz)((:()t) IE‘il(xt)T
fori2 f1;:::;lg, in decreasingrderdo
flogoy, () wit1 T flogoy (x)
1R (%) fla* (xt)
fllogoy, (xt) flogoy, (%) i i T T ‘hi:
T (x) 7, 00) H'J-(xt) 1 H'j(xt) for j 2 £1;:::;jRijg
Tllogoy, (xt)

b"  b'+ ene.tune A
Wi owi+ ene-tune*Mg.E;yf(Xt)Iqi Yx)T
endfor
endwhile
In the rst stepof the gradientcomputation,one hasto be carefulto computethe gradient
of the costwith respectto a'*1(x;) at once,in ordernot to lose numericalprecisionduring the
computation!n particular computing? 3% st - then 19X andapplyingchain-rule Jeadsto

. . . flo(x) Tl 1(x)
numericalinstability andsometimegparameteralueexplosion(NaN).

Appendix B. Restricted Boltzmann Machinesand DeepBelief Networks

In thissectionwe give abrief overview of restrictedBoltzmannmachinesanddeepbelief networks.

B.1 Restricted Boltzmann Machine

A restrictedBoltzmannmachineis an enegy-basedyeneratie modelde ned over a visible layer
v (sometimescalled input) and a hiddenlayer h (sometime<called hiddenfactorsor representa-
tion). Givenanenegy functionenegy(v; h) onthewhole setof visible andhiddenunits, the joint
probabilityis givenby

e enegy(v;h)
p(vih) = ————— (6)

whereZ ensureshat p(v; h) is avalid distribution andsumsto one. SeeFigure 3 for anillustration
of anRBM.

Typically we take h; 2 f 0; 1g, but otherchoicesarepossible.For now, we consideronly binary
units, thatis, v; 2 f0;1g (the continuouscasewill be discussedn Section7), wherethe enegy
functionhastheform

enegy(v;h)= h™Wv c'v b'h= Jaw abjh & Wkwh;: )
k j ik

Whenconsideringhe maginal distribution over v, we obtaina mixture distribution

p(v) = é’hl p(v;h) = é’hl p(vjh) p(h)

with a numberof parameterdinear in the numberof hiddenunits H, while having a numberof
componentgxponentialin H. This is becausé cantake asmary as2" possiblevalues. The 2"
distributions p(vjh) will in generalbe different, but they aretied. Thoughcomputingexactly the
maiginal p(v) for large valuesof H is impractical,a goodestimatorof the log-likelihoodgradient
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have beenfoundwith the contrastve divergencealgorithmdescribedn the next section.An impor-
tant propertyof RBMs is that the posteriordistribution over onelayer given the otheris tractable
andfastto compute asopposedo mixture modelswith very mary componentsn general.Indeed
onecanshaw that

p(vih) = O p(wih) where p(wi = 1jh) = sigm(cc+ & Wikh;) ; (8)
k j

p(hjv) = Q p(hjjv) where p(hj = 1jv) = sigm(bj + § Wikvi) : %)
j k

Becauseof the particularparametrizatiorof RBMs, inferenceof the “hidden factors”h giventhe
obseredinputvectorv is very easybecaus¢hosefactorsareconditionallyindependengivenv. On
theotherhand,unlike in mary factormodels(suchasICA JuttenandHerault,1991;Comon,1994;
Bell and Sejnavski, 1995 and sigmoidalbelief networks Dayanet al., 1995; Hinton et al., 1995;
Sauletal., 1996),thesefactorsaregenerallynot maginally independenfwhenwe integratev out).
Noticethe similarity betweerEquations9 and1, which makesit possibleto relatethe weightsand
biasesof anRBM with thoseof adeepneuralnetwork.

B.2 Learning in a Restricted Boltzmann Machine

To trainan RBM, we would like to computethe gradientof the negative log-likelihoodof the data
with respectto the RBM's parameters.However, given an input examplevy, the gradientwith
respecto aparameteq in anenegy-basednodel

flenegy(vo; h) e fenegy(v; h)

[ P fia (10

1;;( logp(Vvo)) = Ep(hivo)

necessitatea sumover all possibleassignmentor h ( rst expectationof Equation10) andanother
sumover all assignmentfor v andh (secondexpectation).The rst expectationis not problematic
in anRBM becaus¢heposteriorp(hjvg) andﬂe"%‘g"om) factorize.However, thesecondexpectation
requiresa prohibitive exponentialsumover the possiblecon gurationsfor v or h.

Fortunately thereexists anapproximatiorfor this gradientgiven by the contrastve divergence
(CD) algorithm(Hinton, 2002),which hasbeenshavn to work well empirically (Carreira-Pergian
andHinton, 2005). Therearetwo key elementsn this approximation.First, considerthatin order
to estimateahe secondermof Equation10, we couldreplacetheexpectatiorby auniqueevaluation
of the gradientw at a particularpair of values(v; h). This pair shouldideally be sampled
from thedistribution p(v; h), which would make the estimationof the gradientunbiased However,
samplingexactly from anRBM distribution is notaseasyasin adirectedgraphicalmodel.Instead,
we have to rely on samplingmethodssuchasMarkov ChainMonte Carlo methods.For anRBM,
we canuseGibbs samplingbasedon the conditionaldistributions of Equations8 and 9, but this
methodcanbe costlyif the Markov chainmixesslowly. Sothe secondkey ideais to runonly afew
iterationsof Gibbssamplingandusethedatasamplevg astheinitial statefor thechainatthevisible
layer It turnsoutthatapplyingonly oneiterationof the Markov chainworkswell in practice.This
correspondso thefollowing samplingprocedure:

Vo p(h?J'Vo) ho p(Vijho) V1 p(h.}jxl) hy
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where™™™ and™19"™ representhe operationsf samplingfrom p(hijvi) and p(vis 1jhi) respec-

tively. Estimationof the gradientusingthe abase samplingprocedures notedCD-1, with CD-k
referringto the contrastive divergencealgorithm, performingk iterationsof the Markov chainup
to vk. Trainingwith CD-k hasbeenshown to empirically approximatewell training with the exact
log-likelihoodgradient{Carreira-PergianandHinton, 2005). Furthermoreit canbeshavn thatthe
CD-k updateis an unbiasedestimatorof the truncationof a seriesexpansionof thelog-likelihood
gradient(Bengioand Delalleau,2007), wherethe truncatedpart of the seriescorvergesto 0 ask
increases.
Now let usconsiderthe estimationof the gradienton a weightWix. We have

flenegy(v;h) _
Wik

which meanghatthe CD-1 estimateof the gradientbecomes

thk

Ephivo) [NjVokl + Ep(hjvy) [N1jva] = p(hjjvo)vok + p(hjjvi)vi : (11)

Thisis similarto whatwaspresentedh Hinton etal. (2006)exceptthatwe clarify herethatwe take
theexpectedvalueof h givenv insteadof averagingover samplesTheseestimatorsave the same
expectedvaluebecause

Epv:ny [NjVk] = Epyy Ephijvy [NVl = Epqvy [P(HjjV)i] -

Using p(hjvk) insteadof hy is alsowhatis foundin the Matlab codedistributedwith Hinton and
Salakhutding (2006). Notethatit is still necessaryo samplehg  p(hjvp) in orderto samplevs,
but it is not necessaryo sampleh;. The above gradientestimatorcanthenbe usedto perform
stochastigradientdescenby iteratingthroughall vectorsvg of the training setand performinga
parametemupdateusing that gradientestimatorin an on-line fashion. Gradientestimatorgfor the
biasedy andc; canaseasilybederivedfrom Equationl0.

Notice alsothat, evenif vq is not binary, the formula for the CD-1 estimateof the gradient
doesnot changeandis still computedessentiallyin the sameway: only the samplingprocedurdor
p(vjh) changegseeSection7 for moredetailsaboutdealingwith continuous-aluedinputs). The
CD-1trainingupdatefor a giventraininginputis detailedby the pseudocodé the next section.

In our implementatiorof the greedylayerwise initialization phase we usethe deterministic
sigmoidaloutputsof the previous level astraining vectorfor the next level RBM. By interpreting
thesereal-valuedcomponentasprobabilities Jearningsucha distribution for binaryinputscanbe
seenasa crude“mean- eld” way of dealingwith probabilisticbinary inputs (insteadof summing
or samplingacrossnputcon gurations).

B.3 Pseudocoddor Contrastive Divergence(CD-1) Training Update

Input: traininginputx, RBM weightsW' andbiasesd’ *;b' andlearningratee
Notation: a p( ) meansseta equalto arandomsamplefrom p( )

% SetRBM parameters
w W,b b,c b?
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% Positive phase
VO x
RO sigmb+ WvO)

% Negative phase

hO  p(hjv®) accordingto Equation9
vl p(vjh® accordingo Equation8
Rl sigm(b+ Wvl)

% Update

W Wi+te ROV T RL T
bl bi+e RO B!

bi 1 bi l+ e VO Vl

B.4 DeepBelief Network

We wishto make aquickremarkonthedistinctionbetweerthe SRBM network andthemorewidely
known deepbeliefnetwork (DBN) (Hintonetal.,2006),whichis notafeed-forvardneuralnetwork
but a multi-layer generatre model. The SRBM network wasinitially derived (Hinton etal., 2006)
from the DBN, for which stackingRBMs alsoprovidesa goodinitialization.
A DBN is ageneratre modelwith severallayersof stochastianits. It actuallycorresponds$o
a sigmoidbelief network (Neal,1992)of I 1 hiddenlayers,wherethe prior over its top hidden
layer h' 1 (secondfactorof Equation12) is an RBM, which itself hasa hiddenlayer h'. More
preciselyit de nesadistribution over aninputlayerx andl layersof binary stochastianitsh' as
follows: !
11 _
pe;hhhly = Op(h' b)) ph' Lh') (12)
i=1
wherehiddenunitsareconditionallyindependengiventheunitsin theabove layer
p(h' *jh') = O p(h jh’):
k
To processinaryvalues,Bernoullilayerscanbe used which correspondo equations
!

p(h = 1jh) = sigm b, *+ 3 Wih|
J

whereh® = x is theinput. We alsohave
p(h' Tihly p ediS s 8wy (13)

for thetop RBM. Note that Equation13 canbe obtainedfrom Equationss and7, by namingv as
h' 1, andh ash'.

We emphasize¢hedistinctionbetweerh’ andhi(x), wheretheformeris arandomvariableand
thelatteris therepresentatioof aninputx atthei-th hiddenlayerof the network obtainedrom the
repeatedpplicationof Equationl.
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To train sucha generatre model, Hinton et al. (2006) proposedhe pre-trainingphaseof the
SRBM network. Whenall layersof a DBN have the samesize, it was actually shavn that this
initializationimprovesalowerboundonthelikelihoodof thedataasthe DBN is madedeeperAfter
this pre-trainingphases over, Hinton et al. (2006) proposea variantof the Wake-Sleepalgorithm
for sigmoidbelief networks (Hinton etal., 1995)to ne-tune thegeneratre model.

By noticingthe similarity betweerthe procesf approximatinghe posteriorp(h'jx) in adeep
belief network and computingthe hiddenlayer representatiorf an input x in a deepnetwork,
Hinton (2006)thenproposedheuseof the greedylayerwise pre-trainingprocedurdor deepbelief
networksto initialize adeepfeed-fornardneuralnetwork, which correspondso the SRBM network
describedn this paper

Appendix C. Pseudocodef AutoassociatorTraining Update

Input: traininginputx, autoassociatoreightsW' andbiases' 1;b' andlearningratee

% Setautoassopiatquar_ameters
W W,b b,c b!?

% Forward propagtion
ax) b+ Wx

h(x)  sigm(a(x))

B(x) c+WTh(x)

R sigmB(x))

% Backwardgradientpropagtion
ChY) g«

ﬂb(IEﬂX)) (k%)
T1C(k;x TC(R;x
1R(x) W fla(x)
C(k; C(k; WY P : :
%a(j(x’;) Whj(X) 1 Bjx) forj2f1;:::;jR(x)jg
% Update
i i TC(R;x) |, T 1Ccrx) T
W W e S+ ReO g
i i TC(k;x)
b b' e fla(x) )
i1 i1 TC(kx
b b € 3800
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