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Abstract
Deepmulti-layerneuralnetworkshave many levelsof non-linearitiesallowing themto compactly
representhighly non-linearandhighly-varyingfunctions.However, until recentlyit wasnot clear
how to train suchdeepnetworks,sincegradient-basedoptimizationstartingfrom randominitial-
ization often appearsto get stuck in poor solutions. Hinton et al. recentlyproposeda greedy
layer-wise unsupervisedlearningprocedurerelying on the training algorithmof restrictedBoltz-
mannmachines(RBM) to initialize theparametersof a deepbelief network (DBN), a generative
modelwith many layersof hiddencausalvariables.This wasfollowedby theproposalof another
greedylayer-wise procedure,relying on the usageof autoassociatornetworks. In the context of
theabove optimizationproblem,we studythesealgorithmsempirically to betterunderstandtheir
success.Our experimentscon�rm thehypothesisthat thegreedylayer-wiseunsupervisedtraining
strategy helpstheoptimizationby initializing weightsin a region neara goodlocal minimum,but
alsoimplicitly actsasasortof regularizationthatbringsbettergeneralizationandencouragesinter-
naldistributedrepresentationsthatarehigh-level abstractionsof theinput. Wealsopresentaseries
of experimentsaimedat evaluatingthelink betweentheperformanceof deepneuralnetworksand
practicalaspectsof their topology, for example,demonstratingcaseswherethe additionof more
depthhelps. Finally, we empiricallyexploresimplevariantsof thesetrainingalgorithms,suchas
theuseof differentRBM inputunit distributions,asimplewayof combininggradientestimatorsto
improve performance,aswell ason-lineversionsof thosealgorithms.
Keywords: arti�cial neuralnetworks,deepbelief networks, restrictedBoltzmannmachines,au-
toassociators,unsupervisedlearning

1. Intr oduction

Trainingdeepmulti-layeredneuralnetworksis known to behard.Thestandardlearningstrategy—
consistingof randomlyinitializing theweightsof thenetwork andapplyinggradientdescentusing
backpropagation—isknown empiricallyto �nd poorsolutionsfor networkswith 3 or morehidden
layers.As this is a negative result,it hasnotbeenmuchreportedin themachinelearningliterature.
For thatreason,arti�cial neuralnetworkshavebeenlimited to oneor two hiddenlayers.

However, complexity theoryof circuits stronglysuggeststhatdeeparchitecturescanbemuch
moreef�cient (sometimesexponentially)thanshallow architectures,in termsof computationalel-
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ementsandparametersrequiredto representsomefunctions(BengioandLe Cun,2007;Bengio,
2007). Whereasit cannotbeclaimedthatdeeparchitecturesarebetterthanshallow oneson every
problem(Salakhutdinov andMurray, 2008;LarochelleandBengio,2008),therehasbeenevidence
of a bene�t whenthetaskis complex enough,andthereis enoughdatato capturethatcomplexity
(Larochelleetal., 2007).Hence�nding betterlearningalgorithmsfor suchdeepnetworkscouldbe
bene�cial.

An approachthat hasbeenexploredwith somesuccessin the pastis basedon constructively
addinglayers.Eachlayerin amulti-layerneuralnetwork canbeseenasarepresentationof theinput
obtainedthrougha learnedtransformation.Whatmakesa goodinternalrepresentationof thedata?
We believe thatit shoulddisentanglethefactorsof variationthatinherentlyexplain thestructureof
thedistribution. Whensucharepresentationis goingto beusedfor unsupervisedlearning,wewould
likeit to preserveinformationabouttheinputwhile beingeasierto modelthantheinputitself. When
arepresentationis goingto beusedin asupervisedpredictionor classi�cationtask,wewould like it
to besuchthatthereexistsa“simple” (i.e.,somehow easyto learn)mappingfrom therepresentation
to a goodprediction. To constructively build sucha representation,it hasbeenproposedto use
a supervisedcriterion at eachstage(FahlmanandLebiere,1990;Lengelĺe andDenoeux,1996).
However, aswe discusshere,theuseof a supervisedcriterionat eachstagemaybetoo greedyand
doesnot yield asgoodgeneralizationasusinganunsupervisedcriterion. Aspectsof theinput may
be ignoredin a representationtunedto be immediatelyuseful (with a linear classi�er) but these
aspectsmight turn out to be importantwhenmorelayersareavailable. Combiningunsupervised
(e.g.,learningaboutp(x)) andsupervisedcomponents(e.g.,learningaboutp(yjx)) canbebehelpful
whenbothfunctionsp(x) andp(yjx) sharesomestructure.

The ideaof usingunsupervisedlearningat eachstageof a deepnetwork wasrecentlyput for-
ward by Hinton et al. (2006),aspart of a training procedurefor the deepbelief network (DBN),
a generative modelwith many layersof hiddenstochasticvariables. Upper layersof a DBN are
supposedto representmore“abstract”conceptsthatexplain theinputobservationx, whereaslower
layersextract “low-level features”from x. In otherwords,this model�rst learnssimpleconcepts,
onwhich it buildsmoreabstractconcepts.

Thistrainingstrategy hasinspiredamoregeneralapproachto helpaddresstheproblemof train-
ing deepnetworks. Hinton (2006)showedthatstackingrestrictedBoltzmannmachines(RBMs)—
that is, trainingupperRBMs on thedistribution of activities computedby lower RBMs—provides
a goodinitialization strategy for theweightsof a deeparti�cial neuralnetwork. This approachcan
beextendedto non-linearautoencodersor autoassociators(Saund,1989),asshown by Bengioetal.
(2007),andis found in stackedautoassociatorsnetwork (Larochelleet al., 2007),andin thedeep
convolutionalneuralnetwork (Ranzatoetal.,2007b)derivedfrom theconvolutionalneuralnetwork
(LeCunet al., 1998). Sincethen,deepnetworkshave beenappliedwith successnot only in clas-
si�cation tasks(Bengioet al., 2007;Ranzatoet al., 2007b;Larochelleet al., 2007;Ranzatoet al.,
2008),but alsoin regression(Salakhutdinov andHinton, 2008),dimensionalityreduction(Hinton
andSalakhutdinov, 2006;Salakhutdinov andHinton,2007b),modelingtextures(OsinderoandHin-
ton,2008),informationretrieval (Salakhutdinov andHinton,2007a),robotics(Hadselletal.,2008),
naturallanguageprocessing(CollobertandWeston,2008;Westonet al., 2008),andcollaborative
�ltering (Salakhutdinov etal., 2007).

In thispaper, wediscussin detailthreeprinciplesfor trainingdeepneuralnetworksandpresent
experimentalevidencethathighlight theroleof eachin successfullytrainingdeepnetworks:

1. Pre-trainingonelayerata time in agreedyway;
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2. usingunsupervisedlearningat eachlayerin a way thatpreservesinformationfrom theinput
anddisentanglesfactorsof variation;

3. �ne-tuning thewholenetwork with respectto theultimatecriterionof interest.

The experimentsreportedheresuggestthat this strategy improves on the traditional random
initialization of supervisedmulti-layer networks by providing “hints” to eachintermediatelayer
aboutthe kinds of representationsthat it shouldlearn, and thus initializing the supervised�ne-
tuningoptimizationin a region of parameterspacefrom which a betterlocal minimum(or plateau)
canbe reached.We alsopresenta seriesof experimentsaimedat evaluatingthe link betweenthe
performanceof deepneuralnetworks andaspectsof their topologysuchasdepthandthe sizeof
the layers. In particular, we demonstratecaseswherethe addition of depthhelpsclassi�cation
error, but too muchdepthhurts.Finally, we exploresimplevariantsof theaforementionedtraining
algorithms,suchasa simpleway of combiningthemto improve their performance,RBM variants
for continuous-valuedinputs,aswell ason-lineversionsof thosealgorithms.

2. Notationsand Conventions

Beforedescribingthelearningalgorithmsthatwe will studyandexperimentwith in this paper, we
�rst presentthemathematicalnotationwewill usefor deepnetworks.

A deepneuralnetwork containsan input layer andan output layer, separatedby l layersof
hiddenunits. Given an input sampleclampedto the input layer, the other units of the network
computetheir valuesaccordingto theactivity of theunits that they areconnectedto in the layers
below. We will considera particularsortof topologyhere,wheretheinput layeris fully connected
to the �rst hiddenlayer, which is fully connectedto the secondlayer andso on up to the output
layer.

Givenaninputx, thevalueof the j-th unit in thei-th layeris denotedbhi
j (x), with i = 0 referring

to the input layer, i = l + 1 referring to the output layer (the useof “ b ” will becomeclearerin
Section4). We refer to thesizeof a layerasjbhi(x)j. Thedefault activation level is determinedby
theinternalbiasbi

j of thatunit. Thesetof weightsWi
jk betweenbhi� 1

k (x) in layeri � 1 andunit bhi
j (x)

in layeri determinestheactivationof unit bhi
j (x) asfollows:

bhi
j (x) = sigm

�
ai

j

�
whereai

j (x) = bi
j + å

k
Wi

jk
bhi� 1

k (x) 8i 2 f 1; : : : ; lg; with bh0(x) = x (1)

wheresigm(�) is thesigmoidsquashingfunction:sigm(a) = 1
1+ e� a (alternatively, thesigmoidcould

be replacedby the hyperbolictangent).Given the last hiddenlayer, the outputlayer is computed
similarly by

o(x) = bhl+ 1(x) = f
�

al+ 1(x)
�

whereal+ 1(x) = bl+ 1 + W l+ 1bhl (x)

wheretheactivationfunction f (�) dependson the(supervised)taskthenetwork mustachieve. Typ-
ically, it will betheidentity functionfor a regressionproblemandthesoftmaxfunction

f j (a) = softmaxj (a) =
ea j

å K
k= 1eak

(2)

for aclassi�cationproblem,in orderto obtainadistributionover theK classes.
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Figure1: Illustrationof adeepnetwork andits parameters.

Whenaninputsamplex is presentedto thenetwork, theapplicationof Equation1 ateachlayer
will generateapatternof activity in thedifferentlayersof theneuralnetwork. Intuitively, wewould
like the activity of the �rst layer neuronsto correspondto low-level featuresof the input (e.g.,
edgeorientationsfor naturalimages)andto higherlevel abstractions(e.g.,detectionof geometrical
shapes)in thelasthiddenlayers.

3. DeepNeural Networks

It hasbeenshown that a “shallow” neuralnetwork with only one arbitrarily large hiddenlayer
couldapproximatea functionto any level of precision(Hornik etal.,1989).Similarly, any Boolean
functioncanberepresentedby a two-layercircuit of logic gates.However, mostBooleanfunctions
requirean exponentialnumberof logic gates(with respectto the input size)to be representedby
a two-layer circuit (Wegener,1987). For example,the parity function, which can be ef�ciently
representedby a circuit of depthO(logn) (for n input bits) needsO(2n) gatesto berepresentedby
adepthtwo circuit (Yao,1985).Whataboutdeepercircuits?Somefamiliesof functionswhichcan
berepresentedwith adepthk circuit aresuchthatthey requireanexponentialnumberof logic gates
to be representedby a depthk � 1 circuit (H	astad,1986). Interestingly, an equivalent resulthas
beenprovedfor architectureswhosecomputationalelementsarenot logic gatesbut linearthreshold
units (i.e., formal neurons)(HastadandGoldmann,1991). The machinelearningliteraturealso
suggeststhatshallow architecturescanbevery inef�cient in termsof thenumberof computational
units(e.g.,bases,hiddenunits),andthusin termsof requiredexamples(BengioandLe Cun,2007;
Bengioet al., 2006). On the otherhand,a highly-varying functioncansometimesbe represented
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compactly(with fewer parameters)throughthecompositionof many non-linearities,thatis, with a
deeparchitecture.Whentherepresentationof aconceptrequiresanexponentialnumberof elements
(moregenerallyexponentialcapacity),for example,with a shallow circuit, thenumberof training
examplesrequiredto learntheconceptmayalsobeimpractical.Smoothingthelearnedfunctionby
regularizationwould not solve theproblemherebecausein thesecasesthetarget function itself is
complicatedandrequiresexponentialcapacityjust to berepresented.

3.1 Dif�culty of Training DeepAr chitectures

Given a particulartask, a naturalway to train a deepnetwork is to frame it as an optimization
problemby specifyinga supervisedcost function on the output layer with respectto the desired
target andusea gradient-basedoptimizationalgorithm in order to adjustthe weightsandbiases
of the network so that its outputhaslow coston samplesin the training set. Unfortunately, deep
networkstrainedin thatmannerhave generallybeenfoundto performworsethanneuralnetworks
with oneor two hiddenlayers.

Wediscusstwo hypothesesthatmayexplain thisdif�culty . The�rst oneis thatgradientdescent
caneasilygetstuckin poorlocal minima(Auer et al., 1996)or plateausof thenon-convex training
criterion.Thenumberandqualityof theselocalminimaandplateaus(FukumizuandAmari, 2000)
clearly also in�uence the chancesfor randominitialization to be in the basinof attraction(via
gradientdescent)of a poor solution. It may be that with more layers,the numberor the width
of suchpoor basinsincreases.To reducethe dif�culty , it hasbeensuggestedto train a neural
network in a constructive mannerin order to divide the hard optimizationprobleminto several
greedybut simplerones,eitherby addingoneneuron(e.g.,seeFahlmanandLebiere,1990)or one
layer(e.g.,seeLengelĺeandDenoeux,1996)ata time. Thesetwo approacheshavedemonstratedto
beveryeffectivefor learningparticularlycomplex functions,suchasaverynon-linearclassi�cation
problemin 2 dimensions.However, theseareexceptionallyhardproblems,andfor learningtasks
usuallyfoundin practice,thisapproachcommonlyover�ts.

This observation leadsto a secondhypothesis.For high capacityandhighly �e xible deepnet-
works,thereactuallyexistsmany basinsof attractionin its parameterspace(i.e., yielding different
solutionswith gradientdescent)thatcangive low trainingerrorbut thatcanhaveverydifferentgen-
eralizationerrors.Soevenwhengradientdescentis ableto �nd a (possiblylocal) goodminimum
in termsof trainingerror, thereareno guaranteesthat theassociatedparametercon�guration will
provide goodgeneralization.Of course,modelselection(e.g.,by cross-validation)will partly cor-
rectthis issue,but if thenumberof goodgeneralizationcon�gurationsis very small in comparison
to goodtrainingcon�gurations,asseemsto bethecasein practice,thenit is likely thatthetraining
procedurewill not �nd any of them. But, aswe will seein this paper, it appearsthat the type of
unsupervisedinitialization discussedherecanhelpto selectbasinsof attraction(for thesupervised
�ne-tuning optimizationphase)from which learninggoodsolutionsis easierbothfrom thepointof
view of thetrainingsetandof a testset.

3.2 UnsupervisedLearning asa PromisingParadigm for GreedyLayer-WiseTraining

A commonapproachto improve the generalizationperformanceof a learningalgorithmwhich is
motivatedby the Occam's razorprinciple is the useof regularization(suchasweight decay)that
will favor “simpler” modelsovermorecomplicatedones.However, usinggenericpriorssuchasthe
`2 normof theparametersconveys limited informationaboutwhatthesolutionto aparticularlearn-
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ing taskshouldbe. This hasmotivatedresearchersto discover moremeaningful,data-dependent
regularizationprocedures,which areusuallybasedon unsupervisedlearningandnormallyadapted
to speci�c models.

For example,Ando andZhang(2005)use“auxiliary tasks”designedfrom unlabelleddataand
thatareappropriatefor aparticularlearningproblem,to learnabetterregularizationtermfor linear
classi�ers.Partial leastsquares(FrankandFriedman,1993)canalsobeseenascombiningunsuper-
visedandsupervisedlearningin orderto learna betterlinear regressionmodelwhenfew training
dataareavailableor whentheinputspaceis veryhighdimensional.

Many semi-supervisedlearningalgorithmsalsoinvolve a combinationof unsupervisedandsu-
pervisedlearning,wheretheunsupervisedcomponentcanbeappliedto additionalunlabelleddata.
This is thecasefor Fisher-kernels(Jaakkola andHaussler, 1999)which arebasedon a generative
modeltrainedon unlabelledinput dataandthatcanbeusedto solve a supervisedproblemde�ned
for thatinputspace.In all thesecases,unsupervisedlearningcanbeseenasaddingmoreconstraints
onacceptablecon�gurationsfor theparametersof amodel,by askingthatit notonly describeswell
the relationshipbetweenthe input andthe target but alsocontainsrelevant statisticalinformation
aboutthestructureof theinputor how it wasgenerated.

Moreover, thereis a growing literatureon the distinct advantagesof generative anddiscrimi-
native learning.Ng andJordan(2001)arguethatgenerative versionsof discriminative modelscan
be expectedto reachtheir usuallyhigherasymptoticout-of-sampleclassi�cationerror faster(i.e.,
with lesstrainingdata),makingthempreferablein certainsituations.Moreover, successfulattempts
at exploring thespacebetweendiscriminative andgenerative learninghave beenstudied(Lasserre
etal., 2006;Jebara,2003;BouchardandTriggs,2004;HolubandPerona,2005).

The deepnetwork learningalgorithmsthat have beenproposedrecentlyandthat we studyin
this papercan be seenas combiningthe ideasof greedily learning the networkto breakdown
the learningprobleminto easiersteps,using unsupervisedlearning to provide an effectivehint
aboutwhathiddenunitsshouldlearn,bringingalongthewaya form of regularizationthatprevents
over�tting even in deepnetworks with many degreesof freedom(which could otherwiseover�t).
In addition,oneshouldconsiderthe supervisedtaskthe network hasto solve. The greedylayer-
wise unsupervisedstrategy providesan initialization procedure,afterwhich the neuralnetwork is
�ne-tunedto theglobal supervisedobjective. Thegeneralparadigmfollowedby thesealgorithms
(illustratedin Figure2 anddetailedin AppendixA) canbedecomposedin two phases:

1. In the �rst phase,greedily train subsetsof the parametersof the network using a layer-
wise and unsupervisedlearningcriterion, by repeatingthe following stepsfor eachlayer
(i 2 f 1; : : : ; lg)

Until a stoppingcriteriais met,iteratethroughtrainingdatabaseby

(a) mappinginput training samplext to representationbhi� 1(xt) (if i > 1) andhidden
representationbhi(xt),

(b) updatingparametersbi� 1, bi andW i of layer i usingsomeunsupervisedlearning
algorithm.

Also, initialize (e.g.,randomly)theoutputlayerparametersbl+ 1;W l+ 1.
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(a) First hidden layer pre-
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(c) Third hiddenlayer pre-
training
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(d) Fine-tuning of whole
network

Figure2: Unsupervisedgreedylayer-wisetrainingprocedure.

2. In thesecondand�nal phase,�ne-tune all theparametersq of thenetwork usingbackpropa-
gationandgradientdescentonaglobalsupervisedcostfunctionC(xt ;yt ;q), with inputxt and

labelyt , thatis, trying to makestepsin thedirectionE
h

¶C(xt ;yt ;q)
¶q

i
.

Regularizationis not explicit in this procedure,asit doesnot comefrom a weightedtermthat
dependson the complexity of the network and that is addedto the global supervisedobjective.
Instead,it is implicit, as the �rst phasethat initializes the parametersof the whole network will
ultimatelyhaveanimpactonthesolutionfoundin thesecondphase(the�ne-tuning phase).Indeed,
by usinganiterative gradualoptimizationalgorithmsuchasstochasticgradientdescentwith early-
stopping(i.e., training until the error on a validationset reachesa clearminimum), the extent to
which thecon�gurationof thenetwork's parameterscanbedifferentfrom theinitial con�guration
givenby the�rst phaseis limited. Hence,similarly to usingaregularizationtermontheparameters
of themodelthatconstrainsthemto becloseto aparticularvalue(e.g.,0 for weightdecay),the�rst
phaseherewill ensurethat the parametersolutionfor eachlayer found by �ne-tuning will not be
far from thesolutionfoundby theunsupervisedlearningalgorithm.In addition,thenon-convexity
of the supervisedtraining criterion meansthat the choiceof initial parametervaluescangreatly
in�uence thequalityof thesolutionobtainedby gradientdescent.

In thenext two sections,wepresentareview of thetwo trainingalgorithmsthatfall in paradigm
presentedaboveandwhichareempiricallystudiedin thispaper, in Section6.

4. StackedRestrictedBoltzmann Machine Network

Intuitively, a successfullearningalgorithmfor deepnetworksshouldbeonethatdiscoversa mean-
ingful andpossiblycomplex hiddenrepresentationof the dataat its top hiddenlayer. However,
learningsuchnon-linearrepresentationsis ahardproblem.A solution,proposedby Hinton (2006),
is basedon thelearningalgorithmof therestrictedBoltzmannmachine(RBM) (Smolensky, 1986),
a generative modelthatusesa layerof binaryvariablesto explain its input data. In anRBM (see
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W

b j

c k x

Figure3: Illustrationof a restrictedBoltzmannmachineandits parameters.W is a weightmatrix,
b is avectorof hiddenunit biases,andc avectorof visibleunit biases.

Figure3 for an illustration),given an input x, it is easyto obtaina hiddenrepresentationfor that
input by computingtheposteriorbh(x) over thelayerof binaryhiddenvariablesh (we usethe“ b”
symbolto emphasizethatbh(x) is nota randomvariablebut adeterministicrepresentationof x).

Hinton (2006)arguesthat this representationcanbe improvedby giving it asinput to another
RBM, whoseposteriorover its hiddenlayer will thenprovide a morecomplex representationof
the input. This processcanberepeatedanarbitrarynumberof timesin orderto obtainever more
non-linearrepresentationsof theinput. Finally, theparametersof theRBMsthatcomputetheserep-
resentationscanbeusedto initialize theparametersof adeepnetwork, whichcanthenbe�ne-tuned
to a particularsupervisedtask.This learningalgorithmclearlyfalls in theparadigmof Section3.2,
wherethe unsupervisedpart of the learningalgorithmis that of an RBM. We will refer to deep
networkstrainedusingthis algorithmasstackedrestrictedBoltzmannmachine(SRBM) networks.
For moretechnicaldetailsabouttheSRBMnetwork, andhow to trainanRBM usingthecontrastive
divergencealgorithm(CD-k), seeAppendixB.

5. StackedAutoassociatorsNetwork

Therearetheoreticalresultsabouttheadvantageof stackingmany RBMs into aDBN: Hintonetal.
(2006)show that this procedureoptimizesa boundon the likelihoodof the input datawhen all
layershave the samesize. An additionalhypothesisto explain why this processprovidesa good
initialization for thenetwork is that it makeseachhiddenlayercomputea different,possiblymore
abstractrepresentationof theinput. This is doneimplicitly, by askingthateachlayercapturesfea-
turesof theinput thathelpcharacterizethedistributionof valuesat thelayerbelow. By transitivity,
eachlayercontainssomeinformationabouttheinput. However, stackingany unsupervisedlearning
modeldoesnot guaranteethat therepresentationslearnedget increasinglycomplex or appropriate
aswe stackmorelayers.For instance,many layersof linearPCA modelscouldbesummarizedby
only onelayer. However, theremaybeothernon-linear, unsupervisedlearningmodelsthat,when
stacked,areableto improve thelearnedrepresentationat thelastlayeradded.

An exampleof sucha non-linearunsupervisedlearningmodelis theautoassociatoror autoen-
codernetwork (Cottrell et al., 1987;Saund,1989;Hinton,1989;Baldi andHornik, 1989;DeMers
andCottrell, 1993). Autoassociatorsareneuralnetworks that aretrainedto computea represen-
tation of the input from which it canbe reconstructedwith asmuchaccuracy aspossible.In this
paper, we will considerautoassociatornetworksof only onehiddenlayer, meaningthat thehidden
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Figure4: Illustrationof anautoassociatorandits parameters.W is thematrix of encoderweights
andW � thematrixof decoderweights.bh(x) is thecodeor representationof x.

representationof x is acodebh(x) obtainedfrom theencodingfunction

bh j (x) = f (a j ) wherea j (x) = b j + å
k

Wjkxk : (3)

The input's reconstructionis obtainedfrom a decodingfunction, herea linear transformation
of the hiddenrepresentationwith weight matrix W � , possiblyfollowed by a non-linearactivation
function:

bxk = g(bak) wherebak = ck + å
j

W�
jk

bh j (x) :

In this work, we usedthe sigmoidactivation function for both f (�) andg(�). Figure4 shows an
illustrationof thismodel.

By noticing the similarity betweenEquations3 and 1, we are then able to usethe training
algorithmfor autoassociatorsastheunsupervisedlearningalgorithmfor thegreedylayer-wiseini-
tialization phaseof deepnetworks. In this paper, stacked autoassociators(SAA) networks will
refer to deepnetworks trainedusingtheprocedureof Section3.2 andthe learningalgorithmof an
autoassociatorfor eachlayer, asdescribedin Section5.1.

Thoughtheseneuralnetworksweredesignedwith thegoalof dimensionalityreductionin mind,
the new representation's dimensionalitydoesnot necessarilyneedto be lower thanthe input's in
practice. However, in that particularcase,somecaremustbe taken so that the network doesnot
learna trivial identity function,that is, �nds weightsthatsimply “copy” thewhole input vectorin
thehiddenlayerandthencopy it againattheoutput.For example,anetwork with smallweightsWjk

betweenthe input andhiddenlayers(maintainingactivationsin the linear regimeof theactivation
function f ) and large weightsW�

jk betweenthe hiddenand output layerscould encodesuchan
uninterestingidentity function. An easyway to avoid sucha pathologicalbehavior in the case
of continuousinputs is to set the weight matricesWT andW � to be the same. This adjustment
is motivatedby its similarity with the parametrizationof the RBM model and by an empirical
observation that WT and W � tend to be similar up to a multiplicative factor after training. In
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the caseof binary inputs, if the weightsare large, the input vector can still be copied(up to a
permutationof theelements)to thehiddenunits,andin turn theseusedto perfectlyreconstructthe
input. Weightdecaycanbeusefulto preventsucha trivial anduninterestingmappingto belearned,
whentheinputsarebinary. We setWT = W � in all of our experiments.Vincentet al. (2008)have
animprovedway of trainingautoassociatorsin orderto produceinteresting,non-trivial featuresin
thehiddenlayer, by partially corruptingthenetwork's inputs.

Thereconstructionerrorof anautoassociatorcanbeconnectedto thelog-likelihoodof anRBM
in severalways.Ranzatoet al. (2008)connectthelog of thenumeratorof theinput likelihoodwith
a form of reconstructionerror (whereonereplacesthe sumover hiddenunit con�gurationsby a
maximization).Thedenominatoris thenormalizationconstantsummingover all input con�gura-
tionsthesameexpressionasin thenumerator. Sowhereasmaximizingthenumeratoris similar to
minimizing reconstructionerrorfor thetrainingexamples,minimizing thedenominatormeansthat
mostinput con�gurationsshouldnot bereconstructedwell. This canbeachievedif theautoassoci-
ator is constrainedin sucha way that it cannotcomputethe identity function,but only minimizes
thereconstructionfor trainingexamples.

Anotherconnectionbetweenreconstructionerrorandlog-likelihoodof theRBM wasmadein
BengioandDelalleau(2007). They considera converging seriesexpansionof the log-likelihood
gradientandshow that whereasCD-k truncatesthe seriesby keepingthe �rst 2k termsandthen
approximatesexpectationsby a singlesample,reconstructionerror is a mean-�eld approximation
of the�rst termin thatseries.

5.1 Learning in an AutoassociatorNetwork

Training an autoassociatornetwork is almostidentical to training a standardarti�cial neuralnet-
work. Given a costfunction,backpropagation is usedto computegradientsandperformgradient
descent.However, autoassociatorsare“self-supervised”,meaningthatthetargetto whichtheoutput
of theautoassociatoris comparedis theinput thatit wasfed.

Previouswork onautoassociatorsminimizedthesquaredreconstructionerror:

C(bx;x) = å
k

(bxk � xk)2 :

However, with squaredreconstructionerror andlinear decoder, the “optimal codes”(the implicit
target for theencoder, irrespective of theencoder)arein thespanof theprincipaleigenvectorsof
the input covariancematrix. Whenwe introducea saturatingnon-linearitysuchas the sigmoid,
andwewantto reconstructvalues[0;1], thebinomialKL divergence(alsoknown ascross-entropy)
seemsmoreappropriate:

C(bx;x) = � å
k

(xk log(bxk) + (1� xk) log(1� bxk)) : (4)

It correspondsto the assumptionthat bx andx canbe interpretedas factorizeddistributionsover
binary units. It is well known that the cross-entropy � plog(q) � (1 � p) log(1� q) betweentwo
binary distributionsparametrizedby p andq is minimizedwhenq = p (for a �x ed p), makingit
anappropriatecostfunctionto evaluatethequality of a reconstruction.We usedthis costfunction
in all the experimentswith SAA networks. AppendixC detailsthe correspondingautoassociator
trainingupdate.
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6. Experiments

In this section,we presentseveral experimentssetup to evaluatethedeepnetwork learningalgo-
rithmsthatfall in theparadigmpresentedin theSection3.2andhighlight someof their properties.
Unlessotherwisestated,stochasticgradientdescentwasusedfor layer-wiseunsupervisedlearning
(�rst phaseof the algorithm)andglobal supervised�ne-tuning (secondphaseof the algorithm).
The datasetswereseparatedin disjoint training, validationandtestingsubsets.Model selection
consistedof �nding thebestvaluesfor thelearningratesof layer-wiseunsupervisedandglobalsu-
pervisedlearningaswell asthe numberof unsupervisedupdatesprecedingthe �ne-tuning phase.
The numberof epochsof �ne-tuning waschosenusingearly-stoppingbasedon the progression
of classi�cationerroron thevalidationset. All experimentscorrespondto classi�cationproblems.
Hence,to �ne-tune thedeepnetworks,we optimizedthenegative conditionallog-likelihoodof the
trainingsamples'targetclass(asgivenby thesoftmaxoutputof theneuralnetwork).

TheexperimentsarebasedontheMNIST dataset1 (seeFigure5), abenchmarkfor handwritten
digit recognition,aswell asvariantsof thisproblemwheretheinputdistributionhasbeenmademore
complex by insertingadditionalfactorsof variations,suchasrotationsandbackgroundimages.The
inputimagesaremadeof 28� 28pixelsgiving aninputdimensionalityof 784,thenumberof classes
is 10 (correspondingto thedigits from 0 to 9) andtheinputswerescaledbetween0 and1.

Successfulapplicationsof deepnetworks have alreadybeenpresentedon a large variety of
data,suchasimagesof faces(Salakhutdinov andHinton,2008),real-world objects(Ranzatoet al.,
2007a)aswell as text data(Hinton andSalakhutdinov, 2006;Salakhutdinov andHinton, 2007a;
CollobertandWeston,2008;Westonetal.,2008),andondifferenttypesof problemssuchasregres-
sion (Salakhutdinov andHinton, 2008),informationretrieval (Salakhutdinov andHinton, 2007a),
roboticsHadsellet al. (2008),andcollaborative �ltering (Salakhutdinov etal., 2007).

In Bengioetal. (2007),weperformedexperimentson two regressiondatasets,with non-image
continuousinputs(UCI Abalone,anda �nancial dataset),demonstratingtheuseof unsupervised
(or partiallysupervised)pre-trainingof deepnetworksonthesetasks.In Larochelleetal. (2007),we
studiedtheperformanceof severalarchitecturesonvariousdatasets,includingvariationsof MNIST
(with rotations,randombackground,and imagebackground),and discriminationtasksbetween
wideandtall rectangles,andbetweenconvex andnon-convex images.Onthesetasks,deepnetworks
comparedfavorablyto shallow architectures.

Our focusis hencenot on demonstratingtheir usefulnesson a wide rangeof tasks,but on ex-
ploring their propertiesempirically. Suchexperimentalwork requiredseveralweeksof cumulative
CPU time, which restrictedthe numberof datasetswe could explore. However, by concentrat-
ing on the original MNIST datasetandharderversionsof it, we wereablenot only to con�rm
the goodperformanceof deepnetworks,but alsoto studypracticalvariations,to help understand
the algorithms,andto discussthe impacton a deepnetwork's performanceof steppingto a more
complicatedproblem.

6.1 Validating the UnsupervisedLayer-WiseStrategy for DeepNetworks

In this section,we evaluatetheadvantagesbroughtby theunsupervisedlayer-wisestrategy of Sec-
tion 3.2. We want to separatethe differentalgorithmicconceptsbehindit, in orderto understand
their contribution to thewholestrategy. In particular, wepursuethefollowing two questions:

1. Thisdatasetcanbedownloadedfrom http://yann.lecun.com/expdb/mnist/ .
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Figure5: Samplesfrom theMNIST digit recognitiondataset. Here,a blackpixel correspondsto
an input valueof 0 anda white pixel correspondsto 1 (the inputsarescaledbetween0
and1).

1. To whatextentdoesinitializing greedilytheparametersof thedifferentlayershelp?

2. How importantis unsupervisedlearningfor thisprocedure?

To addressthesetwo questions,we will comparethe learningalgorithmsfor deepnetworksof
Sections4 and5 with thefollowing algorithms.

6.1.1 DEEP NETWORK WITHOUT PRE-TRAINING

To addressthe�rst questionabove,we comparethegreedylayer-wisealgorithmwith a morestan-
dardway to trainneuralnetworks:usingstandardbackpropagationandstochasticgradientdescent,
andstartingat a randomlyinitialized con�guration of theparameters.In otherwords,this variant
simplyputsaway thepre-trainingphaseof theotherdeepnetwork learningalgorithms.

6.1.2 DEEP NETWORK WITH SUPERVISED PRE-TRAINING

To addressthesecondquestion,we run anexperimentwith the following algorithm. We greedily
pre-trainthelayersusingasupervisedcriterion (insteadof theunsupervisedone),beforeperforming
asbeforea �nal supervised�ne-tuning phase.Speci�cally, whengreedilypre-trainingtheparam-
etersW i andbi , we alsotrain anothersetof weightsV i andbiasesci which connecthiddenlayer
bhi(x) to a temporaryoutputlayerasfollows:

oi(x) = f
�

ci + V ibhi(x)
�
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where f (�) is thesoftmaxfunctionof Equation2. This outputlayercanbetrainedusingthesame
costas the global supervisedcost. However, as this is a greedyprocedure,only the parameters
W i , bi , V i andci areupdated,that is, the gradientis not propagatedto the layersbelow. When
the training of a layer is �nished, we can simply discardthe parametersV i andci and move to
pre-trainingthenext hiddenlayer, having initializedW i andbi .

6.1.3 STACKED LOGISTIC AUTOREGRESSION NETWORK

The secondquestionaimsat evaluatingto what extent any unsupervisedlearningcanhelp. We
alreadyknow that stackinglinear PCA modelsis not expectedto help improve generalization.A
slightly morecomplex yet very simpleunsupervisedmodelfor datain [0;1] is the logistic autore-
gressionmodel(seealsoFrey, 1998)

bxk = sigm

 

bk + å
j6= k

Wk jx j

!

(5)

wherethe reconstructionbx is log-linear in the input x. The parametersW andb canbe trained
usingthesamecostusedfor theautoassociatorsin Equation4. This modelcanbeusedto initialize
theweightsW i andbiasesbi of the i-th hiddenlayerof a deepnetwork. However, becauseW in
Equation5 is square,the deepnetwork will needto have hiddenlayerswith the samesizeasthe
input layer. Also, theweightson thediagonalof W arenot trainedin this model,sowe initialize
themto zero. The stacked logistic autoregressionnetwork will refer to deepnetworks usingthis
unsupervisedlayer-wiselearningalgorithm.

6.1.4 RESULTS

Theresultsfor all thesedeepnetworksaregiven in Table1. We alsogive resultsfor a “shallow”,
onehiddenlayerneuralnetwork, to validatetheutility of deeparchitectures.Insteadof thesigmoid,
this network useshyperbolictangentsquashingfunctions,which areusuallyfound to work better
for onehiddenlayerneuralnetworks.TheMNIST trainingsetwasseparatedinto training(50,000)
and validation (10,000)sets. The test set hassize 10,000. In addition to the hyperparameters
mentionedat the beginning of this section,the validationsetwasusedalso to selectappropriate
decreaseconstants2 for the learningratesof the greedyand �ne-tuning phases.The SRBM and
SAA networkshad500,500and2000hiddenunitsin the�rst, secondandthird layersrespectively,
as in Hinton et al. (2006)andHinton (2006). In the pre-trainingphaseof the SRBM andSAA
networks,whentrainingtheparametersof thei-th layer, thedown-biasesck wheresetto beequalto
bi� 1

k (althoughsimilar resultswereobtainedby usinga separatesetof biasesci� 1
k whenthei � 1-th

layeris thedown-layer).For thedeepnetworkswith supervisedor nopre-training,differentsizesof
hiddenlayerswerecompared,includingsizessimilar to thestackedlogisticautoregressionnetwork,
andto theSRBMandSAA networks.All deepnetworkshad3 hiddenlayers.

Overall, themodelsthatusetheunsupervisedlayer-wiseprocedureof Section3.2 outperform
thosethatdonot. Wealsoobserveaslightadvantagein theperformanceof theSRBMnetwork over
that of the SAA network (on the MNIST testset,differencesof morethan0.1% arestatistically
signi�cant). Theperformancedifferencebetweenthestackedlogistic autoregressionsnetwork and

2. Whenusinga decreaseconstantb, thelearningratefor thet th updatebecomes e0
1+ tb , wheree0 is theinitial learning

rate.
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Models Train. Valid. Test

SRBM(stackedrestrictedBoltzmannmachines)network 0% 1.20% 1.20%
SAA (stackedautoassociators)network 0% 1.31% 1.41%
Stackedlogisticautoregressionsnetwork 0% 1.65% 1.85%
Deepnetwork with supervisedpre-training 0% 1.74% 2.04%
Deepnetwork, nopre-training 0.004% 2.07% 2.40%
Shallow network, nopre-training 0% 1.91% 1.93%

Table1: Classi�cationerror on MNIST training, validation,andtestsets,with the besthyperpa-
rametersaccordingto validationerror.

thedeepnetwork with supervisedlayer-wisepre-trainingparticularlyhighlightsthe importanceof
unsupervisedlearning.Indeed,eventhoughsupervisedlayer-wisepre-trainingexplicitly trainsthe
hiddenlayersto capturenon-linearinformationaboutthe input, theoverall procedureseemsto be
toogreedywith respectto thesupervisedtaskto belearned.Ontheotherhand,eventhoughlogistic
autoregressionsare simple log-linear modelsand their optimizationis blind with respectto the
futureusageof theweightsW asconnectionsinto non-linearhiddenlayers,theunsupervisednature
of trainingmakesthemstill usefulfor improving generalization.As a point of comparison,besides
thedeepnetworks,thebestresulton thisdatasetreportedfor a learningalgorithmthatdoesnotuse
any prior knowledgeaboutthe task(e.g.,imagepre-processinglike deskewing or subsampling)is
thatof a supportvectormachinewith a Gaussiankernel,3 with 1.4%classi�cationerroron thetest
set.

At thispoint,it is clearthatunsupervisedlayer-wisepre-trainingimprovesgeneralization.How-
ever, wecouldwonderwhetherit alsofacilitatestheoptimizationproblemof theglobal�ne-tuning.
The resultsof Table1 do not shedany light on this aspect.Indeed,all the networks, even those
without greedylayer-wisepre-training,performalmostperfectlyon thetrainingset. Theexplana-
tory hypothesisweevaluatehereis that,withoutpre-training,thelower layersareinitializedpoorly,
but still allow thetop two layersto learnthetrainingsetalmostperfectlybecausetheoutputlayer
and the last hiddenlayer form a standardshallow but fat neuralnetwork. Considerthe top two
layersof thedeepnetwork with pre-training: it presumablytakesasinput a betterrepresentation,
onethatallows for bettergeneralization.Instead,thenetwork withoutpre-trainingseesa“random”
transformationof theinput,onethatpreservesenoughinformationabouttheinput to �t thetraining
set,but thatdoesnot help to generalize.To testthis hypothesis,we performeda secondseriesof
experimentsin whichweconstrainthetophiddenlayerto besmall(20hiddenunits).

The results(Table 2) clearly suggestthat optimizationof the global supervisedobjective is
madeeasierby greedylayer-wisepre-training.This resultfor supervisedgreedypre-trainingis also
coherentwith pastexperimentson similar greedystrategies(FahlmanandLebiere,1990;Lengelĺe
and Denoeux,1996). Here, we have thus con�rmed that it also appliesto unsupervisedgreedy
pre-training. With no pre-training,training error degradessigni�cantly when thereare only 20
hiddenunits in the top hiddenlayer. In addition, the resultsobtainedwithout pre-trainingwere
foundto havemuchlargervariancethanthosewith pre-training,indicatinghighsensitivity to initial

3. Seehttp://yann.lecun.com/exdb/mnist/ for moredetails.

14



EXPLORING STRATEGIES FOR TRAINING DEEP NEURAL NETWORKS

Models Train. Valid. Test

SRBMnetwork 0% 1.5% 1.5%
SAA network 0% 1.38% 1.65%
Deepnetwork with supervisedpre-training 0% 1.77% 1.89%
Deepnetwork, nopre-training 0.59% 2.10% 2.20%
Shallow network, nopre-training 3.6% 4.77% 5.00%

Table2: Classi�cationerror on MNIST training, validation,andtestsets,with the besthyperpa-
rametersaccordingto validationerror, whenthelasthiddenlayeronly contains20hidden
units

conditions:theunsupervisedpre-trainingmoreconsistentlyputstheparametersin a “good” basin
of attractionfor thesupervisedgradientdescentprocedure.

Figures6 and7 show thesortsof �rst hiddenlayerfeatures(weightsgoinginto differenthidden
neurons)that are learnedby the �rst (bottom)RBM andautoassociatorrespectively, before�ne-
tuning.Bothmodelsweretrainedon theMNIST trainingsetof Section6.1for 40epochs,with 250
hiddenunitsanda learningrateof 0.005.We seethat they bothlearnvisual featurescharacterized
by local receptive �elds, which ought to be useful to recognizemore global shapes(thoughthe
autoassociatoralso learnshigh frequency receptive �elds that arespreadover the whole image).
This is anotheraccountof how unsupervisedgreedypre-trainingis ableto helptheoptimizationof
thenetwork. Evenif thesupervised�ne-tuning gradientat the�rst hiddenlayeris weak,wecansee
thatthe�rst hiddenlayerappearsto learna relevantrepresentation.

6.2 Exploring the Spaceof Network Ar chitectures

An importantpracticalaspectin usingdeepnetwork is the choicethe architectureor topologyof
thenetwork. Onceweallow ourselvesto consideranarbitrarynumberof hiddenlayersof arbitrary
sizes,somequestionsnaturallyarise.First,we would like to know how deepa neuralnetwork can
be madewhile still obtaininggeneralizationgains,given a strategy for initializing its parameters
(randomlyor with unsupervisedgreedypre-training).Wewouldalsolike to know, for adetermined
depth,what type of architectureis moreappropriate.Shouldthe hiddenlayer's sizeincrease,de-
creaseor staythe samefrom the �rst to the last? In this section,we explore thosetwo questions
with experimentson theMNIST datasetaswell asa variant,taken from Larochelleet al. (2007),
wherethedigit imageshave beenrandomlyrotated.This lastdataset,notedMNIST-rotation4 (see
Figure8), containsmuchmoreintraclassvariability, is muchlesswell describedby relatively well
separatedclass-speci�cclustersandcorrespondsto amuchharderclassi�cationproblem.Thetrain-
ing, validationandtestsetscontain10 000,2 000 and50 000 exampleseach.We alsogenerated
setsof thesamesizefor theMNIST dataset.We referto this versionwith a smallertrainingsetby
MNIST-small.

4. ThisdatasethasbeenregeneratedsinceLarochelleetal. (2007)andisavailablehere:http://www.iro.umontreal.
ca/ ˜ lisa/icml2007 .
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Figure6: Displayof theinput weightsof a randomsubsetof thehiddenunits,learnedby anRBM
whentrainedon samplesfrom the MNIST dataset. The activation of units of the �rst
hiddenlayeris obtainedby adotproductof suchaweight“image” with theinput image.
In theseimages,a blackpixel correspondsto a weightsmallerthan� 3 anda white pixel
to a weight larger than3, with the different shadesof gray correspondingto different
weightvaluesuniformly between� 3 and3.
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Figure7: Input weightsof a randomsubsetof thehiddenunits,learnedby anautoassociatorwhen
trainedon samplesfrom the MNIST dataset. The display settingis the sameas for
Figure6.
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Figure8: Samplesfrom theMNIST-rotationdataset. Here,a blackpixel correspondsto an input
valueof 0 andawhitepixel correspondsto 1 (theinputsarescaledbetween0 and1).

6.2.1 NETWORK DEPTH

Onecanwonderwhethera neuralnetwork canbemadetoo deep,thatis, whetherhaving too many
hiddenlayerscanworsenthegeneralizationperformance.Of coursetherearemany reasonswhy this
mayhappen.Whenaneuronis added,moreparametersareinsertedin themathematicalformulation
of themodel,giving it moredegreesof freedomto �t themodelandhencepossiblymakingit ableto
over�t. Ontheotherhand,it is lessclearto whatextenttheperformancecanworsen,sinceaneuron
addedat the top layer of a neuralnetwork doesnot increasethe capacitythe sameway a neuron
added“in parallel” in agivenhiddenlayer. Also, in thecaseof anSRBMnetwork, wecanimagine
thataswe stackRBMs, therepresentationat a hiddenlayercontainsunitsthatcorrespondto more
andmoredisentangledconceptsof the input. Now, considera hypotheticaldeepnetwork where
thetop-level stackedRBM haslearneda representationmadeof unitsthataremostly independent.
An additionalRBM stackedon this representationwould have no statisticalstructureto learn.This
would initialize the weightsof that new RBM to zero, which is particularly troublesomeas the
representationat this level would thencontainno informationabouttheinput. It is not clearif this
scenarioisplausible,unlikein thecaseof independentcomponentanalysis,but if it wereapproached
theresultwouldbedetrimentalto supervisedclassi�cationperformance.Thisparticularsituationis
not expectedwith stackedautoassociators,asit will alwayslearna representationfrom which the
previouslayercanbereconstructed.Anotherreasonwhy adeeperarchitecturecouldproduceworse
resultsis simply thatour algorithmsfor traininga deeparchitecturecanprobablybe improved. In
particular, notethattheonly joint trainingof all layersthatwehavedonein ourexperiments,if any,
is at thesupervised�ne-tuning stage.

17



LAROCHELLE, BENGIO, LOURADOUR AND LAMBLIN

Network MNIST-small MNIST-rotation
Type Depth classif. testerror classif. testerror

Neural network 1 4.14% � 0.17 15.22% � 0.31

(randominitialization, 2 4.03% � 0.17 10.63% � 0.27

+ �ne-tuning) 3 4.24% � 0.18 11.98% � 0.28

4 4.47% � 0.18 11.73% � 0.29

SAA network 1 3.87% � 0.17 11.43%� 0.28

(autoassociatorlearning 2 3.38% � 0.16 9.88% � 0.26

+ �ne-tuning) 3 3.37% � 0.16 9.22% � 0.25

4 3.39% � 0.16 9.20% � 0.25

SRBM network 1 3.17% � 0.15 10.47% � 0.27

(CD-1 learning 2 2.74% � 0.14 9.54% � 0.26

+ �ne-tuning) 3 2.71% � 0.14 8.80% � 0.25

4 2.72% � 0.14 8.83% � 0.24

Table3: Classi�cationperformanceonMNIST-smallandMNIST-rotationof differentnetworksfor
differentstrategiesto initialize parameters,anddifferentdepths(numberof layers).

Table3 presentstheclassi�cationperformanceobtainedby thedifferentdeepnetworkswith up
to 4 hiddenlayerson MNIST-smallandMNIST-rotation.Thehyperparametersof eachlayerwere
separatelyselectedwith thevalidationsetfor all hiddenlayers,usingthefollowing greedystrategy:
for a network with l hiddenlayers,only the hyperparametersfor the top layer were optimized,
the hyperparametersfor the layersbelow beingsetto thoseof the bestl � 1 layersdeepnetwork
accordingto the validationperformance.We settledfor this strategy becauseof the exponential
numberof possiblecon�gurationsof hyperparameters.For standardneuralnetworks,wealsotested
several randominitializationsof the weights. For SRBM aswell asSAA networks,we tunedthe
unsupervisedlearningratesandthenumberof updates.For MNIST-small,we usedhiddenlayers
of 500neurons,sincetheexperimentsby Hinton (2006)suggestthatit is anappropriatechoice.As
for MNIST-rotation,thesizeof eachhiddenlayerhadto bevalidatedseparatelyfor eachlayer, and
we testedvaluesamong500,1000,2000and4000.

Table3 show thatthereis indeedanoptimalnumberof hiddenlayersfor thedeepnetworks,and
thatthis optimumtendsto belargerwhenunsupervisedgreedylayer-wiselearningis used.For the
MNIST-smalldataset(Table3), thegain in performancebetween2 and3 hiddenlayersfor SRBM
andSAA networks is not statisticallysigni�cant. However, for the MNIST-rotationdataset, the
improvementfrom 2 to 3 hiddenlayersis clear. This observation is consistentwith the increased
complexity of the input distribution andclassi�cationproblemof MNIST-rotation,which should
requirea morecomplex model. The improvementremainssigni�cant when�xing the network's
hiddenlayersto the samesize as in the experimentson MNIST-small, as showed in the results
of Table4 wherethe numberof units per hiddenlayer wasset to 1000. We alsocomparedthe
performanceof shallow anddeepSRBM networks with roughly the samenumberof parameters.
With ashallow SRBMnetwork, thebestclassi�cationerrorachievedwas10.47%,with 4000hidden
units(around3:2� 106 freeparameters).With a 3-layersdeepSRBM network, we reached9.38%

18



EXPLORING STRATEGIES FOR TRAINING DEEP NEURAL NETWORKS

Network MNIST-rotation
Type Depth Layerswidth classif. testerror

SRBM network 1 1k 12.44% � 0.29

(CD-1 learning 2 1k, 1k 9.98% � 0.26

+ �ne-tuning) 3 1k, 1k, 1k 9.38% � 0.25

Table4: Classi�cationperformanceon MNIST-rotationof differentnetworks for differentstrate-
giesto initialize parameters,anddifferentdepths(numberof layers). All hiddenlayers
have1000units.

classi�cationerrorwith 1000unitsin eachlayer(around2:8� 106 parameters):bettergeneralization
wasachievedwith deepernetshaving lessparameters.

6.2.2 TYPE OF NETWORK ARCHITECTURE

Themodelselectionprocedureof Section6.2.1workswell, but is ratherexpensive. Every timeone
wantsto train a 4 hiddenlayernetwork, networkswith 1, 2 and3 hiddenlayerseffectively have to
be trainedaswell, in orderto determineappropriatehyperparametersfor the lower hiddenlayers.
Thesenetworkscan't evenbetrainedin parallel,addingto thecomputationalburdenof this model
selectionprocedure.Moreover, theoptimalhiddenlayersizefor a1-hiddenlayernetwork couldbe
muchbiggerthannecessaryfor a 4 hiddenlayernetwork, sincea shallow network cannotrely on
otherupperlayersto increaseits capacity.

Let usconsiderthesituationwherethenumberof hiddenlayersof a deepnetwork hasalready
beenchosenandgoodsizesof thedifferentlayersmustbefound.Becausethespaceof suchpossible
choicesis exponentialin the numberof layers,we considerhereonly threegeneralcaseswhere,
asthe layer index increases,their sizeseither increases(doubles),decreases(halves)or doesnot
change.Weconductedexperimentsfor all threecasesandvariedthetotalnumberof hiddenneurons
in thenetwork. Thesamehyperparametersasin theexperimentof Table3 hadto beselectedfor
eachnetwork topologies,however a singleunsupervisedlearningrateandnumberof updateswere
chosenfor all layers.5

Weobservein Figures9and10thatthearchitecturethatmostoftenisamongthebestperforming
onesacrossthedifferentsizesof network is theonewith equalsizesof hiddenlayers.It shouldbe
notedthat this might be a consequenceof usingthe sameunsupervisedlearninghyperparameters
for eachlayer. It mightbethatthesizeof ahiddenlayerhasasigni�cant in�uence on theoptimum
valuefor thesehyperparameters,andthat tying themfor all hiddenlayersinducesa biastowards
networkswith equally-sizedhiddenlayers. However, having untiedhyperparameterswould make
modelselectiontoo computationallydemanding.Actually, even with tied unsupervisedlearning
hyperparameters,themodelselectionproblemis alreadycomplex enough(andproneto over�tting
with smalldatasets),asis indicatedby thedifferencesin thevalidationandtestclassi�cationerrors
of Table3.

5. We imposedthis restrictionbecauseof thelargenumberof experimentsthatwouldotherwisehadbeenrequired.

19



LAROCHELLE, BENGIO, LOURADOUR AND LAMBLIN

����� ������� ��� 	��


���
 ����������������������� ������������� 
 �

 �! ��"

�

"

�

! ��"

#�"

$

% &

'

'

( )

)

*)

+-,/.-0

1�2�3�4 265�7�8 9�:<;=8 1�> ?

3�@69�7�> 569�>A;B8 1�> ?

8 9�3�4 265�7�8 9�:<;B8 1�> ?

(a)SRBMnetwork.

C�D�D E�F�D�D G�H I�H

J�K�L M�N�O�P�Q�R�S�T�K�U6V�W X�X�S�O�P�O�W L Y

Z�[ F�\

G

\

G

[ F�\

]�\

^

_ à
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Figure9: Classi�cationperformanceon MNIST-smallof 3-layerdeepnetworksfor threekindsof
architectures,asa functionof the total numberof hiddenunits. The threearchitectures
have increasing/ constant/ decreasinglayer sizesfrom the bottom to the top layers.
Error-barsrepresent95%con�denceintervals.
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Figure10: Classi�cationperformanceonMNIST-rotationof 3-layerdeepnetworksfor threekinds
of architectures.Sameconventionsasin Figure9.
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7. Continuous-Valued Inputs

In this section,we wish to emphasizethe importanceof adaptingthe unsupervisedlearningalgo-
rithmsto thenatureof theinputs.Wewill focusontheSRBMnetwork becausethey rely onRBMs,
which arelesssimpleto work with andadaptto thesortsof visible datawe want to model. With
thebinaryunitsintroducedfor RBMsandDBNs in Hintonetal. (2006)onecan“cheat”andhandle
continuous-valuedinputsby scalingthemto the [0;1] interval andconsideringeachinput contin-
uousvalueasthe probability for a binary randomvariableto take the value1. This hasworked
well for pixel gray levels, but it may be inappropriatefor otherkinds of input variables. Previ-
ouswork on continuous-valuedinput in RBMs includeChenandMurray (2003),in which noiseis
addedto sigmoidalunits,andtheRBM formsa specialform of diffusionnetwork (Movellanet al.,
2002). Welling et al. (2005)alsoshow how to derive RBMs from arbitrarychoicesof exponential
distributionsfor thevisible andhiddenlayersof anRBM. We show heresimpleextensionsof the
RBM framework in which only theenergy functionandtheallowed rangeof valuesarechanged.
As canbeseenin Figures11 and12 andin theexperimentof Section7.3,suchextensionshave a
very signi�cant impacton natureof thesolutionlearnedfor theRBM's weightsandhenceon the
initializationof adeepnetwork andits performance.

7.1 Linear Energy: Exponential or Truncated Exponential

Considera unit with valuexk in an RBM, connectedto units h of the layer above. p(xkjh) can
be obtainedby consideringthe termsin the energy function that containxk. Thesetermscanbe
groupedin xk(WT

�kh + ck) whentheenergy function is linear in xk (asin Equation7, appendixB),
whereW �k is thek-th columnof W. If we allow xk to take any valuein interval I , theconditional
densityof xk becomes

p(xkjh) =
exk(WT

� jh+ ck)1xk2I
R

vev(WT
� j h+ ck)1v2I dv

:

WhenI = [0;¥ ), this is anexponentialdensitywith parametera(h) = WT
� jh + ck, andthenor-

malizing integral, equalto � 1
a(h) , only exists if a(h) < 0 8h. Computingthe density, the expected

value( � 1
a(h) ) andsamplingwould all be easy, but sincethe densitydoesnot alwaysexist it seems

moreappropriateto let I be a closedinterval, yielding a truncatedexponentialdensity. For sim-
plicity weconsiderthecaseI = [0;1] here,for which thenormalizingintegral,whichalwaysexists,
is

e� a(h) � 1
a(h)

:

Theconditionalexpectationof xk givenh is interestingbecauseit hasasigmoidal-likesaturating
andmonotonenon-linearity:

E [xkjh] =
1

1� e� a(h)
�

1
a(h)

:

Note that E [xkjh] doesnot explodefor a(h) near0, but is insteadsmoothandin the interval
[0;1]. A samplefrom thetruncatedexponentialis easilyobtainedfrom a uniform sampleU, using
theinversecumulativeF � 1 of theconditionaldensityp(xkjh):

F � 1(U) =
log(1� U � (1� ea(h)))

a(h)
:
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Figure11: Inputweightsof arandomsubsetof thehiddenunits,learnedby anRBM with truncated
exponentialvisible units,whentrainedon samplesfrom theMNIST dataset. The top
andbottomimagescorrespondto thesame�lters but with differentcolor scale.On the
top, thedisplaysetupis thesameasfor Figures6 and7 and,on thebottom,ablackand
whitepixel correspondto weightssmallerthan� 30andlargerthan30 respectively.

The contrastive divergenceupdateshave the sameform as for binary units of Equation11,
sincetheupdatesonly dependon thederivative of theenergy with respectto theparameters.Only
samplingis changed,accordingto theunit'sconditionaldensity. Figure11showsthe�lters learned
by anRBM with truncatedexponentialvisible units,whentrainedon MNIST samples.Notehow
thesearestrikingly differentfrom thoseobtainedwith binomialunits.
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7.2 Quadratic Energy: GaussianUnits

To obtainGaussian-distributedunits,oneonly needsto addquadratictermsto theenergy. Adding
å k d2

kx2
k givesriseto a diagonalcovariancematrix betweenunitsof thesamelayer, wherexk is the

continuousvalueof aGaussianunit andd2
k is apositiveparameterthatis equalto theinverseof the

varianceof xk. In this casethevarianceis unconditional,whereasthemeandependson the inputs
of theunit: for avisibleunit xk with hiddenlayerh andinversevarianced2

k ,

E [xkjh] =
a(h)
2d2

k
:

Thecontrastivedivergenceupdatesareeasilyobtainedby computingthederivativeof theenergy
with respectto the parameters.For the parametersin the linear termsof the energy function b, c
andW, thederivativeshave thesameform asfor thecaseof binaryunits. For quadraticparameter
dk > 0, thederivative is simply2dkx2

k. Figure12showsthe�lters learnedby anRBM with Gaussian
visibleunits,whentrainedonMNIST samples.

Gaussianunits were previously usedas hiddenunits of an RBM (with multinomial inputs)
appliedto an informationretrieval task(Welling et al., 2005). That samepaperalsoshows how
to generalizeRBMs to units whosemarginal distribution is from any memberof the exponential
family.

7.3 Impact on Classi�cation Performance

In orderto assessthe impactof thechoicefor thevisible layerdistribution on theultimateperfor-
manceof an SRBM network, we trainedandcompareddifferentdeepnetworks whose�rst level
RBM hadbinary, truncatedexponentialor Gaussianinput units. Thesenetworksall had3 hidden
layers,with 2000hiddenunits for eachof theselayers. Thehyperparametersthatwereoptimized
aretheunsupervisedlearningratesandnumberof updatesaswell asthe �ne-tuning learningrate.
Becausetheassumptionof binaryinputsis not unreasonablefor theMNIST images,we conducted
this experimenton a modi�ed andmorechallengingversionof thedatasetwherethebackground
containspatchesof imagesdownloadedfrom theInternet.Samplesfrom this datasetareshown in
Figure13. This datasetis partof a benchmark6 designedby Larochelleet al. (2007). Theresults
aregiven in Table5, wherewe canseethat the choiceof the input distribution hasa signi�cant
impacton the classi�cationperformanceof the deepnetwork. As a comparison,a supportvector
machinewith Gaussiankernelachieves22.61%erroronthisdataset(Larochelleetal.,2007).Other
experimentalresultswith truncatedexponentialandGaussianinput unitsarefoundin Bengioet al.
(2007).

8. GeneratingvsEncoding

Thoughthe SRBM andSAA networks aresimilar in their motivation, thereis a fundamentaldif-
ferencein the type of unsupervisedlearningusedduring training. Indeed,the RBM is basedon
the learningalgorithmof a generative model, which is trainedto be ableto generatedatasimilar
to thosefound in the training set. On the otherhand,the autoassociatoris basedon the learning
algorithmof anencodingmodelwhich tries to learna new representationor codefrom which the
inputcanbereconstructedwithout toomuchlossof information.

6. Thebenchmark's datasetscanbedownloadedfrom http://www.iro.umontreal.ca/ ˜ lisa/icml2007 .
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Figure12: Inputweightsof arandomsubsetof thehiddenunits,learnedby anRBM with Gaussian
visible units,whentrainedon samplesfrom theMNIST dataset. The top andbottom
imagescorrespondto thesame�lters but with differentcolor scale.On top, thedisplay
setupis the sameasfor Figures6 and7 and,on the bottom,a black andwhite pixel
correspondto weightssmallerthan� 10andlargerthan10 respectively.
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Figure13: Samplesfrom the modi�ed MNIST digit recognitiondatasetwith a backgroundcon-
tainingimagepatches.Here,ablackpixel correspondsto aninputvalueof 0 andawhite
pixel correspondsto 1 (theinputsarescaledbetween0 and1).

SRBMinput type Train. Valid. Test

Bernoulli 10.50% 18.10% 20.29%
Gaussian 0% 20.50% 21.36%
Truncatedexponential 0% 14.30% 14.34%

Table5: Classi�cationerror on MNIST with backgroundcontainingpatchesof images(seeFig-
ure 13) on the training, validation,and test sets,for differentdistributionsof the input
layerfor thebottomRBM. Thebesthyperparameterswereselectedaccordingto thevali-
dationerror.

It is notclearwhichof thetwo approaches(generatingor encoding)is themostappropriate.The
advantageof a generative modelis that theassumptionsthataremadeareusuallyclear. However,
it is possiblethat theproblemit is trying to solve is harderthanit needsto be,sinceultimatelywe
areonly interestedin comingup with goodrepresentationsor featuresof theinput. For instance,if
oneis interestedin �nding appropriateclustersin averyhighdimensionalspace,usingamixtureof
Gaussianswith full covariancematrix canquickly becometoo computationallyintensive, whereas
usingthe simplek-meansalgorithmmight do a goodenoughjob. As for encodingmodels,they
do not requireto beinterpretableasa generative modelandthey canbemore�e xible becauseany
parametricor non-parametricform canbechosenfor theencoderanddecoder, aslong asthey are
differentiable.
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Anotherinterestingconnectionbetweenreconstructionerrorin autoassociatorsandCDin RBMs
wasmentionedearlier: the reconstructionerror canbe seenasan estimatorof the log-likelihood
gradientof the RBM which hasmorebiasbut lessvariancethanthe CD updaterule (Bengioand
Delalleau,2007).In thatpaperit is shown how to write theRBM log-likelihoodgradientasaseries
expansionwhereeachtermis associatedwith a sampleof thecontrastive divergenceGibbschain.
Becausethe termsbecomesmallerandconverge to zero, this justi�es taking a truncationof the
seriesasanestimatorof thegradient.Thereconstructionerrorgradientis amean-�eld(i.e.,biased)
approximationof the�rst term,whereasCD-1 is a sampling(i.e., high-variance)approximationof
the�rst two terms,andsimilarly CD-k involvesthe�rst 2k terms.

Thissuggestscombiningthereconstructionerrorandcontrastivedivergencefor trainingRBMs.
During unsupervisedpre-training,we canusethe updatesgiven by both algorithmsandcombine
themby associatingacoef�cient to eachof them.This is actuallyequivalentto applyingtheupdates
oneaftertheotherbut usingdifferentlearningratesfor both.Wetestedthis ideain theMNIST data
setsplit of Section6.1, wherewe hadto validateseparatelythe learningratesfor the RBM and
theautoassociatorupdates.This combinationimprovedon the resultsof theSRBM andtheSAA
networks,obtaining1.02%and1.09%onthevalidationandtestsetrespectively. This improvement
wascon�rmed in a morecompleteexperimenton 6 other folds with mutually exclusive testsets
of 10 000 examples,wherethe mixed gradientvariantgave on averagea statisticallysigni�cant
improvementof 0.1%onaSRBMnetwork. Onepossibleexplanationfor theimprovementbrought
by this combinationis that it usesa bettertrade-off betweenbiasandvariancein estimatingthe
log-likelihoodgradient.

Another deterministicalternative to CD is mean-�eld CD (MF-CD) of Welling and Hinton
(2002),andis equivalentto thepseudocodecodein AppendixB, with thestatementsh0 � p(hjx0)
andv1 � p(xjh0) changedto h0  sigm(b+ Wv0) andv1  sigm(c+ WT h0) respectively. MF-CD
canbeusedto testanotherway to changethebias/variancetrade-off, eitherasa gradientestimator
alone,or by combiningit to the CD-1 gradientestimate(in the sameway we combinedthe au-
toassociatorgradientwith CD-1, previousparagraph).On theMNIST split of Section6.1,SRBM
networks with MF-CD andcombinedCD-1/MF-CD7 achieved 1.26%and1.17%on the test set
respectively. The improvementbroughtby combiningMF-CD with CD-1 was not found to be
statisticallysigni�cant, basedonsimilarexperimentson the6 otherfolds.

Thissuggeststhatsomethingelsethanthebias/variancetrade-off is atplay in theimprovements
observedwhencombiningCD-1 with theautoassociatorgradient.A hypothesisthatshouldbeex-
ploredis thatwhereasthereis no guaranteethatanRBM will encodein its hiddenrepresentation
all the informationin the input vector, anautoassociatoris trying to achieve this. In factanRBM
trainedby maximumlikelihoodwould beglad to completelyignorethe inputsif thesewereinde-
pendentof eachother. Minimizing thereconstructionerrorwouldpreventthis,andmaybeusefulin
thecontext wheretherepresentationsarelaterusedfor supervisedclassi�cation(which is thecase
here).

9. ContinuousTraining of all Layersof a DeepNetwork

Thelayer-wisetrainingalgorithmfor networksof depthl actuallyhasl + 1 separatetrainingphases:
�rst thel phasesfor theunsupervisedtrainingof eachlayer, andthenthe�nal supervised�ne-tuning
phaseto adjustall theparameterssimultaneously. Oneelementthatwewould like to dispensewith

7. Theweightof theCD-1andMF-CD gradientestimateswasconsideredasahyperparameter.
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is having to decidethenumberof unsupervisedtrainingiterationsfor eachlayerbeforestartingthe
�ne-tuning. Onepossibility is then to executeall phasessimultaneously, that is, train all layers
basedon boththeir greedyunsupervisedandglobalsupervisedgradients.Theadvantageis thatwe
cannow have a singlestoppingcriterion (for the whole network). However, computationtime is
slightly greater, sincewedomorecomputationsinitially ontheupperlayers,whichmightbewasted
beforethelower layersconvergeto a decentrepresentation,but time is savedon optimizinghyper-
parameters.Whenthis continuoustraining variant is usedon the MNIST datasetwith the same
experimentalsetupasin Section6.1,we reach1.6%and1.5%erroron thetestsetrespectively for
theSRBM network andtheSAA network, sounsupervisedlearningstill bringsbettergeneraliza-
tion in this setting.This variantmaybemoreappealingfor on-linetrainingon very largedatasets,
whereonewouldnevercyclebackon thetrainingdata.

However, thereseemsto beapriceto payin termsof classi�cationerror, with thisonlinevariant.
In orderto investigatewhatcouldbethecause,weexperimentedwith a2-phasealgorithmdesigned
to shedsomelight on the contribution of different factorsto this decrease.In the �rst phase,all
layersof networks weresimultaneouslytrainedaccordingto their unsupervisedcriterion without
�ne-tuning. Theoutputlayer is still trainedaccordingto thesupervisedcriterion,however, unlike
in Section6.1, the gradientis not backpropagatedinto the restof the network. This allows us to
monitor the discriminative capacityof the top hiddenlayer. This �rst phasealso enablesus to
verify whethertheuseof thesupervisedgradienttoo earlyduringtrainingexplainsthedecreasein
performance(recall the poor resultsobtainedwith purely supervisedgreedylayer-wise training).
Then,in thesecondphase,2 optionswereconsidered:

1. �ne-tune thewholenetwork accordingto thesupervisedcriterionandstoplayer-wiseunsu-
pervisedlearning;

2. �ne-tunethewholenetwork andmaintainlayer-wiseunsupervisedlearning(asin theprevious
experiment).

Figures14(a)and15(a)show examplesof theprogressionof thetestclassi�cationerrorfor such
anexperimentwith theSRBMandSAA networksrespectively. As abaselinefor thesecondphase,
we alsogive theperformanceof thenetworkswhenunsupervisedlearningis stoppedandonly the
parametersof theoutputlayeraretrained.Thesespeci�c curvesdonotcorrespondto thebestvalues
of thehyperparameters,but arerepresentativeof theglobalpictureweobservedonseveralrunswith
differenthyperparametervalues.

We observe that the best option is to perform �ne-tuning without layer-wise unsupervised
learning,even when supervisedlearning is not introducedat the beginning. Also, thoughper-
forming unsupervisedandsupervisedlearningat the sametime outperformsunsupervisedlearn-
ing without �ne-tuning, it appearsto yield over-regularizednetworks, as indicatedby the asso-
ciatedcurves of the training negative log-likelihood of the target classesfor both networks (see
Figures14(b)and15(b)). Indeed,we seethatby maintainingsomeunsupervisedlearning,thenet-
works arenot able to optimizeaswell their supervisedtraining objective. From otherrunswith
differentlearningrates,we have observedthatthis effect becomeslessvisible whenthesupervised
learningrategetslarger, which reducesthe relative importanceof the unsupervisedupdates.But
thentheunsupervisedupdatesusuallybringsigni�cant instabilitiesin thelearningprocess,making
eventhetrainingcostoscillate.

Another interestingobservation is that, when layer-wise unsupervisedlearningis performed,
theclassi�cationerroris lessstablein anSRBM network thanin anSAA network, asindicatedby
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Figure14: Exampleof learningcurvesof the 2-phaseexperimentof Section9. During the �rst
half of training, all hiddenlayersaretrainedaccordingto CD andthe output layer is
trainedaccordingto the supervisedobjective, for all curves. In the secondphase,all
combinationsof two possibilitiesaredisplayed:CD trainingis performedat all hidden
layers(“CD”) or not (“No CD”), andall hiddenlayersare�ne-tuned accordingto the
supervisedobjective (“hidden supervised�ne-tuning”) or not (“no hiddensupervised
�ne-tuning”).
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Figure15: SameasFigure14, but with autoassociators(“AA”) usedfor layer-wise unsupervised
learning.
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thedentedlearningcurvesin Figure14(b),whereasthecurvesin Figure15(b)aresmoother. This
may be relatedto the betterperformanceof the SAA network (1.5%)versusthe SRBM network
(1.6%)whencombiningunsupervisedandsupervisedgradients,in the experimentreportedat the
beginningof this section.Autoassociatorlearningmight hencebemoreappropriatehere,possibly
becauseits trainingobjective,thatis, thediscoveryof arepresentationthatpreservestheinformation
in theinput, is morecompatiblewith thesupervisedtrainingobjective,whichasksthatthenetwork
discoversarepresentationthatis predictiveof theinput'sclass.Thishypothesisis relatedto theone
presentedat the endof Section8 regardingtheapparentimprovementbroughtby minimizing the
reconstructionerrorin additionto CD-1updates.

Theseexperimentsshow that onecaneliminatethe multiple unsupervisedphases:eachlayer
canbepre-trainedin away thatsimply ignoreswhatthelayerabovearedoing.However, it appears
thata �nal phaseinvolving only supervisedgradientyields thebestperformance.A plausibleex-
planationof theseresults,andin particularthequick improvementwhentheunsupervisedupdates
areremoved,is thattheunsupervisedpre-trainingbringstheparametersnearagoodsolutionfor the
supervisedcriterion,but far enoughfrom thatsolutionto yield a signi�cantly higherclassi�cation
error. Note that in a settingwherethereis little labeleddatabut a lot of unlabelledexamples,the
additionalregularizationintroducedby maintainingsomeunsupervisedlearningmightbebene�cial
(Salakhutdinov andHinton,2007b).

10. Conclusion

In this paper, we discussedin detail threeprinciplesfor training deepneuralnetworks,which are
(1) pre-trainingonelayer at a time in a greedyway (2) usingunsupervisedlearningat eachlayer
in a way that preserves information from the input anddisentanglesfactorsof variationand (3)
�ne-tuning thewholenetwork with respectto theultimatecriterionof interest.We alsopresented
experimentalevidencethat supportsthe claim that they arekey ingredientsfor reachinggoodre-
sults.Moreover, wepresentedaseriesof experimentalresultsthatshedsomelight onmany aspects
of deepnetworks: con�rming that the unsupervisedprocedurehelpsthe optimizationof the deep
architecture,while initializing theparametersin a region nearwhich a goodsolutionof thesuper-
visedtaskcanbefound. Our experimentsshowedcaseswheregreaterdepthclearlyhelps,but too
muchdepthcould be slightly detrimental.We found that CD-1 canbe improved by combiningit
with thegradientof reconstructionerror, andthatthis is not just dueto theuseof a lower-variance
update.Weshowedthatthechoiceof inputdistributionin RBMscouldbeimportantfor continuous-
valuedinputandyieldeddifferenttypesof �lters at the�rst layer. Finally westudiedvariantsmore
amenableto onlinelearningin whichweshow thatif differenttrainingphasescanbecombined,the
bestresultswereobtainedwith a �nal �ne-tuning phaseinvolving only thesupervisedgradient.

Thereare many questionsand issuesthat remainto be addressedand that we intend to in-
vestigate in future work. As pointedout in Section8, the mostsuccessfulunsupervisedlearning
approachseemsto fall in betweengenerativeandencodingapproaches.This raisesquestionsabout
whatarethepropertiesof a learningalgorithmthat learnsgoodrepresentationsfor deepnetworks.
Findinggoodanswersto thesequestionswouldhaveadirectpositive impacton theperformanceof
deepnetworks. Finally, bettermodelselectiontechniquesthatwould permit to reducethenumber
of hyperparameterswould be bene�cial andwill needto be developedfor deepnetwork learning
algorithmsto becomeeasierto use.
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Appendix A. Pseudocodefor GreedyLayer-WiseTraining Paradigm

Input: trainingsetD = f (xt ;yt)g
T
t= 1, pre-traininglearningrateepre-trainand�ne-tuning learning

ratee�ne-tune

Initialize weightsW i
jk � U(� a� 0:5;a� 0:5) with a = max(jbhi� 1j; jbhi j) andsetbiasesbi to 0

% Pre-trainingphase
for i 2 f 1; : : : ; lg do

while Pre-trainingstoppingcriterionis notmetdo
Pick inputexamplext from trainingset
bh0(xt)  xt

for j 2 f 1; : : : ; i � 1g do
a j (xt) = b j + W jbh j � 1(xt)
bh j (xt) = sigm

�
a j (xt)

�

end for
Usingbhi� 1(xt) asinput example,updateweightsW i andbiasesbi� 1, bi with learningrate
epre-trainaccordingto a layer-wiseunsupervisedcriterion(seepseudocodesin appendicesB
andC)

endwhile
end for

% Fine-tuningphase
while Fine-tuningstoppingcriterionis notmetdo

Pick inputexample(xt ;yt) from trainingset

% Forwardpropagation
bh0(xt)  xt

for i 2 f 1; : : : ; lg do
ai(xt) = bi + W ibhi� 1(xt)
bhi(xt) = sigm

�
ai(xt)

�

end for
al+ 1(xt) = bl+ 1 + W l+ 1bhl (xt)
o(xt) = bhl+ 1(xt) = softmax

�
al+ 1(xt)

�

% Backwardgradientpropagationandparameterupdate
¶logoyt (xt )
¶al+ 1

j (xt )
 1yt= j � o j (xt) for j 2 f 1; : : : ;Kg
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bl+ 1  bl+ 1 + e�ne-tune
¶logoyt (xt )
¶al+ 1(xt )

W l+ 1  W l+ 1 + e�ne-tune
¶logoyt (xt )
¶al+ 1(xt )

bhl (xt)T

for i 2 f 1; : : : ; lg, in decreasingorderdo
¶logoyt (xt )

¶bhi (xt )
 

�
W i+ 1

� T ¶logoyt (xt )
¶ai+ 1(xt )

¶logoyt (xt )
¶ai

j (xt )
 ¶logoyt (xt )

¶bhi
j (xt )

bhi
j (xt)

�
1� bhi

j (xt)
�

for j 2 f 1; : : : ; jbhi jg

bi  bi + e�ne-tune
¶logoyt (xt )

¶ai

W i  W i + e�ne-tune
¶logoyt (xt )

¶ai
bhi� 1(xt)T

end for
endwhile

In the �rst stepof the gradientcomputation,one hasto be careful to computethe gradient
of the cost with respectto al+ 1(xt) at once,in order not to lose numericalprecisionduring the
computation.In particular, computing¶logoyt (xt )

¶o(xt )
�rst, then ¶o(xt )

¶al+ 1(xt )
andapplyingchain-rule,leadsto

numericalinstabilityandsometimesparametervalueexplosion(NaN).

Appendix B. RestrictedBoltzmann Machinesand DeepBelief Networks

In thissection,wegiveabrief overview of restrictedBoltzmannmachinesanddeepbeliefnetworks.

B.1 RestrictedBoltzmann Machine

A restrictedBoltzmannmachineis an energy-basedgenerative modelde�ned over a visible layer
v (sometimescalled input) anda hiddenlayer h (sometimescalledhiddenfactorsor representa-
tion). Givenanenergy functionenergy(v;h) on thewholesetof visible andhiddenunits,thejoint
probabilityis givenby

p(v;h) =
e� energy(v;h)

Z
(6)

whereZ ensuresthat p(v;h) is a valid distributionandsumsto one.SeeFigure3 for anillustration
of anRBM.

Typically we take hi 2 f 0;1g, but otherchoicesarepossible.For now, we consideronly binary
units, that is, vi 2 f 0;1g (the continuouscasewill be discussedin Section7), wherethe energy
functionhastheform

energy(v;h) = � hTWv� cT v � bT h = � å
k

ckvk � å
j

b jh j � å
jk

Wjkvkh j : (7)

Whenconsideringthemarginaldistributionoverv, weobtainamixturedistribution

p(v) = å
h

p(v;h) = å
h

p(vjh)p(h)

with a numberof parameterslinear in the numberof hiddenunits H, while having a numberof
componentsexponentialin H. This is becauseh cantake asmany as2H possiblevalues.The2H

distributions p(vjh) will in generalbe different,but they aretied. Thoughcomputingexactly the
marginal p(v) for largevaluesof H is impractical,a goodestimatorof the log-likelihoodgradient
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havebeenfoundwith thecontrastivedivergencealgorithmdescribedin thenext section.An impor-
tant propertyof RBMs is that the posteriordistribution over onelayer given the otheris tractable
andfastto compute,asopposedto mixturemodelswith very many componentsin general.Indeed
onecanshow that

p(vjh) = Õ
k

p(vkjh) where p(vk = 1jh) = sigm(ck + å
j

Wjkh j ) ; (8)

p(hjv) = Õ
j

p(h j jv) where p(h j = 1jv) = sigm(b j + å
k

Wjkvk) : (9)

Becauseof the particularparametrizationof RBMs, inferenceof the “hidden factors”h given the
observedinputvectorv is veryeasybecausethosefactorsareconditionallyindependentgivenv. On
theotherhand,unlike in many factormodels(suchasICA JuttenandHerault,1991;Comon,1994;
Bell andSejnowski, 1995andsigmoidalbelief networks Dayanet al., 1995;Hinton et al., 1995;
Sauletal.,1996),thesefactorsaregenerallynotmarginally independent(whenwe integratev out).
Noticethesimilarity betweenEquations9 and1, which makesit possibleto relatetheweightsand
biasesof anRBM with thoseof adeepneuralnetwork.

B.2 Learning in a RestrictedBoltzmann Machine

To train anRBM, we would like to computethegradientof thenegative log-likelihoodof thedata
with respectto the RBM's parameters.However, given an input examplev0, the gradientwith
respectto aparameterq in anenergy-basedmodel

¶
¶q

(� logp(v0)) = Ep(hjv0)

�
¶energy(v0;h)

¶q

�
� Ep(v;h)

�
¶energy(v;h)

¶q

�
(10)

necessitatesasumoverall possibleassignmentsfor h (�rst expectationof Equation10)andanother
sumover all assignmentsfor v andh (secondexpectation).The�rst expectationis not problematic
in anRBM becausetheposteriorp(hjv0) and¶energy(v0;h)

¶q factorize.However, thesecondexpectation
requiresaprohibitiveexponentialsumover thepossiblecon�gurationsfor v or h.

Fortunately, thereexistsanapproximationfor this gradientgivenby thecontrastive divergence
(CD) algorithm(Hinton,2002),whichhasbeenshown to work well empirically(Carreira-Perpĩnan
andHinton,2005).Therearetwo key elementsin this approximation.First, considerthat in order
to estimatethesecondtermof Equation10,wecouldreplacetheexpectationby auniqueevaluation
of thegradient¶energy(v;h)

¶q at a particularpair of values(v;h). This pair shouldideally besampled
from thedistribution p(v;h), whichwould make theestimationof thegradientunbiased.However,
samplingexactly from anRBM distribution is notaseasyasin adirectedgraphicalmodel.Instead,
we have to rely on samplingmethodssuchasMarkov ChainMonteCarlomethods.For anRBM,
we canuseGibbssamplingbasedon the conditionaldistributionsof Equations8 and9, but this
methodcanbecostlyif theMarkov chainmixesslowly. Sothesecondkey ideais to runonly a few
iterationsof Gibbssamplingandusethedatasamplev0 astheinitial statefor thechainat thevisible
layer. It turnsout thatapplyingonly oneiterationof theMarkov chainworkswell in practice.This
correspondsto thefollowing samplingprocedure:

v0
p(h0jv0)
� ! h0

p(v1jh0)
� ! v1

p(h1jx1)
� ! h1
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where
p(hi jvi )� ! and

p(vi+ 1jhi )� ! representtheoperationsof samplingfrom p(hi jvi) andp(vi+ 1jhi) respec-
tively. Estimationof the gradientusingthe above samplingprocedureis notedCD-1, with CD-k
referringto the contrastive divergencealgorithm,performingk iterationsof the Markov chainup
to vk. Trainingwith CD-k hasbeenshown to empiricallyapproximatewell trainingwith theexact
log-likelihoodgradient(Carreira-PerpĩnanandHinton,2005).Furthermore,it canbeshown thatthe
CD-k updateis anunbiasedestimatorof the truncationof a seriesexpansionof the log-likelihood
gradient(BengioandDelalleau,2007),wherethe truncatedpart of the seriesconvergesto 0 ask
increases.

Now let usconsidertheestimationof thegradientonaweightWjk. Wehave

¶energy(v;h)
¶Wjk

= � h jvk

whichmeansthattheCD-1estimateof thegradientbecomes

� Ep(hjv0) [h jv0k] + Ep(hjv1) [h1jv1k] = � p(h j jv0)v0k + p(h j jv1)v1k : (11)

This is similar to whatwaspresentedin Hintonetal. (2006)exceptthatweclarify herethatwetake
theexpectedvalueof h givenv insteadof averagingover samples.Theseestimatorshave thesame
expectedvaluebecause

Ep(v;h) [h jvk] = Ep(v)
�
Ep(hjv) [h jvk]

�
= Ep(v) [p(h j jv)vk] :

Using p(hjvk) insteadof hk is alsowhat is found in the Matlab codedistributedwith Hinton and
Salakhutdinov (2006).Notethat it is still necessaryto sampleh0 � p(hjv0) in orderto samplev1,
but it is not necessaryto sampleh1. The above gradientestimatorcan thenbe usedto perform
stochasticgradientdescentby iteratingthroughall vectorsv0 of the trainingsetandperforminga
parameterupdateusingthat gradientestimatorin an on-line fashion. Gradientestimatorsfor the
biasesbk andc j canaseasilybederivedfrom Equation10.

Notice also that, even if v0 is not binary, the formula for the CD-1 estimateof the gradient
doesnotchangeandis still computedessentiallyin thesameway: only thesamplingprocedurefor
p(vjh) changes(seeSection7 for moredetailsaboutdealingwith continuous-valuedinputs). The
CD-1 trainingupdatefor agiventraininginput is detailedby thepseudocodein thenext section.

In our implementationof the greedylayer-wise initialization phase,we usethe deterministic
sigmoidaloutputsof theprevious level astrainingvectorfor thenext level RBM. By interpreting
thesereal-valuedcomponentsasprobabilities,learningsucha distribution for binaryinputscanbe
seenasa crude“mean-�eld” way of dealingwith probabilisticbinary inputs(insteadof summing
or samplingacrossinputcon�gurations).

B.3 Pseudocodefor ContrastiveDivergence(CD-1) Training Update

Input: traininginputx, RBM weightsW i andbiasesbi� 1;bi andlearningratee
Notation: a � p(�) meansseta equalto a randomsamplefrom p(�)

% SetRBM parameters
W  W i , b  bi , c  bi� 1

33



LAROCHELLE, BENGIO, LOURADOUR AND LAMBLIN

% Positivephase
v0  x
bh0  sigm(b+ Wv0)

% Negativephase
h0 � p(hjv0) accordingto Equation9
v1 � p(vjh0) accordingto Equation8
bh1  sigm(b+ Wv1)

% Update

W i  W i + e
�

bh0
�
v0

� T � bh1
�
v1

� T
�

bi  bi + e
�

bh0 � bh1
�

bi� 1  bi� 1 + e
�
v0 � v1

�

B.4 DeepBelief Network

Wewishto makeaquickremarkonthedistinctionbetweentheSRBMnetwork andthemorewidely
known deepbeliefnetwork (DBN) (Hintonetal.,2006),whichis notafeed-forwardneuralnetwork
but a multi-layergenerative model.TheSRBM network wasinitially derived(Hinton et al., 2006)
from theDBN, for whichstackingRBMsalsoprovidesagoodinitialization.

A DBN is a generative modelwith several layersof stochasticunits. It actuallycorrespondsto
a sigmoidbelief network (Neal,1992)of l � 1 hiddenlayers,wherethe prior over its top hidden
layer hl � 1 (secondfactorof Equation12) is an RBM, which itself hasa hiddenlayer hl . More
precisely, it de�nesa distribution over aninput layerx andl layersof binarystochasticunitshi as
follows:

p(x;h1; : : : ;hl ) =

 
l � 1

Õ
i= 1

p(hi� 1jhi)

!

p(hl � 1;hl ) (12)

wherehiddenunitsareconditionallyindependentgiventheunitsin theabove layer

p(hi� 1jhi) = Õ
k

p(hi� 1
k jhi) :

To processbinaryvalues,Bernoulli layerscanbeused,whichcorrespondto equations

p(hi� 1
k = 1jhi) = sigm

 

bi� 1
k + å

j
Wi

jkh
i
j

!

whereh0 = x is theinput. Wealsohave

p(hl � 1;hl ) µ eå j cl � 1
j hl � 1

j + å k bl
khl

k+ å jkWl
jkhl � 1

j hl
k (13)

for the top RBM. Note thatEquation13 canbeobtainedfrom Equations6 and7, by namingv as
hl � 1, andh ashl .

We emphasizethedistinctionbetweenhi andbhi(x), wheretheformeris a randomvariableand
thelatteris therepresentationof aninputx at thei-th hiddenlayerof thenetwork obtainedfrom the
repeatedapplicationof Equation1.
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To train sucha generative model,Hinton et al. (2006)proposedthe pre-trainingphaseof the
SRBM network. Whenall layersof a DBN have the samesize, it wasactuallyshown that this
initializationimprovesalowerboundonthelikelihoodof thedataastheDBN is madedeeper. After
this pre-trainingphaseis over, Hinton et al. (2006)proposea variantof theWake-Sleepalgorithm
for sigmoidbeliefnetworks(Hintonetal., 1995)to �ne-tune thegenerativemodel.

By noticingthesimilarity betweentheprocessof approximatingtheposteriorp(hi jx) in adeep
belief network and computingthe hiddenlayer representationof an input x in a deepnetwork,
Hinton(2006)thenproposedtheuseof thegreedylayer-wisepre-trainingprocedurefor deepbelief
networksto initialize adeepfeed-forwardneuralnetwork,whichcorrespondsto theSRBMnetwork
describedin thispaper.

Appendix C. Pseudocodeof AutoassociatorTraining Update

Input: traininginputx, autoassociatorweightsW i andbiasesbi� 1;bi andlearningratee

% Setautoassociatorparameters
W  W i , b  bi , c  bi� 1

% Forwardpropagation
a(x)  b+ Wx
h(x)  sigm(a(x))
ba(x)  c+ WT h(x)
bx  sigm(ba(x))

% Backwardgradientpropagation
¶C(bx;x)
¶ba(x)  bx � x

¶C(bx;x)
¶bh(x)

 W ¶C(bx;x)
¶ba(x)

¶C(bx;x)
¶a j (x)  ¶C(bx;x)

¶bh j (x)
bh j (x)

�
1� bh j (x)

�
for j 2 f 1; : : : ; jbh(x)jg

% Update

W i  W i � e
�

¶C(bx;x)
¶a(x) xT + bh(x) ¶C(bx;x)

¶ba(x)

T
�

bi  bi � e¶C(bx;x)
¶a(x)

bi� 1  bi� 1 � e¶C(bx;x)
¶ba(x)
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editors,Advancesin Neural InformationProcessingSystems19. MIT Press,2007b.

Marc'Aurelio Ranzato,Y-Lan Boureau,andYannLeCun. Sparsefeaturelearningfor deepbelief
networks. In J.C.Platt,D. Koller, Y. Singer, andS. Roweis,editors,Advancesin Neural Infor-
mationProcessingSystems20. MIT Press,Cambridge,MA, 2008. URL http://www.cs.nyu.
edu/ ˜ ranzato/publications/ranzato- nips07.pdf .

RuslanSalakhutdinov and Geoffrey Hinton. Using deepbelief netsto learn covariancekernels
for gaussianprocesses.In J. C. Platt, D. Koller, Y. Singer, andS. Roweis, editors,Advances
in Neural InformationProcessingSystems20. MIT Press,Cambridge,MA, 2008. URL http:
//www.csri.utoronto.ca/ ˜ hinton/absps/dbngp.pdf .

RuslanSalakhutdinov andGeoffrey Hinton. Semantichashing.In Proceedingsof the2007Work-
shopon InformationRetrieval andapplicationsof GraphicalModels(SIGIR2007), Amsterdam,
2007a.Elsevier.

RuslanSalakhutdinov andGeoffrey Hinton. Learninga nonlinearembeddingby preservingclass
neighbourhoodstructure.In Proceedingsof AISTATS2007, SanJuan,PortoRico,2007b.Omni-
press.

RuslanSalakhutdinov andIain Murray. On the quantitative analysisof deepbelief networks. In
Proceedingsof theInternationalConferenceonMachineLearning, volume25,2008.

RuslanSalakhutdinov, Andriy Mnih, andGeoffrey Hinton. Restrictedboltzmannmachinesfor col-
laborative �ltering. In ICML '07: Proceedingsof the24thinternationalconferenceon Machine
learning, pages791–798,New York, NY, USA, 2007.ACM.

LawrenceK. Saul,Tommi Jaakkola, andMichael I. Jordan.Mean�eld theoryfor sigmoidbelief
networks. Journalof Arti�cial IntelligenceResearch, 4:61–76,1996.

Eric Saund.Dimensionality-reductionusingconnectionistnetworks. IEEETransactionsonPattern
AnalysisandMachineIntelligence, 11(3):304–314,1989.

Paul Smolensky. Informationprocessingin dynamicalsystems:Foundationsof harmony theory.
In D. E. RumelhartandJ. L. McClelland,editors,Parallel DistributedProcessing, volume1,
chapter6, pages194–281.MIT Press,Cambridge,1986.

PascalVincent, Hugo Larochelle, YoshuaBengio, and Pierre-AntoineManzagol. Extracting
and composingrobust featureswith denoisingautoencoders.In Andrew McCallum and Sam
Roweis,editors,Proceedingsof the25thAnnualInternationalConferenceonMachineLearning
(ICML 2008), pages1096–1103.Omnipress,2008.URL http://icml2008.cs.helsinki.fi/
papers/592.pdf .

IngoWegener. TheComplexity of BooleanFunctions. JohnWiley & Sons,1987.

39



LAROCHELLE, BENGIO, LOURADOUR AND LAMBLIN

Max Welling andGeoffrey E.Hinton.A new learningalgorithmfor mean�eld boltzmannmachines.
In ICANN'02: Proceedingsof theInternationalConferenceonArti�cial Neural Networks, pages
351–357,London,UK, 2002.Springer-Verlag. ISBN 3-540-44074-7.

Max Welling, Michal Rosen-Zvi,andGeoffrey E. Hinton. Exponentialfamily harmoniumswith an
applicationto informationretrieval. In L.K. Saul,Y. Weiss,andL. Bottou,editors,Advancesin
Neural InformationProcessingSystems17. MIT Press,2005.

JasonWeston, Fréd́eric Ratle, and RonanCollobert. Deep learning via semi-supervisedem-
bedding. In Proceedingsof the Twenty-�fth International Conference on Machine Learn-
ing (ICML 2008), 2008. URL http://www.kyb.tuebingen.mpg.de/bs/people/weston/
papers/deep- embed.pdf .

Andrew Yao. Separatingthe polynomial-timehierarchy by oracles. In Proceedingsof the 26th
AnnualIEEESymposiumonFoundationsof ComputerScience, pages1–10,1985.

40


