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Abstract

In this paper we identify two issuesinvolved in developing an automatedeaturesubsetselec-
tion algorithmfor unlabeleddata: the needfor nding the numberof clustersin conjunctionwith
featureselection,andthe needfor normalizingthe bias of featureselectioncriteria with respect
to dimension. We explore the featureselectionproblemand theseissuesthroughFSSEM (Fea-
ture SubsetSelectionusingExpectation-MaximizatioEM) clustering)andthroughtwo different
performancecriteria for evaluatingcandidatefeaturesubsets:scatterseparabilityand maximum
likelihood. We presentproofson the dimensionalitybiasesof thesefeaturecriteria, andpresenia
cross-projectiomormalizationschemehat canbe appliedto ary criterionto amelioratethesebi-
asesOurexperimentshav theneedfor featureselectiontheneedfor addressinghesewo issues,
andthe effectivenessf our proposedsolutions.

Keywords: clustering featureselectionunsupervisedearning,expectation-maximization

1. Intr oduction

In this paperwe exploretheissuesnvolvedin developingautomatedeaturesubseselectioralgo-
rithms for unsupervisedearning. By unsupervisedearningwe meanunsupervisedlassi cation,
or clustering. Clusteranalysisis the procesof nding “natural” groupingsby grouping“similar”
(basedbn somesimilarity measurepbjectstogether

For mary learningdomainsa humande nesthefeatureshatarepotentiallyuseful. However,
not all of thesefeaturesmay berelevant. In sucha case choosinga subsebf the original features
will oftenleadto betterperformance.Featureselectionis popularin supervisedearning (Fuku-
nagg, 1990;Almuallim andDietterich,1991;Cardie, 1993;Kohavi andJohn,1997).For supervised
learning,featureselectionalgorithmsmaximizesomefunction of predictve accurag. Becauseve
are given classlabels, it is naturalthat we want to keeponly the featuresthat are relatedto or
leadto theseclasses But in unsupervisedearning,we arenot given classlabels. Which features
shouldwe keep? Why not useall the informationwe have? The problemis that not all features
areimportant. Someof thefeaturesmayberedundantsomemaybeirrelevant,andsomecaneven
misguideclusteringresults.In addition,reducingthe numberof featuresncreasesomprehensibil-
ity andameliorateshe problemthatsomeunsupervisedearningalgorithmsbreakdown with high
dimensionabata.

€ 2004JenniferG. Dy andCarlaE. Brodley.



Dy AND BRODLEY

y y Xx
s
555
1 %&’%:
”””””” a0 5050
it
,,,,,,,, PR

L X

X

Figurel: In this example,featuresx andy are redundantbecausdeaturex providesthe same
informationasfeaturey with regardto discriminatingthe two clusters.
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Figure2: In thisexample we considefeaturey to beirrelevant,becausé we omit x, we have only
onecluster whichis uninteresting.

Figurel shavs anexampleof featureredundang for unsupervisedearning.Notethatthe data
canbe groupedin the sameway usingonly eitherfeaturex or featurey. Therefore we consider
features< andy to beredundantFigure2 shavs anexampleof anirrelevantfeature.Obsene that
featurey doesnot contritute to clusterdiscrimination. Usedby itself, featurey leadsto a single
clusterstructurewhichis uninterestingNotethatirrelevantfeaturescanmisguideclusteringresults
(especiallywhentherearemoreirrelevantfeatureghanrelevantones).in addition,the situationin
unsupervisedearningcanbe morecomplex thanwhatwe depictin Figuresl and2. For example,
in Figures3a andb we shav the clustersobtainedusing the featuresubsets:f a;bg andf c;dg
respectiely. Differentfeaturesubsetdeadto varying clusterstructures.Which featuresetshould
we pick?

Unsupervisedearningis adif cult problem.It is moredif cult whenwe haveto simultaneously

nd therelevantfeaturesaswell. A key elementto the solution of ary problemis to be ableto
preciselyde ne the problem.In this paperwe de ne ourtaskas:
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Figure3: A morecomplex example. Figurea is the scatterplotof the dataon featuresa andb.
Figureb is the scatterploof the dataon featuresc andd.

Thegoal of featule selectionfor unsupervisedearningis to nd the smallestfeatue
subsethat bestuncovers “inter estingnatural” groupings(clustes) fromdataaccod-
ing to the chosercriterion.

Theremay exist multiple redundanfeaturesubsesolutions.We aresatis edin nding ary oneof
thesesolutions. Unlike supervisedearning,which hasclasslabelsto guidethe featuresearchjn
unsupervisedearningwe needto de ne what"“interesting”and“natural” mean.Theseareusually
representeth theform of criterionfunctions. We preseniexamplesof differentcriteriain Section
2.3.

Sinceresearchn featureselectionfor unsupervisedearningis relatively recent,we hopethat
this paperwill sene asaguideto futureresearcherdith this aim, we

1. Explorethewrapperframenork for unsuperviseéearning,

2. ldentify the issuesinvolved in developing a feature selectionalgorithm for unsupervised
learningwithin this framework,

3. Suggestvaysto tackletheseissues,
4. Pointoutthelessondearnedrom this endeaor, and
5. Suggestvenuedor futureresearch.

The ideabehindthe wrapperapproachis to clusterthe dataasbestwe canin eachcandidate
featuresubspaceccordingto what “natural” means,and selectthe most “interesting” subspace
with the minimum numberof features.This framework is inspiredby the supervisedvrapperap-
proach(Kohavi andJohn,1997),but ratherthanwrapthe searchor the bestfeaturesubsetround
asupervisednductionalgorithm,we wrapthe searcharounda clusteringalgorithm.
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Figure4: WrapperapproacHor unsupervisedearning.

In particular this paperinvestigatesthe wrapperframevork throughFSSEM(featuresubsete-
lectionusingEM clustering)introducedn (Dy andBrodley, 2000a).Here theterm“EM clustering”
refersto the expectation-maximizatioEM) algorithm(Dempsteretal., 1977;McLachlanandKr-
ishnan,1997;Moon, 1996;Wolfe, 1970;Wu, 1983)appliedto estimatingthe maximumlik elihood
parametersf a nite Gaussiamixture. Althoughwe applythewrapperapproactio EM clustering,
the framework presentedn this papercanbe appliedto ary clusteringmethod. FSSEMsenesas
an example. We presentthis papersuchthat applying a different clusteringalgorithmor feature
selectiorcriteriawould only requirereplacingthe correspondinglusteringor featurecriterion.

In Section2, we describeFSSEM.In particular we presenthe searchmethod,the clustering
method andthetwo differentcriteriawe selectedo guidethefeaturesubsesearch:scattersepara-

bility andmaximumlik elihood. By exploring the problemin thewrapperframewnork, we encounter
andtackletwo issues:

1. differentfeaturesubsetdave differentnumberof clustersand
2. thefeatureselectioncriteriahave biaseswith respecto featuresubsetlimensionality

In Section3, we discusghe complicationghat nding thenumberof clustersbringsto the simulta-
neoudeatureselection/clusteringroblemandpresenbnesolution(FSSEM-k).Sectiond presents
atheoreticalexplanationof why thefeatureselectioncriterionbiasesoccur andSection5 provides
a generalnormalizationschemewhich can amelioratethe biasesof ary featurecriterion toward
dimension.

Section6 presentempiricalresultson both syntheticandreal-world datasetsdesignedo an-
swerthefollowing questions(1) Is ourfeatureselectiorfor unsupervisetearningalgorithmbetter
thanclusteringonall features?2) Is usinga x ednumberof clustersk, betterthanusingavariable
k in featuresearch?(3) Doesour normalizationschemework? and (4) Which featureselection
criterionis better? Section7 providesa surwey of existing featureselectionalgorithms. Section8
providesa summaryof the lessondearnedfrom this ende&or. Finally, in Section9, we suggest
avenuedor futureresearch.

2. Feature SubsetSelectionand EM Clustering (FSSEM)

Featureselectionalgorithmscan be categyorizedaseither lter or wrapper(Johnet al., 1994) ap-
proachesThe Iter approactbasicallypre-selectshefeaturesandthenappliestheselectedeature
subseto theclusteringalgorithm.Whereasthewrapperapproactincorporateshe clusteringalgo-
rithm in the featuresearchandselection.We chooseto explore the problemin thewrapperframe-
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work becauseve areinterestedn understandinghe interactionbetweenthe clusteringalgorithm
andthefeaturesubsesearch.

Figure 4 illustratesthe wrapperapproach.Our input is the setof all features. The outputis
the selectedfeaturesandthe clustersfoundin this featuresubspace.The basicideais to search
throughfeaturesubsetspace evaluatingeachcandidatesubsetF, by rst clusteringin spacek
usingtheclusteringalgorithmandthenevaluatingtheresultingclustersandfeaturesubsetsingour
choserfeatureselectioncriterion. We repeatthis procesauntil we nd the bestfeaturesubsewith
its correspondinglustersbasedon our featureevaluationcriterion. Thewrapperapproachdivides
thetaskinto threecomponents(1) featuresearch(2) clusteringalgorithm,and(3) featuresubset
evaluation.

2.1 Feature Search

An exhaustve searctof the 29 possiblefeaturesubsetg§whered is thenumberof availablefeatures)
for the subsetthat maximizesour selectioncriterion is computationallyintractable. Therefore,a

greedysearchsuchas sequentiaforward or backward elimination (Fukunag, 1990; Kohavi and
John,1997)is typically used. Sequentiaksearchesesultin an O(d?) worst casesearch. In the
experimentgeportedwe appliedsequentiaforwardsearch Sequentiaforwardsearch SFS)starts
with zerofeaturesand sequentiallyaddsonefeatureat a time. The featureaddedis the onethat
providesthelargestcriterionvaluewhenusedin combinationwith the featureschosen.The search
stopswhenaddingmorefeaturesdoesnotimprove our choserfeaturecriterion. SFSis notthe best
searchmethod,nor doesit guaranteen optimal solution. However, SFSis popularbecauset is

simple,fastandprovidesa reasonablsolution. For the purpose®f ourinvestigationin this paper

SFSwould sufce. Onemaywish to explore othersearchmethoddor their wrapperapproachFor

example,Kim etal. (2002)appliedevolutionarymethods Kittler (1978),andRussellandNorvig

(1995)provide goodoverviews of differentsearchstratgies.

2.2 Clustering Algorithm

We chooseEM clusteringas our clusteringalgorithm, but other clusteringmethodscan also be
usedin this framevork. Recallthatto clusterdata,we needto make assumptiongndde ne what
“natural” groupingmeans.We apply the standardassumptiorthat eachof our “natural” groupsis
Gaussian.This assumptioris not too limiting becauseave allow the numberof clustersto adjust
to our data,i.e., asidefrom nding the clusterswe also nd the numberof “Gaussian”clusters.In
Section3, we discussandpresenta solutionto nding the numberof clustersin conjunctionwith
featureselection We provide a brief descriptiorof EM clustering(theapplicationof EM to approx-
imatethe maximumlik elihoodestimateof a nite mixture of multivariateGaussiansin Appendix
A. Onecanobtaina detaileddescriptionof EM clusteringin (Fraley andRaftery,2000;McLach-
lan andKrishnan,1997). The Gaussiarmixture assumptiorimits the datato continuousvalued
attributes. However, the wrapperframevork canbe extendedto other mixture probability distri-
butions(McLachlanandBasford,1988; Titteringtonet al., 1985)andto otherclusteringmethods,
includinggraphtheoreticapproachegDudaetal., 2001;Fukunag, 1990;JainandDubes,1988).
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2.3 Feature SubsetSelectionCriteria

In this section,we investigate the featuresubsetevaluationcriteria. Here,we de ne what “inter-
estingness’means. Thereare two generalviews on this issue. Oneis that the criteria de ning
“interestingness{(featuresubsetselectioncriteria) shouldbe the criteria usedfor clustering. The
otheris thatthe two criterianeednot be the same.Using the samecriteriafor both clusteringand
featureselectionprovides a consistentheoreticaloptimizationformulation. Using two different
criteria, on the other hand, presentsa naturalway of combiningtwo criteria for checksand bal-
ancesProofonwhichview is betteris outsidethe scopeof this paperandis aninterestingopic for
futureresearchin this paperwelook attwo featureselectioncriteria(onesimilar to our clustering
criterionandthe otherwith a differentbias).

Recallthat our goal is to nd the featuresubsetthat bestdiscovers “interesting” groupings
from data. To selectan optimal featuresubsetwe needa measurdo assesglusterquality. The
choiceof performanceriterionis bestmadeby consideringhe goalsof the domain. In studiesof
performancecriteriaa commonconclusionis: “Dif ferentclassi cations[clusterings]areright for
differentpurposessowe cannotsayary oneclassi cationis best. —Hartigan,1985.

In this paperwe do notattemptto determinghebestcriterion (onecanreferto Millig an(1981)
on comparatie studiesof differentclusteringcriteria). We investicatetwo well-known measures:
scatterseparabilityandmaximumlik elihood. In this section we describesachcriterion,emphasiz-
ing theassumptionsnadeby each.

Scatter Separability Criterion: A propertytypically desiredamonggroupingsis clustersepa-
ration. We investigate the scattermatricesand separabilitycriteria usedin discriminantanalysis
(Fukunag, 1990)asour featureselectioncriterion. We chooseto explore the scatterseparability
criterion,becausé canbeusedwith ary clusteringmethod? Thecriteriausedn discriminantanal-
ysis assumehatthe featureswe areinterestedn arefeatureshatcangroupthe datainto clusters
thatareunimodalandseparable.

Sy is the within-classscattermatrix and S, is the betweenclassscattermatrix, andthey are
de ned asfollows:

k k
Sv = APEFX (X w)Tiwig= § p;S;; (1)
j:]. J:l
X
S = ap Moy Mo )
=1
X
Mo = EfXg= § pju; (3)

=1

wherep;j is the probability that an instancebelongsto clusterw;, X is a d-dimensionalrandom
featurevector representinghe data, k the numberof clusters,y; is the samplemeanvector of
clusterw;j, My is thetotal samplemean,S; is the samplecovariancematrix of clusterw;, andEf g
is the expectedvalueoperator

1. One canchooseto usethe non-parametricversionof this criterion measurgFukunag, 1990) for non-parametric
clusteringalgorithms.
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Sy measurefiow scatteredhe samplesarefrom their clustermeans. §, measurefiov scat-
teredthe clustermeansarefrom the total mean. We would lik e the distancebetweeneachpair of
sampledn a particularclusterto be assmall aspossibleandthe clustermeansto be asfar apart
aspossiblewith respecto the chosersimilarity metric (Euclideanjn our case).Amongthe mary
possibleseparabilitycriteria,we choosethetracgS,,'S,) criterionbecausét is invariantunderary
nonsingulatineartransformatior{(Fukunag, 1990). Transformationnvariancemeanghatoncem
featuresare chosen,ary nonsinguladinear transformatioron thesefeaturesdoesnot changethe
criterionvalue. This impliesthatwe canapply weightsto our m featuresor apply any nonsingular
linear transformatioror projectionto our featuresandstill obtainthe samecriterion value. This
makesthetracegS,'S,) criterion morerobust thanothervariants. S,'S, is S normalizedby the
averageclustercovariance Hence thelargerthevalueof tracgS,,'S) is, thelargerthenormalized
distancebetweerclusterds, whichresultsin betterclusterdiscrimination.

Maximum Lik elihood (ML) Criterion: By choosingeM clusteringwe assumehateachgroup-
ing or clusteris Gaussian.We maximizethe likelihood of our datagiven the parameterandour
model. Thus, maximumlikelihood (ML) tells us how well our model, herea Gaussiarmixture,
ts thedata.Becauseur clusteringcriterionis ML, a naturalcriterionfor featureselectionis also
ML. In this case,the “interesting” groupingsare the “natural” groupings,i.e., groupingsthat are
Gaussian.

3. The Needfor Finding the Number of Clusters (FSSEM-k)

Whenwe aresearchindgor the bestsubsebf featureswe runinto a nev problem:thatthe number
of clusters,k, dependsn the featue subset Figure5 illustratesthis point. In two dimensions
(shawvn ontheleft) therearethreeclusterswhereasn one-dimensiotishovn ontheright) thereare
only two clusters.Usinga x ed numberof clustersfor all featuresetsdoesnot modelthe datain
therespectie subspaceorrectly

X .
X Project
Q&Xg 2Dt
X x;;(x -
X XX X)S( 1D
KO Ky x (x-axis)
XX
X

Figure5: Thenumberof clustercomponentsarieswith dimension.

Unsupervisedlusteringis mademoredif cult whenwe do notknow the numberof clustersk.
To searcHor k for agivenfeaturesubsetFSSEM-kcurrentlyappliesBoumanetal. smethod(1998)
for meging clustersand addsa Bayesianinformation Criterion (BIC) (Schwarz, 1978) penalty
termto the log-likelihood criterion. A penaltyterm is neededecausahe maximumlikelihood
estimateincreasesas more clustersare used. We do not want to end up with the trivial result
whereineachdatapointis consideredisanindividual cluster Our new objectie functionbecomes:
F(k;F) = log(f(XjF)) %Llog(N) whereN is the numberof datapoints,L is the numberof free
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parameterén F, andlog( f (XjF)) isthelog-likelihoodof ourobseneddataX giventheparameters
F. NotethatL andF varywith k.

UsingBoumanetal.:s method(1998),we begin our searchor k with alargenumberof clusters,
Kmax andthensequentiallydecrementhis numberby oneuntil only oneclusterremains(a meige
method).Othermethodsstartfrom k= 1 andaddmoreandmoreclustersasneededsplit methods),
or performboth split andmeige operationgUedaet al., 1999). To initialize the parametersf the
(k 1)thmodel,two clustersrom thekth modelaremeiged. We choosehetwo clustersamongall
pairsof clustersin k, which whenmemgedgive the minimum differencebetweenF(k 1;F) and
F(k;F). Theparametevaluesthatarenotmeigedretaintheirvaluefor initializationof the(k  1)th
model. The parameter$or the meigedcluster(l andm) areinitialized asfollows:

k 1,0

pj = Pit+ Pm

Lll-( LO)  —  pi+Pmbn.

y PI* Pm ,k 1;(0) K 1,(0) k 1,(0) k 1,(0)
K LO PISHH K ) W ) D) p(Smt(Mm B T ) (B W )T

J P+ Pm !

wherethe superscripk 1 indicatesthek 1 clustermodelandthe superscrip{0) indicatesthe
rst iterationin this reducedordermodel. For eachcandidatek, we iterateEM until the change
in F(k;F) is lessthane (default 0.0001)or up to n (default 500) iterations.Our algorithmoutputs
the numberof clustersk, the parametersandthe clusteringassignmentthatmaximizethe F (k; F)

criterion(our modi ed ML criterion).

Therearemyriadwaysto nd the “optimal” numberof clustersk with EM clustering. These
methodscan be generallygroupedinto three cateyories: hypothesistestingmethods(McLachlan
and Basford, 1988), penalty methodslike AIC (Akaike, 1974),BIC (Schwarz, 1978) and MDL
(Rissanen,1983), and Bayesianmethodslike AutoClass(Cheesemarmand Stutz, 1996). Smyth
(1996)introduceda new methodcalled Monte Carlo cross-alidation(MCCV). For eachpossible
k value,the averagecross-alidatedlikelihoodon M runsis computed.Then,the k valuewith the
highestcross-alidatedlik elihoodis selected.In an experimentalevaluation, Smyth shaved that
MCCV andAutoClassfound k valuesthat were closerto the numberof classeshanthe k values
foundwith BIC for their datasets.We choseBoumanet al!s methodwith BIC, becauséMCCV is
morecomputationallyexpensve. MCCV hascompleity O(MKZ,,,0°NE), whereM is the number
of cross-alidationruns, Kmax is the maximumnumberof clustersconsideredd is the numberof
featuresN is thenumberof samplesaandE is theaveragenumberof EM iterations.The compleity
of Boumanet al's approachs O(K2,,,d?NEY. Furthermorefor k < Kmayx, We do not needto re-
initialize EM (becauseve meigedtwo clustersrom k+ 1) resultingin E°< E. Notethatin FSSEM,
we run EM for eachcandidatdeaturesubset.Thus,in featureselectionthetotal compl«ity is the
compleity of eachcompleteEM runtimesthe featuresearctspace Recently FigueiredcandJain
(2002)presentecnef cient algorithmwhich integratesestimationandmodelselectionfor nding
the numberof clustersusingminimum messagéength(a penaltymethod).It would be of interest
for futurework to examinetheseotherwaysfor nding k coupledwith featureselection.

4. Bias of Criterion Valuesto Dimension

Both featuresubsetselectioncriteria have biaseswith respecto dimension. We needto analyze
thesebiaseshecausen featuresubsetelectionwe comparehe criterion valuesfor subsetsf dif-
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ferentcardinality(correspondingo differentdimensionality).In Section5, we preseng solutionto
this problem.

4.1 Bias of the Scatter Separability Criterion

The separabilitycriterion prefershigherdimensionality;i.e., the criterion value monotonicallyin-
creasesisfeaturesareaddedassumingdenticalclusteringassignmenté~ukuna@, 1990;Narendra
andFukunag,1977).However, theseparabilitycriterionmaynotbemonotonicallyincreasingwith
respecto dimensionwhenthe clusteringassignmentshange.

Scatterseparabilityor the trace criterion prefershigher dimensionsjntuitively, becausalata
is more scatteredn higherdimensionsand mathematicallybecausanore featuresmeanadding
moretermsin thetracefunction. Obsere thatin Figure 6, featurey doesnot provide additional
discriminationto thetwo-clusterdataset. Yet, thetracecriterion prefersfeaturesubsef x; yg over
featuresubsef xg. Ideally, we wouldlik e thecriterionvalueto remainthesameif thediscrimination
informationis thesame.

y
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Figure6: An illustrationof scatterseparabilitys biaswith dimension.

Thefollowing simpleexampleprovidesuswith anintuitive understandingf this bias. Assume
thatfeaturesubsets; andfeaturesubsets, producedenticalclusteringassignmentss; S where
S andS, have d andd + 1 featuresrespectrely. Assumealsothatthe featuresare uncorrelated
within eachcluster Let Sy, andS,, bethewithin-classscatterandbetween-classcatterin dimen-
siond respectiely. To computetrace(Sth{lSOM) for d+ 1 dimensionswe simply adda positive
termto thetrace(s,\,dlsad) valuefor d dimensions.S,,,, andS,,,, in thed+ 1 dimensionakpace
arecomputedas

Sy 0
Swger = ‘2
ot 0 SWd+1
and
S 0
S)+ = ! 2
d+ 1 o de+1
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Since " #

o0
1o~ Sw :
S 0 - ’
Stige 1

52
trace( Syt , S,.,) Would betracg(S,'S,) + S;vd—*l Sinces{ ~ Oandsj, , > O, thetraceof the

d+ 1 clusteringwill alwaysbe greaterthan on elqualto traceof the d clusteringunderthe stated
assumptions.

The separabilitycriterion monotonicallyincreasesvith dimensioneven whenthe featuresare
correlatedaslong asthe clusteringassignmentsemainthe same.Narendraand Fukunag (1977)
provedthatacriterionof theform XJSd X4, whereXg is ad-columnvectorandS; isad  d positive
de nite matrix, monotonicallyincreasesvith dimension.They shovedthat

1
Xd 1St 17 XIS X CICT o)Xl (4)
where %
— 1 .
Xq= Xy
1. A C
ST T op

Xg 1 andC ared 1 columnvectors,xq andb arescalarsAisa(d 1) (d 1) matrix, and
the symbol: meansmatrix augmentation.We canshav thattrace(Slebd) canbe expressedas
a criterion of the form &7~ 1XJTde1X,d S, canbe expressedasaj 1Z,bdZJb whereZjy,, is ad-
columnvector:

k
traceS, S, trace(S,; & ZjbsZib,)
j=1

<|>< 1 T
= tracd @ Sy ZjbeZ]n,)
j=1

trace(SN Zip,Z de)

trace(Zy, Sy, Zjb);

a Q)o;\— T Qox

[y

sincetracgA, oBg p) = tracgBq pAp ) for ary rectangulamatricesA, ¢ andBg p.
BecauseZ}, Sy, Zjn, is scalar

k
race(ZdeSNdlebd) =a ZijdSszibd:
j=1

T Q_)o,\—

Sinceeachterm monotonicallyincreasewith dimension,the summationalso monotonicallyin-
creasesvith dimension.Thus,the scatterseparabilitycriterionincreasesvith dimensionassuming
the clusteringassignmentsemainthe same.This meanghatevenif the new featuredoesnot facil-
itate nding new clustersthecriterionfunctionincreases.
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4.2 Bias of the Maximum Lik elihood (ML) Criterion

Contraryto nding the numberof clustersproblem,whereinML increasegsthe numberof model
parameter¢k) is increasedin featuresubseselection ML preferslowerdimensionsin nding the
numberof clusterswetry to t thebestGaussiammixtureto thedata. The datais x edandwe try
to t ourmodelasbestaswe can.In featureselectiongivendifferentfeaturespacesye selectthe
featuresubsethatis bestmodeledby a Gaussiamixture.

This biasproblemoccursbecauseve de ne likelihoodasthelik elihoodof thedatacorrespond-
ing to the candidatdeaturesubset(seeEquation10 in AppendixB). To avoid this bias,the com-
parisoncanbebetweenwo complete(relevantandirrelevantfeaturesncluded)modelsof thedata.
In this caselikelihoodis de ned suchthatthe candidaterelevant featuresare modeledas depen-
dentontheclustersandtheirrelevantfeaturesaremodeledashaving no dependencenthecluster
variable. The problemwith this approachs the needto de ne a modelfor theirrelevantfeatures.
Vaithyanatharand Dom usesthis for documentclustering(Vaithyanatharand Dom, 1999). The
multinomialdistribution for therelevantandirrelevantfeaturess anappropriatenodelfor text fea-
turesin documentlustering.In otherdomainsde ning modelsfor theirrelevantfeaturesmay be
dif cult. Moreover, modelingirrelevant featuresmeansmore parameterso predict. This implies
thatwe still work with all the featuresandaswe mentionedearliet algorithmsmay breakdown
with highdimensionswe maynothave enoughdatato predictall modelparametersOnemayavoid
this problemby addingthe assumptiorof independencamongirrelevant featuresvhich may not
betrue. A poorly- tting irrelevantfeaturedistribution may causethe algorithmto selecttoo mary
features. Throughoutthis paper we usethe maximumlik elihood de nition only for the relevant
features.

For a x ed numberof samplesML preferslower dimensions.The problemoccurswhenwe
compardeaturesetA with featuresetB whereinsetA is asubsebf setB, andthe joint probability
of asinglepoint (x;y) is lessthanor equalto its maiginal probability (). For sequentiakearches,
this canleadto thetrivial resultof selectingonly a singlefeature.

ML preferslower dimensiondor discreterandomfeatures.Thejoint probability massfunction
of discreterandomvectorsX andY is p(X;Y) = p(YjX)p(X). Since0 p(YjX) 1, p(X;Y) =
p(YiX)p(X) p(X). Thus,p(X) is alwaysgreaterthanor equalto p(X;Y) for ary X. Whenwe
dealwith continuousandomvariablesasin this paperthede nition, f(X;Y) = f(YjX) f(X) still
holds,wheref( ) is now the probabilitydensityfunction. f (YjX) is alwaysgreaterthanor equalto
zero.However, f(YjX) canbegreateithanone. Themamginal densityf(X) is greatetthanor equal
to thejoint probability f(X;Y) iff f(YjX) 1.

Theorem4.1 For a nite multivariateGaussiarmixture, assumingdenticalclusteringassignments
for featuie subsetd andB with dimensionglg  da, ML(FA) ML(Fp) iff

CNk) jSajj 1
=1 15Aj (2pe)(ds )’

wheee F 5 representghe parametes and Sy, is thecovariancematrix modellingcluster | in featue
subset, p; is themixture proportionof cluster j, andk is the numberof clustes.
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Corollary 4.1 For a nite multivariate Gaussianmixture, assumingidentical clusteringassign-
mentsfor feature subsetX and(X;Y), whee X andY aredisjoint, ML(F x) ML(F xy) iff

K
X . 1
Sy SyxSxxSxvit ;
91 XX (2pe)%
. Lo . Sxx SXY . . L
whele the covariancematrix in feature subse(X;Y) is Syx Sy , anddy is thedimensionn
X Y

Y.

We prove Theoremd.1landCorollary4.1in AppendixB. Theorem4.1andCorollary4.1reveal
the dependenciesf comparingthe ML criterionfor differentdimensionsNotethateachjth com-
ponentof the left handsideterm of Corollary 4.1 is the determinanof the conditionalcovariance
of f(Y]jX). This covariancetermis the covarianceof Y eliminatingthe effectsof the conditioning
variableX, i.e., the conditionalcovariancedoesnot dependon X. Theright handsideis approx-
imately equalto (0:06)%. This meansthatthe ML criterionincreasesvhenthe featureor feature
subsetto be added(Y) hasa generalizedrariance(determinanbf the covariancematrix) smaller
than(0:06)% . Ideally, we would lik e our criterionmeasurgo remainthe samewhenthe subsetse-
vealthesameclusters Evenwhenthefeaturesubsetsevealthesamecluster Corollary4.1informs
usthatML decreasesr increaseslependingon whetheror notthe generalizedrarianceof the new
featureds greaterthanor lessthana constantespectiely.

5. Normalizing the Criterion Values: Cross-Pojection Method

Theargumentsrom the previoussectionillustratethatto applythe ML andtracecriteriato feature
selection,we needto normalizetheir valueswith respectto dimension. A typical approachto

normalizations to divide by a penaltyfactor For example for thescattercriterion,we coulddivide

by the dimensiond. Similarly for the ML criterion, we could divide by @ But, @ would
notremove the covariancetermsdueto theincreasen dimension.We couldalsodivide log ML by

d, or divide only the portionsof thecriterionaffectedby d. Theproblemwith dividing by a penalty
is thatit requiresspeci cationof a differentmagicfunctionfor eachcriterion.

Theapproachwe take is to projectour clustersto the subspacethatwe arecomparing.Given
two featuresubsetsS, andS, of differentdimensionclusteringour datausingsubsetS; produces
clusterC;. In the sameway, we obtainthe clusteringC, usingthe featuresin subsetS,. Which
featuresubset,S, or $, enablesus to discover betterclusters? Let CRIT(S;C)) be the feature
selectiorcriterionvalueusingfeaturesubsef§ to representhedataandC; astheclusteringassign-
ment.CRIT () representgitherof the criteriapresentedn Section2.3. We normalizethe criterion
valuefor §;, C; as

normalizedvalug(S;;C1) = CRIT(S1;C1) CRIT(S;Cy);
and,thecriterionvaluefor S, C, as
normalizedvalug($;C) = CRIT(S;C,) CRIT(S;C)):

If normalizedvalug(S;Gi) > normalizedvalug(S;;Cj), we choosdeaturesubsetS. Whenthenor
malizedcriterionvaluesareequalfor § andS;, we favor thelower dimensionafeaturesubset.The
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choiceof aproductor sumoperations arbitrary Takingthe productwill besimilarto obtainingthe
geometriaonean,anda sumwith anarithmeticmean.ln generalpneshouldperformnormalization
basednthesemantic®f thecriterionfunction. For example,geometrianeanwould beappropriate
for likelihoodfunctions,andanarithmeticmeanfor thelog-likelihood.

Whentheclusteringassignmentgesultingfrom differentfeaturesubsetsS; andS;, areidentical
(i.e.,Cy = Cp), thenormalizedvalug(S;;C;) would be equalto thenormalizedvalug(S;; Cy), which
is whatwe want. More formally:

Proposition1 GiventhatC; = C,, equalclusteringassignmentdpr two differentfeature subsets,
S and$;, thennormalizedvalug(S;;Cy1) = normalizedvalug($,; Cy).

Proof: Fromthede nition of normalizedvalug( ) we have
normalizedvalugS;;C;) = CRIT(S;C1) CRIT(S;Cy):

SubstitutingCy = Cy,

normalizedvalug(S;;Cq) CRIT(S;C) CRIT(S;C):

normalizedvalug($;Cy): O

To understandvhy cross-projectiomormalizationremovessomeof the biasintroducedby the
differencein dimension,we focus on normalizedvalug(S;;C;). The commonfactoris C; (the
clustersfound usingfeaturesubsets;). We measurdhe criterion valueson both featuresubsetgo
evaluatethe clustersC;. Sincethe clustersare projectedon both featuresubsetsthe biasdueto
datarepresentatiomnddimensionis diminished. The normalizedvalue focuseson the quality of
theclustersobtained.

For example,in Figure 7, we would like to seewhethersubsetS; leadsto betterclustersthan
subsetS;,. CRIT(S;Cy) andCRIT(S;Cy) give the criterion valuesof S; and S, for the clusters
found in thosefeaturesubspace¢seeFigures7aand7b). We projectclusteringC; to & in Fig-
ure 7c andapplythecriterionto obtainCRIT ($;Cy1). Similarly, we projectC, to featurespaceS;
to obtainthe resultshavn in Figure 7d. We measurdahe resultasCRIT(S;;C,). For example,if
ML(S;Cy) is the maximumlikelihoodof the clustersfound in subsetS; (usingEquationl0, Ap-
pendixB),? thento computeML(Sy; C1), we usethe sameclusterassignmentsGy, i.e., the Elz;]'s
(the membershigprobabilities)for eachdatapoint x; remainthe same. To computeML($;;Cy),
we apply the maximization-stefieM clusteringupdateequationgEquations7-9 in AppendixA to
computethe modelparameterin theincreasedeaturespaceS; = f F; Fsg.

Sincewe projectdatain bothsubsetsywe areessentiallycomparingeriteriain the samenumber
of dimensions. We are comparingCRIT(S;;C;) (Figure 7a) with CRIT (S;C,) (Figure 7d) and
CRIT(S;Cy) (Figure7c)with CRIT(S;;C,) (Figure7b). In thisexample,normalizedracechooses
subsels,, becausehereexistsa betterclusterseparationn bothsubspacessingC, ratherthanC;.
NormalizedML also choosessubsetS,. C, hasa better Gaussiammixture t (smallervariance
clusters)in bothsubspace@~igures7b andd) thanC; (Figures7aandc). Notethatthe underlying

2. Onecancomputethe maximumlog-likelihood,log ML, ef ciently asQ(F;F)+ H(F;F) by applyingLemmaB.1
andEquation16 in AppendixB. LemmaB.1 expresseshe Q( ) in termsonly of the parameteestimates Equation
16, H(F;F), is the clusterentrogy which requiresonly the E[z] values. In practice,we work with log ML to
avoid precisionproblems. The productnormalizedvalug( ) functionthenbecomedog normalizedvalug(S;;G) =
log ML(S;Ci) + log ML(S;;C)).
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Figure7: lllustrationonnormalizingthecriterionvalues.To comparesubsetsS; andS,, we project
theclusteringresultsof S;, we call C; in (a),to featurespaceS, asshovnin (¢). We also
projectthe clusteringresultsof S, C; in (b), onto featurespaceS; as shavn in (d).
In (a),tr(S;;Cy) = 6:094, ML(S;;Cy) = 1:9 10 ©4 andlogML(S;;C1) = 1467. In
(b), tr(S;C) = 9:390, ML(S;Cy) = 45 10 %2 andlogML(S;;Cp) = 2794. In
(€), tr($;Cy) = 6:853, ML(S;C1) = 3:6 10 %7, andlogML(S;Cy) = 337:2. In
(d), tr(Sy;Co) = 7:358, ML(S;;Co) = 221 10 %4 andlogML(S;;Cy) = 1466. We
evaluatesubsetS; with normalizedtr(S;;C1) = 4176 and subsetS, with normalized
tr(S;C,) = 69:09. In thesameway, usingML, thenormalizedvaluesare:6:9 10 211
for subsetS; and9:4 10 186 for subsetS,. With log ML, the normalizedvaluesare:

4839 and 4260 for subsetss; andS, respectiely.

assumptiorbehindthis normalizationschemeis that the clustersfound in the new featurespace
should be consistentwith the structureof the datain the previous featuresubset. For the ML
criterion, this meangshatC; shouldmodelS; andS, well. For thetracecriterion, this meansthat
theclustersC; shouldbewell separateth bothS; andS,.
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6. Experimental Evaluation

In ourexperimentsye 1) investigatewhetherfeatureselectioreadsto betterclusterghanusingall
thefeatures?) examinetheresultsof featureselectionwith andwithout criterionnormalization 3)
checkwhetheror not nding thenumberof clustershelpsfeatureselectionand4) comparghe ML
andthetracecriteria. We rst presenexperimentswith syntheticdataandthena detailedanalysis
of theFSSEMvariantsusingfour real-world datasets.In thissectionwe rst describeoursynthetic
Gaussiamata,our evaluationmethoddgor thesyntheticdata,andour EM clusteringmplementation
details.We thenpresentheresultsof our experimentsonthe syntheticdata.Finally, in Section6.5,
we presenfanddiscussexperimentswith threebenchmarknachingearningdatasetsandonenew
realworld dataset.

6.1 Synthetic GaussianMixtur e Data

5-class problem 5-class and 15 relevant features problem

feature 18

(©) (d) (e)
Figure8: SyntheticGaussiardata.

To understandhe performancef ouralgorithm,we experimentwith ve setsof syntheticGaus-
sianmixture data. For eachdatasetwe have “relevant” and“irrelevant” featureswhererelevant
meansthat we createdour k componentmixture model using thesefeatures. Irrelevant features
aregeneratechs Gaussiamormalrandomvariables.For all - ve syntheticdatasets,we generated
N = 500datapointsandgeneratedlustershatareof equalproportions.
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2-class,2 relevant featuresand 3 noisefeatures: The rst dataset(shavn in Figure8a) consists
of two Gaussiarclusters,both with covariancematrix, S; = S, = | andmeansy, = (0;0)
and p = (0;3). This is similar to the two-classdataset usedby (Smyth, 1996). There
is considerableoverlap betweenthe two clusters,andthe threeadditional“noise” features
increasdhedif culty of theproblem.

3-class,2 relevant featuresand 3 noisefeatures: The seconddatasetconsistof threeGaussian
clustersandis shown in Figure8b. Two clustershave meansat (0;0) but the covariance
matricesare orthogonalto eachother The third clusteroverlapsthe tails on the right side
of the othertwo clusters.We addthreeirrelevantfeaturego the three-classlatasetusedby
(Smyth,1996).

4-class,2 relevant featuresand 3 noisefeatures: Thethird dataset(Figure8c) hasfour clusters
with meansat(0;0), (1;4), (5;5) and(5; 0) andcovariancegqualto | . We addthreeGaussian
normalrandom‘noise” features.

5-class,5 relevant featuresand 15 noisefeatures: For the fourth dataset, thereare twenty fea-
tures,butonly vearerelevant(featured 1,10,18,19,20g). Thetruemeangiweresampled
from a uniform distributionon[ 5;5]. The elementf the diagonalcovariancematricess
weresampledrom auniformdistributionon[0:7; 1:5] (Fayyadetal., 1998).Figure8d shavs
the scattemplot of thedatain two of its relevantfeatures.

5-class,15relevant featuresand 5 noisefeatures: The fth dataset(Figure8e shavn in two of
its relevantfeatureshastwentyfeatureswith fteen relevantfeatured 1,2, 3,5, 8,9, 10,11,
12,13,14,16,17,18, 20g. Thetrue meansu weresampledirom a uniform distribution on
[ 5;5]. Theelementf the diagonalcovariancematricess were sampledfrom a uniform
distributionon[0:7; 1.5] (Fayyadetal., 1998).

6.2 Evaluation Measures

We would like to measureour algorithm's ability to selectrelevantfeaturesto correctlyidentify k,
andto nd structurein thedata(clusters).Thereareno standardneasure$or evaluatingclustersn
theclusteringditerature(JainandDubes,1988).Moreover, no singleclusteringassignmentor class
label) explainsevery application(Hartigan, 1985). Neverthelessywe needsomemeasuref perfor
mance.Fisher(1996) providesanddiscussedlifferentinternalandexternalcriteriafor measuring
clusteringperformance.

Sincewe generatedhe syntheticdata,we know the “true' clusterto which eachinstancebe-
longs. This “true’ clusteris the componenthat generateshat instance. We refer to these true’
clustersasour known “class'labels.Althoughwe usedthe classlabelsto measurghe performance
of FSSEM wedid notusethisinformationduringtraining(i.e.,in selectingeeaturesanddiscovering
clusters).

Cross-\alidated ClassErr or: We de ne classerror asthe numberof instancesnisclassi eddi-
vided by the total numberof instances We assigneachdatapoint to its mostlikely cluster
andassigneachclusterto a classbasedon examiningthe classlabelsof the training dataas-
signedto eachclusterandchoosingthe majority class.Sincewe have thetrue clusterlabels,
we cancomputeclassi cationerror Oneshouldbe carefulwhencomparingclusteringswith
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differentnumberof clustersusingtrainingerror. Classerrorbasedntrainingdecreasewith

anincreasan the numberof clusters,k, with the trivial resultof 0% error wheneachdata
pointis a cluster To amelioratethis problem,we useten-fold cross-alidationerror. Ten-
fold cross-walidationrandomlypartitionsthe datasetinto ten mutually exclusive subsetsWe
considereachpartition (or fold) asthe testsetandthe restasthe training set. We perform
featureselectionand clusteringon the training set,and computeclasserror on the test set.
For eachFSSEMvariant,thereportederroris theaverageandstandardieviation valuesfrom

theten-fold cross-alidationruns.

BayesErr or: Sincewe know the true probability distributionsfor the syntheticdata,we provide
theBayeserror(Dudaetal.,2001)valuesto give usthelowestaverageclasserrorrateachies-
ablefor thesedatasets. Insteadof a full integration of the errorin possiblydiscontinuous
decisionregionsin multivariatespacewe computethe Bayeserrorexperimentally Usingthe
relevant featuresandtheir true distributions, we classifythe generatediatawith an optimal
Bayesclassi er andcalculatethe error.

To evaluatethe algorithm’s ability to select‘relevant” featureswe reportthe averagenumber
of featuresselectedandthe averagefeaturerecallandprecision.Recallandprecisionareconcepts
from text retrieval (SaltonandMcGill, 1983)andarede ned hereas:

Recall: thenumberof relevantfeaturesn theselectedgubsetlividedby thetotalnumberof relevant
features.

Precision: the numberof relevant featuresin the selectedsubsetdivided by the total numberof
featuresselected.

Thesemeasuregive us anindicationof the quality of the featuresselected.High valuesof preci-

sionandrecallaredesired.Featureprecisionalsosenesasa measuref how well our dimension
normalizationscheme(a.k.a. our stoppingcriterion) works. Finally, to evaluatethe clusteringal-

gorithm's ability to nd the“correct” numberof clusterswe reportthe averagenumberof clusters
found.

6.3 Initializing EM and Other Implementation Details

In the EM algorithm,we startwith aninitial estimateof our parameters: (9, andtheniterateusing

the updateequationsuntil corvergence Notethat EM is initialized for eat new feature subset.
The EM algorithmcangetstuckat alocal maximum,hencetheinitialization valuesareimpor-

tant. We usedthe sub-samplingnitialization algorithmproposedy Fayyadetal. (1998)with 10%

initialized. We run k-meangDudaetal., 2001)on thesesub-samplesot permittingemptyclusters
(i.e.,whenanemptyclusterexistsattheendof k-meanswe resethe emptyclusters meanequalto
the datafurthestfrom its clustercentroid,andre-runk-means).Eachsub-sampleesultsin a setof

thelikelihoodof CM asourinitial clusters.
After initializing the parametersiEM clusteringiteratesuntil corvergence(i.e., the likelihood
doesnot changeby 0:0001) or up to n (default 500) iterationswhichever comes rst.  We limit
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the numberof iterationsbecausd=M corvergesvery slovly neara maximum.We avoid problems
with handlingsingularmatricesby addinga scalar(d = 0:00000% 2, wheres? is the averageof the

varianceof the unclustereddata)multiplied to the identity matrix (dl) to eachof the component
covariancematricesS;. Thismakesthe nal matrix positve de nite (i.e.,all eigervaluesaregreater
thanzero)andhencenonsingularWe constrairour solutionaway from spuriousclustersy deleting

clusterswith ary diagonalelementequalto or lessthand.

6.4 Experiments on GaussianMixtur e Data

We investicate the biasesand comparethe performanceof the differentfeatureselectioncriteria.
We referto FSSEMusingthe separabilitycriterion asFSSEM-TRandusingML asFSSEM-ML.
Aside from evaluatingthe performancenf thesealgorithms we alsoreportthe performancesf EM
(clusteringusing all the features)to seewhetheror not featureselectionhelpedin nding more
“interesting” structureg(i.e., structureghat reveal classlabels). FSSEMandEM assumea x ed
numberof clusters,k, equalto the numberof classes. We referto EM clusteringand FSSEM
with nding the numberof clustersasEM-k and FSSEM-krespectirely. Due to clarity purposes
andspaceconstraintswe only presentherelevanttableshere. We reportthe resultsfor all of the
evaluationmeasurepresentedn Section6.2in (Dy andBrodley, 2003).

6.4.1 ML VERSUS TRACE

We comparethe performancef the differentfeatureselectioncriteria(FSSEM-k-TRandFSSEM-
k-ML) on our syntheticdata. We useFSSEM-kratherthan FSSEM,becauseection6.4.3shovs
thatfeatureselectiorwith nding k (FSSEM-k)is betterthanfeatureselectiorwith x edk (FSSEM).
Table1 shows the cross-alidated(CV) errorandaveragenumberof clustersresultsfor traceand
ML onthe vedatasets.

PercenCV Error
Method 2-Class 3-Class 4-Class | 5-Classh-Feat.| 5-Class15-Feat.
FSSEM-k-TR| 4.6 2.0|214 06.0| 42 23 30 1.8 0.0 0.0
FSSEM-k-ML | 55.6 3.9 | 548 174|794 6.1 84.0 4.1 78.2 6.1
AverageNumberof Clusters
Method 2-Class 3-Class 4-Class | 5-Classh-Feat.| 5-Class15-Feat.
FSSEM-k-TR| 2.0 0.0 30 0.0 40 0.0 50 0.0 50 0.0
FSSEM-k-ML | 1.0 0.0 1.4 08| 1.0 0.0 1.0 0.0 1.0 0.0

Tablel: Cross-alidatederrorandaveragenumberof clustersfor FSSEM-k-TRversusFSSEM-k-
ML appliedto the simulatedGaussiaimmixture data.

FSSEM-k-TRperformedbetterthan FSSEM-k-ML in termsof CV error. Trace performed
betterthanML, becausdt selectedhefeatureswith high clusterseparationML preferredfeatures
with low variance Whenthevarianceof eachclusteris thesameML preferghefeaturesubsetvith
fewer clustergwhich happengo beour noisefeatures).This biasis re ected by anaveragefeature
recallof 0:04. FSSEM-k-TR ontheotherhand,wasbiasedtoward separablelustersdenti ed by
our de ned relevantfeaturesre ected by anaveragefeaturerecall of 0:8.
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6.4.2 RAaw DATA VERSUS STANDARDIZED DATA

In the previous subsectionML performedworsethantrace for our syntheticdata, becauseviL
prefersfeatureswith low varianceandfewer clusters(our noisefeatureshave lower variancethan
the relevant features). In this subsectionwe investicgate whetherstandardizinghe datain each
dimension(i.e., normalizingeachdimensionto yield a varianceequalto one)would eliminatethis
bias. Standardizinglatais sometimegioneasa pre-processingtepin dataanalysisalgorithmsto
equalizethe weight contributedby eachfeature. We would alsolik e to know how standardization
affectsthe performancef the otherFSSEMvariants.

Let X be arandomdatavectorandX; (f = 1:::d) be the elementsof the vector whered is
the numberof features.We standardizeX by dividing eachelementby the correspondindeature
standardleviation (X;=s {, wheres ; is the standardleviation for featuref).

Table2 reportsthe CV error. Additional experimentakesultscanbefoundin (Dy andBrodley,
2003). Aside from the FSSEMvariants,we examinethe effect of standardizingdataon EM-K,
clusteringwith nding thenumberof clusterausingall thefeatures We representhecorresponding
varianton standardizediatawith the sufx “-STD”. Theresultsshov thatonly FSSEM-k-ML is
affectedby standardizinglata. Thetracecriterion computeghe between-classcattemormalized
by the averagewithin-classscatterandis invariantto ary lineartransformationSincestandardizing
datais alineartransformationthetracecriterionresultsremainunchanged.

StandardizinglataimprovesML's performancelt eliminatesML's biasto lower overall vari-
ancefeatures. Assumingequalvarianceclusters,ML prefersa single Gaussiarclusterover two
well-separatedsaussiarclusters. But, after standardizationthe two Gaussiarnclustersbecome
morefavorablebecauseachof the two clustersnow haslower variance(i.e., higherprobabilities)
thanthe single clusternoisefeature. Obsenre that whenwe now compareFSSEM-k-TR-STDor
FSSEM-k-TRwith FSSEM-k-ML-STD,the performances similar for all our datasets. These
resultsshav that scaleinvarianceis animportantpropertyfor a featureevaluationcriterion. If a
criterionis not scaleinvariantsuchas ML, in this case pre-processingpy standardizinghe data
in eachdimensionis necessaryScaleinvariancecanbeincorporatedo the ML criterion by mod-
ifying the function aspresentedn (Dy andBrodley, 2003). Throughoutthe restof the paper we
standardiz¢he databeforefeatureselectionandclustering.

PercenCV Error

Method 2-Class 3-Class 4-Class | 5-Class5-Feat.| 5-Class15-Feat.
FSSEM-k-TR 46 201|214 06.0| 42 23 3.0 1.8 0.0 0.0
FSSEM-k-TR-STD| 46 2.0| 216 054| 40 20 3.0 18 0.0 0.0
FSSEM-k-ML 556 3.9|548 174|794 6.1 84.0 4.1 78.2 6.1
FSSEM-k-ML-STD| 4.8 18| 214 051| 40 22 152 7.3 0.0 0.0
EM-k 55,6 39| 63.6 06.0| 486 9.5 84.0 4.1 554 5.5
EM-k-STD 55,6 39| 63.6 06.0| 486 9.5 84.0 4.1 56.2 6.1

Table2: PercentCV errorof FSSEMvariantson standardize@ndraw data.

6.4.3 FEATURE SEARCH WITH FIXED k VERSUS SEARCH FOR Kk

In Section3, weillustratedthatdifferentfeaturesubsethave differentnumberof clustersandthat
to modelthe clustersduring featuresearchcorrectly we needto incorporate nding the number
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of clusters)k, in our approach.In this section,we investicatewhether nding k yields betterper

formancethanusinga x ednumberof clusters.We representhe FSSEMandEM variantsusinga
x ednumberof clustergequalto theknown classesasFSSEMandEM. FSSEM-kandEM-k stand
for FSSEMandEM with searchindgor k. Tables3 and4 summarizehe CV error, averagenumber
of cluster featureprecisionandrecall resultsof the differentalgorithmson our ve syntheticdata
sets.

PercenCV Error

Method 2-Class 3-Class 4-Class | 5-Classh-Feat.| 5-Class15-Feat.
FSSEM-TR-STD 44 020|376 056| 7.4 11.0 21.2 20.7 14.4 22.2
FSSEM-k-TR-STD| 4.6 02.0| 21.6 05.4| 4.0 020 3.0 01.8 0.0 00.0
FSSEM-ML-STD 78 055|228 06.6| 3.6 01.7 15.4 09.5 48 07.5
FSSEM-k-ML-STD| 4.8 01.8|21.4 05.1| 4.0 022 15.2 07.3 0.0 00.0
EM-STD 224 15.1| 30.8 13.1| 23.2 10.1 48.2 075 10.2 11.0
EM-k-STD 55.6 03.9| 63.6 06.0| 48.6 09.5 84.0 04.1 56.2 06.1
Bayes 54 00.0|20.4 00.0| 3.4 00.0 0.8 00.0 0.0 00.0

AverageNumberof Clusters

Method 2-Class 3-Class 4-Class 5-Class5-Feat.| 5-Class15-Feat.
FSSEM-TR-STD x edat?2 x edat3 X edat4 x edatb x edatb
FSSEM-k-TR-STD 20 0.0 3.0 0.0 40 0.0 50 0.0 50 0.0
FSSEM-ML-STD x edat2 x edat3 X edat4 x edathb x edath
FSSEM-k-ML-STD 20 0.0 3.0 0.0 40 0.0 42 04 50 0.0
EM-STD x edat?2 x edat3 x edat4 x edath x edath
EM-k-STD 1.0 0.0 1.0 0.0 20 0.0 1.0 0.0 21 0.3

Table3: PercentCV error and averagenumberof clusterresultson FSSEMandEM with x ed
numberof clustersversusnding the numberof clusters.

Looking rst atFSSEM-k-TR-STDcomparedo FSSEM-TR-STDwe seethatincludingorder
identi cation (FSSEM-k-TR-STD)with featureselectionresultsin lower CV error for thetrace
criterion. For all datasetsexceptthe two-classdata, FSSEM-k-TR-STDhad signi cantly lower
CV errorthanFSSEM-TR-STD Adding the searchor k within the featuresubseselectionsearch
allows thealgorithmto nd therelevantfeatureqanaverageof 0:796 featurerecallfor FSSEM-k-
TR-STDversus0:656for FSSEM-TR-STDY Thisis becauséhe bestnumberof clustersdepends
on the choserfeaturesubset.For example,on closerexamination,we notedthaton thethree-class
problemwhenk is x edatthree,theclustersformedby featurel arebetterseparatethanclusters
thatareformedby featuresl and 2 together As a consequence; SSEM-TR-STDdid not select
feature2. Whenk is madevariableduringthefeaturesearchFSSEM-k-TR-STDnds two clusters
in featurel. Whenfeature2 is consideredvith featurel, threeor moreclustersarefoundresulting
in higherseparability

In the sameway, FSSEM-k-ML-STDwasbetterthan xing k, FSSEM-ML-STD,for all data
setsin termsof CV error exceptfor the four-classdata. FSSEM-k-ML-STD performedslightly
betterthan FSSEM-ML-STDfor all the datasetsin termsof featureprecisionandrecall. This

3. Notethattherecallvalueis low for the ve-classfteen-featuresdata.Thisis becaussomeof the“relevant” features
areredundanasre ected by the0:0% CV errorobtainedoy our featureselectionalgorithms.
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AverageFeaturePrecision
Method 2-Class 3-Class 4-Class | 5-Classh-Feat.| 5-Class]15-Feat.
FSSEM-TR-STD 0.62 0.26| 0.56 0.24| 0.68 0.17 0.95 0.15 1.00 0.00
FSSEM-k-TR-STD | 0.57 0.23| 0.65 0.05| 0.53 0.07 1.00 0.00 1.00 0.00
FSSEM-ML-STD | 0.24 0.05| 0.52 0.17| 0.53 0.10 0.98 0.05 1.00 0.00
FSSEM-k-ML-STD| 0.33 0.00| 0.67 0.13| 0.50 0.00 1.00 0.00 1.00 0.00
EM-k 0.20 0.00| 0.20 0.00| 0.20 0.00 0.25 0.00 0.75 0.00
EM-k-STD 0.20 0.00| 0.20 0.00| 0.20 0.00 0.25 0.00 0.75 0.00
AverageFeatureRecall
Method 2-Class 3-Class 4-Class | 5-Classh-Feat.| 5-Class15-Feat.
FSSEM-TR-STD 1.00 0.00| 0.55 0.15| 0.95 0.15 0.46 0.20 0.32 0.19
FSSEM-k-TR-STD| 1.00 0.00| 1.00 0.00| 1.00 0.00 0.62 0.06 0.36 0.13
FSSEM-ML-STD 1.00 0.00| 1.00 0.00| 1.00 0.00 0.74 0.13 0.41 0.20
FSSEM-k-ML-STD| 1.00 0.00| 1.00 0.00| 1.00 0.00 0.72 0.16 051 0.14
EM-k 1.00 0.00| 1.00 0.00| 1.00 0.00 1.00 0.00 1.00 0.00
EM-k-STD 1.00 0.00| 1.00 0.00| 1.00 0.00 1.00 0.00 1.00 0.00

Table4: Averagefeatureprecisionandrecall obtainedby FSSEMwith a x ednumberof clusters
versusF<SSEMwith nding thenumberof clusters.

shaws thatincorporating nding k helpsin selectingthe “relevant” features.EM-STD hadlower
CV errorthanEM-k-STD dueto prior knowledgeaboutthe correctnumberof clusters.Both EM-
STDandEM-k-STD hadpoorerperformancehanFSSEM-k-TR/ML-STD becausef theretained

noisyfeatures.

6.4.4 FEATURE CRITERION

NORMALIZATION VERSUS WITHOUT NORMALIZATION

PercenCV Error

Method 2-Class 3-Class 4-Class | 5-Classbh-Feat.| 5-Class]15-Feat.
FSSEM-k-TR-STD-notnorm| 4.6 2.0| 234 6.5 42 2.3 26 1.3 0.0 0.0
FSSEM-k-TR-STD 46 20| 216 54 40 2.0 3.0 18 0.0 0.0
FSSEM-k-ML-STD-notnorm| 4.6 2.2| 36.2 42| 482 9.4 63.6 4.9 46.8 6.2
FSSEM-k-ML-STD 48 1.8 214 5.1 40 22 15.2 7.3 0.0 0.0
Bayes 54 0.0| 204 0.0 34 0.0 0.8 0.0 0.0 0.0

AverageNumberof FeaturesSelected

Method 2-Class 3-Class 4-Class | 5-Classbh-Feat.| 5-Class]15-Feat.
FSSEM-k-TR-STD-notnorm| 2.30 0.46 | 3.00 0.00| 3.90 0.30 3.30 0.46 9.70 0.46
FSSEM-k-TR-STD 2.00 0.63| 3.10 0.30| 3.80 0.40 3.10 0.30 540 1.96
FSSEM-k-ML-STD-notnorm| 1.00 0.00| 1.00 0.00| 1.00 0.00 1.00 0.00 1.00 0.00
FSSEM-k-ML-STD 3.00 0.00| 3.10 0.54| 4.00 o0.00 3.60 0.80 7.70 2.10

Table5: PercentCV errorandaveragenumberof featuresselectecoy FSSEMwith criterion nor-
malizationversuswithout.
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Table 5 presentghe CV error and averagenumberof featuresselectedby featureselection
with cross-projectiorcriterion normalizationversuswithout (thosewith sufx “notnorm”). Here
andthroughoutthe paper we refer to normalizationas the featurenormalizationscheme(cross-
projectionmethod)describedn Section5. For thetracecriterion, without normalizationdid not
affect the CV error However, normalizationachieved similar CV error performanceusing fewer
featuresthan without normalization. For the ML criterion, criterion normalizationis de nitely
needed. Note that without, FSSEM-k-ML-STD-notnormselectedonly a single featurefor each
datasetresultingin worseCV errorperformancehanwith normalization(exceptfor thetwo-class
datawhich hasonly onerelevantfeature).

6.4.5 FEATURE SELECTION VERSUS WITHOUT FEATURE SELECTION

In all casesfeatureselection(FSSEM,FSSEM-k)obtainedbetterresultsthanwithout featurese-
lection (EM, EM-k) asreportedin Table3. Note thatfor our datasets,the noisefeaturesmisled
EM-k-STD, leadingto fewer clustershanthe“true” k. Obsene toothatFSSEM-kwasableto nd
approximatelythetrue numberof clusterdfor the differentdatasets.

In this subsectionwe experimenton the sensitvity of the FSSEMvariantsto the numberof
noisefeatures. Figures9a-eplot the cross-alidation error, averagenumberof clusters,average
numberof noisefeaturesfeatureprecisionandrecall respectiely of featureselection(FSSEM-k-
TR-STD and FSSEM-k-ML-STD)andwithout featureselection(EM-k-STD) as more and more
noisefeaturesareaddedo thefour-classdata.Notethatthe CV errorperformanceaveragenumber
of clustersaveragenumberof selectedeaturesandfeaturerecallfor thefeatureselectioralgorithms
aremoreor lessconstanthroughoutandareapproximatelyequalto clusteringwith no noise. The
featureprecisionandrecall plotsrevealthatthe CV error performancef featureselectionwasnot
affectedby noise becaus¢he FSSEM-kvariantsvereableto selectherelevantfeaturegrecall= 1)
anddiscardthe noisyfeatureghigh precision).Figure9 demonstratethe needfor featureselection
asirrelevantfeaturecanmisleadclusteringresults(re ected by EM-k-STD's performancesmore
andmorenoisefeaturesareadded).

6.4.6 CONCLUSIONS ON EXPERIMENTS WITH SYNTHETIC DATA
Experimenton simulatedGaussiammixture datarevealthat:

Standardizinghe databeforefeaturesubseselectionin conjunctionwith the ML criterionis
neededo remove ML's preferencdor low variancefeatures.

Orderidenti cation led to betterresultsthan xing k, becausalifferentfeaturesubsethave
differentnumberof clustersasillustratedin Section3.

The criterion normalizationschemegcross-projection)ntroducedin Section5 removed the
biaseoftraceandML with respecto dimension.Thenormalizatiorschemenabledeature
selectionwith traceto remove “redundant’featuresandpreventedfeatureselectionwith ML
from selectingonly a singlefeature(atrivial result).

Both ML andtracewith featureselectionperformedequallywell for our ve datasets.Both
criteriawereableto nd the“relevant” features.

Featureselectionobtainedoetterresultsthanwithout featureselection.
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Figure9: Featureselectionversuswithout featureselectionon thefour-classdata.

6.5 Experimentson Real Data

We examinethe FSSEMvariantson the iris, wine, andionospheralatasetfrom the UCI learning
repository(Blake andMerz, 1998),and on a high resolutioncomputedtomograply (HRCT) lung
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imagedatawhich we collectedfrom IUPUI medicalcenter(Dy etal., 2003; Dy etal., 1999). Al-
thoughfor eachdatasetthe classinformationis knovn, we remove the classlabelsduringtraining.

Unlike syntheticdata,we do not know the“true” numberof (Gaussianglustersfor real-world
datasets. Eachclassmay be composedf mary Gaussiarclusters. Moreover, the clustersmay
not evenhave a Gaussiardistribution. To seewhetherthe clusteringalgorithmsfound clustersthat
correspondo classegwhereina classcanbe multi-modal), we computethe cross-alidatedclass
errorin the sameway asfor the syntheticGaussiardata. On real datasets,we do not know the
“relevant” features.Hence,we cannotcomputeprecisionandrecall andthereforereportonly the
averagenumberof featuresselectedandthe averagenumberof clustersfound.

Althoughwe useclasserrorasa measuref clusterperformancewe shouldnotlet it misguide
usin its interpretation.Clusterquality or interestingness dif cult to measurdecauset depends
on the particularapplication. This is a major distinctionbetweenunsupervisealusteringand su-
pervisedlearning. Here, classerror is just one interpretation of the data. We canalso measure
clusterperformancén termsof thetracecriterionandthe ML criterion. Naturally FSSEM-k-TR
andFSSEM-TRperformedbestin termsof trace and,FSSEM-k-ML andFSSEM-ML werebest
in termsof maximumlik elihood. ChoosingeitherTR or ML depend®n your applicationgoals. If
you areinterestedn nding the featureshatbestseparatehe data,useFSSEM-k-TR.If you are
interestedn nding featureghatmodelGaussiartiustersbest,useFSSEM-k-ML.

To illustratethe generalityandeaseof applyingotherclusteringmethodsn thewrapperframe-
work, we alsoshawv theresultsfor differentvariantsof featureselectionvrappedaroundhek-means
clusteringalgorithm(Forgy, 1965;Dudaetal., 2001)coupledwith the TR andML criteria. We use
sequentiaforward searchfor featuresearch. To nd the numberof clusters,we apply the BIC
penaltycriterion (Pelleg and Moore, 2000). We usethe following acroryms throughoutthe rest
of the paper: Kmeansstandsfor the k-meansalgorithm, FSS-Kmeanstandsfor featureselection
wrappedaroundk-means,TR representshetrace criterion for featureevaluation,ML represents
ML criterionfor evaluatingfeatures,-k-" representshatthe variant nds the numberof clusters,
and“-STD” shawvsthatthe datawasstandardizeduchthateachfeaturehasvarianceequalto one.

Sinceclusterquality depend®ntheinitialization methodusedfor clusteringwe performedeM
clusteringusingthreedifferentinitialization methods:

1. Initialize usingtenk-meansstartswith eachk-meangdnitialized by a randomseed thenpick
the nal clusteringcorrespondingo the highestlik elihood.

2. Tenrandomre-starts.
3. Fayyadetal's methodasdescribedearlierin Section6.3 (Fayyadetal., 1998).

Itemsoneandtwo aresimilar for the k-meansclustering. Hence,for k-meanswe initialize with
itemstwo andthree(with item threeperformedusingFayyadet al. s methodfor k-meangBradley
andFayyad,1998)which appliesk-meango the sub-samplediatainsteadof EM anddistortionto
pick the bestclusteringinsteadof the ML criterion). In the discussiorsectionasfollows, we shav
theresultsfor FSSEMandFSS-Kmeansariantsusingtheinitialization which providesconsistently
goodCV-erroracrossall methods We presentheresultsusingeachinitialization methodon all the
FSSEMandFSS-Kmeangariantsin (Dy andBrodley, 2003)AppendixE. Onthetables,*-1", “-2”,
and“-3” representheinitialization methodsl, 2, and3 respectrely.
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Iris DataandFSSEMVariants
Method %CV Error | Ave. No. of Clusters| Ave. No. of Features
FSSEM-TR-STD-1 27 04.4 x edat3 35 0.7
FSSEM-k-TR-STD-1 47 05.2 3.1 0.3 27 05
FSSEM-ML-STD-1 7.3 121 x edat3 3.6 0.9
FSSEM-k-ML-STD-1 3.3 045 3.0 0.0 25 05
EM-STD-1 3.3 054 x edat3 x edat4
EM-k-STD-1 42.0 14.3 22 0.6 x edat4

Iris DataandFSS-Kmean¥ariants
Method %CV Error | Ave. No. of Clusters| Ave. No. of Features
FSS-Kmeans-TR-STD-2 2.7 033 x edat3 1.9 0.3
FSS-Kmeans-k-TR-STD-2 13.3 09.4 45 0.7 23 05
FSS-Kmeans-ML-STD-2 20 031 x edat3 20 0.0
FSS-Kmeans-k-ML-STD-2 4.7 04.3 34 05 24 05
Kmeans-STD-2 17.3 10.8 x edat3 x edat4
Kmeans-k-STD-2 440 11.2 20 0.0 x edat4

Table6: Resultsfor thedifferentvariantson theiris data.

6.5.1 IRIS DATA

We rst look at the simplestcase thelris data. This datahasthreeclassesfour featuresand 150
instancesFayyadet. al's methodof initialization works bestfor large datasets.Sincethe Iris data
only hasafew numberof instancesandclasseshatarewell-separatedenk-meansstartsprovided
the consistentlybestresultfor initializing EM clusteringacrossthe different methods. Table 6
summarizeghe resultsfor the differentvariantsof FSSEMcomparedto EM clusteringwithout
featureselection.For theiris data,we setKaxin FSSEM-kequalto six, andfor FSSEMwe x edk
atthree(equalto thenumberof labeledclasses)TheCV errorfor FSSEM-k-TR-STDandFSSEM-
k-ML-STD are much betterthan EM-k-STD. This meansthat whenyou do not know the “true”
numberof clusters featureselectionhelps nd goodclusters.FSSEM-kevenfoundthe “correct”
numberof clusters.EM clusteringwith the“true” numberof clusterg EM-STD) gave goodresults.
Featureselection,n this case did not improve the CV-error of EM-STD, however, they produced
similar errorrateswith fewerfeatures FSSEMwith thedifferentvariantsconsistentlychosefeature
3 (petal-length),andfeature4 (petal-width). In fact, we learnedfrom this experimentthat only
thesetwo featuresare neededo correctly clusterthe iris datato three groupscorrespondingo
iris-setosajris-versicolorandiris-viginica. Figures10 (a) and(b) shav the clusteringresultsasa
scatterplobn the rst two featureschosernby FSSEM-k-TRandFSSEM-k-ML respectrely. The
resultsfor featureselectionwvrappedaroundk-meansarealsoshovn in Table6. We caninfer similar
conclusiongrom theresultson FSS-Kmeansariantsaswith the FSSEMvariantsfor this dataset.

6.5.2 WINE DATA

The wine datahasthreeclassesthirteenfeaturesand 178 instances. For this data, we set Knax
in FSSEM-kequalto six, andfor FSSEMwe x ed k at three (equalto the numberof labeled
classes)Table7 summarizesheresultswhenFSSEMandthe FSS-Kmeansariantsareinitialized
with tenk-meansstartsandten randomre-startsespectrely. Thesearethe initialization methods
which led to the bestperformanceor EM and k-meanswithout featureselection. When“k” is
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Figure10: The scatterplots on iris datausingthe rst two featureschosenby FSSEM-k-TR(a)
andFSSEM-k-ML (b). , and5 representhe differentclassassignments. are
the clustermeans,and the ellipsesare the covariancescorrespondingo the clusters
discoveredby FSSEM-k-TRandFSSEM-k-ML.

Wine DataandFSSEMVariants

Method %CV Error | Ave. No. of Clusters| Ave. No. of Features
FSSEM-TR-STD-1 440 08.1 x edat3 1.4 05
FSSEM-k-TR-STD-1 12.4 13.0 3.6 0.8 3.8 1.8
FSSEM-ML-STD-1 30.6 21.8 x edat3 29 0.8
FSSEM-k-ML-STD-1 236 144 39 0.8 3.0 0.8
EM-STD-1 10.0 17.3 x edat3 x edat13
EM-k-STD-1 37.1 126 32 04 x edat13

Wine DataandFSS-Kmean¥ariants

Method %CV Error | Ave. No. of Clusters| Ave. No. of Features
FSS-Kmeans-TR-STD-2 | 37.3 14.0 x edat3 1.0 0.0
FSS-Kmeans-k-TR-STD-2 28.1 09.6 3.6 05 25 0.9
FSS-Kmeans-ML-STD-2 | 16.1 09.9 x edat3 3.1 0.3
FSS-Kmeans-k-ML-STD-2 18.5 07.2 42 0.6 3.1 0.7
Kmeans-STD-2 0.0 00.0 x edat3 x edat13
Kmeans-k-STD-2 334 21.3 26 0.8 x edat13

Table7: Resultsfor the differentvariantson thewine dataset.

known, k-meanswas ableto nd the clusterscorrespondingo the “true” classescorrectly EM

clusteringalsoperformedwell when“k” is given. EM andk-meansclusteringperformedpoorlyin

termsof CV errorwhen“k” is unknawvn. It is in this situationwherefeatureselection, FSSEM-k
andFSS-Kmeans-Kyelpedthe baseclusteringmethodsnd goodgroupings.Interestingly for the
wine data, FSSEM-k-TRperformedbetterthan FSSEM-k-ML, and FSS-Kmeans-MLhad better
CV-error than FSS-Kmeans-TRThis is an example on whereusing different criteria for feature
selectionandclusteringimprovedthe resultsthroughtheir interaction.Figuresl1 (a) and(b) show
the scatterplotsand clustersdiscovered projectedon the rst two featureschosenby FSSEM-k-
TR and FSS-Kmeans-k-MUlrespectrely. FSSEM-k-TRpicked featuresf 12,13;7;5;10; 1;4g and
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Figurell: The scattemplotsonthewine datausingthe rst two featureschoserby FSSEM-k-TR
(a) and FSSEM-k-ML (b). ?, and5 representhe differentclassassignments.
arethe clustermeansandthe ellipsesarethe covariancescorrespondingo the clusters
discoreredby FSSEM-k-TRandFSS-Kmeans-k-ML.

FSS-Kmeans-k-Miselectedeatured 2;13; 12g:4 Featured 2 and13 standfor “OD280-OD3150f
dilutedwines” and“proline”’

6.5.3 IONOSPHERE DATA

The radardatais collectedfrom a phasedarray of sixteenhigh-frequeng antennas.The targets
arefree electronsin the atmosphere Classedabel the dataaseithergood (radarreturnsshaving
structurein the ionospherepr badreturns. Thereare 351 instanceswith 34 continuousattributes
(measuringime of pulseandpulsenumber).Featuredl and?2 arediscardedpecausdheir values
areconstanbr discretefor all instancesConstanfeaturevaluesproduceanin nite likelihoodvalue
for a Gaussiammixture model. Discretefeaturevalueswith discretelevelslessthanor equalto the
numberof clustersalsoproduceanin nite likelihoodvaluefor a nite Gaussiammixture model.

Table8 reportstheten-foldcross-alidationerrorandthe numberof clustersfoundby thediffer-
entEM andFSSEMalgorithms.For theionospheralata,we setKhaxin FSSEM-kequalto ten,and
x edk attwo (equalto thenumberof labeledclassesin FSSEM.FSSEM-k-MLandEM clustering
with “k” known performedbetterin termsof CV error comparedo the restof the EM variants.
Notethat FSSEM-k-ML gave comparablgerformancevith EM usingfewer featuresandwith no
knowledgeof the“true” numberof clusters.Table8 alsoshavs theresultsfor thedifferentk-means
variants.FSS-Kmeans-k-ML-STDbtainsthebestCV errorfollowedcloselyby FSS-Kmeans-ML-
STD. Interestingly thesetwo methodsand FSSEM-k-ML all chosefeaturess and3 (basedon the
original 34 featuresystheir rst two features.

Figuresl2aandb presenscatterplot®f theionospheralataonthe rst two featureschoserby
FSSEM-k-TRandFSSEM-k-MLtogethemwith their correspondingneangin 's) andcovariances
(in ellipses)discovered.Obsenre thatFSSEM-k-TRfavoredthe clustersandfeaturesn Figurel2a
becausdhe clustersare well separatedOn the otherhand,FSSEM-k-ML favoredthe clustersin
Figurel2b,whichhave smallgeneralizediariancesSincethe ML criterionmatchegheionosphere

4. Thesefeaturesubsetarethefeatureswhich providedthe bestCV-errorperformancemongtheten-foldruns.
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lonospherdataandFSSEMVariants
Method %CV Error | Ave. No. of Clusters| Ave. No. of Features
FSSEM-TR-STD-2 38.5 06.5 x edat2 23 0.9
FSSEM-k-TR-STD-2 23.1 05.8 6.6 1.3 1.1 0.3
FSSEM-ML-STD-2 379 075 X edat2 27 21
FSSEM-k-ML-STD-2 18.8 06.9 76 1.0 29 11
EM-STD-2 16.8 07.3 x edat?2 x edat32
EM-k-STD-2 35.3 10.3 84 1.0 x edat32

lonospherdataandFSS-Kmean¥ariants
Method %CV Error | Ave. No. of Clusters| Ave. No. of Features
FSS-Kmeans-TR-STD-2 | 35.3 06.5 x edat2 1.0 0.0
FSS-Kmeans-k-TR-STD-2 22.8 08.5 98 04 1.0 0.0
FSS-Kmeans-ML-STD-2 | 17.7 04.9 x edat2 35 0.8
FSS-Kmeans-k-ML-STD-2 16.2 04.8 9.3 0.8 1.7 0.8
Kmeans-STD-2 234 10.1 x edat?2 x edat32
Kmeans-k-STD-2 28.8 10.8 7.7 0.6 x edat32

Table8: Resultsfor thedifferentvariantson theionospheralataset.

classlabelsmore closely FSSEM-k-ML performedbetterwith respectto CV error FSSEM-k-
ML obtainedbetterCV errorthanEM-k; FSS-Kmeans-MlandFSS-Kmeans-k-Mlalsoperformed
betterthanKmeansandKmeans-kin termsof CV error. The featureselectionvariantsperformed
betterusingfewer featurescomparedo the 32 featuresusedby EM-k, KmeansandKmeans-k.It
is interestingto notethatfor this data,randomre-startinitialization obtainedsigni cantly betterCV
errorfor EM clustering(16:8%) comparedo the otherinitialization methodq20:5% and24:8% for
tenk-meansstartsandFayyadet al. s methodrespectiely). Thisis becausehetwo “true” classes
arehighly overlapped Tenk-meansstartstendto start-of with well-separatedlusters.

Figurel2: Thescattemplotsontheionospheralatausingthe rst two featureschoserby FSSEM-
k-TR (a) andFSSEM-k-ML (b). and representhe differentclassassignments.
arethe clustermeansandthe ellipsesarethe covariancescorrespondingo the clusters
discoveredby FSSEM-k-TRandFSSEM-k-ML.
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6.5.4 HRCT-LUNG DATA

(a) Centrilotular Emphysema (b) ParaseptaEmphysema (c) IPF

Figure13: HRCT-lungimages.

HRCT-lung consistsof 500 instances. Eachof theseinstancesare representedby 110 low-
level continuousfeaturesmeasuringgeometric,gray level andtexture features(Dy et al., 1999).
We actuallyusedonly 108 featuresbecausdawo of the featuresare constantor discrete. We also
log-transformedhe datato make our featureswvhich aremostly positive real-valuednumberamore
GaussianFor featureswith negative valueslik ethefeature Jocalmeamminusglobalmean) we add
anoffsetmakingthe minimumvalueequalto zero.We assignog(0) to belog(0:0000000000001
Thedatais classi edinto ve diseaseclassegCentrilotular Emplysema,ParaseptaEmphysema,
EG, IPF, and Panacinar). Figure 13 shavs three HRCT-lung imagesfrom three of the disease
classes.The white markingis the pathologybearingregion (PBR) marked by a radiologist. An
instancerepresenta PBR. An imagemay containmorethanone PBR andmorethanonedisease
classi cation. Notethat Centrilotular Emphysema(CE) is characterizedby a large numberof low
intensity (darker) regionswhich may occupy the entirelung asin Figure 13a. ParaseptaEmphy-
semaPE)is alsocharacterizety low intensityregions(seeFigure13b). Unlike CE, theseregions
occurneartheboundarie®r near ssures. Thedarkregionsareusuallyseparatetby thin wallsfrom
theiradjacenboundaryor ssure. CE andPE canbefurthergroupedaccordingto diseaseseverity
characterizethy theintensityof theregions.LowerintensitiesndicatemoreseverecasesThelung
imageof IPFis characterizety highintensitiesorminga“glass-like” structureasshavn in Figure
13c. Featureselectionis importantfor this dataset,becausdM clusteringusingall the features
resultsin justonecluster

Table9 presentsheresultsonthe HRCT-lung dataset. For the HRCT lung data,FSSEM-k-TR
andFSS-Kmeans-k-TherformedbetterthanFSSEM-k-ML and FSS-Kmeans-k-MLlrespectiely
in termsof CV error Figures14 (a) and (b) presentscatterplotof the HRCT-lung dataon the

rst two featureschoserby FSSEM-k-TRand FSSEM-k-ML. Obsenre thatthe clustersfound by
FSSEM-k-TRarewell separate@ndmatchthe classlabelswell. FSSEM-k-ML,ontheotherhand,
selectsfeaturesthat resultin high-densityclusters. Figure 14 (b) demonstratethis clearly Note
alsothatthe“true” numberof clusterdor this datais morethan ve (thenumberof labeledclasses).
Thishelped=SSEM-k-TRandFSS-Kmeans-k-TRbtainedbetterresultsthantheir x ed-kvariants.
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HRCT-Lung DataandFSSEMVariants

Method %CV Error | Ave. No. of Clusters| Ave. No. of Features
FSSEM-TR-STD-3 36.8 6.6 x edath 1.3 05
FSSEM-k-TR-STD-3 266 7.7 6.0 2.7 1.7 09
FSSEM-ML-STD-3 37.2 55 x edath 3.3 0.6
FSSEM-k-ML-STD-3 37.0 5.7 52 17 6.6 2.8
EM-STD-3 37.2 55 x edath x edat108
EM-k-STD-3 372 55 1.1 0.3 x edat108

HRCT-Lung DataandFSS-Kmean¥ariants

Method %CV Error | Ave. No. of Clusters| Ave. No. of Features
FSS-Kmeans-TR-STD-3 | 37.2 05.5 x edath 1.0 0.0
FSS-Kmeans-k-TR-STD-3 28.0 10.7 75 1.9 29 23
FSS-Kmeans-ML-STD-3 | 36.8 05.9 x edath 34 0.7
FSS-Kmeans-k-ML-STD-3 35.6 06.7 43 0.9 58 3.1
Kmeans-STD-3 36.6 04.9 x edath x edat108
Kmeans-k-STD-3 37.0 05.3 34 05 x edat108

Table9: Resultsonthe HRCT-lung imagedatasetfor the differentvariants.
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Figurel4. Thescattemplotsonthe HRCT-lung datausingthe rst two featureschoserby FSSEM-
k-TR (a) andFSSEM-k-ML(b). , , 5 ,and5 representhedifferentclassassign-
ments. aretheclustermeansandtheellipsesarethecovariancesorrespondingo the
clusterdiscoreredby FSSEM-k-TR.

HRCT-lungis adif cult datasetdueto its skewedclasddistribution (approximately62:8% of the
datais from the diseaseCentrilotular Emphysema).Becausef this, eventhoughEM-k discovered
approximatelyonly onecluster its classerror (which is equalto the error usinga majority classi-
cation rule) is closeto the valuesobtainedby the othermethods. The high dimensionsobscure
the HRCT-lung's classesandresultin EM-k nding only onecluster Evenwith adif cult problem
suchasthis, featureselectionobtainedbetterCV-error thanwithout featureselectionusingmuch
fewerfeatureganaverageof 1.7 for FSSEM-k-TRand2:9 for FSS-Kmeans-k-TRjomparedo the
original 108 features.FSSEM-k-TRpicked featured 7;9g and FSS-Kmeans-k-TRhosefeatures
f 8;6;59y. Features®; 7; 8, and9 aregraylevel histogramvaluesof thelung region, andfeature59is
a histogranvalueat a local pathologybearingregion. Thesefeaturesmake sensen discriminating
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betweerCentrilolular Empltysema(thelargestclass)from therest,asthis classis characterizetyy
low graylevel values.

6.5.5 CONCLUSIONS ON EXPERIMENTS WITH REAL DATA

Our resultson real datashow that featureselectionimproved the performanceof clusteringalgo-
rithmsin nding “interesting” patterns. We measureinterestingness’performancenereby howv
well the discoveredclustersmatchlabeledclasseqCV-error). FSSEM-kand FSS-Kmeans-kob-
tainedbetterCV-error than EM-k and k-meansusing fewer features. Moreover, our experiments
revealthatno onefeatureselectioncriterion (ML or TR) is betterthanthe other They have differ-
entbiases.ML selectdeatureghatresultsin high-densityclusters,andperformedbetterthan TR
ontheionospherealata.Scatterseparability( TR) prefersfeatureghatrevealwell-separatedlusters,
andperformedbetterthanML onthe HRCT-lung data.They bothdid well ontheiris andwine data.

7. RelatedWork: A Review of Feature SelectionAlgorithms for Unsupervised
Learning

Thereare threedifferentwaysto selectfeaturesfrom unsupervisedlata: 1) after clustering,2)
beforeclustering,and 3) during clustering. An examplealgorithmthat performsfeatureselection
after clusteringis (Mirkin, 1999). The method rst appliesa hew separate-and-conqueersionof
k-meansclustering.Then,it computeghe contritution weightof eachvariablein proportionto the
squaredleviation of eachvariables within-clustermeanfrom thetotal mean.It representslusters
by conjunctie conceptsstartingfrom the variablewith the highestweight, until addingvariables
(with its conceptuabescription)doesnot improve the cluster“precisionerror”. Featureselection
afterclusteringis importantfor conceptualearning,for describingandsummarizingstructurefrom
data. This type of selectingfeaturescanremove redundang but not featureirrelevancebecause
the initial clusteringis performedusingall the features. As pointedout earliet the existenceof
irrelevantfeaturecanmisguideclusteringresults.Usingall thefeaturedor clusteringalsoassumes
thatour clusteringalgorithmdoesnotbreakdown with highdimensionatlata.In this paperwe only
examinefeatureselectionalgorithmsthat affect (canchange)he clusteringoutcomesij.e., before
or duringclustering.

A signi cant body of researchexists on methodsfor featuresubsetselectionfor supervised
data. Thesemethodscanbe groupedas lter (Marill and Green,1963; Narendraand Fukuna@,
1977;Almuallim andDietterich,1991;Kira andRendell,1992;Kononenk, 1994;Liu andSetiono,
1996;Cardie,1993; SinghandProvan, 1995)or wrapper(Johnetal., 1994;Doak, 1992; Caruana
andFreitag,1994;AhaandBankert, 1994;Langley andSage ,1994;Pazzani,1995)approacheslo
maintainthe Iter/wrapper modeldistinctionusedin supervisedearning,we de ne Iter methods
in unsupervisedearningas using someintrinsic property of the datato selectfeatureswithout
utilizing the clusteringalgorithmthatwill ultimatelybe applied.Wrapperapproachegntheother
hand,applythe unsupervisedearningalgorithmto eachcandidatdeaturesubsetaindthenevaluate
thefeaturesubseby criterionfunctionsthatutilize the clusteringresult.

Whenwe rst startedthis researchnot muchwork hasbeendonein featuresubsetselection
for unsupervisedearningin the context of machindearning,althoughresearchn theform of prin-
cipal componentanalysis(PCA) (Chang,1983),factoranalysis(JohnsorandWichern,1998)and
projectionpursuit(Friedman,1987;Huber 1985)existed. Theseearlyworksin datareductionfor
unsupervisedatacanbethoughtof as Iter methodsbecauséhey selecthefeaturegriorto apply-
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Figurel5: lllustrationonwhenPCA s a poordiscriminator

ing clustering.But ratherthanselectinga subsebf the featuresthey involve sometype of feature
transformationPCA andfactoranalysisaimto reducethedimensiorsuchthattherepresentatiors
asfaithful aspossibleto the original data.Notethatdatareductiontechniquedasedn representa-
tion (like PCA) arebettersuitedfor compressiorapplicationgatherthanclassi cation (Fukunag
(1990)providesanillustrative exampleonthis). Figure 15 recreateshis example.PCA chooseshe
projectionwith the highestvariance.Projectingtwo dimensiongo onedimensionin this example,
PCA would projectthe datato axisb, whichis clearlyinferior to axisa for discriminatingthe two
clusters.Contraryto PCA andfactoranalysis projectionpursuitaimsto nd “interesting”projec-
tionsfrom multi-dimensionabatafor visualizingstructurein thedata.A recentmethodfor nding
transformationsalledindependentomponentanalysigICA) (Hyvarinen,1999)hasgainedwide-
spreadattentionin signalprocessingICA triesto nd atransformatiorsuchthatthe transformed
variablesarestatisticallyindependent.

The Iter methodglescribedn thepreviousparagraptall involvetransformationsf theoriginal
variablespace.In this paper we areinterestedn subsetf the original space becausesomedo-
mainsprefertheoriginal variablesin orderto maintainthe physicalinterpretatiorof thesefeatures.
Moreover, transformation®f thevariablespacaequirecomputatioror collectionof all thefeatures
beforedimensionreductioncanbe achiezed, whereasubsetof the original spacerequirecompu-
tationor collectionof only theselectedeaturesubsetsafterfeatureselections determined!f some
featurescostmorethanothers,onecanconsiderthesecostsin selectingfeatures.In this paperwe
assumesachfeaturehasequalcost. Otherinterestingand currentdirectionsin featureselection
involving featuretransformationsre mixturesof principal componentnalyzerg Kambhatlaand
Leen,1997; Tipping and Bishop, 1999) and mixturesof factoranalyzerdGhahramanand Beal,
2000;GhahramanandHinton, 1996;Uedaet al., 1999). We considerthesemixture algorithmsas
wrapperapproaches.

In recentyears,more attentionhasbeenpaid to unsupervisedeaturesubsetselection. Most
of thesemethodsarewrapperapproachesGennari(1991)incorporategeatureselection(they call
“attention”) to CLASSIT (anincrementalconceptformation hierarchicalclusteringalgorithmin-
troducedin (Gennariet al., 1989)). The attentionalgorithminspectghe featuresstartingwith the
mostsalient(“per-attribute contritution to category utility”) attribute to the leastsalientattribute,
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andstopinspectingfeaturesf theremainingfeaturesdo not changethe currentclusteringdecision.
The purposeof this attentionmechanismis to increaseef ciency without lossof predictionaccu-
ragy. Devangy andRam(1997)appliedsequentiaforward andbackward search.To evaluateeach
candidatesubsetthey measuredhe cateyory utility of the clustersfound by applying COBWEB
(Fisher,1987)in conjunctionwith the featuresubset. Talavera(1999)applied“blind” (similar to
the lter) and“feedback”(analogougo thewrapper)approacheto COBWEB, andusedafeature
dependenceneasurego selectfeatures. Vaithyanathanand Dom (1999) formulatedan objective
functionfor choosingthefeaturesubsetand nding the optimalnumberof clustersfor adocument
clusteringproblemusinga Bayesiarstatisticalestimationframeavork. They modeledeachcluster
asa multinomial. They extendedthis conceptto createhierarchicalclusters(Vaithyanatharand
Dom, 2000). Agrawal, etal. (1998)introduceda clusteringalgorithm (CLIQUE) which proceeds
level-by-level from onefeatureto the highestdimensionor until no more featuresubspacewvith
clusters(regionswith high densitypoints) are generated.CLIQUE is a densitybasedclustering
algorithmwhich doesnot assumeary densitymodel. However, CLIQUE needgo specifyparam-
eterst (thedensitythreshold)andn (the equallengthinterval partitioningfor eachdimension).In
contrast,our methodmakesassumptiongboutdistributionsto avoid specifyingparametersKim,
Streetand Menczer(2002) apply an evolutionarylocal selectionalgorithm (ELSA) to searchthe
featuresubsetand numberof clusterson two clusteringalgorithms: K-meansand EM clustering
(with diagonalcovariances)anda Paretofront to combinemultiple objective evaluationfunctions.
Law, FigueiredoandJain(2002)estimatefeaturesalieny usingeEM by modelingrelevantfeatures
asconditionallyindependengiven the componentabel, andirrelevant featureswith a probability
densityidenticalfor all componentsThey alsodevelopedawrapperapproachthatselectdeatures
usingKullback-Leiblerdivergenceandentropy. FriedmarandMeulman(2003)designed distance
measurdor attribute-valuedatafor clusteringon subset®f attributes,andallow featuresubsetgor
eachclusterto bedifferent.

8. Summary

In this paperwe introduceda wrapperframevork for performingfeaturesubseselectionfor unsu-
pervisedearning.We exploredtheissuesnvolvedin developingalgorithmsunderthis framework.
We identi ed the needfor nding the numberof clustersin featuresearchandprovided proofsfor
thebiasesf ML andscatterseparabilitywith respecto dimension We, then,presenteanethodgo
ameliorateheseproblems.

Our experimentalresultsshaved that incorporating nding the numberof clustersk into the
featuresubsetelectionprocesded to betterresultsthan xing k to bethetrue numberof classes.
Therearetwo reasons1) the numberof classess not necessarilyqualto the numberof Gaussian
clusters,and?2) differentfeaturesubsethave differentnumberof clusters.Supportingtheory our
experimentson simulateddatashaved that ML and scatterseparabilityarein someways biased
with respecto dimension.Thus,a nhormalizationschemeas neededor the choserfeatureselection
criterion. Our proposedtross-projectiomriterionnormalizatiorschemeavasableto eliminatethese
biases.

Although we examinedthe wrapperframevork using FSSEM,the searchmethod,featurese-
lection criteria (especiallythetracecriterion), andthe featurenormalizationschemecanbe easily
appliedto ary clusteringmethod.Theissuesve have encounteredndsolutionspresentecreappli-
cableto ary featuresubsetwvrapperapproach FSSEMsenesasan example. Dependingon one's
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application,one may chooseto apply a more appropriatesearchmethod,clusteringand feature
selectiorcriteria.

9. Futur e Dir ections

Researclin featuresubseselectiorfor unsupervisetkarningis quiteyoung. Eventhoughwe have
addressedomeissuesthe paperopensup morequestionghatneedto beanswered.

Hartigan (1985)pointedoutthatno singlecriterionis bestfor all applications.Thisis reiterated
by our resultson the HRCT and lonospheredata. This led us to work in visualizationand user
interactionto guidethe featuresearch(Dy and Brodley, 2000b). Anotherinterestingdirectionis
to look at featureselectionwith hierarchicalklustering(Gennari, 1991;Fisher,1996;Devang/ and
Ram,1997; Talavera,1999; Vaithyanatharand Dom, 2000),sincehierarchicalkclusteringprovides
groupingsat variousperceptualevels. In addition,a clustermay be modeledbetterby a different
featuresubsefrom otherclusters.Onemaywishto developalgorithmsthatselectadifferentfeature
subsefor eachclustercomponent.

We explored unsupervisedeatureselectionthroughthe wrapperframewvork. It would be in-
terestingto do arigorousinvestigationof Iter versuswrapperapproactor unsupervisedearning.
Onemay alsowish to venturein transformation®f the original variablespace.In particular in-
vesticate on mixturesof principal componentinalyzerdKambhatlaandLeen,1997; Tipping and
Bishop,1999),mixturesof factoranalyzerfGhahramanandBeal,2000; GhahramanandHinton,
1996;Uedaet al., 1999)andmixturesof independentomponentnalyzergHyvarinen,1999).

Thedif culty with unsupervisetearningis theabsencef labeledexampleso guidethesearch.
Breiman(Breiman,2002)suggestsransformingheclusteringorobleminto aclassi cationproblem
by assigninghe unlabeleddatato classone,andaddingthe sameamountof randomvectorsinto
anotherclasstwo. The secondsetis generatedyy independensamplingfrom the one-dimensional
maiginal distributionsof classone. Understandinginddevelopingtricks suchastheseto uncover
structurefrom unlableddataremainsastopicsthat needfurtherinvestigation. Anotheravenuefor
future work is to explore semi-supervise@few labeledexamplesandlarge amountsof unlabeled
data)methoddor featureselection.

Finally, in featureselectionfor unsupervisedearning,several fundamentafjuestionsare still
unanswered:

1. How doyoude ne what“interestingnesstneans?

2. Shouldthe criterionfor “interestingness(featureselectioncriterion) be the sameasthe cri-
terionfor “natural” grouping(clusteringcriterion)? Most of the literatureusesthe samecri-
terionfor featureselectionand clusteringasthis leadsto a cleanoptimizationformulation.
However, de ning “interestingnessinto a mathematicatriterionis a dif cult problem.Al-
lowing differentcriteriato interactmay provide a bettermodel. Our experimentakesultson
thewine datasuggesthis direction.

3. Our experimentson syntheticdataindicatethe needto standardizdeatures.Mirkin, 1999,
also standardizedis features. Shouldfeaturesalways be standardizedeforefeaturese-
lection? If so, how do you standardizelatacontainingdifferentfeaturetypes(real-valued,
nominal,anddiscrete)?
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4. Whatis the bestway to evaluatethe results?In this paper we evaluateperformanceausing
an externalcriterion (cross-alidatedclasserror). This is a standardneasuraisedby most
paperdn thefeatureselectiorfor unsupervisetearningliterature.Classerroris taskspeci ¢
and measureghe performancefor one labeling solution. Is this the bestway to compare
differentclusteringalgorithms?
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Appendix A. EM Clustering

Clusteringusing nite mixturemodelsis awell-known methodandhasbeenusedfor alongtimein

patternrecognitionDudaandHart (1973); Fukunag (1990); Jainand Dubes(1988) and statistics
McLachlanandBasford(1988);Titteringtonetal. (1985);Fraley andRaftery(2000).In thismodel,
one assumeshatthe datais generatedrom a mixture of componentdensityfunctions,in which

eachcomponendensityfunction represents cluster The probability distribution function of the
datahasthefollowing form:

k
f(XiF) = élp,- fi(Xiaj) (5)
j=
wheref;(Xjq;) is the probabilitydensityfunctionfor classj, p; is themixing proportionof class;j
(prior probability of classj), k is the numberof clustersX; is ad-dimensionafrandomdatavectot
q; is the setof parameterdor classj, F = (p;q) is the setof all parametersnd f(XjF) is the
probability densityfunction of our obsered datapoint X; giventhe parameters. Sincethep;'s
areprior probabilities they aresubjectto thefollowing constraintsp; 0 andé'j‘zlpj =1.
TheX;'s, wherei = 1:::N, arethe datavectorswe aretrying to clustey andN is the number
of samples. To clusterX;, we needto estimatethe parametersF. One methodfor estimating
F isto nd F that maximizesthe log-likelihood, log f(XjF) = &;Z,log f(XjF). To compute
f(XjF), we needto know the cluster(the missingdata)to which X; (the obsened data)belongs.
We applythe EM algorithm,which providesuswith “soft-clustering”information;i.e., a datapoint
X; canbelongto morethanonecluster(weightedby its probabilityto belongto eachcluster). The
expectation-maximizatioEM) algorithm,introducedin somegeneralityby DempsterLaird and
Rubinin 1977 ,is aniterative approximatioralgorithmfor computingghemaximumilik elihood(ML)
estimateof missingdataproblems.
Going throughthe derivation of applyingEM on our Gaussiarmixture model, we obtainthe
following EM updateequationgWolfe, 1970):

HOUF) P

Elz;]V = p(zj = 4X;FY) = _ :
&k, fo(%iF ) p?

(6)
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+ 18
pgt n _ N a Elz;]Y; (7
v 1 3
40 = & B ®)
Np; =
(t+1) 1 N (1) (t+1) (t+1)\T.
sV = S A EEIO6 T W) (9)
Np; i=1

whereE[z;] is the probability that X; belongsto cluster j given our currentparametersind X,
éi’il E[z;] is the estimatednumberof datapointsin classj, andthe superscript refersto the
iteration.

Appendix B. Additional Proofson ML's Biaswith Dimension

In this appendix,we prove Theorem4.1 and Corollary 4.1 which statethe conditionthat needsto

be satis ed for the maximumlik elihood of featuresubsetA, ML(F »), to be greaterthanor equal
to the maximumlik elihood of featuresubsetB, ML(F g). To prove theseresults,we rst de ne

the maximumlik elihood criterion for a mixture of Gaussiansprove LemmaB.1 which derivesa

simpli ed form of exp(Q(F;F)) for a nite Gaussiarmixture,andLemmaB.2 which statesthe

conditionthat needsto be satis ed for the completeexpecteddatalog-likelihood Q( ) function

giventhe obsered dataandthe parameteestimatesn featuresubsetA, Q(F a;F a), to be greater
thanor equalto theQ( ) functionof featuresubseB, Q(F g; F ).

The maximumlik elihoodof ourdata,X, is

ML = max(f(XjF)) = mFaXOl(a p; fj(Xija;)); (10)
i=1 j=1

where f;(Xijd;) is the probability densityfunctionfor classj, p; is the mixing proportionof class
j (prior probability of classj), N is the numberof datapoints,k is the numberof clustersX; is a
d-dimensionatandomdatavector q; is thesetof parametersor classj, F = (p;q) is thesetof all
parameterand f (XjF) is the probability densityfunction of our obsered dataX = Xp;Xo;::: Xy
giventhe parameter§ . We choosehefeaturesubsethatmaximizeshis criterion.

LemmaB.1 For a nite mixture of Gaussians,

£ Np 1 1dNp; .
exp(Q(F;F)) = _Op,- —,ez 5
=1 (2p) Z'jSjj =

whee x;, i = 1:::N, are the N observedlata points, z; is the missingvariable equalto oneif x;

belongsto cluster j and zeio otherwise p; is the mixture proportion, l; is the meanandS; is the
covariancematrix of eadh GaussiarclusterrespectivelyandF = (p; ; S) is thesetof all estimated
parametes.
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Proof:
Q(F;F) £ Egdlogf(xZF)jxF]

= Egflogf(Xz F)jx;F]+ Ezllog f(ZF)jx F]
NI K

= a a p(z;=1xF)logfj(xjfj)+ a a p(z;= 1jxF)logp;
i=1j=1 i=1j=1
K

= a a p(zj= 1xF)log(p; fj(xjf ;) (11)
i=1lj=1
NI

= a a Elz;llog(p;fj(xijf ;)
i=1j=1
N K

exp(Q(F;F)) = O O(p;fi(xif )il (12)

i=1j=1

Substitutingour parameteestimatedo Equation12 andsampledatax;'s,

exp(Q(F;F)) = (Js)pa' 1E[z’]O( e 206 W)TS; 06 1))Elz]
=1 i=1 (Zp)ZJSsz
K
= O e FaMEEI WS ), (13)

Simplifying the exponentof e we obtain

1)
Ea Elz;]1(x U—j)TSjl(Xi Hj)
i=1
1)

= Qal Elzj]tr((X Hj)TSjl(Xi 1))
1)

= E_al Elzjltr(S; "% H)(x  1)")
1

= —tI’(S l(a Elz;](x  m)(Xi UJ)T)):

Adding andsubtractingj, wherex; = ﬁ a ’i E[z;]x, thislastexpressiorbecomes

1 Y o o
étr(sjl(a Elzjl(x X+% W) X+%X w)"):
i=1
Cancellingcross-productermsyields

N N
%tr(sjl(é Elz]x X)(% X'+ & Elz)(% )X w)");
i=1

i=1
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and nally substitutingthe parameteestimategEquations7-9) givesthe expression
1
E'[I'(Sj 1Sijj)

1
= Ede i (14)
Thus,exp(Q(F ; F)) canbeexpressedis

K )
epQFiF) = OpP e kW

) dNpj _ Npj O
=1 (2p) Z7jSjj =

Lemma B.2 Assumingdentical clusteringassignmentsor featue subsetsA and B with dimen-
SiOI’ISdB dA, Q(FA; FA) Q(F B;FB) iff
£ jSgj; M 1

O s (2pe)&

Proof:
Applying LemmaB.1, andassumingubset$\ andB have equalclusteringassignments,

exp(Q(F a;F A))

1;
exp(Q(F g; F 8))
~ Np-
Ofe1py” — G —wr
(2p8) 27 jspj; 2
xk NP 1 1 L (15)
Ojlej (dB)Npj Np;

(200) 2 jsgj 7

Givendg da, withoutlossof generalityandcancellingcommonterms,

K o — _
= ]Sg)j 2 (dg_dNpj
O (2pe) > 1;
= Saji
j=1 J J
K o P
O % (29 WP 1,
=1 j
. L jSgj; P
2pg)(de WAL G 12 1
(2pe) JC)1 N
st 1
=1 jSalj (Zpe)(dB da) U

TheoremB.1 (Theorem 4.1restated) For a nite multivariateGaussiamixture, assumingdenti-

cal clusteringassignmentfor feature subset#®\ andB withdimensionsls  da, ML(Fa) ML(FBg)
iff

é jSeij " 1 _
i=1 ISAlj (2pe)(ds da)’
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Proof:
Thelog-likelihood,logL(F ") = log f (xF°).

logL(F) = Egllogf(xZF)ixF]  Egdlogf(zxF)jxF]
- QF"F) v H(F%F):
H(F;F) = Ellogf(zx;F)jx; F]
N k
= @ & pz = 1x;f))logp(zj = 1x;f))
i=1j=1
Nk
= a a Elzj]logE[z]: (16)
i=1j=1

SincetheidenticalclusteringassignmenassumptiormeanghatE[z;] for featuresetA is equal
to E[z;] for featuresetB,

H(FaiFa) = H(Fg;FB):
Thus,
ML(Fa) _ exp(Q(FaiFa)).
ML(Fg) exp(Q(Fg:;Fg))"

For a nite Gaussiamixture,from LemmaB.2 ML(EA) 1 jff

" ML(FB)
£ jSgjj P 1 .
=1 1SAlj (2pg)@ ' U

Corollary B.1(Corollary 4.1restated) For a nite multivariateGaussiarmixture, assumingden-

tical clusteringassignmenttor feature subsetX and(X;Y), whee X andY aredisjoint, ML(F x)
ML(F xv) iff

1

X
- 1 P :
j(:)llsw Syx Syx Sxvlj 2pe)%

Proof:

Applying Theoremd.1,andif we let A bethe mamginal featurevectorX with dimensiondyx and
B bethejoint featurevector(X;Y) with dimensiondy + dy (wheresubsetsX andY aredisjoint),
thenthe maximumlik elihoodof X is greatethanor equalto the maximumlik elihoodof (X;Y) iff

ML(F x)
_— 1
ML(F xv)
0 Sxx  Sxy Le
2 )dvc“k') Syx  Svyy j§ L
e —_— .
P =1 1SxxJj

Exercise4.11of JohnsorandWichern(1998)shaws thatfor ary squarematrix A,
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A1 Az

A1 A

A = jAxiiAl AAyy Az forjAgj 6 0
= JAujiA2  AoiA A forjAg 6 O

A=

Thus,

X 1 .. . Pi
(2|oe)“Y_O1 jsxxjjJSxijJSW Syx Sk Sxvii 1
J:
£ la P 1
. " _
J_(::)lJSw Svx Syx Sxvlj Zpe% O

Now, what do theseresultsmean? One can computethe maximumlog-likelihood, log ML
efciently asQ(F;F)+ H(F;F) by applyingLemmaB.1 andEquationl6. LemmaB.1 showvsthat
theML criterionprefersow covarianceclusters.Equationl6 shovsthatthe ML criterionpenalizes
increasdn clusterentrofy. Theorem4.1 andCorollary 4.1 reveal the dependenciesf comparing
the ML criterionfor differentdimensions.Note thatthe left handsideterm of Corollary4.1is the
determinanbf thecovarianceof f(Y]jX). It is thecovarianceof Y minusthecorrelationof Y andX.
For a criterion measurdo be unbiasedwith respecto dimensionthe criterion valueshouldbe the
samefor the differentsubsetsvhenthe clusterassignmentareequal(andshouldnot be dependent
onthe dimension).But, in this case ML increasesvhenthe additionalfeaturehassmall variance
anddecreasewhenthe additionalfeaturehaslarge variance.
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