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Abstract

Sparsityor parsimony of statisticalmodelsis crucialfor their properinterpretations,asin sciences
andsocialsciences.Model selectionis a commonlyusedmethodto �nd suchmodels,but usually
involves a computationallyheavy combinatorialsearch. Lasso(Tibshirani,1996) is now being
usedasacomputationallyfeasiblealternative to modelselection.Thereforeit is importantto study
Lassofor modelselectionpurposes.

In this paper, we prove that a singlecondition,which we call the IrrepresentableCondition,
is almostnecessaryandsuf�cient for Lassoto selectthe true modelboth in the classical�x ed p
settingandin the large p settingasthesamplesizen getslarge. Basedon theseresults,suf�cient
conditionsthatareveri�able in practicearegivento relateto previousworksandhelpapplications
of Lassofor featureselectionandsparserepresentation.

This IrrepresentableCondition,which dependsmainly on thecovarianceof thepredictorvari-
ables,statesthatLassoselectsthetruemodelconsistentlyif and(almost)only if thepredictorsthat
arenot in the truemodelare“irrepresentable”(in a senseto beclari�ed) by predictorsthatarein
thetruemodel. Furthermore,simulationsarecarriedout to provide insightsandunderstandingof
this result.

Keywords: Lasso,regularization,sparsity, modelselection,consistency

1. Intr oduction

A vastlypopularandsuccessfulapproachin statisticalmodelingis to useregularizationpenaltiesin
model�tting (HoerlandKennard,1970).By jointly minimizingtheempiricalerrorandpenalty, one
seeksa modelthatnot only �ts well andis also“simple” to avoid largevariationwhich occursin
estimatingcomplex models.Lasso(Tibshirani,1996)is asuccessfulideathatfallsinto thiscategory.
Its popularityis largelybecausetheregularizationresultingfrom Lasso'sL1 penaltyleadsto sparse
solutions,that is, therearefew nonzeroestimates(amongall possiblechoices).Sparsemodelsare
moreinterpretableandoftenpreferredin thesciencesandsocialsciences.However, obtainingsuch
modelsthroughclassicalmodel selectionmethodsusually involves heavy combinatorialsearch.
Lasso,of which the entire regularizationpath can be computedin the complexity of one linear
regression(Efron et al., 2004;Osborneet al., 2000b),providesa computationallyfeasibleway for
modelselection(alsosee,for example,ZhaoandYu, 2004;Rosset,2004).However, in orderto use
Lassofor modelselection,it is necessaryto assesshow well thesparsemodelgivenby Lassorelates
to the truemodel. We make this assessmentby investigatingLasso's modelselectionconsistency
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underlinearmodels,that is, whengivena largeamountof dataunderwhatconditionsLassodoes
anddoesnotchoosethetruemodel.

Assumeourdatais generatedby a linearregressionmodel

Yn = Xnbn + en:

whereen = (e1; :::;en)T is a vectorof i.i.d. randomvariableswith mean0 andvariances 2. Yn is an
n� 1 responseandXn = (Xn

1 ; :::;Xn
p) = ((xn

1)T ; :::; (xn
n)T)T is then� p designmatrixwhereXn

i is its
ith column(ith predictor)andxn

j is its jth row ( jth sample).bn is thevectorof modelcoef�cients.
Themodelis assumedto be“sparse”,thatis, someof theregressioncoef�cients bn areexactlyzero
correspondingto predictorsthatareirrelevantto theresponse.Unlike classical�x ed p settings,the
dataandmodelparametersb areindexedby n to allow themto changeasn grows.

TheLassoestimateŝbn = (b̂n
1; :::; b̂n

j ; :::)
T arede�ned by

b̂n(l ) = argmin
b

kYn � Xnbk2
2 + l kbk1; (1)

wherek � k1 standsfor the L1 norm of a vector which equalsthe sum of absolutevaluesof the
vector'sentries.

Theparameterl � 0 controlstheamountof regularizationappliedto theestimate.Settingl = 0
reversestheLassoproblemto OrdinaryLeastSquareswhichminimizestheunregularizedempirical
loss. On theotherhand,a very largel will completelyshrink b̂n to 0 thusleadingto theemptyor
null model. In general,moderatevaluesof l will causeshrinkageof thesolutionstowards0, and
somecoef�cients mayendupbeingexactly0.

Undersomeregularity conditionson thedesign,Knight andFu (2000)have shown estimation
consistency for Lassofor �x ed p and�x ed bn (i.e., p andbn areindependentof n) asn ! ¥ . In
particular, they have shown that b̂n(l n) ! p b andasymptoticnormalityof theestimatesprovided
that l n = o(n). In addition,it is shown in thework that for l n µ n

1
2 (on thesameorderof n

1
2 ), as

n ! ¥ thereis anon-vanishingpositiveprobabilityfor lassoto selectthetruemodel.
On themodelselectionconsistency front, MeinshausenandBuhlmann(2006)have shown that

undera setof conditions,Lassois consistentin estimatingthedependency betweenGaussianvari-
ablesevenwhenthenumberof variablesp grows fasterthann. Addressinga slightly differentbut
closelyrelatedproblem,Lenget al. (2004)have shown that for a �x ed p andorthogonaldesigns,
theLassoestimatethat is optimal in termsof parameterestimationdoesnot give consistentmodel
selection.Furthermore,Osborneet al. (1998),in their work of usingLassofor knot selectionfor
regressionsplines,notedthat Lassotend to pick up knots in closeproximity to oneanother. In
general,aswewill show, if anirrelevantpredictoris highly correlatedwith thepredictorsin thetrue
model,Lassomaynotbeableto distinguishit from thetruepredictorswith any amountof dataand
any amountof regularization.

SinceusingtheLassoestimateinvolveschoosingtheappropriateamountof regularization,to
studythemodelselectionconsistency of theLasso,we considertwo problems:whetherthereex-
ists a deterministicamountof regularizationthat givesconsistentselection;or, for eachrandom
realizationwhetherthereexistsa correctamountof regularizationthatselectsthetruemodel. Our
mainresultshows thereexistsanIrr epresentableCondition that,exceptfor a minor technicality,
is almostnecessaryandsuf�cient for both typesof consistency. Basedon this condition,we give
suf�cient conditionsthatareveri�able in practice.In particular, in oneexampleour conditionco-
incideswith the“Coherence”conditionin Donohoet al. (2004)wheretheL2 distancebetweenthe
Lassoestimateandtruemodelis studiedin anon-asymptoticsetting.
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After wehadobtainedouralmostnecessaryandsuf�cient conditionresult,it wasbroughtto our
attentionof anindependentresultin MeinshausenandBuhlmann(2006)wherea similar condition
to the IrrepresentableCondition was obtainedto prove a model selectionconsistency result for
GaussiangraphicalmodelselectionusingtheLasso.Our resultis for linearmodels(with �x ed p
and p growing with n) andit couldaccommodatenon-Gaussianerrorsandnon-Gaussiandesigns.
Our analyticalapproachis directandwe thoroughlyexplain throughspecialcasesandsimulations
the meaningof this conditionin variouscases.We alsomake connectionsto previous theoretical
studiesandsimulationsonLasso(e.g.,Donohoetal., 2004;Zouetal., 2004;Tibshirani,1996).

The rest of the paperis organizedas follows. In Section2, we describeour main result—
the IrrepresentableConditionfor Lassoto achieve consistentselectionandprove that it is almost
necessaryandsuf�cient. We thenelaborateon theconditionby extendingto othersuf�cient con-
ditionsthataremoreintuitive andveri�able to relateto previoustheoreticalandsimulationstudies
of Lasso.Sections3 containssimulationresultsto illustrateour resultandto build heuristicsense
of how strongthe condition is. To conclude,Section4 comparesLassowith thresholdingand
discussesalternativesandpossiblemodi�cations of Lassoto achieve selectionconsistency when
IrrepresentableConditionfails.

2. Model SelectionConsistencyand Irr epresentableConditions

An estimatewhich is consistentin termof parameterestimationdoesnot necessarilyconsistently
selectthecorrectmodel(or evenattemptto doso)wherethereverseis alsotrue.Theformerrequires

b̂n � bn ! p 0; asn ! ¥

while thelatterrequires

P(f i : b̂n
i 6= 0g = f i : bn

i 6= 0g) ! 1; asn ! ¥ :

In general,wedesireourestimateto havebothconsistencies.However, to separatetheselection
aspectof theconsistency from theparameterestimationaspect,we make thefollowing de�nitions
aboutSignConsistency thatdoesnotassumetheestimatesto beestimationconsistent.
De�nition 1 An estimateb̂n is equalin signwith thetruemodelbn which is written

b̂n = s bn

if andonly if
sign(b̂n) = sign(bn)

wheresign(�) mapspositive entryto 1, negative entryto -1 andzeroto zero,thatis, b̂n matchesthe
zerosandsignsof b.

Signconsistency is strongerthantheusualselectionconsistency which only requiresthezeros
to be matched,but not the signs. The reasonfor usingsign consistency is technical. It is needed
for proving the necessityof the IrrepresentableCondition (to be de�ned) to avoid dealingwith
situationswhereamodelis estimatedwith matchingzerosbut reversedsigns.Wealsoarguethatan
estimatedmodelwith reversedsignscanbemisleadingandhardlyquali�es asa correctlyselected
model.

Now we de�ne two kinds of sign consistenciesfor Lassodependingon how the amountof
regularizationis determined.
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De�nition 2 Lassois Strongly Sign Consistentif thereexists l n = f (n), that is, a function of n
andindependentof Yn or Xn suchthat

lim
n! ¥

P(b̂n(l n) = s bn) = 1:

De�nition 3 TheLassois GeneralSignConsistentif

lim
n! ¥

P(9l � 0; b̂n(l ) = s bn) = 1:

StrongSign Consistency implies onecanusea preselectedl to achieve consistentmodelse-
lectionvia Lasso.GeneralSignConsistency meansfor a randomrealizationthereexistsa correct
amountof regularizationthat selectsthe true model. Obviously, strongsign consistency implies
generalsignconsistency. Surprisingly, asimpliedby ourresults,thetwo kindsof signconsistencies
arealmostequivalentto onecondition.To de�ne this conditionweneedthefollowing notationson
thedesign.

Without lossof generality, assumebn = (bn
1; :::;bn

q;bn
q+ 1; :::bn

p)T wherebn
j 6= 0 for j = 1; ::;q

andbn
j = 0 for j = q+ 1; :::; p. Let bn

(1) = (bn
1; :::;bn

q)T andbn
(2) = (bn

q+ 1; :::;bn
p). Now write Xn(1)

andXn(2) asthe�rst q andlast p� q columnsof Xn respectively andletCn = 1
nXn

TXn. By setting
Cn

11 = 1
nXn(1)0Xn(1), Cn

22 = 1
nXn(2)0Xn(2), Cn

12 = 1
nXn(1)0Xn(2) andCn

21 = 1
nXn(2)0Xn(1). Cn can

thenbeexpressedin ablock-wiseform asfollows:

Cn =
�

Cn
11 Cn

12
Cn

21 Cn
22

�
:

AssumingCn
11 is invertible,wede�ne thefollowing IrrepresentableConditions

Strong Irr epresentableCondition. Thereexistsapositiveconstantvectorh

jCn
21(C

n
11)

� 1sign(bn
(1))j � 1� h;

where1 is a p� q by 1 vectorof 1'sandtheinequalityholdselement-wise.
Weak Irr epresentableCondition.

jCn
21(C

n
11)

� 1sign(bn
(1))j < 1;

wheretheinequalityholdselement-wise.
WeakIrrepresentableConditionis slightly weaker thanStrongIrrepresentableCondition. Cn

canconvergein waysthatentriesof jCn
21(C

n
11)

� 1sign(bn
(1))j approach1 from thebelow sothatWeak

Conditionholdsbut thestrict inequalityfails in thelimit. For a �x ed p andbn = b, thedistinction
disappearsfor randomdesignswhen,for example,xn

i 'sarei.i.d. realizationswith covariancematrix
C, sincethenthetwo conditionsareequivalentto jC21(C11) � 1sign(b(1)) j < 1 almostsurely.

The IrrepresentableConditionscloselyresemblesa regularizationconstrainton the regression
coef�cients of the irrelevant covariates(Xn(2)) ) on the relevant covariates(Xn(1)). In particular,
whensignsof the true b areunknown, for the IrrepresentableCondition to hold for all possible
signs,we needtheL1 normsof theregressioncoef�cients to besmallerthan1. To seethis, recall
for (2) to hold for all possiblesign(b(1)) , weneed

j((Xn(1)TXn(1)) � 1Xn(1)TXn(2)j = j(Cn
11)

� 1Cn
12j < 1� h; (2)
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that is, thetotal amountof anirrelevantcovariaterepresentedby thecovariatesin thetruemodelis
not to reach1 (thereforethename“irrepresentable”).

As a preparatoryresult, the following propositionputs a lower boundon the probability of
Lassopicking the true model which quantitatively relatesthe probability of Lassoselectingthe
correctmodelandhow well StrongIrrepresentableConditionholds:
Proposition1. AssumeStrongIrrepresentableConditionholdswith aconstanth > 0 then

P(b̂n(l n)) = s bn) � P(An \ Bn)

for

An = fj (Cn
11)

� 1Wn(1)j <
p

n(jbn
(1) j �

l n

2n
j(C11

n ) � 1sign(bn
(1))j)g;

Bn = fj Cn
21(C

n
11)

� 1Wn(1) � Wn(2)j �
l n

2
p

n
hg;

where

Wn(1) =
1

p
n

Xn(1)0en and
1

p
n

Wn(2) = Xn(2)0en:

It canbe argued(seethe proof of Proposition1 in the appendix)that An implies the signsof
of thoseof bn

(1) areestimatedcorrectly. And given An, Bn further imply b̂n
(2) areshrunkto zero.

Theregularizationparameterl n tradesoff thesizeof thesetwo events.Smallerl n leadsto larger
An but smallerBn which makesit likely to have Lassopick moreirrelevantvariables.On theother
hand, larger constanth always leadsto larger Bn and have no impact on An. So when Strong
IrrepresentableConditionholdswith a larger constanth, it is easierfor Lassoto pick up the true
model.This is quantitatively illustratedin Simulation3.2.

Our main resultsrelateStrongandWeak IrrepresentableConditionswith strongandgeneral
signconsistency. Wedescribetheresultsfor smallq andp casenext followedby resultsfor largeq
andp in Section2.2. Then,analysisandsuf�cient conditionsaregivenin Section2.3 to achieve a
betterunderstandingof theIrrepresentableConditionsandrelateto previousworks.

2.1 Model SelectionConsistencyfor Small q and p

In thissection,wework undertheclassicalsettingwhereq, p andbn areall �x edasn ! ¥ . In this
setting,it is naturalto assumethefollowing regularityconditions:

Cn ! C; asn ! ¥ : (3)

whereC is apositivede�nite matrix. And,

1
n

max
1� i� n

((xn
i )Txn

i ) ! 0; asn ! ¥ : (4)

In practice,thecovariatesareusuallyscaledsothatthediagonalelementsof Cn areall 1's. The
convergencein (3) and(4) aredeterministic.However, theresultsin this is sectionalsoholdsquite
generallyfor randomdesigns.Speci�cally, in thecaseof a randomdesign,X canbeconditioned
on andtheasymptoticresultsstill apply if theprobabilityof thesetwhere(3) and(4) hold is 1. In
general,(3) and(4) areweakin thesensethatif oneassumesxi arei.i.d. with �nite secondmoments
thenC = E((xn

i )Txn
i ), 1

nXn
TXn ! a:s: C andmax1� i� nxT

i xi = op(n), thus(3) and(4) holdnaturally.
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Undertheseconditionswehave thefollowing result.
Theorem1. For �x edq, p andbn = b, underregularityconditions(3) and(4),Lassois stronglysign
consistentif StrongIrrepresentableConditionholds.Thatis,whenStrongIrrepresentableCondition
holds,for 8l n thatsatis�esl n=n ! 0 andl n=n

1+ c
2 ! ¥ with 0 � c < 1, wehave

P(b̂n(l n) = s bn) = 1� o(e� nc
):

A proofof Theorem1 canbefoundin theappendix.
Theorem1 statesthat, if StrongIrrepresentableConditionholds,thentheprobabilityof Lasso

selectingthe truemodelapproaches1 at anexponentialratewhile only the �nite secondmoment
of thenoisetermsis assumed.In addition,from Knight andFu (2000)we know thatfor l n = o(n)
Lassoalsohasconsistentestimationandasymptoticnormality. ThereforeStrongIrrepresentable
Conditionallows for consistentmodelselectionandparameterestimationsimultaneously. On the
otherhand,Theorem2 shows that WeakIrrepresentableConditionis alsonecessaryeven for the
weakergeneralsignconsistency.
Theorem2. For �x edp, q andbn = b, underregularityconditions(3) and(4), Lassois generalsign
consistentonly if thereexistsN sothatWeakIrrepresentableConditionholdsfor n > N.

A proofof Theorem2 canbefoundin theappendix.
Therefore,StrongIrrepresentableCondition implies strongsign consistency implies general

sign consistency implies Weak IrrepresentableCondition. So except for the technicaldifference
betweenthe two conditions,IrrepresentableConditionis almostnecessaryandsuf�cient for both
strongsignconsistency andgeneralsignconsistency.

Furthermore,underadditionalregularity conditionson thenoisetermsen
i , this “small” p result

canbeextendedto the“large” p case.Thatis, whenp alsotendsto in�nity “not too fast”asn tends
to in�nity , we show thatStrongIrrepresentableCondition,again, impliesStrongSignConsistency
for Lasso.

2.2 Model SelectionConsistencyfor Lar ge p and q

In thelargep andq case,weallow thedimensionof thedesignsCn andmodelparametersbn grow as
n grows, thatis, p = pn andq = qn areallowedto grow with n. Consequently, theassumptionsand
regularityconditionsin Section2.1becomesinappropriateasCn donotconvergeandbn maychange
asn grows. Thuswe needto controlthesizeof thesmallestentryof bn

(1) , boundtheeigenvaluesof
Cn

11 andhave thedesignscaleproperly. Speci�cally, weassume:
Thereexists0 � c1 < c2 � 1 andM1;M2;M3;M4 > 0 sothefollowing holds:

1
n

(Xn
i )0Xn

i � M1 for 8i; (5)

a0Cn
11a � M2; for 8kak2

2 = 1; (6)

qn = O(nc1); (7)

n
1� c2

2 min
i= 1;::;q

jbn
i j � M3: (8)

Condition(5) is trivial sinceit canalwaysbe achieved by normalizingthe covariates.(6) re-
quiresthedesignof therelevantcovariateshaveeigenvaluesboundedfrom below sothattheinverse

2546



ON MODEL SELECTION CONSISTENCY OF LASSO

of Cn
11 behaveswell. For a randomdesign,if theeigenvaluesof thepopulationcovariancematrix

areboundedfrom below andqn=n ! r < 1 then(6) usuallyfollowsBai (1999).
The main conditionsare(7) and(8) which aresimilar to the onesin Meinshausen(2005)for

Gaussiangraphicalmodels.(8) requiresa gapof sizenc2 betweenthedecayrateof bn
(1) andn� 1

2 .

Sincethenoisetermsaggregateata rateof n� 1
2 , thispreventstheestimationto bedominatedby the

noiseterms.Condition(7) is asparsityassumptionwhichrequiressquarerootof thesizeof thetrue
model

p
qn to grow at a rateslower thanthe rategapwhich consequentlypreventstheestimation

biasof theLassosolutionsfrom dominatingthemodelparameters.
Undertheseconditions,wehave thefollowing result:

Theorem 3. Assumeen
i are i.i.d. randomvariableswith �nite 2k' th momentE(en

i )2k < ¥ for
an integer k > 0. Underconditions(5), (6), (7) and(8), StrongIrrepresentableConditionimplies
that Lassohasstrongsign consistency for pn = o(n(c2� c1)k). In particular, for 8l n that satis�es
l np

n = o(n
c2� c1

2 ) and 1
pn

( l np
n)2k ! ¥ , wehave

P(b̂n(l n) = s bn) � 1� O(
pnnk

l 2k
n

) ! 1 asn ! ¥ :

A proofof Theorem3 canbefoundin theappendix.
Theorem3 statesthat Lassocanselectthe true modelconsistentlygiven that StrongIrrepre-

sentableConditionholdsandthenoisetermshave some�nite moments.For example,if only the
secondmomentis assumed,p is allowed to grow slower thannc2� c1. If all momentsof the noise
exist then,by Theorem3, p cangrow at any polynomialrateandtheprobabilityof Lassoselecting
thetruemodelconvergesto 1 at a fasterratethanany polynomialrate. In particular, for Gaussian
noises,wehave:
Theorem 4 (GaussianNoise). Assumeen

i arei.i.d. Gaussianrandomvariables.Underconditions
(5), (6), (7)and(8), if thereexists0 � c3 < c2 � c1 for which pn = O(enc3 ) thenstrongIrrepresentable

ConditionimpliesthatLassohasstrongsignconsistency. In particular, for l n µ n
1+ c4

2 with c3 < c4 <
c2 � c1,

P(b̂n(l n) = s bn) � 1� o(e� nc3 ) ! 1 asn ! ¥ :

A proofof Theorem4 canbefoundin theappendix.As discussedin theintroduction,thisresult
hasalsobeenobtainedindependentlyby MeinshausenandBuhlmann(2006)in their studyof high
dimensionalmultivariateGaussianrandomvariables.Thisresultis obtainedmoredirectly for linear
modelsanddiffers from theirsby theuseof �x eddesignsto accommodatenon-Gaussiandesigns.
pn is alsoallowedto grow slightly fasterthanthepolynomialratesusedin thatwork.

It is anencouragingresultthatusingLassowe canallow p to grow muchfasterthann (up to
exponentiallyfast)while still allow for fastconvergenceof theprobabilityof correctmodelselection
to 1. However, we notethat this fastrateis not achievablefor all noisedistributions. In general,
theresultof Theorem3 is tight in thesensethat if highermomentsof thenoisedistribution do not
exist thenthetail probabilityof thenoisetermsdoesnot vanishquickenoughto allow p to grow at
higherdegreepolynomialrates.

ThroughTheorem3 and4, wehaveshown, for caseswith large p—(polynomialin n giventhat
noisehave �nite moments,exponentialin n for Gaussiannoises),StrongIrrepresentableCondition
still implies the probability of Lassoselectingthe true model convergesto 1 at a fast rate. We
have foundit dif�cult to show necessarinessof IrrepresentableConditionfor the large p settingin
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a meaningfulway. This is mainly dueto thetechnicaldif�culty thatarisesfrom dealingwith high
dimensionaldesignmatrices. However, by the resultsfor the small p case,the necessarinessof
IrrepresentableConditionis implied to someextent.

2.3 Analysisand Suf�cient Conditions for Strong Irr epresentableCondition

In general,the IrrepresentableCondition is non-trivial when the numbersof zerosandnonzeros
areof moderatesizes,for example,3. Particularlysincewe do not know sign(b) beforehand,we
needthe IrrepresentableCondition to hold for every possiblecombinationof differentsignsand
placementof zeros.A closerlook disclosesthat(2) doesnot dependonCn

22, that is, thecovariance
of thecovariatesthatarenot in thetruemodel.It linearlydependsonCn

21, thecorrelationsbetween
the covariatesthat arein the modelandthe onesthat arenot. For theCn

11 part,exceptfor special
cases(Corollary 1) we alsowant the correlationsbetweencovariatesthat are in the model to be
small otherwiseCn

11 may containsmall eigenvalueswhich leadsto large eigenvaluesfor (Cn
11)

� 1

andresultsin theviolationof (2).
To furtherelaborateandrelateto previousworks,we give somesuf�cient conditionsin thefol-

lowing corollariessuchthatStrongIrrepresentableConditionis guaranteed.All diagonalelements
of Cn areassumedto be1 which is equivalentto normalizingall covariatesin themodelto thesame
scalesinceStrongIrrepresentableConditionis invariantunderany commonscalingof Cn. Proofs
of thecorollariesareincludedin theappendix.
Corollary 1. (ConstantPositiveCorr elation) Suppose

Cn =

0

B
@

1 :: : rn
...

...
...

rn : : : 1

1

C
A

andthereexistsc > 0 suchthat0 < rn � 1
1+ cq, thenStrongIrrepresentableConditionholds.

Corollary1 hasparticularlystrongimplicationsfor applicationsof Lassowherethecovariates
of theregressionaredesignedwith a symmetryso that thecovariatessharea constantcorrelation.
Under sucha design,this result implies that StrongIrrepresentableCondition holds even for p
growing with n aslongasq remains�x edandconsequentlyensuresthatLassoselectsthetruemodel
asymptotically. However, whenthedesignis randomor, for example,arisesfrom anobservational
study we usually do not have the constantcorrelation. Correspondingly, we have the following
resultonboundedcorrelations.
Corollary 2. (BoundedCorr elation) Supposeb hasq nonzeroentries.Cn has1's on thediagonal
andboundedcorrelationjr i j j � c

2q� 1 for aconstant0 � c < 1 thenStrongIrrepresentableCondition
holds.

Corollary 2 veri�es the commonintuition that when the designmatrix is slightly correlated
Lassoworksconsistently. And thelargerq is, thesmallertheboundon correlationbecomes.For a
q of considerablesize,theboundbecomestoo small to meetin practice.Unfortunately, this bound
is alsotight in thefollowing sense:whentheboundis violated,onecanconstruct

Cn =

0

B
@

1 :: : r
...

...
...

r : : : 1

1

C
A
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with r � � 1
2q� 1 and make the nonzerobi 's all positive then jC21(C11) � 1sign(b(1)) j � 1 holds

element-wisewhich failsStrongIrrepresentableCondition.
In comparison,Donohoet al. (2004)showed that, in a non-asymptoticsetup,the L2 distance

betweenthesparsestestimateandthetruemodelis boundedby a linearmultiple of thenoiselevel
if

q < (1=r + 1)=2;

wherer = maxi; j jCn
i j j (calledCoherence).This is equivalentto

max
i; j

jCn
i j j <

1
2q� 1

which coincideswith theconditionof Corollary2. Interestingly, for thesameresultto applyto the
Lassoestimates,Donohoetal. (2004)requiredtighterboundonthecorrelation,thatis,maxi; j jCn

i j j <
1

4q� 1.
Anothertypical designusedfor Lassosimulations(e.g.,Tibshirani,1996;Zou et al., 2004)is

settingthe correlationbetweenXn
i andXn

j to be r ji� j j with an constant0 < r < 1. Although this
designintroducesmoresophisticatedcorrelationstructurebetweenthepredictorsanddoesnotseem
restrictive, the following corollarystatesunderthis designStrongIrrepresentableConditionholds
for any q.
Corollary 3. (Power DecayCorr elation) Supposefor any i; j = 1; :::; p, Cn

i j = (r n) ji� j j , for jr nj �
c < 1, thenStrongIrrepresentableConditionholds.

In addition,asinstancesof Corollary2, undersomesimpli�ed designswhichareoftenusedfor
theoreticalstudies,Lassois consistentfor modelselection.
Corollary 4. If

� thedesignis orthogonal,or

� q = 1 andthepredictorsarenormalizedwith correlationsboundedfrom 1, or

� p = 2 andthepredictorsarenormalizedwith correlationsboundedfrom 1

thenStrongIrrepresentableConditionholds.
One additional informative scenarioto consideris a block-wisedesign. As it is commonly

assumedin practice,this assumedscenariois a hybrid betweenthemosthighly structureddesigns
like theorthogonaldesignandageneraldesign.For thisdesign,it canbeshown that
Corollary 5. For ablock-wisedesignsuchthat

Cn =

0

B
@

Bn
1 : : : 0
...

...
...

0 : : : Bn
k

1

C
A

with bn written asbn = (bn
1; :::;bn

k) to correspondto differentblocks,StrongIrrepresentableCondi-
tion holdsif andonly if thereexistsacommon0< h � 1 for whichStrongIrrepresentableCondition
holdsfor all Bn

j andbn
j , j = 1; :::;k.

Combinationsof Corollary 5 andCorollary 1-4 cover someinterestingcasessuchasmodels
with 2� 2 designblocksandmodelswhere0, 1 or all parametersoutof eachblockarenonzero.
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ThroughCorollaries1 - 5,wehaveshown thatunderspeci�c designs,whicharecommonlyused
or assumedin previousworks,IrrepresentableConditionholdswhichleadsto Lasso'sconsistency in
modelselection.Next, wedemonstrateLasso'smodelselectionconsistency andtheIrrepresentable
Conditionsusingsimulations.

3. Simulation Studies

In thissection,wegivesimulationexamplesto illustratetheestablishedresults.The�rst simulation
illustratesthe simplestcase(p = 3, q = 2, cf. Corollary 4) underwhich Lassois inconsistent
for model selection. We also analyzethe Lassoalgorithm to explain how Lassois misled into
inconsistency whenIrrepresentableConditionsfail. The secondsimulationquantitatively relates
the consistency (inconsistency) of Lassoto how well the StrongIrrepresentableConditionholds
(fails) by countingthe percentagesof Lassoselectingthe true model and comparingit to h¥ =
1� kCn

21(C
n
11)

� 1sign(bn
(1))k¥ . In the last simulation,we establisha heuristicsenseof how strong

our StrongIrrepresentableConditionis for differentvaluesof p andq by observinghow oftenthe
conditionholdswhenC is sampledfrom Wishart(p; p) distribution.

3.1 Simulation Example1: Consistencyand Inconsistencywith 3 Variables

In this simpleexample,we aim to give somepracticalsenseof the Lassoalgorithm's behaviors
whenStrongIrrepresentableConditionholdsandfails. We �rst generatei.i.d. randomvariables
xi1, xi2, ei andei with variance1 andmean0 for i = 1; :::;n andn = 1000. A third predictorxi3 is
generatedto becorrelatedwith xi1 andxi2 by

xi3 =
2
3

xi1 +
2
3

xi2 +
1
3

ei ;

thenby construction,xi3 is alsoi.i.d. with mean0 andvariance1.
Theresponseis generatedby

Yi = xi1b1 + xi2b2 + ei :

Lassois applied(throughtheLARS algorithmby Efronetal.,2004)onY, X1, X2 andX3 in two
settings:(a)b1 = 2, b2 = 3 ; and(b) b1 = � 2, b2 = 3. In bothsettings,X(1) = (X1;X2), X(2) = X3

andthrough(2), it is easyto getC21C� 1
11 = ( 2

3; 2
3). ThereforeStrongIrrepresentableConditionfails

for setting(a)andholdsfor setting(b).
Now we investigatehow thesetwo set-upsleadto Lasso's signconsistency andinconsistency

respectively. As wevarytheamountof regularization(controlledby l ), wegetdifferentLassosolu-
tionswhich form theLassopath(asillustratedby theleft andright panelsof Figure1). This Lasso
pathfollowstheleastangledirection(asdescribedin for example,Efronetal. (2004)andZhaoand
Yu (2004)),that is, b̂(l ) progressesin coordinateson which theabsolutevaluesof innerproducts
betweenY� (l ) := Y � Xb̂(l ) andthepredictorsarethelargestwhile entriesof b̂(l ) corresponding
to smallerinnerproductsareleft at zero.

In thisexample,

jX0
3Y

� j = j(
2
3

X1 +
2
3

X2 +
1
3

e)0Y� j

�
4
3

min(jX0
1Y

� j; jX0
2Y

� j)(
sign(X0

1Y
� ) + sign(X0

2Y
� )

2
) �

1
3

je0Y� j:
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(a)b1 = 2, b2 = 3 (b) b1 = � 2, b2 = 3

Figure1: An exampleto illustrateLasso's (in)consistency in ModelSelection.TheLassopathsfor
settings(a)and(b) areplottedin theleft andright panelrespectively.

For largen, e0� Y� is on a smallerorderthanthe restof the terms. If b̂3 is zero,thesignsof X1's
andX2's inner productswith Y agreewith the signsof b̂1 andb̂2. Thereforefor Lassoto be sign
consistent,thesignsof b1 andb2 hasto disagreewhichhappensin setting(b) but not setting(a).

Consequently, in setting(a)Lassodoesnotshrinkb̂3 to 0. Instead,theL1 regularizationprefers
X3 overX1 andX2 asLassopicksupX3 �rst andnevershrinksit backto zero.For setting(b), Strong
IrrepresentableConditionholdsandwith aproperamountof regularization,Lassocorrectlyshrinks
b̂3 to 0.

3.2 Simulation Example2: Quantitati veEvaluation of Impact of Strong Irr epresentable
Condition on Model Selection

In this example,we give somequantitative senseon the relationshipbetweenthe probability of
Lassoselectingthe correctmodelandhow well StrongIrrepresentableConditionholds(or fails).
First,we take n = 100,p = 32,q = 5 andb1 = (7;4;2;1;1)T andchoosea smalls2 = 0:1 to allow
usto go into asymptoticquickly.

Then we would like to generate100 designsof X as follows. We �rst samplea covariance
matrixSfrom Wishart(p,p) (seesection3.3for details),thentaken samplesof Xi from N(0;S), and
�nally normalizethemto havemeansquares1 asin commonapplicationsof Lasso.Suchgenerated
samplesrepresenta varietyof designs:somesatisfyStrongIrrepresentableConditionwith a large
h, while othersfail theconditionbadly. To evaluatehow well theIrrepresentableconditionholdswe
calculateh¥ = 1� kCn

21(C
n
11)

� 1sign(bn
(1))k¥ . Soif h¥ > 0,StrongIrrepresentableholdsotherwiseit
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Figure2: Comparisonof Percentageof LassoSelectingthe CorrectModel andh¥ . X-axis: h¥ .
Y-axis: Percentageof LassoSelectingtheCorrectModel.

fails. Theh¥ 'sof the100simulateddesignsarewithin [� 1:02;0:33] with 67of thembeingsmaller
than0 and33of thembiggerthan0.

For eachdesign,werunthesimulation1000timesandexaminegeneralsignconsistencies.Each
time,n samplesof earegeneratedfrom N(0;s 2) andY = Xb+ earecalculated.WethenrunLasso
(throughtheLARS algorithmby Efron et al., 2004)to calculatetheLassopath. Theentirepathis
examinedto seeif thereexistsa modelestimatethatmatchesthesignsof thetruemodel.Thenwe
computethepercentageof runsthatgeneratedmatchedmodelsfor eachdesignandcompareit to
h¥ asshown in Figure2.

As canbeseenfrom Figure2, whenh¥ getslarge,thepercentageof Lassoselectingthecorrect
modelgoesup with the steepestincreasehappeningaround0. For h¥ considerablylarger than0
(> 0:2) thepercentageis closeto 1. Ontheotherhand,for h¥ considerablysmallerthan0 (< � 0:3)
thereis little chancefor Lassoto selectthetruemodel.In general,this is consistentwith our result
(Proposition1 andTheorem1 to 4), asfor h¥ > 0, if n is large enough,the probability of Lasso
selectsthetruemodelgetscloseto 1 whichdoesnothappenif h¥ < 0. Thisquantitatively illustrates
theimportanceof StrongIrrepresentableConditionfor Lasso'smodelselectionperformance.

3.3 Simulation Example3: How Strong is Irr epresentableCondition?

As illustratedby Corollaries1 to 4, StrongIrrepresentableConditionholdsfor someconstrained
specialsettings.While in Section3.1and3.2,we have seencaseswhereIrrepresentableCondition
fails. In thissimulation,weestablishsomeheuristicsenseof how strongourStrongIrrepresentable
Conditionis for differentvaluesof p andq.

For a given p, thesetof Cn is thesetof nonnegative de�nite matrix of size p. To measurethe
sizeof the subsetof Cn's on which IrrepresentableConditionholds, the Wishartmeasurefamily
canbeused.SinceStrongIrrepresentableConditionholdsfor designsthatarecloseto orthogonal

2552



ON MODEL SELECTION CONSISTENCY OF LASSO

p = 23 p = 24 p = 25 p = 26 p = 27 p = 28

q = 1
8 p 100% 93:7% 83:1% 68:6% 43:0% 19:5%

q = 2
8 p 72:7% 44:9% 22:3% 4:3% < 1% 0%

q = 3
8 p 48:3% 19:2% 3:4% < 1% 0% 0%

q = 4
8 p 33:8% 8:9% 1:3% 0% 0% 0%

q = 5
8 p 23:8% 6:7% < 1% 0% 0% 0%

q = 6
8 p 26:4% 7:1% < 1% 0% 0% 0%

q = 7
8 p 36:3% 12:0% 1:8% 0% 0% 0%

Table1: Percentageof SimulatedCn thatmeetStrongIrrepresentableCondition.

(Corollary2), wetake theWishart(p; p) measurewhichcentersbut doesnotconcentratearoundthe
identitymatrix.

In thissimulationstudy, wesampleCn's from whiteWishart(p; p) andexaminehow oftenIrrep-
resentableConditionholds.For eachp= 23;24;25;26;27;28 andcorrespondinglyq= 1

8 p; 2
8 p; :::; 7

8 p
we generate1000Cn's from Wishartandre-normalizeit to have 1's on thediagonal.Thenwe ex-
aminehow often IrrepresentableConditionholds. Theentriesof b(1) areassumedto bepositive,
otherwiseasign�ip of thecorrespondingXi 's canmake thecorrespondingbi positive. Theresultis
shown in Table1.

Table1 shows that,whenthe truemodelis very sparse(q small),StrongIrrepresentableCon-
dition hassomeprobability to hold which illustratesCorollary 2's conclusion. For the extreme
case,q = 1, it hasbeenproved to hold (seeCorollary4). However, in general,for large p andq,
IrrepresentableConditionrarely(measuredby Wishart(p; p)) holds.

4. Discussions

In this paper, we have providedStrongandWeakIrrepresentableConditionsthatarealmostneces-
saryandsuf�cient for modelselectionconsistency of Lassounderbothsmall p andlargep settings.
We have explored the meaningof the conditionsthroughtheoreticaland empirical studies. Al-
thoughmuchof Lasso's strengthlies in its �nite sampleperformancewhich is not the focushere,
our asymptoticresultsoffer insightsandguidanceto applicationsof Lassoasa featureselection
tool, assumingthat thetypical regularity conditionsaresatis�edon thedesignmatrix asin Knight
andFu (2000). As a precaution,for datasetsthatcannot beveri�ed to satisfythe Irrepresentable
Conditions,Lassomaynot selectthemodelcorrectly. In comparison,traditionalall subsetmeth-
ods like BIC and MDL are always consistentbut computationallyintractablefor p of moderate
sizes.Thus,alternative computationallyfeasiblemethodsthat leadto selectionconsistency when
theconditionfailsareof interest.

In particular, for small p cases,if consistency is the only concernthen thresholding(either
hard or soft) is an obvious choicethat guaranteesconsistentselection. Sincethe OLS estimate
b̂OLS convergesat a 1=

p
n rate,thereforea thresholdthatsatis�estn=

p
n ! ¥ andtn ! 0 leadsto

consistentselection.However, asemphasizedearlier, consistency doesnotmeangoodperformance
in �nite samplewhich is whatmattersin many applicationswhereLasso-typeof techniqueis used.
In particular, whenthelinearsystemis overdeterminedp > n, theapproachis no longerapplicable
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sincetheOLSestimatesarenotwell de�ned. Ontheotherhand,Theorem3 andTheorem4 indicate
thatfor caseswherep maygrow muchfasterthenn, theLassostill performwell.

To getsomeintuitive senseof how the thresholdingperformscomparingto theLassoin �nite
sample,we ran the samesimulationsas in Section3.2 and examinedthe sign matchingrate of
thresholdingandcompareit to theLasso's performance.Our observationis, whenthesamplesize
is large,thatis, in theasymptoticdomain,evenwhenStrongIrrepresentableConditionholds,Lasso
doesnot performbetterthansimplethresholdingin termof variableselection.In thesmallsample
domain,however, Lassoseemsto show anadvantagewhich is consistentwith theresultsreported
in otherpublications(e.g.,Tibshirani,1996).

Anotheralternative thatselectsmodelconsistentlyin oursimulationsis givenby Osborneetal.
(1998). They adviseto useLassoto do initial selection.Thena bestsubsetselection(or a similar
procedure,for example,forwardselection)shouldbeperformedontheinitial setselectedby Lasso.
This is looselyjusti�ed since,for instance,from Knight andFu(2000)weknow Lassois consistent
for l = o(n) and thereforecanpick up all the true predictorsif the amountof datais suf�cient
(althoughit mayover-select).

Finally, wethink it is possibleto directlyconstructanalternativeregularizationto Lassothatse-
lectsmodelconsistentlyundermuchweakerconditionsandat thesametimeremainscomputation-
ally feasible.This relieson understandingwhy Lassois inconsistentwhenStrongIrrepresentable
Condition fails: to inducesparsity, Lassoshrinksthe estimatesfor the nonzerob's too heavily.
WhenStrongIrrepresentableConditionfails, the irrelevantcovariatesarecorrelatedwith therele-
vantcovariatesenoughto bepickedup by Lassoto compensatetheover-shrinkageof thenonzero
b's. Therefore,to get universalconsistency, we needto reducethe amountof shrinkageon the b
estimatesthatareaway from zeroandregularizein a moresimilar fashionasl0 penalty. However,
asaconsequence,thisbreakstheconvexity of theLassopenalty, thereforemoresophisticatedalgo-
rithmsareneededfor solvingtheminimizationproblems.A differentsetof analysisis alsoneeded
to dealwith thelocalminima.Thispointstowardsour futurework.
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Appendix A. Proofs

To proveProposition1 andtherestof thetheorems,westateLemma1 whichis adirectconsequence
of KKT (Karush-Kuhn-Tucker) conditions:
Lemma 1. b̂n(l ) = (b̂n

1; :::; b̂n
j ; :::) aretheLassoestimatesasde�ned by (1) if andonly if

dkYn � Xnbk2
2

db j
jb j= b̂n

j
= l sign(b̂n

j ) for j s.t. b̂n
j 6= 0

j
dkYn � Xnbk2

2

db j
jb j= b̂n

j
j � l for j s.t. b̂n

j = 0:

With Lemma1, wenow proveProposition1.

2554



ON MODEL SELECTION CONSISTENCY OF LASSO

Proof of Proposition1. First,by de�nition

b̂n = argmin
b

[
n

å
i= 1

(Yi � Xib)2 + l nkbk1]:

Let ûn = b̂n � bn, andde�ne

Vn(un) =
n

å
i= 1

[(ei � Xiun)2 � e2
i ] + l nkun + bk1;

wehave

ûn = argmin
un

[
n

å
i= 1

(ei � Xiun)2 + l nkun + bk1]:

= argmin
un

Vn(un): (9)

The�rst summationin Vn(un) canbesimpli�ed asfollows:

n

å
i= 1

[(ei � Xiun)2 � e2
i ]

=
n

å
i= 1

[� 2eiXiun + (un)TXT
i Xiun];

= � 2Wn(
p

nun) + (
p

nun)TCn(
p

nun); (10)

whereWn = (Xn)Ten=
p

n. Noticethat(10) is alwaysdifferentiablew.r.t. un and

d[� 2Wn(
p

nun) + (
p

nun)TCn(
p

nun)]
dun = 2

p
n(Cn(

p
nun) � Wn): (11)

Let ûn(1), Wn(1) andûn(2), Wn(2) denotethe�rst q andlast p� q entriesof ûn andWn respec-
tively. Thenby de�nition wehave:

f sign(b̂n
j ) = sign(bn

j ), for j = 1; :::;q:g 2 f sign(bn
(1))û

n(1) > �j bn
(1) jg:

Thenby Lemma1, (9), (11) anduniquenessof Lassosolutions,if thereexistsûn, thefollowing
holds

Cn
11(

p
nûn(1)) � Wn(1) = �

l n

2
p

n
sign(bn

(1));

jûn(1)j < jbn
(1) j;

�
l n

2
p

n
1 � Cn

21(
p

nûn(1)) � Wn(2) �
l n

2
p

n
1:

thensign(b̂n
(1)) = sign(bn

(1)) andb̂n
(2) = un(2) = 0.

Substituteûn(1), ûn(2) andboundtheabsolutevalues,theexistenceof suchµ̂n is impliedby

j(Cn
11)

� 1Wn(1)j <
p

n(jbn
(1) j �

l n

2n
j(Cn

11)
� 1sign(bn

(1))j); (12)
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jCn
21(C

n
11)

� 1Wn(1) � Wn(2)j �
l n

2
p

n
(1� jCn

21(C
n
11)

� 1sign(bn
(1))j) (13)

(12)coincideswith An and(13)2 Bn. ThisprovesProposition1.
UsingProposition1, wenow proveTheorem1.

Proof of Theorem1. First,by Proposition1 wehaveBy Proposition1, wehave

P(b̂n(l n) = s b) � P(An \ Bn):

Whereas

1� P(An \ Bn) � P(Ac
n) + P(Bc

n)

�
q

å
i= 1

P(jzn
i j �

p
n(jbn

i j �
l n

2n
bn

i ) +
p� q

å
i= 1

P(jzn
i j �

l n

2
p

n
hi):

wherezn = (zn
1; :::;zn

p)0= (Cn
11)

� 1Wn(1), zn = (zn
1; :::;zn

p� q)0= Cn
21(C

n
11)

� 1Wn(1) � Wn(2) andb =
(bn

1; :::;bn) = (Cn
11)

� 1sign(bn
(1)).

It is standardresult(seefor example,Knight andFu,2000)thatunderregularity conditions(3)
and(4),

(Cn
11)

� 1Wn(1) ! d N(0;C� 1
11 );

and
Cn

21(C
n
11)

� 1Wn(1) � Wn(2) ! d N(0;C22 � C21C� 1
11 C12):

Thereforeall zn
i 's andzn

i 's converge in distribution to Gaussianrandomvariableswith mean0 and
�nite varianceE(zn

i )2;E(zn
i )2 � s2 for someconstantS> 0.

For t > 0, theGaussiandistributionhasits tail probabilityboundedby

1� F (t) < t � 1e� 1
2t2

: (14)

Since l n
n ! 0, l n

n
1+ c

2
! ¥ with 0 � c < 1, p, q andbn areall �x ed,therefore

q

å
i= 1

P(jzn
i j �

p
n(jbn

i j �
l n

2n
bn

i )

� (1+ o(1))
q

å
i= 1

(1� F ((1+ o(1))
1
s
n

1
2 jbi j))

= o(e� nc
);

and

p� q

å
i= 1

P(jzn
i j �

l n

2
p

n
hi) =

p� q

å
i= 1

(1� F (
1
s

l n

2
p

n
hi)) = o(e� nc

):

Theorem1 follows immediately.
Proof of Theorem2. ConsiderthesetFn

1 , onwhich thereexistsl n suchthat,

sign(b̂n
(1)) = sign(bn

(1))

(b̂n
(2)) = 0:
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GeneralSignConsistency impliesthatP(Fn
1 ) ! 1 asn ! 1.

Conditionsof Fn
1 imply that b̂n

(1) 6= 0 andb̂n
(2) = 0. Thereforeby Lemma1 and(11) from the

proofof Proposition1, wehave

Cn
11(

p
nûn(1)) � Wn(1) = �

l n

2
p

n
sign(b̂n

(1)) = �
l n

2
p

n
sign(bn

(1)) (15)

jCn
21(

p
nûn(1)) � Wn(2)j �

l n

2
p

n
1 (16)

whichholdoverFn
1 .

Re-write(16)by replacingûn(1) using(15),weget

Fn
1 � Fn

2 := f (l n=2
p

n)Ln � Cn
21(C

n
11)

� 1Wn(1) � Wn(2) � (l n=2
p

n)Ung

where

Ln = � 1+ Cn
21(C

n
11)

� 1sign(bn
(1));

Un = 1+ Cn
21(C

n
11)

� 1sign(bn
(1)):

To prove by contradiction,if WeakIrrepresentableConditionfails, thenfor any N therealways
existsn> N suchthatat leastoneelementof jCn

21(C
n
11)

� 1sign(bn
(1))j � 1. Without lossof generality,

assumethe�rst elementof Cn
21(C

n
11)

� 1sign(bn
(1)) � 1, then

[(l n=2
p

n)Ln
1; (l n=2

p
n)Un

1 ] � [0;+ ¥ );

for any l n � 0. SinceCn
21(C

n
11)

� 1Wn(1) � Wn(2) ! d N(0;C22� C21C� 1
11 C12), thereisanon-vanishing

probabilitythatthe�rst elementis negative,thentheprobabilityof Fn
2 holdsdoesnotgoto 1, there-

fore
lim inf P(Fn

1 ) � lim inf P(Fn
2 ) < 1:

This contradictswith the GeneralSign Consistency assumption.ThereforeWeakIrrepresentable
Conditionis necessaryfor GeneralSignConsistency.

Thiscompletestheproof.
Proofsof Theorem3 and 4 are similar to that of Theorem1. The goal is to boundthe tail

probabilitiesin Proposition1 using different conditionson the noiseterms. We �rst derive the
following inequalitiesfor bothTheorem3 and4.
Proof of Theorem3 and Theorem4. As in theproofof Theorem1, wehave

1� P(An \ Bn) � P(Ac
n) + P(Bc

n)

�
q

å
i= 1

P(jzn
i j �

p
n(jbn

i j �
l n

2n
bn

i ) +
p� q

å
i= 1

P(jzn
i j �

l n

2
p

n
hi):

wherezn = (zn
1; :::;zn

p)0= (Cn
11)

� 1Wn(1), zn = (zn
1; :::;zn

p� q)0= Cn
21(C

n
11)

� 1Wn(1) � Wn(2) andb =
(bn

1; :::;bn) = (Cn
11)

� 1sign(bn
(1)).

Now if wewrite zn
i = H0

Aen whereH0
A = (ha

1; :::;ha
q)0= (Cn

11)
� 1(n� 1

2 Xn(1)) , then

H0
AHA = (Cn

11)
� 1(n� 1

2 Xn(1)0)((Cn
11)

� 1(n� 1
2 Xn(1))0)0= (Cn

11)
� 1:
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Thereforezn
i = (ha

i )0ewith

kha
i k2

2 �
1

M2
for 8i = 1; ::;q: (17)

Similarly if we write zn = H0
Ben where H0

B = (hb
1; :::;hb

p� q)0 = Cn
21(C

n
11)

� 1(n� 1
2 Xn(1)0)

� n� 1
2 Xn(2)0, then

H0
BHB =

1
n

(Xn(2))0(I � Xn(1)(( Xn(1)0(Xn(1)) � 1Xn(1)0)Xn(2):

SinceI � Xn(1)(( Xn(1)0(Xn(1)) � 1Xn(1)0 haseigenvaluesbetween0 and1, thereforezn
i = (hb

i )0e
with

khb
i k2

2 � M1 for 8i = 1; ::;q: (18)

Also noticethat,

j
l n

n
bnj =

l n

n
j(Cn

11)
� 1sign(bn

(1))j �
l n

nM2
ksign(bn

(1))k2 =
l n

nM2

p
q (19)

Proof of Theorem3. Now, given(17)and(18),it canbeshown thatE(en
i )2k < ¥ impliesE(zn

i )2k <
¥ andE(zn

i )2k < ¥ . In fact,givenconstantn-dimensionalvectora,

E(a0en)2k � (2k� 1)!!kak2
2E(en

i )2k:

For radomevariableswith bounded2k' th moments,wehave their tail probabilityboundedby

P(zn
i > t) = O(t � 2k):

Therefore,for l =
p

n = o(n
c2� c1

2 ), using(19),weget

q

å
i= 1

P(jzn
i j >

p
n(jbn

i j �
l n

2n
bn

i )

= qO(n� kc2) = o(
pnk

l 2k
n

):

Whereas

p� q

å
i= 1

P(jzn
i j >

l n

2
p

n
hi)

= (p� q)O(
nk

l 2k
n

) = O(
pnk

l 2k
n

):

Sumthesetwo termsandnoticefor p = o(nc2� c1), thereexists a sequenceof l n s.t. l =
p

n =
o(n

c2� c1
2 ) and= o( pnk

l 2k
n

). Thiscompletestheproof for Theorem3.

Proof of Theorem 4. Sinceen
i 's arei.i.d. Gaussian,thereforeby (17) and(18), zi 's andzi 's are

Gaussianwith boundedsecondmoments.
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Usingthetail probabilitybound(14)onGaussianrandomvariables, for l n µ n
1+ c4

2 , by (19)we
immediatelyhave

q

å
i= 1

P(jzn
i j >

p
n(jbn

i j �
l n

2n
bn

i )

= q� O(1� F ( (1+ o(1))M3M2nc2=2 ) = o(e� nc3 ):

(sinceq < n = elogn) and

p� q

å
i= 1

P(jzn
i j >

l n

2
p

n
hi)

= (p� q) � O(1� F (
1

M1

l np
n

)h) = o(e� nc3 ):

Thiscompletestheproof for Theorem4.
Proof of Corollary 1. First we recall,for apositivede�nite matrixof theform

0

B
B
B
B
B
@

a b � � � b b
b a � � � b b
...

...
...

...
...

b b � � � a b
b b � � � b a

1

C
C
C
C
C
A

q� q

:

Theeigenvaluesaree1 = a+ (q� 1)b andei = a� b for i � 2. Thereforetheinversionof

Cn
11 =

0

B
B
B
B
B
@

1 rn � � � rn rn

rn 1 � � � rn rn
...

...
...

...
...

rn rn � � � 1 rn

rn rn � � � rn 1

1

C
C
C
C
C
A

q� q

canbeobtainedby applyingtheformulaandtakingreciprocalof theeigenvalueswhichgetsus

(Cn
11)

� 1 =

0

B
B
B
B
B
@

c d � � � d d
d c � � � d d
...

...
...

...
...

d d � � � c d
d d � � � d c

1

C
C
C
C
C
A

q� q

for whiche0
1 = c+ (q� 1)d = 1

e1
= 1

1+( q� 1)rn
.

Now sinceCn
21 = rn � 1(p� q)� q so

Cn
21(C

n
11)

� 1 = rn(c+ (q� 1)d)1(p� q)� q =
rn

1+ (q� 1)rn
1(p� q)� q:
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By which,weget

jCn
21(C

n
11)

� 1sign(bn
(1))j =

rn

1+ (q� 1)rn
jå sign(bi)j1q� 1

�
qrn

1+ (q� 1)rn
1q� 1 �

q
1+ cq

1+ q� 1
1+ cq

=
1

1+ c
;

thatis, StrongIrrepresentableConditionholds.
Proof of Corollary 2. Without lossof generality, considerthe�rst entryof jCn

21(C
n
11)

� 1sign(bn
(1))j

which takesthe form ja0(Cn
11)

� 1sign(bn
(1))j wherea0 is the �rst row of Cn

21. After properscaling,

this is boundedby the largesteigenvalueof (Cn
11)

� 1 or equivalently the reciprocalof the smallest
eigenvalueof Cn

11, thatis,

ja0(Cn
11)

� 1sign(bn
(1))j � kakksign(bn

(1))k
1
e1

<
cq

2q� 1
1
e1

: (20)

To bounde1, we assumeCn
11 = ci j q� q. Then for a unit length q � 1 vector x = (x1; :::;xq)0, we

consider

x0Cn
11x = å

i; j
xici jx j = 1+ å

i6= j
xici jx j

� 1� å
i6= j

jxi jj ci j jj x j j

� 1�
1

2q� 1 å
i6= j

jxi jj x j j

= 1�
1

2q� 1
(å

i; j
jxi jj x j j � 1)

� 1�
q� 1
2q� 1

=
q

2q� 1
; (21)

where the last inequality is by Cauchy-Schwartz. Now put (21) through (20), we have
jCn

21(C
n
11)

� 1sign(bn
(1))j < c1: Thiscompletestheproof for Corollary2.

Proof of Corollary 3. Without lossof generality, let usassumex j , j = 1; :::;n arei.i.d. N(0;Cn)
randomvariables.ThenthepowerdecaydesignimpliesanAR(1) modelwhere

x j1 = h j1

x j2 = r x j1 + (1� r 2)
1
2 h j2

...

x j p = r x j( p� 1) + (1� r 2)
1
2 h j p

whereh i j arei.i.d. N(0;1) randomvariables.Thus,thepredictorsfollow aMarkov Chain:

x j1 ! x j2 ! � � � ! x j p:

Now let

I1 = i : bi 6= 0

I2 = i : bi = 0:
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For 8k 2 I2, assume

kl = f i : i < kg\ I1
kh = f i : i > kg\ I1:

Thenby theMarkov property, wehave

x jk ? x jgj(x jkl ;x jkh)

for j = 1; ::;n and8g 2 I1=f kl ;khg. Thereforeby the regressioninterpretationasin (2), to check
StrongIrrepresentableConditionfor x jk we only needto considerx jkl andx jkh sincetherestof the
entriesarezeroby theconditionalindependence.To furthersimplify, we assumer � 0 (otherwise
r canbemodi�ed to bepositive by �ipping thesignsof predictors1;3;5; :::). Now regressingx jk

on (x jkl ;x jkh) weget

Cov(
�

x jkl

x jkh

�
) � 1Cov(x jk;

�
x jkl

x jkh

�
)

=
�

1 r kh� kl

r kh� kl 1

� � 1 �
r kh� k

r k� kl

�

=

0

@
r kl � k� r k� kl

r kl � kh � r kh� kl

r k� kh � r kh� k

r kl � kh � r kh� kl

1

A :

Thensumof bothentriesfollow

r kl � k � r k� kl

r kl � kh � r kh� kl
+

r k� kh � r kh� k

r kl � kh � r kh� kl
=

r kl � k + r k� kh

1+ r kl � kh
= 1�

(1� r kl � k)(1� r k� kh)
1+ r kl � kh

< 1�
(1� c)2

2
:

ThereforeStrongIrrepresentableConditionholdsentry-wise.Thiscompletestheproof.

Proof of Corollary 4.

(a) Sincethe correlationsareall zeroso the conditionof Corollary 2 holdsfor 8q. Therefore
StrongIrrepresentableConditionholds.

(b) Sinceq = 1, so 1
2q� 1 = 1 thereforethe conditionof Corollary 2 holds. ThereforeStrong

IrrepresentableConditionholds.

(c) Sincep = 2, thereforefor q = 0 or 2, proof is trivial. Whenq = 1, resultis impliedby (b).
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Proof of Corollary 5.
Let M bethesetof indicesof nonzeroentriesof bn andBj , j = 1; ::;k bethesetof indicesof

eachblock. Thenthefollowing holds

Cn
21(C

n
11)

� 1sign(bn
(1))

=

0

B
@

Cn
M c\ B1;M \ B1

� � � 0

� � �
.. . � � �

0 � � � Cn
M c\ Bk;M \ Bk

1

C
A

�

0

B
@

Cn
M \ B1;M \ B1

� � � 0

� � �
. .. � � �

0 � � � Cn
M \ Bk;M \ Bk

1

C
A

� 1

sign(

0

B
@

bn
M \ B1

...
bn

M \ Bk

1

C
A )

=

0

B
@

Cn
M c\ B1;M \ B1

(Cn
M \ B1;M \ B1

) � 1sign(bn
M \ B1

)
...

Cn
M c\ Bk;M \ Bk

(Cn
M \ Bk;M \ Bk

) � 1sign(bn
M \ Bk

)

1

C
A :

Corollary5 is implied immediatelyfrom theshown equalities.
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