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Abstract
In this paper, we identify two issuesinvolved in developingan automatedfeaturesubsetselec-

tion algorithmfor unlabeleddata:theneedfor �nding thenumberof clustersin conjunctionwith
featureselection,andthe needfor normalizingthe biasof featureselectioncriteria with respect
to dimension. We explore the featureselectionproblemandtheseissuesthroughFSSEM(Fea-
tureSubsetSelectionusingExpectation-Maximization(EM) clustering)andthroughtwo different
performancecriteria for evaluatingcandidatefeaturesubsets:scatterseparabilityandmaximum
likelihood. We presentproofson thedimensionalitybiasesof thesefeaturecriteria,andpresenta
cross-projectionnormalizationschemethatcanbeappliedto any criterion to amelioratethesebi-
ases.Ourexperimentsshow theneedfor featureselection,theneedfor addressingthesetwo issues,
andtheeffectivenessof ourproposedsolutions.
Keywords: clustering,featureselection,unsupervisedlearning,expectation-maximization

1. Intr oduction

In thispaper, weexploretheissuesinvolvedin developingautomatedfeaturesubsetselectionalgo-
rithms for unsupervisedlearning. By unsupervisedlearningwe meanunsupervisedclassi�cation,
or clustering.Clusteranalysisis theprocessof �nding “natural” groupingsby grouping“similar”
(basedonsomesimilarity measure)objectstogether.

For many learningdomains,a humande�nes thefeaturesthatarepotentiallyuseful.However,
not all of thesefeaturesmayberelevant. In sucha case,choosinga subsetof theoriginal features
will often leadto betterperformance.Featureselectionis popularin supervisedlearning(Fuku-
naga,1990;Almuallim andDietterich,1991;Cardie,1993;Kohavi andJohn,1997).For supervised
learning,featureselectionalgorithmsmaximizesomefunctionof predictive accuracy. Becausewe
are given classlabels, it is naturalthat we want to keeponly the featuresthat are relatedto or
leadto theseclasses.But in unsupervisedlearning,we arenot givenclasslabels. Which features
shouldwe keep? Why not useall the informationwe have? The problemis that not all features
areimportant.Someof thefeaturesmayberedundant,somemaybeirrelevant,andsomecaneven
misguideclusteringresults.In addition,reducingthenumberof featuresincreasescomprehensibil-
ity andamelioratestheproblemthatsomeunsupervisedlearningalgorithmsbreakdown with high
dimensionaldata.
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Figure1: In this example, featuresx and y are redundant,becausefeaturex provides the same
informationasfeaturey with regardto discriminatingthetwo clusters.
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Figure2: In thisexample,weconsiderfeaturey to beirrelevant,becauseif weomit x, wehaveonly
onecluster, which is uninteresting.

Figure1 showsanexampleof featureredundancy for unsupervisedlearning.Notethatthedata
canbe groupedin the sameway usingonly eitherfeaturex or featurey. Therefore,we consider
featuresx andy to beredundant.Figure2 shows anexampleof anirrelevantfeature.Observe that
featurey doesnot contribute to clusterdiscrimination. Usedby itself, featurey leadsto a single
clusterstructurewhich is uninteresting.Notethatirrelevantfeaturescanmisguideclusteringresults
(especiallywhentherearemoreirrelevantfeaturesthanrelevantones).In addition,thesituationin
unsupervisedlearningcanbemorecomplex thanwhatwe depictin Figures1 and2. For example,
in Figures3a and b we show the clustersobtainedusing the featuresubsets:f a;bg and f c;dg
respectively. Differentfeaturesubsetsleadto varyingclusterstructures.Which featuresetshould
wepick?

Unsupervisedlearningis adif�cult problem.It is moredif�cult whenwehaveto simultaneously
�nd the relevant featuresaswell. A key elementto the solutionof any problemis to be able to
preciselyde�ne theproblem.In thispaper, wede�ne our taskas:
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Figure3: A morecomplex example. Figurea is the scatterplotof the dataon featuresa andb.
Figureb is thescatterplotof thedataon featuresc andd.

Thegoal of feature selectionfor unsupervisedlearning is to �nd the smallestfeature
subsetthat bestuncovers “interestingnatural” groupings(clusters) fromdataaccord-
ing to thechosencriterion.

Theremayexist multiple redundantfeaturesubsetsolutions.We aresatis�ed in �nding any oneof
thesesolutions.Unlike supervisedlearning,which hasclasslabelsto guidethe featuresearch,in
unsupervisedlearningwe needto de�ne what“interesting”and“natural” mean.Theseareusually
representedin theform of criterionfunctions.We presentexamplesof differentcriteria in Section
2.3.

Sinceresearchin featureselectionfor unsupervisedlearningis relatively recent,we hopethat
thispaperwill serveasaguideto futureresearchers.With thisaim,we

1. Explorethewrapperframework for unsupervisedlearning,

2. Identify the issuesinvolved in developing a featureselectionalgorithm for unsupervised
learningwithin this framework,

3. Suggestwaysto tackletheseissues,

4. Pointout thelessonslearnedfrom thisendeavor, and

5. Suggestavenuesfor futureresearch.

The ideabehindthe wrapperapproachis to clusterthe dataasbestwe canin eachcandidate
featuresubspaceaccordingto what “natural” means,and selectthe most “interesting” subspace
with theminimumnumberof features.This framework is inspiredby thesupervisedwrapperap-
proach(Kohavi andJohn,1997),but ratherthanwrapthesearchfor thebestfeaturesubsetaround
asupervisedinductionalgorithm,wewrapthesearcharoundaclusteringalgorithm.
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Figure4: Wrapperapproachfor unsupervisedlearning.

In particular, thispaperinvestigatesthewrapperframework throughFSSEM(featuresubsetse-
lectionusingEM clustering)introducedin (Dy andBrodley, 2000a).Here,theterm“EM clustering”
refersto theexpectation-maximization(EM) algorithm(Dempsteret al., 1977;McLachlanandKr-
ishnan,1997;Moon,1996;Wolfe, 1970;Wu, 1983)appliedto estimatingthemaximumlikelihood
parametersof a�nite Gaussianmixture.Althoughweapplythewrapperapproachto EM clustering,
the framework presentedin this papercanbeappliedto any clusteringmethod.FSSEMservesas
an example. We presentthis papersuchthat applyinga differentclusteringalgorithmor feature
selectioncriteriawouldonly requirereplacingthecorrespondingclusteringor featurecriterion.

In Section2, we describeFSSEM.In particular, we presentthe searchmethod,the clustering
method,andthetwo differentcriteriaweselectedto guidethefeaturesubsetsearch:scattersepara-
bility andmaximumlikelihood.By exploring theproblemin thewrapperframework, weencounter
andtackletwo issues:

1. differentfeaturesubsetshavedifferentnumbersof clusters,and

2. thefeatureselectioncriteriahavebiaseswith respectto featuresubsetdimensionality.

In Section3, wediscussthecomplicationsthat�nding thenumberof clustersbringsto thesimulta-
neousfeatureselection/clusteringproblemandpresentonesolution(FSSEM-k).Section4 presents
a theoreticalexplanationof why thefeatureselectioncriterionbiasesoccur, andSection5 provides
a generalnormalizationschemewhich can amelioratethe biasesof any featurecriterion toward
dimension.

Section6 presentsempiricalresultson bothsyntheticandreal-world datasetsdesignedto an-
swerthefollowing questions:(1) Is our featureselectionfor unsupervisedlearningalgorithmbetter
thanclusteringonall features?(2) Is usinga�x ednumberof clusters,k, betterthanusingavariable
k in featuresearch?(3) Doesour normalizationschemework? and(4) Which featureselection
criterion is better?Section7 providesa survey of existing featureselectionalgorithms.Section8
providesa summaryof the lessonslearnedfrom this endeavor. Finally, in Section9, we suggest
avenuesfor futureresearch.

2. FeatureSubsetSelectionand EM Clustering (FSSEM)

Featureselectionalgorithmscanbe categorizedaseither �lter or wrapper(Johnet al., 1994)ap-
proaches.The�lter approachbasicallypre-selectsthefeatures,andthenappliestheselectedfeature
subsetto theclusteringalgorithm.Whereas,thewrapperapproachincorporatestheclusteringalgo-
rithm in thefeaturesearchandselection.We chooseto exploretheproblemin thewrapperframe-
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FEATURE SELECTION FOR UNSUPERVISED LEARNING

work becausewe areinterestedin understandingthe interactionbetweenthe clusteringalgorithm
andthefeaturesubsetsearch.

Figure4 illustratesthe wrapperapproach.Our input is the setof all features.The output is
the selectedfeaturesandthe clustersfound in this featuresubspace.The basicidea is to search
throughfeaturesubsetspace,evaluatingeachcandidatesubset,Ft , by �rst clusteringin spaceFt

usingtheclusteringalgorithmandthenevaluatingtheresultingclustersandfeaturesubsetusingour
chosenfeatureselectioncriterion. We repeatthis processuntil we �nd thebestfeaturesubsetwith
its correspondingclustersbasedon our featureevaluationcriterion. Thewrapperapproachdivides
the taskinto threecomponents:(1) featuresearch,(2) clusteringalgorithm,and(3) featuresubset
evaluation.

2.1 FeatureSearch

An exhaustivesearchof the2d possiblefeaturesubsets(whered is thenumberof availablefeatures)
for the subsetthat maximizesour selectioncriterion is computationallyintractable. Therefore,a
greedysearchsuchassequentialforward or backward elimination(Fukunaga, 1990;Kohavi and
John,1997) is typically used. Sequentialsearchesresult in an O(d2) worst casesearch. In the
experimentsreported,weappliedsequentialforwardsearch.Sequentialforwardsearch(SFS)starts
with zerofeaturesandsequentiallyaddsonefeatureat a time. The featureaddedis the onethat
providesthelargestcriterionvaluewhenusedin combinationwith thefeatureschosen.Thesearch
stopswhenaddingmorefeaturesdoesnot improveourchosenfeaturecriterion.SFSis not thebest
searchmethod,nor doesit guaranteean optimal solution. However, SFSis popularbecauseit is
simple,fastandprovidesa reasonablesolution.For thepurposesof our investigationin this paper,
SFSwould suf�ce. Onemaywish to exploreothersearchmethodsfor their wrapperapproach.For
example,Kim et al. (2002)appliedevolutionarymethods.Kittler (1978),andRussellandNorvig
(1995)providegoodoverviewsof differentsearchstrategies.

2.2 Clustering Algorithm

We chooseEM clusteringas our clusteringalgorithm, but other clusteringmethodscan also be
usedin this framework. Recallthat to clusterdata,we needto make assumptionsandde�ne what
“natural” groupingmeans.We apply thestandardassumptionthateachof our “natural” groupsis
Gaussian.This assumptionis not too limiting becausewe allow the numberof clustersto adjust
to our data,i.e., asidefrom �nding theclusterswe also�nd thenumberof “Gaussian”clusters.In
Section3, we discussandpresenta solutionto �nding thenumberof clustersin conjunctionwith
featureselection.Weprovideabrief descriptionof EM clustering(theapplicationof EM to approx-
imatethemaximumlikelihoodestimateof a �nite mixtureof multivariateGaussians)in Appendix
A. Onecanobtaina detaileddescriptionof EM clusteringin (Fraley andRaftery,2000;McLach-
lan andKrishnan,1997). The Gaussianmixture assumptionlimits the datato continuousvalued
attributes. However, the wrapperframework canbe extendedto othermixture probability distri-
butions(McLachlanandBasford,1988;Titteringtonet al., 1985)andto otherclusteringmethods,
includinggraphtheoreticapproaches(Dudaetal., 2001;Fukunaga,1990;JainandDubes,1988).
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2.3 FeatureSubsetSelectionCriteria

In this section,we investigatethe featuresubsetevaluationcriteria. Here,we de�ne what “inter-
estingness”means. Thereare two generalviews on this issue. One is that the criteria de�ning
“interestingness”(featuresubsetselectioncriteria) shouldbe the criteria usedfor clustering. The
otheris that the two criterianeednot be thesame.Using thesamecriteria for bothclusteringand
featureselectionprovidesa consistenttheoreticaloptimizationformulation. Using two different
criteria, on the otherhand,presentsa naturalway of combiningtwo criteria for checksandbal-
ances.Proofonwhichview is betteris outsidethescopeof thispaperandis aninterestingtopic for
futureresearch.In thispaper, we look at two featureselectioncriteria(onesimilar to ourclustering
criterionandtheotherwith adifferentbias).

Recall that our goal is to �nd the featuresubsetthat bestdiscovers “interesting” groupings
from data. To selectan optimal featuresubset,we needa measureto assessclusterquality. The
choiceof performancecriterionis bestmadeby consideringthegoalsof thedomain.In studiesof
performancecriteriaa commonconclusionis: “Dif ferentclassi�cations[clusterings]areright for
differentpurposes,sowecannotsayany oneclassi�cationis best.” – Hartigan,1985.

In thispaper, wedonotattemptto determinethebestcriterion(onecanreferto Millig an(1981)
on comparative studiesof differentclusteringcriteria). We investigatetwo well-known measures:
scatterseparabilityandmaximumlikelihood.In this section,wedescribeeachcriterion,emphasiz-
ing theassumptionsmadeby each.

Scatter Separability Criterion: A propertytypically desiredamonggroupingsis clustersepa-
ration. We investigate the scattermatricesandseparabilitycriteria usedin discriminantanalysis
(Fukunaga, 1990)asour featureselectioncriterion. We chooseto explore the scatterseparability
criterion,becauseit canbeusedwith any clusteringmethod.1 Thecriteriausedin discriminantanal-
ysisassumethat the featureswe areinterestedin arefeaturesthatcangroupthedatainto clusters
thatareunimodalandseparable.

Sw is the within-classscattermatrix andSb is the betweenclassscattermatrix, and they are
de�ned asfollows:

Sw =
k

å
j= 1

p jEf (X � µ j )(X � µ j )T jw jg =
k

å
j= 1

p jSj ; (1)

Sb =
k

å
j= 1

p j (µ j � Mo)(µ j � Mo)T ; (2)

Mo = Ef Xg =
k

å
j= 1

p jµ j ; (3)

wherep j is the probability that an instancebelongsto clusterw j , X is a d-dimensionalrandom
featurevector representingthe data,k the numberof clusters,µ j is the samplemeanvector of
clusterw j , Mo is thetotal samplemean,Sj is thesamplecovariancematrix of clusterw j , andEf�g
is theexpectedvalueoperator.

1. Onecanchooseto usethe non-parametricversionof this criterion measure(Fukunaga, 1990) for non-parametric
clusteringalgorithms.
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FEATURE SELECTION FOR UNSUPERVISED LEARNING

Sw measureshow scatteredthe samplesarefrom their clustermeans.Sb measureshow scat-
teredtheclustermeansarefrom the total mean.We would like thedistancebetweeneachpair of
samplesin a particularclusterto be assmall aspossibleandthe clustermeansto be asfar apart
aspossiblewith respectto thechosensimilarity metric(Euclidean,in our case).Amongthemany
possibleseparabilitycriteria,wechoosethetrace(S� 1

w Sb) criterionbecauseit is invariantunderany
nonsingularlineartransformation(Fukunaga,1990).Transformationinvariancemeansthatoncem
featuresarechosen,any nonsingularlinear transformationon thesefeaturesdoesnot changethe
criterionvalue.This impliesthatwe canapplyweightsto our m featuresor applyany nonsingular
linear transformationor projectionto our featuresandstill obtain the samecriterion value. This
makesthe trace(S� 1

w Sb) criterion morerobust thanothervariants. S� 1
w Sb is Sb normalizedby the

averageclustercovariance.Hence,thelargerthevalueof trace(S� 1
w Sb) is, thelargerthenormalized

distancebetweenclustersis, which resultsin betterclusterdiscrimination.

Maximum Lik elihood(ML) Criterion: By choosingEM clustering,weassumethateachgroup-
ing or clusteris Gaussian.We maximizethe likelihoodof our datagiven the parametersandour
model. Thus,maximumlikelihood(ML) tells us how well our model,herea Gaussianmixture,
�ts thedata.Becauseour clusteringcriterionis ML, a naturalcriterionfor featureselectionis also
ML. In this case,the “interesting” groupingsarethe “natural” groupings,i.e., groupingsthat are
Gaussian.

3. The Needfor Finding the Number of Clusters (FSSEM-k)

Whenwe aresearchingfor thebestsubsetof features,we run into a new problem:thatthenumber
of clusters,k, dependson the feature subset. Figure5 illustratesthis point. In two dimensions
(shown ontheleft) therearethreeclusters,whereasin one-dimension(shown ontheright) thereare
only two clusters.Usinga �x ednumberof clustersfor all featuresetsdoesnot modelthedatain
therespectivesubspacecorrectly.
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Figure5: Thenumberof clustercomponentsvarieswith dimension.

Unsupervisedclusteringis mademoredif�cult whenwedonotknow thenumberof clusters,k.
To searchfor k for agivenfeaturesubset,FSSEM-kcurrentlyappliesBoumanetal.'smethod(1998)
for merging clustersand addsa BayesianInformation Criterion (BIC) (Schwarz, 1978) penalty
term to the log-likelihoodcriterion. A penaltyterm is neededbecausethe maximumlikelihood
estimateincreasesas more clustersare used. We do not want to end up with the trivial result
whereineachdatapoint is consideredasanindividualcluster. Ournew objectivefunctionbecomes:
F(k;F ) = log( f (XjF )) � 1

2Llog(N) whereN is thenumberof datapoints,L is thenumberof free
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parametersin F , andlog( f (XjF )) is thelog-likelihoodof ourobserveddataX giventheparameters
F . NotethatL andF varywith k.

UsingBoumanetal.'smethod(1998),webegin oursearchfor k with a largenumberof clusters,
Kmax, andthensequentiallydecrementthis numberby oneuntil only oneclusterremains(a merge
method).Othermethodsstartfrom k = 1 andaddmoreandmoreclustersasneeded(split methods),
or performbothsplit andmergeoperations(Uedaet al., 1999). To initialize theparametersof the
(k� 1)thmodel,two clustersfrom thekth modelaremerged.Wechoosethetwo clustersamongall
pairsof clustersin k, which whenmergedgive the minimum differencebetweenF(k � 1;F ) and
F(k;F ). Theparametervaluesthatarenotmergedretaintheirvaluefor initializationof the(k� 1)th
model.Theparametersfor themergedcluster(l andm) areinitializedasfollows:

pk� 1;(0)
j = pl + pm;

µk� 1;(0)
j = pl µl + pmµm

pl + pm
;

Sk� 1;(0)
j =

pl (Sl +( µl � µk� 1;(0)
j )(µl � µk� 1;(0)

j )T )+ pm(Sm+( µm� µk� 1;(0)
j )(µm� µk� 1;(0)

j )T )
pl + pm

;

wherethe superscriptk � 1 indicatesthe k � 1 clustermodelandthe superscript(0) indicatesthe
�rst iteration in this reducedordermodel. For eachcandidatek, we iterateEM until the change
in F(k;F ) is lessthane (default 0.0001)or up to n (default 500) iterations.Our algorithmoutputs
thenumberof clustersk, theparameters,andtheclusteringassignmentsthatmaximizetheF(k;F )
criterion(ourmodi�ed ML criterion).

Therearemyriad waysto �nd the “optimal” numberof clustersk with EM clustering.These
methodscanbe generallygroupedinto threecategories: hypothesistestingmethods(McLachlan
and Basford,1988), penaltymethodslike AIC (Akaike, 1974), BIC (Schwarz, 1978) and MDL
(Rissanen,1983), and Bayesianmethodslike AutoClass(Cheesemanand Stutz, 1996). Smyth
(1996)introduceda new methodcalledMonteCarlocross-validation(MCCV). For eachpossible
k value,theaveragecross-validatedlikelihoodon M runsis computed.Then,thek valuewith the
highestcross-validatedlikelihoodis selected.In an experimentalevaluation,Smythshowed that
MCCV andAutoClassfoundk valuesthat werecloserto the numberof classesthanthe k values
foundwith BIC for their datasets.We choseBoumanet al.'s methodwith BIC, becauseMCCV is
morecomputationallyexpensive. MCCV hascomplexity O(MK2

maxd
2NE), whereM is thenumber

of cross-validationruns,Kmax is the maximumnumberof clustersconsidered,d is the numberof
features,N is thenumberof samplesandE is theaveragenumberof EM iterations.Thecomplexity
of Boumanet al.'s approachis O(K2

maxd
2NE0). Furthermore,for k < Kmax, we do not needto re-

initialize EM (becausewemergedtwo clustersfrom k+ 1) resultingin E0< E. Notethatin FSSEM,
we run EM for eachcandidatefeaturesubset.Thus,in featureselection,thetotal complexity is the
complexity of eachcompleteEM run timesthefeaturesearchspace.Recently, FigueiredoandJain
(2002)presentedanef�cient algorithmwhich integratesestimationandmodelselectionfor �nding
thenumberof clustersusingminimummessagelength(a penaltymethod).It would beof interest
for futurework to examinetheseotherwaysfor �nding k coupledwith featureselection.

4. Biasof Criterion Valuesto Dimension

Both featuresubsetselectioncriteria have biaseswith respectto dimension.We needto analyze
thesebiasesbecausein featuresubsetselectionwe comparethecriterionvaluesfor subsetsof dif-
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ferentcardinality(correspondingto differentdimensionality).In Section5, wepresentasolutionto
thisproblem.

4.1 Biasof the ScatterSeparability Criterion

Theseparabilitycriterionprefershigherdimensionality;i.e., thecriterionvaluemonotonicallyin-
creasesasfeaturesareaddedassumingidenticalclusteringassignments(Fukunaga,1990;Narendra
andFukunaga,1977).However, theseparabilitycriterionmaynotbemonotonicallyincreasingwith
respectto dimensionwhentheclusteringassignmentschange.

Scatterseparabilityor the tracecriterion prefershigherdimensions,intuitively, becausedata
is morescatteredin higherdimensions,andmathematically, becausemorefeaturesmeanadding
moretermsin the tracefunction. Observe that in Figure6, featurey doesnot provide additional
discriminationto thetwo-clusterdataset.Yet, thetracecriterionprefersfeaturesubsetf x;yg over
featuresubsetf xg. Ideally, wewouldlikethecriterionvalueto remainthesameif thediscrimination
informationis thesame.
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Figure6: An illustrationof scatterseparability'sbiaswith dimension.

Thefollowing simpleexampleprovidesuswith anintuitiveunderstandingof thisbias.Assume
thatfeaturesubsetS1 andfeaturesubsetS2 produceidenticalclusteringassignments,S1 � S2 where
S1 andS2 have d andd + 1 featuresrespectively. Assumealsothat the featuresareuncorrelated
within eachcluster. Let Swd andSbd bethewithin-classscatterandbetween-classscatterin dimen-
siond respectively. To computetrace(S� 1

wd+ 1
Sbd+ 1) for d + 1 dimensions,we simply adda positive

term to thetrace(S� 1
wd

Sbd) valuefor d dimensions.Swd+ 1 andSbd+ 1 in thed + 1 dimensionalspace
arecomputedas

Swd+ 1 =
�

Swd 0
0 s2

wd+ 1

�

and

Sbd+ 1 =
�

Sbd 0
0 s2

bd+ 1

�
:
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Since

S� 1
wd+ 1

=

"
S� 1

wd
0

0 1
s2

wd+ 1

#

;

trace(S� 1
wd+ 1

Sbd+ 1) would betrace(S� 1
wd

Sbd) +
s2

bd+ 1
s2

wd+ 1
. Sinces2

bd+ 1
� 0 ands2

wd+ 1
> 0, thetraceof the

d + 1 clusteringwill alwaysbe greaterthanor equalto traceof the d clusteringunderthe stated
assumptions.

The separabilitycriterion monotonicallyincreaseswith dimensioneven whenthe featuresare
correlatedaslong astheclusteringassignmentsremainthesame.NarendraandFukunaga (1977)
provedthatacriterionof theform XT

d S� 1
d Xd, whereXd is ad-columnvectorandSd is ad� d positive

de�nite matrix,monotonicallyincreaseswith dimension.They showedthat

XT
d� 1S� 1

d� 1Xd� 1 = XT
d S� 1

d Xd �
1
b

[(CT : b)Xd]2, (4)

where

Xd =
�

Xd� 1

xd

�
;

S� 1
d =

�
A C

CT b

�
;

Xd� 1 andC ared � 1 columnvectors,xd andb arescalars,A is a (d � 1) � (d � 1) matrix, and
the symbol : meansmatrix augmentation.We canshow that trace(S� 1

wd
Sbd) canbe expressedas

a criterion of the form å k
j= 1XT

jdS� 1
d Xjd. Sbd canbe expressedaså k

j= 1Z jbdZT
jbd

whereZ jbd is a d-
columnvector:

trace(S� 1
wd

Sbd) = trace(S� 1
wd

k

å
j= 1

Z jbdZT
jbd

)

= trace(
k

å
j= 1

S� 1
wd

Z jbdZT
jbd

)

=
k

å
j= 1

trace(S� 1
wd

Z jbdZT
jbd

)

=
k

å
j= 1

trace(ZT
jbd

S� 1
wd

Z jbd);

sincetrace(Ap� qBq� p) = trace(Bq� pAp� q) for any rectangularmatricesAp� q andBq� p.
BecauseZT

jbd
S� 1

wd
Z jbd is scalar,

k

å
j= 1

trace(ZT
jbd

S� 1
wd

Z jbd) =
k

å
j= 1

ZT
jbd

S� 1
wd

Z jbd :

Sinceeachterm monotonicallyincreaseswith dimension,the summationalsomonotonicallyin-
creaseswith dimension.Thus,thescatterseparabilitycriterionincreaseswith dimensionassuming
theclusteringassignmentsremainthesame.This meansthatevenif thenew featuredoesnot facil-
itate�nding new clusters,thecriterionfunctionincreases.
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4.2 Biasof the Maximum Lik elihood (ML) Criterion

Contraryto �nding thenumberof clustersproblem,whereinML increasesasthenumberof model
parameters(k) is increased,in featuresubsetselection,ML preferslowerdimensions.In �nding the
numberof clusters,we try to �t thebestGaussianmixtureto thedata.Thedatais �x edandwe try
to �t our modelasbestaswe can.In featureselection,givendifferentfeaturespaces,we selectthe
featuresubsetthatis bestmodeledby aGaussianmixture.

Thisbiasproblemoccursbecausewede�ne likelihoodasthelikelihoodof thedatacorrespond-
ing to thecandidatefeaturesubset(seeEquation10 in AppendixB). To avoid this bias,thecom-
parisoncanbebetweentwo complete(relevantandirrelevantfeaturesincluded)modelsof thedata.
In this case,likelihoodis de�ned suchthat the candidaterelevant featuresaremodeledasdepen-
denton theclusters,andtheirrelevantfeaturesaremodeledashaving nodependenceon thecluster
variable.Theproblemwith this approachis theneedto de�ne a modelfor the irrelevant features.
VaithyanathanandDom usesthis for documentclustering(VaithyanathanandDom, 1999). The
multinomialdistribution for therelevantandirrelevantfeaturesis anappropriatemodelfor text fea-
turesin documentclustering.In otherdomains,de�ning modelsfor the irrelevant featuresmaybe
dif�cult. Moreover, modelingirrelevant featuresmeansmoreparametersto predict. This implies
that we still work with all the features,andaswe mentionedearlier, algorithmsmay breakdown
with highdimensions;wemaynothaveenoughdatato predictall modelparameters.Onemayavoid
this problemby addingtheassumptionof independenceamongirrelevant featureswhich maynot
betrue. A poorly-�tting irrelevant featuredistribution maycausethealgorithmto selecttoo many
features.Throughoutthis paper, we usethe maximumlikelihoodde�nition only for the relevant
features.

For a �x ed numberof samples,ML preferslower dimensions.The problemoccurswhenwe
comparefeaturesetA with featuresetB whereinsetA is a subsetof setB, andthejoint probability
of a singlepoint (x;y) is lessthanor equalto its marginal probability(x). For sequentialsearches,
this canleadto thetrivial resultof selectingonly asinglefeature.

ML preferslower dimensionsfor discreterandomfeatures.Thejoint probabilitymassfunction
of discreterandomvectorsX andY is p(X;Y) = p(YjX)p(X). Since0 � p(YjX) � 1, p(X;Y) =
p(YjX)p(X) � p(X). Thus,p(X) is alwaysgreaterthanor equalto p(X;Y) for any X. Whenwe
dealwith continuousrandomvariables,asin this paper, thede�nition, f (X;Y) = f (YjX) f (X) still
holds,wheref (�) is now theprobabilitydensityfunction. f (YjX) is alwaysgreaterthanor equalto
zero.However, f (YjX) canbegreaterthanone.Themarginaldensity f (X) is greaterthanor equal
to thejoint probability f (X;Y) iff f (YjX) � 1.

Theorem4.1 For a �nite multivariateGaussianmixture, assumingidenticalclusteringassignments
for featuresubsetsA andB with dimensionsdB � dA, ML(F A) � ML(F B) iff

k

Õ
j= 1

�
jSBj j

jSAj j

� p j

�
1

(2pe)(dB� dA)
;

whereF A representstheparametersandSA j is thecovariancematrixmodellingcluster j in feature
subsetA, p j is themixtureproportionof cluster j, andk is thenumberof clusters.
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Corollary 4.1 For a �nite multivariate Gaussianmixture, assumingidentical clusteringassign-
mentsfor featuresubsetsX and(X;Y), whereX andY aredisjoint,ML(F X) � ML(F XY) iff

k

Õ
j= 1

jSYY � SYXS� 1
XXSXYjp j

j �
1

(2pe)dY
;

where thecovariancematrix in feature subset(X;Y) is
�

SXX SXY

SYX SYY

�
, anddY is thedimensionin

Y.

WeproveTheorem4.1andCorollary4.1in AppendixB. Theorem4.1andCorollary4.1reveal
thedependenciesof comparingtheML criterionfor differentdimensions.Notethateachjth com-
ponentof the left handsidetermof Corollary4.1 is thedeterminantof theconditionalcovariance
of f (YjX). This covariancetermis thecovarianceof Y eliminatingtheeffectsof theconditioning
variableX, i.e., the conditionalcovariancedoesnot dependon X. The right handsideis approx-
imatelyequalto (0:06)dY . This meansthat theML criterion increaseswhenthe featureor feature
subsetto be added(Y) hasa generalizedvariance(determinantof the covariancematrix) smaller
than(0:06)dY . Ideally, wewould likeourcriterionmeasureto remainthesamewhenthesubsetsre-
vealthesameclusters.Evenwhenthefeaturesubsetsrevealthesamecluster, Corollary4.1informs
usthatML decreasesor increasesdependingonwhetheror not thegeneralizedvarianceof thenew
featuresis greaterthanor lessthanaconstantrespectively.

5. Normalizing the Criterion Values: Cross-Projection Method

Theargumentsfrom theprevioussectionillustratethatto applytheML andtracecriteriato feature
selection,we needto normalizetheir valueswith respectto dimension. A typical approachto
normalizationis to divideby apenaltyfactor. For example,for thescattercriterion,wecoulddivide
by thedimension,d. Similarly for theML criterion,we coulddivide by 1

(2pe)d . But, 1
(2pe)d would

not remove thecovariancetermsdueto theincreasein dimension.We couldalsodivide log ML by
d, or divideonly theportionsof thecriterionaffectedby d. Theproblemwith dividing by apenalty
is thatit requiresspeci�cationof adifferentmagicfunctionfor eachcriterion.

Theapproachwe take is to projectour clustersto thesubspacesthatwe arecomparing.Given
two featuresubsets,S1 andS2, of differentdimension,clusteringour datausingsubsetS1 produces
clusterC1. In the sameway, we obtainthe clusteringC2 usingthe featuresin subsetS2. Which
featuresubset,S1 or S2, enablesus to discover betterclusters? Let CRIT(Si ;Cj ) be the feature
selectioncriterionvalueusingfeaturesubsetSi to representthedataandCj astheclusteringassign-
ment.CRIT(�) representseitherof thecriteriapresentedin Section2.3. We normalizethecriterion
valuefor S1, C1 as

normalizedValue(S1;C1) = CRIT(S1;C1) �CRIT(S2;C1);

and,thecriterionvaluefor S2, C2 as

normalizedValue(S2;C2) = CRIT(S2;C2) �CRIT(S1;C2):

If normalizedValue(Si ;Ci) > normalizedValue(Sj ;Cj ), wechoosefeaturesubsetSi . Whenthenor-
malizedcriterionvaluesareequalfor Si andSj , we favor thelowerdimensionalfeaturesubset.The
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choiceof aproductor sumoperationis arbitrary. Takingtheproductwill besimilar to obtainingthe
geometricmean,andasumwith anarithmeticmean.In general,oneshouldperformnormalization
basedonthesemanticsof thecriterionfunction.For example,geometricmeanwouldbeappropriate
for likelihoodfunctions,andanarithmeticmeanfor thelog-likelihood.

Whentheclusteringassignmentsresultingfrom differentfeaturesubsets,S1 andS2, areidentical
(i.e.,C1 = C2), thenormalizedValue(S1;C1) wouldbeequalto thenormalizedValue(S2;C2), which
is whatwewant.More formally:

Proposition1 GiventhatC1 = C2, equalclusteringassignments,for two different feature subsets,
S1 andS2, thennormalizedValue(S1;C1) = normalizedValue(S2;C2).

Proof: Fromthede�nition of normalizedValue(�) wehave

normalizedValue(S1;C1) = CRIT(S1;C1) �CRIT(S2;C1):

SubstitutingC1 = C2,

normalizedValue(S1;C1) = CRIT(S1;C2) �CRIT(S2;C2):

= normalizedValue(S2;C2):

To understandwhy cross-projectionnormalizationremovessomeof thebiasintroducedby the
differencein dimension,we focus on normalizedValue(S1;C1). The commonfactor is C1 (the
clustersfoundusingfeaturesubsetS1). We measurethecriterionvalueson bothfeaturesubsetsto
evaluatethe clustersC1. Sincethe clustersareprojectedon both featuresubsets,the biasdueto
datarepresentationanddimensionis diminished.The normalizedvaluefocuseson the quality of
theclustersobtained.

For example,in Figure7, we would like to seewhethersubsetS1 leadsto betterclustersthan
subsetS2. CRIT(S1;C1) andCRIT(S2;C2) give the criterion valuesof S1 andS2 for the clusters
found in thosefeaturesubspaces(seeFigures7a and7b). We projectclusteringC1 to S2 in Fig-
ure7c andapply thecriterionto obtainCRIT(S2;C1). Similarly, we projectC2 to featurespaceS1

to obtainthe resultshown in Figure7d. We measurethe resultasCRIT(S1;C2). For example,if
ML(S1;C1) is themaximumlikelihoodof theclustersfound in subsetS1 (usingEquation10, Ap-
pendixB),2 thento computeML(S2;C1), we usethesameclusterassignments,C1, i.e., theE[zi j ]'s
(the membershipprobabilities)for eachdatapoint xi remainthe same. To computeML(S2;C1),
we apply themaximization-stepEM clusteringupdateequations(Equations7-9 in AppendixA to
computethemodelparametersin theincreasedfeaturespace,S2 = f F2;F3g.

Sinceweprojectdatain bothsubsets,weareessentiallycomparingcriteriain thesamenumber
of dimensions.We arecomparingCRIT(S1;C1) (Figure7a) with CRIT(S1;C2) (Figure7d) and
CRIT(S2;C1) (Figure7c)with CRIT(S2;C2) (Figure7b). In thisexample,normalizedtracechooses
subsetS2, becausethereexistsabetterclusterseparationin bothsubspacesusingC2 ratherthanC1.
NormalizedML also choosessubsetS2. C2 hasa betterGaussianmixture �t (smallervariance
clusters)in bothsubspaces(Figures7b andd) thanC1 (Figures7aandc). Notethattheunderlying

2. Onecancomputethemaximumlog-likelihood,log ML, ef�ciently asQ(F ;F ) + H(F ;F ) by applyingLemmaB.1
andEquation16 in AppendixB. LemmaB.1 expressestheQ(�) in termsonly of theparameterestimates.Equation
16, H(F ;F ), is the clusterentropy which requiresonly the E[zi j ] values. In practice,we work with log ML to
avoid precisionproblems.The productnormalizedValue(�) function thenbecomeslog normalizedValue(Si ;Ci) =
log ML(Si ;Ci) + log ML(Sj ;Ci).
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Figure7: Illustrationonnormalizingthecriterionvalues.To comparesubsets,S1 andS2, weproject
theclusteringresultsof S1, wecall C1 in (a), to featurespaceS2 asshown in (c). Wealso
project the clusteringresultsof S2, C2 in (b), onto featurespaceS1 as shown in (d).
In (a), tr(S1;C1) = 6:094,ML(S1;C1) = 1:9� 10� 64, andlogML(S1;C1) = � 146:7. In
(b), tr(S2;C2) = 9:390, ML(S2;C2) = 4:5 � 10� 122, and logML(S1;C2) = � 279:4. In
(c), tr(S2;C1) = 6:853, ML(S2;C1) = 3:6 � 10� 147, and logML(S2;C1) = � 337:2. In
(d), tr(S1;C2) = 7:358, ML(S1;C2) = 2:1 � 10� 64, and logML(S1;C2) = � 146:6. We
evaluatesubsetS1 with normalized tr(S1;C1) = 41:76 and subsetS2 with normalized
tr(S2;C2) = 69:09. In thesameway, usingML, thenormalizedvaluesare:6:9� 10� 211

for subsetS1 and9:4� 10� 186 for subsetS2. With log ML, the normalizedvaluesare:
� 483:9 and� 426:0 for subsetsS1 andS2 respectively.

assumptionbehindthis normalizationschemeis that the clustersfound in the new featurespace
shouldbe consistentwith the structureof the data in the previous featuresubset. For the ML
criterion, this meansthatCi shouldmodelS1 andS2 well. For thetracecriterion, this meansthat
theclustersCi shouldbewell separatedin bothS1 andS2.
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6. Experimental Evaluation

In ourexperiments,we1) investigatewhetherfeatureselectionleadsto betterclustersthanusingall
thefeatures,2) examinetheresultsof featureselectionwith andwithoutcriterionnormalization,3)
checkwhetheror not �nding thenumberof clustershelpsfeatureselection,and4) comparetheML
andthetracecriteria. We �rst presentexperimentswith syntheticdataandthena detailedanalysis
of theFSSEMvariantsusingfour real-world datasets.In thissection,we�rst describeoursynthetic
Gaussiandata,ourevaluationmethodsfor thesyntheticdata,andourEM clusteringimplementation
details.Wethenpresenttheresultsof ourexperimentsonthesyntheticdata.Finally, in Section6.5,
we presentanddiscussexperimentswith threebenchmarkmachinelearningdatasetsandonenew
realworld dataset.

6.1 SyntheticGaussianMixtur eData
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Figure8: SyntheticGaussiandata.

To understandtheperformanceof ouralgorithm,weexperimentwith � vesetsof syntheticGaus-
sianmixture data. For eachdatasetwe have “relevant” and“irrelevant” features,whererelevant
meansthat we createdour k componentmixture modelusing thesefeatures. Irrelevant features
aregeneratedasGaussiannormalrandomvariables.For all � ve syntheticdatasets,we generated
N = 500datapointsandgeneratedclustersthatareof equalproportions.
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2-class,2 relevant featuresand 3 noisefeatures: The�rst dataset(shown in Figure8a)consists
of two Gaussianclusters,both with covariancematrix, S1 = S2 = I andmeansµ1 = (0;0)
and µ2 = (0;3). This is similar to the two-classdataset usedby (Smyth, 1996). There
is considerableoverlapbetweenthe two clusters,and the threeadditional“noise” features
increasethedif�culty of theproblem.

3-class,2 relevant featuresand 3 noisefeatures: Theseconddatasetconsistsof threeGaussian
clustersand is shown in Figure 8b. Two clustershave meansat (0;0) but the covariance
matricesareorthogonalto eachother. The third clusteroverlapsthe tails on the right side
of theothertwo clusters.We addthreeirrelevant featuresto thethree-classdatasetusedby
(Smyth,1996).

4-class,2 relevant featuresand 3 noisefeatures: The third dataset(Figure8c) hasfour clusters
with meansat(0;0), (1;4), (5;5) and(5;0) andcovariancesequalto I . WeaddthreeGaussian
normalrandom“noise” features.

5-class,5 relevant featuresand 15noisefeatures: For the fourth dataset, thereare twenty fea-
tures,but only � vearerelevant(featuresf 1, 10,18,19,20g). Thetruemeansµ weresampled
from a uniform distribution on [� 5;5]. Theelementsof thediagonalcovariancematricess
weresampledfrom auniformdistributionon[0:7;1:5] (Fayyadetal.,1998).Figure8dshows
thescatterplot of thedatain two of its relevantfeatures.

5-class,15 relevant featuresand 5 noisefeatures: The �fth dataset(Figure8eshown in two of
its relevantfeatures)hastwentyfeatureswith �fteen relevantfeaturesf 1, 2, 3, 5, 8, 9, 10,11,
12, 13, 14, 16, 17, 18, 20g. The truemeansµ weresampledfrom a uniform distribution on
[� 5;5]. The elementsof the diagonalcovariancematricess weresampledfrom a uniform
distributionon [0:7;1:5] (Fayyadetal., 1998).

6.2 Evaluation Measures

We would like to measureour algorithm's ability to selectrelevantfeatures,to correctlyidentify k,
andto �nd structurein thedata(clusters).Therearenostandardmeasuresfor evaluatingclustersin
theclusteringliterature(JainandDubes,1988).Moreover, nosingleclusteringassignment(or class
label)explainsevery application(Hartigan,1985).Nevertheless,we needsomemeasureof perfor-
mance.Fisher(1996)providesanddiscussesdifferentinternalandexternalcriteria for measuring
clusteringperformance.

Sincewe generatedthe syntheticdata,we know the `true' clusterto which eachinstancebe-
longs. This `true' clusteris the componentthat generatesthat instance.We refer to these`true'
clustersasourknown `class'labels.Althoughweusedtheclasslabelsto measuretheperformance
of FSSEM,wedid notusethisinformationduringtraining(i.e.,in selectingfeaturesanddiscovering
clusters).

Cross-Validated ClassErr or: We de�ne classerror asthe numberof instancesmisclassi�eddi-
videdby the total numberof instances.We assigneachdatapoint to its mostlikely cluster,
andassigneachclusterto a classbasedon examiningtheclasslabelsof thetrainingdataas-
signedto eachclusterandchoosingthemajority class.Sincewe have thetrueclusterlabels,
we cancomputeclassi�cationerror. Oneshouldbecarefulwhencomparingclusteringswith
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differentnumberof clustersusingtrainingerror. Classerrorbasedon trainingdecreaseswith
an increasein the numberof clusters,k, with the trivial resultof 0% error wheneachdata
point is a cluster. To amelioratethis problem,we useten-fold cross-validationerror. Ten-
fold cross-validationrandomlypartitionsthedatasetinto tenmutuallyexclusivesubsets.We
considereachpartition (or fold) asthe testsetandthe restasthe training set. We perform
featureselectionandclusteringon the training set,andcomputeclasserror on the testset.
For eachFSSEMvariant,thereportederroris theaverageandstandarddeviationvaluesfrom
theten-foldcross-validationruns.

BayesErr or: Sincewe know the trueprobabilitydistributionsfor thesyntheticdata,we provide
theBayeserror(Dudaetal.,2001)valuesto giveusthelowestaverageclasserrorrateachiev-
ablefor thesedatasets. Insteadof a full integrationof the error in possiblydiscontinuous
decisionregionsin multivariatespace,wecomputetheBayeserrorexperimentally. Usingthe
relevant featuresandtheir truedistributions,we classifythegenerateddatawith anoptimal
Bayesclassi�er andcalculatetheerror.

To evaluatethealgorithm's ability to select“relevant” features,we reporttheaveragenumber
of featuresselected,andtheaveragefeaturerecallandprecision.Recallandprecisionareconcepts
from text retrieval (SaltonandMcGill, 1983)andarede�ned hereas:

Recall: thenumberof relevantfeaturesin theselectedsubsetdividedby thetotalnumberof relevant
features.

Precision: the numberof relevant featuresin the selectedsubsetdivided by the total numberof
featuresselected.

Thesemeasuresgive usan indicationof thequality of the featuresselected.High valuesof preci-
sionandrecallaredesired.Featureprecisionalsoservesasa measureof how well our dimension
normalizationscheme(a.k.a. our stoppingcriterion)works. Finally, to evaluatethe clusteringal-
gorithm's ability to �nd the“correct” numberof clusters,we reporttheaveragenumberof clusters
found.

6.3 Initializing EM and Other Implementation Details

In theEM algorithm,westartwith aninitial estimateof ourparameters,F (0) , andtheniterateusing
theupdateequationsuntil convergence.NotethatEM is initialized for each new featuresubset.

TheEM algorithmcangetstuckat a local maximum,hencetheinitialization valuesareimpor-
tant.Weusedthesub-samplinginitializationalgorithmproposedby Fayyadetal. (1998)with 10%
sub-samplingandJ = 10 sub-samplingiterations.Eachsub-sample,Si (i = 1; : : : ;J), is randomly
initialized. Werunk-means(Dudaetal., 2001)on thesesub-samplesnotpermittingemptyclusters
(i.e.,whenanemptyclusterexistsat theendof k-means,weresettheemptycluster'smeanequalto
thedatafurthestfrom its clustercentroid,andre-runk-means).Eachsub-sampleresultsin a setof
clustercentroidsCMi , i; : : : ;J. We thenclusterthecombinedset,CM, of all CMi 's usingk-means
initialized by CMi resultingin new centroidsFMi . We selecttheFMi , i = 1; : : : ;J, thatmaximizes
thelikelihoodof CM asour initial clusters.

After initializing the parameters,EM clusteringiteratesuntil convergence(i.e., the likelihood
doesnot changeby 0:0001)or up to n (default 500) iterationswhichever comes�rst. We limit
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thenumberof iterationsbecauseEM convergesvery slowly neara maximum.We avoid problems
with handlingsingularmatricesby addingascalar(d = 0:000001s 2, wheres2 is theaverageof the
variancesof the unclustereddata)multiplied to the identity matrix (dI ) to eachof the component
covariancematricesSj . Thismakesthe�nal matrixpositivede�nite (i.e.,all eigenvaluesaregreater
thanzero)andhencenonsingular. Weconstrainoursolutionawayfrom spuriousclustersby deleting
clusterswith any diagonalelementequalto or lessthand.

6.4 Experimentson GaussianMixtur eData

We investigatethe biasesandcomparethe performanceof the different featureselectioncriteria.
We refer to FSSEMusingtheseparabilitycriterionasFSSEM-TRandusingML asFSSEM-ML.
Asidefrom evaluatingtheperformanceof thesealgorithms,we alsoreporttheperformanceof EM
(clusteringusingall the features)to seewhetheror not featureselectionhelpedin �nding more
“interesting” structures(i.e., structuresthat reveal classlabels). FSSEMandEM assumea �x ed
numberof clusters,k, equal to the numberof classes.We refer to EM clusteringand FSSEM
with �nding the numberof clustersasEM-k andFSSEM-krespectively. Due to clarity purposes
andspaceconstraints,we only presenttherelevant tableshere.We reporttheresultsfor all of the
evaluationmeasurespresentedin Section6.2 in (Dy andBrodley, 2003).

6.4.1 ML VERSUS TRACE

We comparetheperformanceof thedifferentfeatureselectioncriteria(FSSEM-k-TRandFSSEM-
k-ML) on our syntheticdata. We useFSSEM-kratherthanFSSEM,becauseSection6.4.3shows
thatfeatureselectionwith �nding k (FSSEM-k)isbetterthanfeatureselectionwith �x edk (FSSEM).
Table1 shows thecross-validated(CV) errorandaveragenumberof clustersresultsfor traceand
ML on the� vedatasets.

PercentCV Error
Method 2-Class 3-Class 4-Class 5-Class,5-Feat. 5-Class,15-Feat.

FSSEM-k-TR 4.6� 2.0 21.4� 06.0 4.2� 2.3 3.0 � 1.8 0.0 � 0.0
FSSEM-k-ML 55.6� 3.9 54.8� 17.4 79.4� 6.1 84.0� 4.1 78.2� 6.1

AverageNumberof Clusters
Method 2-Class 3-Class 4-Class 5-Class,5-Feat. 5-Class,15-Feat.

FSSEM-k-TR 2.0� 0.0 3.0� 0.0 4.0� 0.0 5.0 � 0.0 5.0 � 0.0
FSSEM-k-ML 1.0� 0.0 1.4� 0.8 1.0� 0.0 1.0 � 0.0 1.0 � 0.0

Table1: Cross-validatederrorandaveragenumberof clustersfor FSSEM-k-TRversusFSSEM-k-
ML appliedto thesimulatedGaussianmixturedata.

FSSEM-k-TRperformedbetter than FSSEM-k-ML in termsof CV error. Traceperformed
betterthanML, becauseit selectedthefeatureswith highclusterseparation.ML preferredfeatures
with low variance.Whenthevarianceof eachclusteris thesame,ML prefersthefeaturesubsetwith
fewerclusters(whichhappensto beournoisefeatures).Thisbiasis re�ectedby anaveragefeature
recallof 0:04. FSSEM-k-TR,on theotherhand,wasbiasedtowardseparableclustersidenti�ed by
ourde�ned relevantfeatures,re�ectedby anaveragefeaturerecallof 0:8.
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6.4.2 RAW DATA VERSUS STANDARDIZED DATA

In the previous subsection,ML performedworsethantrace for our syntheticdata,becauseML
prefersfeatureswith low varianceandfewer clusters(our noisefeatureshave lower variancethan
the relevant features). In this subsection,we investigate whetherstandardizingthe datain each
dimension(i.e., normalizingeachdimensionto yield a varianceequalto one)would eliminatethis
bias. Standardizingdatais sometimesdoneasa pre-processingstepin dataanalysisalgorithmsto
equalizetheweightcontributedby eachfeature.We would alsolike to know how standardization
affectstheperformanceof theotherFSSEMvariants.

Let X be a randomdatavectorandXf ( f = 1: : :d) be the elementsof the vector, whered is
thenumberof features.We standardizeX by dividing eachelementby thecorrespondingfeature
standarddeviation (Xf =s f , wheres f is thestandarddeviation for featuref ).

Table2 reportstheCV error. Additionalexperimentalresultscanbefoundin (Dy andBrodley,
2003). Aside from the FSSEMvariants,we examinethe effect of standardizingdataon EM-k,
clusteringwith �nding thenumberof clustersusingall thefeatures.Werepresentthecorresponding
varianton standardizeddatawith the suf�x “-STD”. The resultsshow that only FSSEM-k-ML is
affectedby standardizingdata.Thetracecriterioncomputesthebetween-classscatternormalized
by theaveragewithin-classscatterandis invariantto any lineartransformation.Sincestandardizing
datais a lineartransformation,thetracecriterionresultsremainunchanged.

StandardizingdataimprovesML's performance.It eliminatesML's biasto lower overall vari-
ancefeatures.Assumingequalvarianceclusters,ML prefersa singleGaussianclusterover two
well-separatedGaussianclusters. But, after standardization,the two Gaussianclustersbecome
morefavorablebecauseeachof thetwo clustersnow haslower variance(i.e., higherprobabilities)
thanthe singleclusternoisefeature. Observe that whenwe now compareFSSEM-k-TR-STDor
FSSEM-k-TRwith FSSEM-k-ML-STD,the performanceis similar for all our datasets. These
resultsshow that scaleinvarianceis an importantpropertyfor a featureevaluationcriterion. If a
criterion is not scaleinvariantsuchasML, in this case,pre-processingby standardizingthe data
in eachdimensionis necessary. Scaleinvariancecanbeincorporatedto theML criterionby mod-
ifying the functionaspresentedin (Dy andBrodley, 2003). Throughoutthe restof the paper, we
standardizethedatabeforefeatureselectionandclustering.

PercentCV Error
Method 2-Class 3-Class 4-Class 5-Class,5-Feat. 5-Class,15-Feat.

FSSEM-k-TR 4.6� 2.0 21.4� 06.0 4.2 � 2.3 3.0� 1.8 0.0 � 0.0
FSSEM-k-TR-STD 4.6� 2.0 21.6� 05.4 4.0 � 2.0 3.0� 1.8 0.0 � 0.0
FSSEM-k-ML 55.6� 3.9 54.8� 17.4 79.4� 6.1 84.0� 4.1 78.2� 6.1
FSSEM-k-ML-STD 4.8� 1.8 21.4� 05.1 4.0 � 2.2 15.2� 7.3 0.0 � 0.0
EM-k 55.6� 3.9 63.6� 06.0 48.6� 9.5 84.0� 4.1 55.4� 5.5
EM-k-STD 55.6� 3.9 63.6� 06.0 48.6� 9.5 84.0� 4.1 56.2� 6.1

Table2: PercentCV errorof FSSEMvariantsonstandardizedandraw data.

6.4.3 FEATURE SEARCH WITH FIXED k VERSUS SEARCH FOR k

In Section3, we illustratedthatdifferentfeaturesubsetshavedifferentnumbersof clusters,andthat
to model the clustersduring featuresearchcorrectly, we needto incorporate�nding the number
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of clusters,k, in our approach.In this section,we investigatewhether�nding k yieldsbetterper-
formancethanusinga �x ednumberof clusters.We representtheFSSEMandEM variantsusinga
�x ednumberof clusters(equalto theknown classes)asFSSEMandEM. FSSEM-kandEM-k stand
for FSSEMandEM with searchingfor k. Tables3 and4 summarizetheCV error, averagenumber
of cluster, featureprecisionandrecall resultsof thedifferentalgorithmson our � ve syntheticdata
sets.

PercentCV Error
Method 2-Class 3-Class 4-Class 5-Class,5-Feat. 5-Class,15-Feat.

FSSEM-TR-STD 4.4� 02.0 37.6� 05.6 7.4 � 11.0 21.2� 20.7 14.4� 22.2
FSSEM-k-TR-STD 4.6� 02.0 21.6� 05.4 4.0 � 02.0 3.0� 01.8 0.0 � 00.0
FSSEM-ML-STD 7.8� 05.5 22.8� 06.6 3.6 � 01.7 15.4� 09.5 4.8 � 07.5
FSSEM-k-ML-STD 4.8� 01.8 21.4� 05.1 4.0 � 02.2 15.2� 07.3 0.0 � 00.0
EM-STD 22.4� 15.1 30.8� 13.1 23.2� 10.1 48.2� 07.5 10.2� 11.0
EM-k-STD 55.6� 03.9 63.6� 06.0 48.6� 09.5 84.0� 04.1 56.2� 06.1
Bayes 5.4� 00.0 20.4� 00.0 3.4 � 00.0 0.8� 00.0 0.0 � 00.0

AverageNumberof Clusters
Method 2-Class 3-Class 4-Class 5-Class,5-Feat. 5-Class,15-Feat.

FSSEM-TR-STD �x edat2 �x edat3 �x edat4 �x edat5 �x edat5
FSSEM-k-TR-STD 2.0� 0.0 3.0� 0.0 4.0� 0.0 5.0� 0.0 5.0� 0.0
FSSEM-ML-STD �x edat2 �x edat3 �x edat4 �x edat5 �x edat5
FSSEM-k-ML-STD 2.0� 0.0 3.0� 0.0 4.0� 0.0 4.2� 0.4 5.0� 0.0
EM-STD �x edat2 �x edat3 �x edat4 �x edat5 �x edat5
EM-k-STD 1.0� 0.0 1.0� 0.0 2.0� 0.0 1.0� 0.0 2.1� 0.3

Table3: PercentCV error andaveragenumberof clusterresultson FSSEMandEM with �x ed
numberof clustersversus�nding thenumberof clusters.

Looking �rst atFSSEM-k-TR-STDcomparedto FSSEM-TR-STD,weseethatincludingorder
identi�cation (FSSEM-k-TR-STD)with featureselectionresultsin lower CV error for the trace
criterion. For all datasetsexcept the two-classdata,FSSEM-k-TR-STDhadsigni�cantly lower
CV errorthanFSSEM-TR-STD.Adding thesearchfor k within thefeaturesubsetselectionsearch
allows thealgorithmto �nd therelevantfeatures(anaverageof 0:796featurerecall for FSSEM-k-
TR-STDversus0:656for FSSEM-TR-STD).3 This is becausethebestnumberof clustersdepends
on thechosenfeaturesubset.For example,on closerexamination,we notedthaton thethree-class
problemwhenk is �x edat three,theclustersformedby feature1 arebetterseparatedthanclusters
that areformedby features1 and2 together. As a consequence,FSSEM-TR-STDdid not select
feature2. Whenk is madevariableduringthefeaturesearch,FSSEM-k-TR-STD�nds two clusters
in feature1. Whenfeature2 is consideredwith feature1, threeor moreclustersarefoundresulting
in higherseparability.

In the sameway, FSSEM-k-ML-STDwasbetterthan�xing k, FSSEM-ML-STD,for all data
setsin termsof CV error except for the four-classdata. FSSEM-k-ML-STDperformedslightly
betterthan FSSEM-ML-STDfor all the datasetsin termsof featureprecisionand recall. This

3. Notethattherecallvalueis low for the� ve-class�fteen-featuresdata.This is becausesomeof the“relevant” features
areredundantasre�ectedby the0:0%CV errorobtainedby our featureselectionalgorithms.
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AverageFeaturePrecision
Method 2-Class 3-Class 4-Class 5-Class,5-Feat. 5-Class,15-Feat.

FSSEM-TR-STD 0.62� 0.26 0.56� 0.24 0.68� 0.17 0.95� 0.15 1.00� 0.00
FSSEM-k-TR-STD 0.57� 0.23 0.65� 0.05 0.53� 0.07 1.00� 0.00 1.00� 0.00
FSSEM-ML-STD 0.24� 0.05 0.52� 0.17 0.53� 0.10 0.98� 0.05 1.00� 0.00
FSSEM-k-ML-STD 0.33� 0.00 0.67� 0.13 0.50� 0.00 1.00� 0.00 1.00� 0.00
EM-k 0.20� 0.00 0.20� 0.00 0.20� 0.00 0.25� 0.00 0.75� 0.00
EM-k-STD 0.20� 0.00 0.20� 0.00 0.20� 0.00 0.25� 0.00 0.75� 0.00

AverageFeatureRecall
Method 2-Class 3-Class 4-Class 5-Class,5-Feat. 5-Class,15-Feat.

FSSEM-TR-STD 1.00� 0.00 0.55� 0.15 0.95� 0.15 0.46� 0.20 0.32� 0.19
FSSEM-k-TR-STD 1.00� 0.00 1.00� 0.00 1.00� 0.00 0.62� 0.06 0.36� 0.13
FSSEM-ML-STD 1.00� 0.00 1.00� 0.00 1.00� 0.00 0.74� 0.13 0.41� 0.20
FSSEM-k-ML-STD 1.00� 0.00 1.00� 0.00 1.00� 0.00 0.72� 0.16 0.51� 0.14
EM-k 1.00� 0.00 1.00� 0.00 1.00� 0.00 1.00� 0.00 1.00� 0.00
EM-k-STD 1.00� 0.00 1.00� 0.00 1.00� 0.00 1.00� 0.00 1.00� 0.00

Table4: Averagefeatureprecisionandrecallobtainedby FSSEMwith a �x ednumberof clusters
versusFSSEMwith �nding thenumberof clusters.

shows that incorporating�nding k helpsin selectingthe “relevant” features.EM-STD hadlower
CV error thanEM-k-STD dueto prior knowledgeaboutthecorrectnumberof clusters.Both EM-
STDandEM-k-STDhadpoorerperformancethanFSSEM-k-TR/ML-STD,becauseof theretained
noisyfeatures.

6.4.4 FEATURE CRITERION NORMALIZATION VERSUS WITHOUT NORMALIZATION

PercentCV Error
Method 2-Class 3-Class 4-Class 5-Class,5-Feat. 5-Class,15-Feat.

FSSEM-k-TR-STD-notnorm 4.6� 2.0 23.4� 6.5 4.2� 2.3 2.6 � 1.3 0.0� 0.0
FSSEM-k-TR-STD 4.6� 2.0 21.6� 5.4 4.0� 2.0 3.0 � 1.8 0.0� 0.0
FSSEM-k-ML-STD-notnorm 4.6� 2.2 36.2� 4.2 48.2� 9.4 63.6� 4.9 46.8� 6.2
FSSEM-k-ML-STD 4.8� 1.8 21.4� 5.1 4.0� 2.2 15.2� 7.3 0.0� 0.0
Bayes 5.4� 0.0 20.4� 0.0 3.4� 0.0 0.8 � 0.0 0.0� 0.0

AverageNumberof FeaturesSelected
Method 2-Class 3-Class 4-Class 5-Class,5-Feat. 5-Class,15-Feat.

FSSEM-k-TR-STD-notnorm 2.30� 0.46 3.00� 0.00 3.90� 0.30 3.30� 0.46 9.70� 0.46
FSSEM-k-TR-STD 2.00� 0.63 3.10� 0.30 3.80� 0.40 3.10� 0.30 5.40� 1.96
FSSEM-k-ML-STD-notnorm 1.00� 0.00 1.00� 0.00 1.00� 0.00 1.00� 0.00 1.00� 0.00
FSSEM-k-ML-STD 3.00� 0.00 3.10� 0.54 4.00� 0.00 3.60� 0.80 7.70� 2.10

Table5: PercentCV errorandaveragenumberof featuresselectedby FSSEMwith criterionnor-
malizationversuswithout.
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Table 5 presentsthe CV error and averagenumberof featuresselectedby featureselection
with cross-projectioncriterion normalizationversuswithout (thosewith suf�x “notnorm”). Here
and throughoutthe paper, we refer to normalizationas the featurenormalizationscheme(cross-
projectionmethod)describedin Section5. For the tracecriterion,without normalizationdid not
affect the CV error. However, normalizationachieved similar CV error performanceusingfewer
featuresthan without normalization. For the ML criterion, criterion normalizationis de�nitely
needed.Note that without, FSSEM-k-ML-STD-notnormselectedonly a single featurefor each
datasetresultingin worseCV errorperformancethanwith normalization(exceptfor thetwo-class
datawhichhasonly onerelevantfeature).

6.4.5 FEATURE SELECTION VERSUS WITHOUT FEATURE SELECTION

In all cases,featureselection(FSSEM,FSSEM-k)obtainedbetterresultsthanwithout featurese-
lection (EM, EM-k) asreportedin Table3. Note that for our datasets,the noisefeaturesmisled
EM-k-STD, leadingto fewerclustersthanthe“true” k. Observe too thatFSSEM-kwasableto �nd
approximatelythetruenumberof clustersfor thedifferentdatasets.

In this subsection,we experimenton the sensitivity of the FSSEMvariantsto the numberof
noisefeatures. Figures9a-eplot the cross-validationerror, averagenumberof clusters,average
numberof noisefeatures,featureprecisionandrecall respectively of featureselection(FSSEM-k-
TR-STD andFSSEM-k-ML-STD)andwithout featureselection(EM-k-STD) asmoreandmore
noisefeaturesareaddedto thefour-classdata.NotethattheCV errorperformance,averagenumber
of clusters,averagenumberof selectedfeaturesandfeaturerecallfor thefeatureselectionalgorithms
aremoreor lessconstantthroughoutandareapproximatelyequalto clusteringwith no noise.The
featureprecisionandrecallplotsreveal that theCV errorperformanceof featureselectionwasnot
affectedbynoise,becausetheFSSEM-kvariantswereableto selecttherelevantfeatures(recall= 1)
anddiscardthenoisyfeatures(highprecision).Figure9 demonstratestheneedfor featureselection
asirrelevantfeaturescanmisleadclusteringresults(re�ectedby EM-k-STD'sperformanceasmore
andmorenoisefeaturesareadded).

6.4.6 CONCLUSIONS ON EXPERIMENTS WITH SYNTHETIC DATA

ExperimentsonsimulatedGaussianmixturedatarevealthat:

� Standardizingthedatabeforefeaturesubsetselectionin conjunctionwith theML criterionis
neededto removeML'spreferencefor low variancefeatures.

� Orderidenti�cation led to betterresultsthan�xing k, becausedifferentfeaturesubsetshave
differentnumberof clustersasillustratedin Section3.

� The criterion normalizationscheme(cross-projection)introducedin Section5 removed the
biasesof traceandML with respectto dimension.Thenormalizationschemeenabledfeature
selectionwith traceto remove“redundant”featuresandpreventedfeatureselectionwith ML
from selectingonly asinglefeature(a trivial result).

� BothML andtracewith featureselectionperformedequallywell for our � vedatasets.Both
criteriawereableto �nd the“relevant” features.

� Featureselectionobtainedbetterresultsthanwithout featureselection.
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Figure9: Featureselectionversuswithout featureselectionon thefour-classdata.

6.5 Experimentson RealData

We examinetheFSSEMvariantson the iris, wine, andionospheredatasetfrom theUCI learning
repository(Blake andMerz, 1998),andon a high resolutioncomputedtomography (HRCT) lung
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imagedatawhich we collectedfrom IUPUI medicalcenter(Dy et al., 2003;Dy et al., 1999). Al-
thoughfor eachdatasettheclassinformationis known, weremove theclasslabelsduringtraining.

Unlike syntheticdata,we do not know the“true” numberof (Gaussian)clustersfor real-world
datasets. Eachclassmay be composedof many Gaussianclusters. Moreover, the clustersmay
not evenhave a Gaussiandistribution. To seewhethertheclusteringalgorithmsfoundclustersthat
correspondto classes(whereina classcanbemulti-modal),we computethecross-validatedclass
error in the sameway asfor the syntheticGaussiandata. On real datasets,we do not know the
“relevant” features.Hence,we cannotcomputeprecisionandrecall andthereforereportonly the
averagenumberof featuresselectedandtheaveragenumberof clustersfound.

Althoughwe useclasserrorasa measureof clusterperformance,we shouldnot let it misguide
usin its interpretation.Clusterquality or interestingnessis dif�cult to measurebecauseit depends
on theparticularapplication.This is a majordistinctionbetweenunsupervisedclusteringandsu-
pervisedlearning. Here,classerror is just one interpretationof the data. We canalsomeasure
clusterperformancein termsof thetracecriterionandtheML criterion. Naturally, FSSEM-k-TR
andFSSEM-TRperformedbestin termsof trace; and,FSSEM-k-MLandFSSEM-MLwerebest
in termsof maximumlikelihood.ChoosingeitherTR or ML dependson your applicationgoals.If
you areinterestedin �nding the featuresthatbestseparatethedata,useFSSEM-k-TR.If you are
interestedin �nding featuresthatmodelGaussianclustersbest,useFSSEM-k-ML.

To illustratethegeneralityandeaseof applyingotherclusteringmethodsin thewrapperframe-
work,wealsoshow theresultsfor differentvariantsof featureselectionwrappedaroundthek-means
clusteringalgorithm(Forgy, 1965;Dudaetal., 2001)coupledwith theTR andML criteria.Weuse
sequentialforward searchfor featuresearch. To �nd the numberof clusters,we apply the BIC
penaltycriterion (Pelleg andMoore, 2000). We usethe following acronyms throughoutthe rest
of thepaper:Kmeansstandsfor thek-meansalgorithm,FSS-Kmeansstandsfor featureselection
wrappedaroundk-means,TR representsthe tracecriterion for featureevaluation,ML represents
ML criterion for evaluatingfeatures,“-k-” representsthat thevariant�nds thenumberof clusters,
and“-STD” shows thatthedatawasstandardizedsuchthateachfeaturehasvarianceequalto one.

Sinceclusterqualitydependsontheinitializationmethodusedfor clustering,weperformedEM
clusteringusingthreedifferentinitializationmethods:

1. Initialize usingtenk-meansstartswith eachk-meansinitialized by a randomseed,thenpick
the�nal clusteringcorrespondingto thehighestlikelihood.

2. Tenrandomre-starts.

3. Fayyadetal.'smethodasdescribedearlierin Section6.3(Fayyadetal., 1998).

Itemsoneandtwo aresimilar for the k-meansclustering. Hence,for k-means,we initialize with
itemstwo andthree(with item threeperformedusingFayyadet al.'s methodfor k-means(Bradley
andFayyad,1998)which appliesk-meansto thesub-sampleddatainsteadof EM anddistortionto
pick thebestclusteringinsteadof theML criterion). In thediscussionsectionasfollows,we show
theresultsfor FSSEMandFSS-Kmeansvariantsusingtheinitializationwhichprovidesconsistently
goodCV-erroracrossall methods.Wepresenttheresultsusingeachinitializationmethodonall the
FSSEMandFSS-Kmeansvariantsin (Dy andBrodley, 2003)AppendixE.Onthetables,“-1”, “-2”,
and“-3” representtheinitializationmethods1, 2, and3 respectively.
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Iris DataandFSSEMVariants
Method %CV Error Ave. No. of Clusters Ave. No. of Features

FSSEM-TR-STD-1 2.7� 04.4 �x edat3 3.5� 0.7
FSSEM-k-TR-STD-1 4.7� 05.2 3.1� 0.3 2.7� 0.5
FSSEM-ML-STD-1 7.3� 12.1 �x edat3 3.6� 0.9
FSSEM-k-ML-STD-1 3.3� 04.5 3.0� 0.0 2.5� 0.5
EM-STD-1 3.3� 05.4 �x edat3 �x edat4
EM-k-STD-1 42.0� 14.3 2.2� 0.6 �x edat4

Iris DataandFSS-KmeansVariants
Method %CV Error Ave. No. of Clusters Ave. No. of Features

FSS-Kmeans-TR-STD-2 2.7� 03.3 �x edat3 1.9� 0.3
FSS-Kmeans-k-TR-STD-2 13.3� 09.4 4.5� 0.7 2.3� 0.5
FSS-Kmeans-ML-STD-2 2.0� 03.1 �x edat3 2.0� 0.0
FSS-Kmeans-k-ML-STD-2 4.7� 04.3 3.4� 0.5 2.4� 0.5
Kmeans-STD-2 17.3� 10.8 �x edat3 �x edat4
Kmeans-k-STD-2 44.0� 11.2 2.0� 0.0 �x edat4

Table6: Resultsfor thedifferentvariantson theiris data.

6.5.1 IRIS DATA

We �rst look at thesimplestcase,the Iris data.This datahasthreeclasses,four features,and150
instances.Fayyadet. al's methodof initialization worksbestfor largedatasets.SincetheIris data
only hasa few numberof instancesandclassesthatarewell-separated,tenk-meansstartsprovided
the consistentlybestresult for initializing EM clusteringacrossthe different methods. Table 6
summarizesthe resultsfor the different variantsof FSSEMcomparedto EM clusteringwithout
featureselection.For theiris data,wesetKmax in FSSEM-kequalto six, andfor FSSEMwe�x edk
at three(equalto thenumberof labeledclasses).TheCV errorfor FSSEM-k-TR-STDandFSSEM-
k-ML-STD aremuchbetterthanEM-k-STD. This meansthat whenyou do not know the “true”
numberof clusters,featureselectionhelps�nd goodclusters.FSSEM-keven found the“correct”
numberof clusters.EM clusteringwith the“true” numberof clusters(EM-STD)gavegoodresults.
Featureselection,in this case,did not improve theCV-errorof EM-STD, however, they produced
similarerrorrateswith fewerfeatures.FSSEMwith thedifferentvariantsconsistentlychosefeature
3 (petal-length),and feature4 (petal-width). In fact, we learnedfrom this experimentthat only
thesetwo featuresare neededto correctly clusterthe iris datato threegroupscorrespondingto
iris-setosa,iris-versicolorandiris-viginica. Figures10 (a) and(b) show theclusteringresultsasa
scatterploton the �rst two featureschosenby FSSEM-k-TRandFSSEM-k-MLrespectively. The
resultsfor featureselectionwrappedaroundk-meansarealsoshown in Table6. Wecaninfer similar
conclusionsfrom theresultsonFSS-Kmeansvariantsaswith theFSSEMvariantsfor thisdataset.

6.5.2 WINE DATA

The wine datahasthreeclasses,thirteenfeaturesand178 instances.For this data,we setKmax

in FSSEM-kequal to six, and for FSSEMwe �x ed k at three(equal to the numberof labeled
classes).Table7 summarizestheresultswhenFSSEMandtheFSS-Kmeansvariantsareinitialized
with tenk-meansstartsandtenrandomre-startsrespectively. Thesearethe initialization methods
which led to the bestperformancefor EM andk-meanswithout featureselection. When“k” is
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Figure10: The scatterplots on iris datausingthe �rst two featureschosenby FSSEM-k-TR(a)
andFSSEM-k-ML (b). � , � and5 representthe differentclassassignments.� are
the clustermeans,and the ellipsesare the covariancescorrespondingto the clusters
discoveredby FSSEM-k-TRandFSSEM-k-ML.

WineDataandFSSEMVariants
Method %CV Error Ave. No. of Clusters Ave. No. of Features

FSSEM-TR-STD-1 44.0� 08.1 �x edat3 1.4� 0.5
FSSEM-k-TR-STD-1 12.4� 13.0 3.6� 0.8 3.8� 1.8
FSSEM-ML-STD-1 30.6� 21.8 �x edat3 2.9� 0.8
FSSEM-k-ML-STD-1 23.6� 14.4 3.9� 0.8 3.0� 0.8
EM-STD-1 10.0� 17.3 �x edat3 �x edat13
EM-k-STD-1 37.1� 12.6 3.2� 0.4 �x edat13

WineDataandFSS-KmeansVariants
Method %CV Error Ave. No. of Clusters Ave. No. of Features

FSS-Kmeans-TR-STD-2 37.3� 14.0 �x edat3 1.0� 0.0
FSS-Kmeans-k-TR-STD-2 28.1� 09.6 3.6� 0.5 2.5� 0.9
FSS-Kmeans-ML-STD-2 16.1� 09.9 �x edat3 3.1� 0.3
FSS-Kmeans-k-ML-STD-2 18.5� 07.2 4.2� 0.6 3.1� 0.7
Kmeans-STD-2 0.0� 00.0 �x edat3 �x edat13
Kmeans-k-STD-2 33.4� 21.3 2.6� 0.8 �x edat13

Table7: Resultsfor thedifferentvariantson thewinedataset.

known, k-meanswasable to �nd the clusterscorrespondingto the “true” classescorrectly. EM
clusteringalsoperformedwell when“k” is given. EM andk-meansclusteringperformedpoorly in
termsof CV errorwhen“k” is unknown. It is in this situationwherefeatureselection,FSSEM-k
andFSS-Kmeans-k,helpedthebaseclusteringmethods�nd goodgroupings.Interestingly, for the
wine data,FSSEM-k-TRperformedbetterthanFSSEM-k-ML, andFSS-Kmeans-MLhadbetter
CV-error thanFSS-Kmeans-TR.This is an exampleon whereusingdifferentcriteria for feature
selectionandclusteringimprovedtheresultsthroughtheir interaction.Figures11 (a) and(b) show
the scatterplotsand clustersdiscoveredprojectedon the �rst two featureschosenby FSSEM-k-
TR andFSS-Kmeans-k-MLrespectively. FSSEM-k-TRpicked featuresf 12;13;7;5;10;1;4g and
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Figure11: Thescatterplotson thewine datausingthe �rst two featureschosenby FSSEM-k-TR
(a) and FSSEM-k-ML (b). ?, � and 5 representthe different classassignments.�
aretheclustermeans,andtheellipsesarethecovariancescorrespondingto theclusters
discoveredby FSSEM-k-TRandFSS-Kmeans-k-ML.

FSS-Kmeans-k-MLselectedfeaturesf 2;13;12g:4 Features12and13standfor “OD280-OD315of
dilutedwines”and“proline.”

6.5.3 IONOSPHERE DATA

The radardatais collectedfrom a phasedarrayof sixteenhigh-frequency antennas.The targets
arefree electronsin the atmosphere.Classeslabel the dataaseithergood(radarreturnsshowing
structurein the ionosphere)or badreturns.Thereare351 instanceswith 34 continuousattributes
(measuringtime of pulseandpulsenumber).Features1 and2 arediscarded,becausetheir values
areconstantor discretefor all instances.Constantfeaturevaluesproduceanin�nite likelihoodvalue
for a Gaussianmixturemodel.Discretefeaturevalueswith discretelevels lessthanor equalto the
numberof clustersalsoproduceanin�nite likelihoodvaluefor a �nite Gaussianmixturemodel.

Table8 reportstheten-foldcross-validationerrorandthenumberof clustersfoundby thediffer-
entEM andFSSEMalgorithms.For theionospheredata,wesetKmax in FSSEM-kequalto ten,and
�x edk at two (equalto thenumberof labeledclasses)in FSSEM.FSSEM-k-MLandEM clustering
with “k” known performedbetterin termsof CV error comparedto the restof the EM variants.
NotethatFSSEM-k-MLgave comparableperformancewith EM usingfewer featuresandwith no
knowledgeof the“true” numberof clusters.Table8 alsoshowstheresultsfor thedifferentk-means
variants.FSS-Kmeans-k-ML-STDobtainsthebestCV errorfollowedcloselyby FSS-Kmeans-ML-
STD. Interestingly, thesetwo methodsandFSSEM-k-MLall chosefeatures5 and3 (basedon the
original34 features)astheir �rst two features.

Figures12aandb presentscatterplotsof theionospheredataon the�rst two featureschosenby
FSSEM-k-TRandFSSEM-k-MLtogetherwith their correspondingmeans(in � 's) andcovariances
(in ellipses)discovered.Observe thatFSSEM-k-TRfavoredtheclustersandfeaturesin Figure12a
becausethe clustersarewell separated.On the otherhand,FSSEM-k-ML favoredthe clustersin
Figure12b,whichhavesmallgeneralizedvariances.SincetheML criterionmatchestheionosphere

4. ThesefeaturesubsetsarethefeatureswhichprovidedthebestCV-errorperformanceamongtheten-foldruns.

871



DY AND BRODLEY

IonosphereDataandFSSEMVariants
Method %CV Error Ave. No. of Clusters Ave. No. of Features

FSSEM-TR-STD-2 38.5� 06.5 �x edat2 2.3� 0.9
FSSEM-k-TR-STD-2 23.1� 05.8 6.6� 1.3 1.1� 0.3
FSSEM-ML-STD-2 37.9� 07.5 �x edat2 2.7� 2.1
FSSEM-k-ML-STD-2 18.8� 06.9 7.6� 1.0 2.9� 1.1
EM-STD-2 16.8� 07.3 �x edat2 �x edat32
EM-k-STD-2 35.3� 10.3 8.4� 1.0 �x edat32

IonosphereDataandFSS-KmeansVariants
Method %CV Error Ave. No. of Clusters Ave. No. of Features

FSS-Kmeans-TR-STD-2 35.3� 06.5 �x edat2 1.0� 0.0
FSS-Kmeans-k-TR-STD-2 22.8� 08.5 9.8� 0.4 1.0� 0.0
FSS-Kmeans-ML-STD-2 17.7� 04.9 �x edat2 3.5� 0.8
FSS-Kmeans-k-ML-STD-2 16.2� 04.8 9.3� 0.8 1.7� 0.8
Kmeans-STD-2 23.4� 10.1 �x edat2 �x edat32
Kmeans-k-STD-2 28.8� 10.8 7.7� 0.6 �x edat32

Table8: Resultsfor thedifferentvariantson theionospheredataset.

classlabelsmore closely, FSSEM-k-ML performedbetterwith respectto CV error. FSSEM-k-
ML obtainedbetterCV errorthanEM-k; FSS-Kmeans-MLandFSS-Kmeans-k-MLalsoperformed
betterthanKmeansandKmeans-kin termsof CV error. Thefeatureselectionvariantsperformed
betterusingfewer featurescomparedto the32 featuresusedby EM-k, Kmeans,andKmeans-k.It
is interestingto notethatfor thisdata,randomre-startinitializationobtainedsigni�cantly betterCV
errorfor EM clustering(16:8%)comparedto theotherinitializationmethods(20:5%and24:8%for
tenk-meansstartsandFayyadet al.'s methodrespectively). This is becausethetwo “true” classes
arehighly overlapped.Tenk-meansstartstendto start-off with well-separatedclusters.
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Figure12: Thescatterplotson theionospheredatausingthe�rst two featureschosenby FSSEM-
k-TR (a) andFSSEM-k-ML (b). � and� representthe differentclassassignments.�
aretheclustermeans,andtheellipsesarethecovariancescorrespondingto theclusters
discoveredby FSSEM-k-TRandFSSEM-k-ML.
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6.5.4 HRCT-LUNG DATA

(a)CentrilobularEmphysema (b) ParaseptalEmphysema (c) IPF

Figure13: HRCT-lung images.

HRCT-lung consistsof 500 instances.Eachof theseinstancesare representedby 110 low-
level continuousfeaturesmeasuringgeometric,gray level and texture features(Dy et al., 1999).
We actuallyusedonly 108 featuresbecausetwo of the featuresareconstantor discrete.We also
log-transformedthedatato make our featureswhich aremostlypositive real-valuednumbersmore
Gaussian.For featureswith negativevalues(likethefeature,localmeanminusglobalmean),weadd
anoffsetmakingtheminimumvalueequalto zero.Weassignlog(0) to belog(0:0000000000001).
Thedatais classi�ed into � ve diseaseclasses(Centrilobular Emphysema,ParaseptalEmphysema,
EG, IPF, and Panacinar). Figure 13 shows threeHRCT-lung imagesfrom threeof the disease
classes.The white marking is the pathologybearingregion (PBR) marked by a radiologist. An
instancerepresentsa PBR.An imagemaycontainmorethanonePBRandmorethanonedisease
classi�cation. NotethatCentrilobular Emphysema(CE) is characterizedby a largenumberof low
intensity(darker) regionswhich mayoccupy theentirelung asin Figure13a. ParaseptalEmphy-
sema(PE)is alsocharacterizedby low intensityregions(seeFigure13b).UnlikeCE,theseregions
occurneartheboundariesor near�ssures.Thedarkregionsareusuallyseparatedby thin wallsfrom
their adjacentboundaryor �ssure. CE andPEcanbefurthergroupedaccordingto diseaseseverity
characterizedby theintensityof theregions.Lower intensitiesindicatemoreseverecases.Thelung
imageof IPFis characterizedby highintensitiesforminga“glass-like” structureasshown in Figure
13c. Featureselectionis importantfor this dataset,becauseEM clusteringusingall the features
resultsin justonecluster.

Table9 presentstheresultson theHRCT-lungdataset.For theHRCT lungdata,FSSEM-k-TR
andFSS-Kmeans-k-TRperformedbetterthanFSSEM-k-MLandFSS-Kmeans-k-MLrespectively
in termsof CV error. Figures14 (a) and (b) presentscatterplotsof the HRCT-lung dataon the
�rst two featureschosenby FSSEM-k-TRandFSSEM-k-ML.Observe that the clustersfoundby
FSSEM-k-TRarewell separatedandmatchtheclasslabelswell. FSSEM-k-ML,on theotherhand,
selectsfeaturesthat result in high-densityclusters.Figure14 (b) demonstratesthis clearly. Note
alsothatthe“true” numberof clustersfor thisdatais morethan� ve(thenumberof labeledclasses).
ThishelpedFSSEM-k-TRandFSS-Kmeans-k-TRobtainedbetterresultsthantheir �x ed-kvariants.
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HRCT-LungDataandFSSEMVariants
Method %CV Error Ave. No. of Clusters Ave. No. of Features

FSSEM-TR-STD-3 36.8� 6.6 �x edat5 1.3� 0.5
FSSEM-k-TR-STD-3 26.6� 7.7 6.0� 2.7 1.7� 0.9
FSSEM-ML-STD-3 37.2� 5.5 �x edat5 3.3� 0.6
FSSEM-k-ML-STD-3 37.0� 5.7 5.2� 1.7 6.6� 2.8
EM-STD-3 37.2� 5.5 �x edat5 �x edat108
EM-k-STD-3 37.2� 5.5 1.1� 0.3 �x edat108

HRCT-LungDataandFSS-KmeansVariants
Method %CV Error Ave. No. of Clusters Ave. No. of Features

FSS-Kmeans-TR-STD-3 37.2� 05.5 �x edat5 1.0� 0.0
FSS-Kmeans-k-TR-STD-3 28.0� 10.7 7.5� 1.9 2.9� 2.3
FSS-Kmeans-ML-STD-3 36.8� 05.9 �x edat5 3.4� 0.7
FSS-Kmeans-k-ML-STD-3 35.6� 06.7 4.3� 0.9 5.8� 3.1
Kmeans-STD-3 36.6� 04.9 �x edat5 �x edat108
Kmeans-k-STD-3 37.0� 05.3 3.4� 0.5 �x edat108

Table9: Resultson theHRCT-lung imagedatasetfor thedifferentvariants.
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Figure14: Thescatterplotson theHRCT-lungdatausingthe�rst two featureschosenby FSSEM-
k-TR (a) andFSSEM-k-ML(b). � , � , , � , and5 representthedifferentclassassign-
ments.� aretheclustermeans,andtheellipsesarethecovariancescorrespondingto the
clustersdiscoveredby FSSEM-k-TR.

HRCT-lungisadif�cult datasetdueto its skewedclassdistribution(approximately62:8%of the
datais from thediseaseCentrilobularEmphysema).Becauseof this,eventhoughEM-k discovered
approximatelyonly onecluster, its classerror (which is equalto theerrorusinga majority classi-
�cation rule) is closeto the valuesobtainedby the othermethods.The high dimensionsobscure
theHRCT-lung's classesandresultin EM-k �nding only onecluster. Evenwith adif�cult problem
suchasthis, featureselectionobtainedbetterCV-error thanwithout featureselectionusingmuch
fewerfeatures(anaverageof 1:7 for FSSEM-k-TRand2:9 for FSS-Kmeans-k-TR)comparedto the
original 108 features.FSSEM-k-TRpicked featuresf 7;9g andFSS-Kmeans-k-TRchosefeatures
f 8;6;59g. Features6;7;8,and9 aregraylevel histogramvaluesof thelungregion,andfeature59is
a histogramvalueat a local pathologybearingregion. Thesefeaturesmake sensein discriminating
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betweenCentrilobularEmphysema(thelargestclass)from therest,asthisclassis characterizedby
low graylevel values.

6.5.5 CONCLUSIONS ON EXPERIMENTS WITH REAL DATA

Our resultson real datashow that featureselectionimproved the performanceof clusteringalgo-
rithms in �nding “interesting” patterns.We measure“interestingness”performancehereby how
well the discoveredclustersmatchlabeledclasses(CV-error). FSSEM-kandFSS-Kmeans-kob-
tainedbetterCV-error thanEM-k andk-meansusingfewer features.Moreover, our experiments
reveal thatno onefeatureselectioncriterion(ML or TR) is betterthantheother. They have differ-
entbiases.ML selectsfeaturesthat resultsin high-densityclusters,andperformedbetterthanTR
ontheionospheredata.Scatterseparability(TR) prefersfeaturesthatrevealwell-separatedclusters,
andperformedbetterthanML ontheHRCT-lungdata.They bothdid well ontheiris andwinedata.

7. RelatedWork: A Review of FeatureSelectionAlgorithms for Unsupervised
Learning

Thereare threedifferent ways to selectfeaturesfrom unsuperviseddata: 1) after clustering,2)
beforeclustering,and3) duringclustering.An examplealgorithmthatperformsfeatureselection
afterclusteringis (Mirkin, 1999). Themethod�rst appliesa new separate-and-conquerversionof
k-meansclustering.Then,it computesthecontribution weightof eachvariablein proportionto the
squareddeviation of eachvariable's within-clustermeanfrom thetotal mean.It representsclusters
by conjunctive conceptsstartingfrom the variablewith the highestweight,until addingvariables
(with its conceptualdescription)doesnot improve thecluster“precisionerror”. Featureselection
afterclusteringis importantfor conceptuallearning,for describingandsummarizingstructurefrom
data. This type of selectingfeaturescanremove redundancy but not featureirrelevancebecause
the initial clusteringis performedusingall the features.As pointedout earlier, the existenceof
irrelevantfeaturescanmisguideclusteringresults.Usingall thefeaturesfor clusteringalsoassumes
thatourclusteringalgorithmdoesnotbreakdown with highdimensionaldata.In thispaper, weonly
examinefeatureselectionalgorithmsthataffect (canchange)theclusteringoutcomes;i.e., before
or duringclustering.

A signi�cant body of researchexists on methodsfor featuresubsetselectionfor supervised
data. Thesemethodscanbe groupedas�lter (Marill andGreen,1963;NarendraandFukunaga,
1977;Almuallim andDietterich,1991;Kira andRendell,1992;Kononenko,1994;Liu andSetiono,
1996;Cardie,1993;SinghandProvan,1995)or wrapper(Johnet al., 1994;Doak,1992;Caruana
andFreitag,1994;AhaandBankert,1994;Langley andSage,1994;Pazzani,1995)approaches.To
maintainthe �lter/wrapper modeldistinctionusedin supervisedlearning,we de�ne �lter methods
in unsupervisedlearningas using someintrinsic propertyof the datato selectfeatureswithout
utilizing theclusteringalgorithmthatwill ultimatelybeapplied.Wrapperapproaches,on theother
hand,applytheunsupervisedlearningalgorithmto eachcandidatefeaturesubsetandthenevaluate
thefeaturesubsetby criterionfunctionsthatutilize theclusteringresult.

Whenwe �rst startedthis research,not muchwork hasbeendonein featuresubsetselection
for unsupervisedlearningin thecontext of machinelearning,althoughresearchin theform of prin-
cipal componentsanalysis(PCA) (Chang,1983),factoranalysis(JohnsonandWichern,1998)and
projectionpursuit(Friedman,1987;Huber, 1985)existed. Theseearlyworks in datareductionfor
unsuperviseddatacanbethoughtof as�lter methods,becausethey selectthefeaturesprior to apply-
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Figure15: IllustrationonwhenPCA is apoordiscriminator.

ing clustering.But ratherthanselectinga subsetof thefeatures,they involve sometypeof feature
transformation.PCAandfactoranalysisaimto reducethedimensionsuchthattherepresentationis
asfaithful aspossibleto theoriginaldata.Notethatdatareductiontechniquesbasedon representa-
tion (like PCA) arebettersuitedfor compressionapplicationsratherthanclassi�cation(Fukunaga
(1990)providesanillustrativeexampleonthis). Figure15recreatesthisexample.PCAchoosesthe
projectionwith thehighestvariance.Projectingtwo dimensionsto onedimensionin this example,
PCA would projectthedatato axisb, which is clearly inferior to axisa for discriminatingthetwo
clusters.Contraryto PCA andfactoranalysis,projectionpursuitaimsto �nd “interesting”projec-
tionsfrom multi-dimensionaldatafor visualizingstructurein thedata.A recentmethodfor �nding
transformationscalledindependentcomponentsanalysis(ICA) (Hyvärinen,1999)hasgainedwide-
spreadattentionin signalprocessing.ICA tries to �nd a transformationsuchthat the transformed
variablesarestatisticallyindependent.

The�lter methodsdescribedin thepreviousparagraphall involvetransformationsof theoriginal
variablespace.In this paper, we areinterestedin subsetsof theoriginal space,becausesomedo-
mainsprefertheoriginal variablesin orderto maintainthephysicalinterpretationof thesefeatures.
Moreover, transformationsof thevariablespacerequirecomputationor collectionof all thefeatures
beforedimensionreductioncanbeachieved,whereassubsetsof theoriginal spacerequirecompu-
tationor collectionof only theselectedfeaturesubsetsafterfeatureselectionis determined.If some
featurescostmorethanothers,onecanconsiderthesecostsin selectingfeatures.In this paper, we
assumeeachfeaturehasequalcost. Other interestingandcurrentdirectionsin featureselection
involving featuretransformationsaremixturesof principal componentanalyzers(Kambhatlaand
Leen,1997;Tipping andBishop,1999)andmixturesof factoranalyzers(GhahramaniandBeal,
2000;GhahramaniandHinton,1996;Uedaet al., 1999).We considerthesemixturealgorithmsas
wrapperapproaches.

In recentyears,moreattentionhasbeenpaid to unsupervisedfeaturesubsetselection. Most
of thesemethodsarewrapperapproaches.Gennari(1991)incorporatesfeatureselection(they call
“attention”) to CLASSIT (an incrementalconceptformationhierarchicalclusteringalgorithmin-
troducedin (Gennariet al., 1989)). Theattentionalgorithminspectsthe featuresstartingwith the
mostsalient(“per-attribute contribution to category utility”) attribute to the leastsalientattribute,
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andstopinspectingfeaturesif theremainingfeaturesdonotchangethecurrentclusteringdecision.
Thepurposeof this attentionmechanismis to increaseef�ciency without lossof predictionaccu-
racy. Devaney andRam(1997)appliedsequentialforwardandbackwardsearch.To evaluateeach
candidatesubset,they measuredthe category utility of the clustersfound by applyingCOBWEB
(Fisher,1987)in conjunctionwith the featuresubset.Talavera(1999)applied“blind” (similar to
the�lter) and“feedback”(analogousto thewrapper)approachesto COBWEB,anduseda feature
dependencemeasureto selectfeatures. VaithyanathanandDom (1999) formulatedan objective
functionfor choosingthefeaturesubsetand�nding theoptimalnumberof clustersfor a document
clusteringproblemusinga Bayesianstatisticalestimationframework. They modeledeachcluster
asa multinomial. They extendedthis conceptto createhierarchicalclusters(Vaithyanathanand
Dom, 2000). Agrawal, et al. (1998)introduceda clusteringalgorithm(CLIQUE) which proceeds
level-by-level from onefeatureto the highestdimensionor until no morefeaturesubspaceswith
clusters(regionswith high densitypoints)aregenerated.CLIQUE is a densitybasedclustering
algorithmwhich doesnot assumeany densitymodel. However, CLIQUE needsto specifyparam-
eterst (thedensitythreshold)andn (theequallengthinterval partitioningfor eachdimension).In
contrast,our methodmakesassumptionsaboutdistributionsto avoid specifyingparameters.Kim,
StreetandMenczer(2002)apply an evolutionary local selectionalgorithm(ELSA) to searchthe
featuresubsetandnumberof clusterson two clusteringalgorithms:K-meansandEM clustering
(with diagonalcovariances),anda Paretofront to combinemultiple objective evaluationfunctions.
Law, FigueiredoandJain(2002)estimatefeaturesaliency usingEM by modelingrelevantfeatures
asconditionallyindependentgiven thecomponentlabel,andirrelevant featureswith a probability
densityidenticalfor all components.They alsodevelopeda wrapperapproachthatselectsfeatures
usingKullback-Leiblerdivergenceandentropy. FriedmanandMeulman(2003)designedadistance
measurefor attribute-valuedatafor clusteringonsubsetsof attributes,andallow featuresubsetsfor
eachclusterto bedifferent.

8. Summary

In thispaper, we introducedawrapperframework for performingfeaturesubsetselectionfor unsu-
pervisedlearning.Weexploredtheissuesinvolvedin developingalgorithmsunderthis framework.
We identi�ed theneedfor �nding thenumberof clustersin featuresearchandprovidedproofsfor
thebiasesof ML andscatterseparabilitywith respectto dimension.We,then,presentedmethodsto
amelioratetheseproblems.

Our experimentalresultsshowed that incorporating�nding the numberof clustersk into the
featuresubsetselectionprocessled to betterresultsthan�xing k to bethe truenumberof classes.
Therearetwo reasons:1) thenumberof classesis not necessarilyequalto thenumberof Gaussian
clusters,and2) differentfeaturesubsetshave differentnumberof clusters.Supportingtheory, our
experimentson simulateddatashowed that ML andscatterseparabilityare in somewaysbiased
with respectto dimension.Thus,anormalizationschemeis neededfor thechosenfeatureselection
criterion.Ourproposedcross-projectioncriterionnormalizationschemewasableto eliminatethese
biases.

Although we examinedthe wrapperframework usingFSSEM,the searchmethod,featurese-
lectioncriteria (especiallythetracecriterion),andthefeaturenormalizationschemecanbeeasily
appliedto any clusteringmethod.Theissueswehaveencounteredandsolutionspresentedareappli-
cableto any featuresubsetwrapperapproach.FSSEMservesasanexample.Dependingon one's
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application,one may chooseto apply a more appropriatesearchmethod,clusteringand feature
selectioncriteria.

9. Futur eDir ections

Researchin featuresubsetselectionfor unsupervisedlearningis quiteyoung.Eventhoughwehave
addressedsomeissues,thepaperopensupmorequestionsthatneedto beanswered.

Hartigan(1985)pointedout thatnosinglecriterionis bestfor all applications.This is reiterated
by our resultson the HRCT andIonospheredata. This led us to work in visualizationanduser
interactionto guidethe featuresearch(Dy andBrodley, 2000b). Another interestingdirectionis
to look at featureselectionwith hierarchicalclustering(Gennari,1991;Fisher,1996;Devaney and
Ram,1997;Talavera,1999;VaithyanathanandDom, 2000),sincehierarchicalclusteringprovides
groupingsat variousperceptuallevels. In addition,a clustermaybemodeledbetterby a different
featuresubsetfrom otherclusters.Onemaywishto developalgorithmsthatselectadifferentfeature
subsetfor eachclustercomponent.

We exploredunsupervisedfeatureselectionthroughthe wrapperframework. It would be in-
terestingto do a rigorousinvestigationof �lter versuswrapperapproachfor unsupervisedlearning.
Onemay alsowish to venturein transformationsof the original variablespace.In particular, in-
vestigateon mixturesof principal componentanalyzers(KambhatlaandLeen,1997;Tipping and
Bishop,1999),mixturesof factoranalyzers(GhahramaniandBeal,2000;GhahramaniandHinton,
1996;Uedaetal., 1999)andmixturesof independentcomponentanalyzers(Hyvärinen,1999).

Thedif�culty with unsupervisedlearningis theabsenceof labeledexamplesto guidethesearch.
Breiman(Breiman,2002)suggeststransformingtheclusteringprobleminto aclassi�cationproblem
by assigningtheunlabeleddatato classone,andaddingthesameamountof randomvectorsinto
anotherclasstwo. Thesecondsetis generatedby independentsamplingfrom theone-dimensional
marginal distributionsof classone. Understandinganddevelopingtricks suchastheseto uncover
structurefrom unlableddataremainsastopicsthatneedfurther investigation. Anotheravenuefor
future work is to explore semi-supervised(few labeledexamplesandlarge amountsof unlabeled
data)methodsfor featureselection.

Finally, in featureselectionfor unsupervisedlearning,several fundamentalquestionsarestill
unanswered:

1. How doyoude�ne what“interestingness”means?

2. Shouldthecriterionfor “interestingness”(featureselectioncriterion)bethesameasthecri-
terionfor “natural” grouping(clusteringcriterion)?Most of the literatureusesthesamecri-
terion for featureselectionandclusteringasthis leadsto a cleanoptimizationformulation.
However, de�ning “interestingness”into a mathematicalcriterion is a dif�cult problem.Al-
lowing differentcriteriato interactmayprovide a bettermodel.Our experimentalresultson
thewinedatasuggestthisdirection.

3. Our experimentson syntheticdataindicatethe needto standardizefeatures.Mirkin, 1999,
also standardizedhis features. Shouldfeaturesalways be standardizedbeforefeaturese-
lection? If so, how do you standardizedatacontainingdifferentfeaturetypes(real-valued,
nominal,anddiscrete)?
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4. What is the bestway to evaluatethe results?In this paper, we evaluateperformanceusing
an externalcriterion (cross-validatedclasserror). This is a standardmeasureusedby most
papersin thefeatureselectionfor unsupervisedlearningliterature.Classerroris taskspeci�c
and measuresthe performancefor one labeling solution. Is this the bestway to compare
differentclusteringalgorithms?
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Appendix A. EM Clustering

Clusteringusing�nite mixturemodelsis awell-known methodandhasbeenusedfor a longtimein
patternrecognitionDudaandHart (1973);Fukunaga (1990);JainandDubes(1988)andstatistics
McLachlanandBasford(1988);Titteringtonetal. (1985);Fraley andRaftery(2000).In thismodel,
oneassumesthat the datais generatedfrom a mixture of componentdensityfunctions,in which
eachcomponentdensityfunction representsa cluster. Theprobabilitydistribution functionof the
datahasthefollowing form:

f (Xi jF ) =
k

å
j= 1

p j f j (Xi jq j ) (5)

wheref j (Xi jq j ) is theprobabilitydensityfunctionfor classj, p j is themixing proportionof classj
(prior probabilityof classj), k is thenumberof clusters,Xi is a d-dimensionalrandomdatavector,
q j is the setof parametersfor class j, F = (p;q) is the setof all parametersand f (Xi jF ) is the
probabilitydensityfunctionof our observed datapoint Xi given the parametersF . Sincethe p j 's
areprior probabilities,they aresubjectto thefollowing constraints:p j � 0 andå k

j= 1p j = 1.
The Xi 's, wherei = 1: : :N, arethe datavectorswe aretrying to cluster, andN is the number

of samples. To clusterXi , we needto estimatethe parameters,F . One methodfor estimating
F is to �nd F that maximizesthe log-likelihood, log f (XjF ) = å N

i= 1 log f (Xi jF ). To compute
f (Xi jF ), we needto know the cluster(the missingdata)to which Xi (the observed data)belongs.
WeapplytheEM algorithm,whichprovidesuswith “soft-clustering”information;i.e.,adatapoint
Xi canbelongto morethanonecluster(weightedby its probabilityto belongto eachcluster).The
expectation-maximization(EM) algorithm,introducedin somegeneralityby Dempster, Laird and
Rubinin 1977,is aniterativeapproximationalgorithmfor computingthemaximumlikelihood(ML)
estimateof missingdataproblems.

Going throughthe derivation of applyingEM on our Gaussianmixture model,we obtainthe
following EM updateequations(Wolfe, 1970):

E[zi j ](t) = p(zi j = 1jX;F (t)) =
f j (Xi jF

(t)
j ) p(t)

j

å k
s= 1 fs(Xi jF

(t)
s ) p(t)

s

; (6)
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p(t+ 1)
j =

1
N

N

å
i= 1

E[zi j ](t) ; (7)

µ(t+ 1)
j =

1

Np(t+ 1)
j

N

å
i= 1

E[zi j ](t) Xi ; (8)

S(t+ 1)
j =

1

Np(t+ 1)
j

N

å
i= 1

E[zi j ](t) (Xi � µ(t+ 1)
j )(Xi � µ(t+ 1)

j )T ; (9)

whereE[zi j ] is the probability that Xi belongsto cluster j given our currentparametersand Xi ,
å N

i= 1 E[zi j ] is the estimatednumberof datapoints in class j, and the superscriptt refersto the
iteration.

Appendix B. Additional Proofson ML'sBiaswith Dimension

In this appendix,we prove Theorem4.1 andCorollary4.1 which statetheconditionthatneedsto
be satis�ed for the maximumlikelihoodof featuresubsetA, ML(F A), to be greaterthanor equal
to the maximumlikelihoodof featuresubsetB, ML(F B). To prove theseresults,we �rst de�ne
the maximumlikelihoodcriterion for a mixture of Gaussians,prove LemmaB.1 which derivesa
simpli�ed form of exp(Q(F ;F )) for a �nite Gaussianmixture, andLemmaB.2 which statesthe
condition that needsto be satis�ed for the completeexpecteddatalog-likelihood Q(�) function
given theobserveddataandtheparameterestimatesin featuresubsetA, Q(F A;F A), to begreater
thanor equalto theQ(�) functionof featuresubsetB, Q(F B;F B).

Themaximumlikelihoodof ourdata,X, is

ML = max
F

( f (XjF )) = max
F

N

Õ
i= 1

(
k

å
j= 1

p j f j (Xi jq j )) ; (10)

where f j (Xi jq j ) is theprobabilitydensityfunctionfor classj, p j is themixing proportionof class
j (prior probabilityof class j), N is thenumberof datapoints,k is thenumberof clusters,Xi is a
d-dimensionalrandomdatavector, q j is thesetof parametersfor classj, F = (p;q) is thesetof all
parametersand f (XjF ) is theprobabilitydensityfunctionof our observeddataX = X1;X2; : : :XN

giventheparametersF . Wechoosethefeaturesubsetthatmaximizesthiscriterion.

Lemma B.1 For a �nite mixtureof Gaussians,

exp(Q(F ;F )) =
K

Õ
j= 1

pNp j
j

1

(2p)
dNp j

2 jSj j
Np j

2

e� 1
2dNp j ;

where xi , i = 1: : :N, are the N observeddata points,zi j is the missingvariableequalto oneif xi

belongsto cluster j andzero otherwise, p j is themixture proportion,µ j is themeanandSj is the
covariancematrixof each Gaussianclusterrespectively, andF = (p;µ;S) is thesetof all estimated
parameters.

880



FEATURE SELECTION FOR UNSUPERVISED LEARNING

Proof:

Q(F ;F )
4
= Ezjx[log f (x;zjF )jx;F ]

= Ezjx[log f (xjz;F )jx;F ]+ Ezjx[log f (zjF )jx;F ]

=
N

å
i= 1

K

å
j= 1

p(zi j = 1jx;F ) log f j (xi jf j ) +
N

å
i= 1

K

å
j= 1

p(zi j = 1jx;F ) logp j

=
N

å
i= 1

K

å
j= 1

p(zi j = 1jx;F ) log(p j f j (xi jf j )) (11)

=
N

å
i= 1

K

å
j= 1

E[zi j ] log(p j f j (xi jf j ))

exp(Q(F ;F )) =
N

Õ
i= 1

K

Õ
j= 1

(p j f j (xi jf j ))E[zi j ]: (12)

Substitutingourparameterestimatesto Equation12andsampledataxi 's,

exp(Q(F ;F )) =
K

Õ
j= 1

på N
i= 1 E[zi j ]

j

N

Õ
i= 1

(
1

(2p)
d
2 jSj j

1
2

e� 1
2 (xi � µ j )TS� 1

j (xi � µ j ))E[zi j ]

=
K

Õ
j= 1

pNp j
j

1

(2p)
dNp j

2 jSj j
Np j

2

e� 1
2 å N

i= 1 E[zi j ](xi � µ j )TS� 1
j (xi � µ j ) : (13)

Simplifying theexponentof eweobtain

�
1
2

N

å
i= 1

E[zi j ](xi � µ j )TS� 1
j (xi � µ j )

= �
1
2

N

å
i= 1

E[zi j ]tr((xi � µ j )TS� 1
j (xi � µ j ))

= �
1
2

N

å
i= 1

E[zi j ]tr(S� 1
j (xi � µ j )(xi � µ j )T)

= �
1
2

tr(S� 1
j (

N

å
i= 1

E[zi j ](xi � µ j )(xi � µ j )T)) :

Addingandsubtractingx j , wherex j = 1
Np j

å N
i= 1E[zi j ]xi , this lastexpressionbecomes

�
1
2

tr(S� 1
j (

N

å
i= 1

E[zi j ](xi � x j + x j � µ j )(xi � x j + x j � µ j )T)) :

Cancellingcross-producttermsyields

�
1
2

tr(S� 1
j (

N

å
i= 1

E[zi j ](xi � x j )(xi � x j )T +
N

å
i= 1

E[zi j ](x j � µ j )(x j � µ j )T)) ;
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and�nally substitutingtheparameterestimates(Equations7-9)givestheexpression

�
1
2

tr(S� 1
j SjNp j )

= �
1
2

dNp j : (14)

Thus,exp(Q(F ;F )) canbeexpressedas

exp(Q(F ;F )) =
K

Õ
j= 1

pNp j
j

1

(2p)
dNp j

2 jSj j
Np j

2

e� 1
2dNp j

Lemma B.2 Assumingidentical clusteringassignmentsfor feature subsetsA and B with dimen-
sionsdB � dA, Q(F A;F A) � Q(F B;F B) iff

k

Õ
j= 1

�
jSBj j

jSAj j

� p j

�
1

(2pe)(dB� dA)
:

Proof:
Applying LemmaB.1,andassumingsubsetsA andB haveequalclusteringassignments,

exp(Q(F A;F A))
exp(Q(F B;F B))

� 1;

Õk
j= 1pNp j

j
1

(2pe)
dANp j

2

1

jSAj
Np j

2
j

Õk
j= 1pNp j

j
1

(2pe)
(dB)Np j

2

1

jSBj
Np j

2
j

� 1: (15)

GivendB � dA, without lossof generalityandcancellingcommonterms,

k

Õ
j= 1

�
jSBj j

jSAj j

� Np j
2

(2pe)
(dB� dA)Np j

2 � 1;

k

Õ
j= 1

�
jSBj j

jSAj j

� p j

(2pe)(dB� dA)p j � 1;

(2pe)(dB� dA) å k
j= 1 p j

k

Õ
j= 1

�
jSBj j

jSAj j

� p j

� 1;

k

Õ
j= 1

�
jSBj j

jSAj j

� p j

�
1

(2pe)(dB� dA)
:

TheoremB.1 (Theorem4.1restated) For a �nite multivariateGaussianmixture, assumingidenti-
cal clusteringassignmentsfor featuresubsetsAandBwithdimensionsdB � dA, ML(F A) � ML(F B)
iff

k

Õ
j= 1

�
jSBj j

jSAj j

� p j

�
1

(2pe)(dB� dA)
:
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Proof:
Thelog-likelihood,logL(F

0
) = log f (xjF

0
).

logL(F
0
) = Ezjx[log f (x;zjF

0
)jx;F ] � Ezjx[log f (zjx;F

0
)jx;F ]

4
= Q(F

0
;F ) + H(F

0
;F ):

H(F ;F ) = � E[log f (zjx;F )jx;F ]

= �
N

å
i= 1

k

å
j= 1

p(zi j = 1jxi ; f j ) logp(zi j = 1jxi ; f j )

= �
N

å
i= 1

k

å
j= 1

E[zi j ] logE[zi j ]: (16)

SincetheidenticalclusteringassignmentassumptionmeansthatE[zi j ] for featuresetA is equal
to E[zi j ] for featuresetB,

H(F A;F A) = H(F B;F B):

Thus,
ML(F A)
ML(F B)

=
exp(Q(F A;F A))
exp(Q(F B;F B))

:

For a �nite Gaussianmixture,from LemmaB.2, ML(F A)
ML(F B) � 1 if f

k

Õ
j= 1

�
jSBj j

jSAj j

� p j

�
1

(2pe)(dB� dA)
:

Corollary B.1 (Corollary 4.1restated) For a �nite multivariateGaussianmixture, assumingiden-
tical clusteringassignmentsfor featuresubsetsX and(X;Y), whereX andY aredisjoint,ML(F X) �
ML(F XY) iff

k

Õ
j= 1

jSYY � SYXS� 1
XXSXYjp j

j �
1

(2pe)dY
:

Proof:
Applying Theorem4.1,andif we let A bethemarginal featurevectorX with dimensiondX and

B be the joint featurevector(X;Y) with dimensiondX + dY (wheresubsetsX andY aredisjoint),
thenthemaximumlikelihoodof X is greaterthanor equalto themaximumlikelihoodof (X;Y) iff

ML(F X)
ML(F XY)

� 1

(2pe)dY
k

Õ
j= 1

0

B
B
B
@

�
�
�
�

SXX SXY

SYX SYY

�
�
�
�

j

jSXX j j

1

C
C
C
A

p j

� 1:

Exercise4.11of JohnsonandWichern(1998)shows thatfor any squarematrixA,
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A =
�

A11 A12

A21 A22

�

jAj = jA22jjA11 � A12A� 1
22 A21j for jA22j 6= 0

= jA11jjA22 � A21A� 1
11 A12j for jA11j 6= 0:

Thus,

(2pe)dY
k

Õ
j= 1

�
1

jSXX j j
jSXX j j jSYY � SYXS� 1

XXSXYj j

� p j

� 1

k

Õ
j= 1

jSYY � SYXS� 1
XXSXYjp j

j �
1

(2pe)dY
:

Now, what do theseresultsmean? One can computethe maximumlog-likelihood, log ML
ef�ciently asQ(F ;F ) + H(F ;F ) by applyingLemmaB.1 andEquation16. LemmaB.1 showsthat
theML criterionpreferslow covarianceclusters.Equation16showsthattheML criterionpenalizes
increasein clusterentropy. Theorem4.1 andCorollary4.1 reveal thedependenciesof comparing
theML criterionfor differentdimensions.Notethat the left handsidetermof Corollary4.1 is the
determinantof thecovarianceof f (YjX). It is thecovarianceof Y minusthecorrelationof Y andX.
For a criterionmeasureto beunbiasedwith respectto dimension,thecriterionvalueshouldbethe
samefor thedifferentsubsetswhentheclusterassignmentsareequal(andshouldnotbedependent
on thedimension).But, in this case,ML increaseswhentheadditionalfeaturehassmall variance
anddecreaseswhentheadditionalfeaturehaslargevariance.
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