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Abstract

Thepaperintroduced 0GAN-H —asystentor learning rst-order function-freeHorn expressions
from interpretationsThe systemis basedon analgorithmthatlearnsby askingquestionsandthat
was proved correctin previouswork. The currentpapershavs how the algorithmcanbe imple-
mentedn apracticalsystemandintroducesanew algorithmbasednit thatavoidsinteractionand
learnsfrom examplesonly. The LOGAN-H systemimplementghesealgorithmsandaddsseveral
facilitiesandoptimizationghatallow ef cient applicationsn awide rangeof problems As oneof
theimportantingredientsthe systemincludesseveral fastproceduregor solvingthe subsumption
problem,anNP-completgroblemthatneedgo be solved mary timesduringthelearningprocess.
We describegualitatve andquantitatve experimentsn severaldomains.The experimentsddemon-
stratethat the systemcan dealwith varied problems,large amountsof data,andthatit achieves
goodclassi cationaccurag.

Keywords: inductivelogic programmingsubsumptionbottom-uplearning learningwith queries

1. Intr oduction

The eld of Inductive Logic ProgrammindILP) dealswith thetheoryandthepracticeof generating
rst orderlogic rulesfrom data. ILP hasestablished core setof methodsand systemghat have
provedusefulin a variety of applicationgMuggletonand DeRaedt1994;Bratko andMuggleton,
1995). As in muchof the work on propositionalrule learning,ILP systemghatlearnrulescanbe
divided into bottomup methodsandtop down methods. The latter typically startwith an empty
rule and grow the rule condition by addingone propositionat a time. Bottom up methodsstart
with a“mostspeci ¢” rule anditeratively generalizet, for exampleby droppingpropositiondrom
the condition. Thereareexamplesof bottomup systemsn the early daysof ILP: for example,the
GOLEM system(Muggletonand Feng,1992) usedrelative leastgeneralgeneralization(Plotkin,
1970,1971)within a bottomup searchio nd a hypothesisconsistenivith the data. Relatedgen-
eralizationoperatorsverealsousedby MuggletonandBuntine (1992). On the otherhand,much
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of the researchollowing this (Quinlan, 1990; Muggleton,1995; De Raedtand Van Laer, 1995;
Blockeeland De Raedt,1998)usedtop down searchmethodsto nd usefulhypotheses. This pa-
perintroducesthe systemLOGAN-H (Logical Analysisfor Horn expressionsthatimplementsa
bottomup learningalgorithm.

The systemcomesin two main modes. In batdh modethe systemperformsthe standardsu-
pervisedlearningtask, taking a set of labeledexamplesas input and returninga hypothesis. In
interactivemodethe systemlearnsby askingquestionsThe questionsarethe EquivalenceQueries
andMembershipQueries(Angluin, 1988)thathave beenwidely studiedin computationalearning
theory andin particularalsoin the context of ILP (Arimura, 1997; Reddyand Tadepalli,1998;
KrishnaRaoandSattar 1998;Khardon,1999b,aArias andKhardon,2002).

1.1 A Motivating Example: Learning from Graphs

Weintroducethe problemandsomeof thealgorithmicideasthrougha simpleexamplein thecontext
of learningfrom labeledgraphswherebothnodesandedgesnay have labels.In factthis is oneof
the applicationsof learningfrom interpretationsvherethe atom-bondrelationsof a moleculecan
be seenassucha graphandthis framavork hasproved usefulfor predictingcertainpropertiesof
molecules.

In the following, nodelabelsaremarked by ny;ny;:::, edgelabelsaree;;ey;::: andwe apply
themto nodesor pairsof nodesappropriately Considera classof graphsthatis characterizedby
thefollowing rules:

Ri = 8Xy;X2iXs: X4
e1(X1; X2); €1(X2; X3); €2(X3; Xa) s €2(Xa; X1) ! €1(X1; X3);
R = 8Xy;X2;X3; X4
N1(X1); N1(X2); N2(X3); N3(Xa); €1(X1; X2); €1(X1; X3); €1(X1; Xa) | €2(X2; X3):

Both rulesimply the existenceof anedgewith a particularlabelif somesubgraprexistsin the
graph.Considetthefollowing graphsalsoillustratedin Figurel, thatmaybe partof thedata:

(91) = ex(1:2);e1(2:3);€2(3:4); €2(4: 1); €1(1; 3); €1(3; 5); €2(4; 5):

(92) = ex(1:2);€1(23); €1(3;4):

(93) = ex(1;2);e1(2:3);€x(314); €2(4: 1); €2(2; 5); €1(5; 6); €(6; 3); €2(1; 2) €1(2; 4):

(94) = €1(1;2);€1(23); €2(3,4); €2(4; 1); €1(3; 5); €1(4; 5); €2(1; 2) €2(2, 3):

(95) = n(1);n1(2);n2(3); n3(4); €1(1;2); 1(1; 3); 1(1; 4); €1(2;5); €1(3;6); €1(5; 6); €1(6; 4):

It is easyto seethatg; andg, satisfythe constraintggiven by the rules. We call suchgraphs
positive examples.Thegraphgyz andg, violatethe rst rule andgs violatesthesecondule. We call
suchgraphanegative examples.Now givenadatasetof suchgraphshow canwe go aboutinferring
theunderlyingrules?In thefollowing we ignorethe questionof identifying theconclusion®f rules
andillustratesomeof the basicideasandstepsusedin our algorithm.

1. Someexceptionsexist. STILL (SebagandRouweirol, 2000)usesa disjunctive versionspaceapproactwhich means
thatit hasclausedasedn examplesbut it doesnotgeneralizéhemexplicitly. The systemof Bianchettietal. (2002)
useshottomup searchwith someadhocheuristicsto solve the challengeproblemsof Giordanaetal. (2003).
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g £, g3

Figurel: Representationf graphsg; to gs. Solid linesrepresene;( ; ) edgesdottedlinesrep-
resentey( ; ) edges.Solidly lled nodesrepresenh;( ) nodeschecled nodesrepresent
ny2( ) nodesandnodeslled with diagonalinesrepresenhs( ) nodes.

Considertaking one nggative example,saygs andtrying to extractinformationfrom it. If we
coulddiscover thatonly 4 nodesarerequiredto “make it negative” andthesenodesarel, 2, 3, 4
thenwe could geta smallergraphto work with andusethatasa patternfor our rule condition. In
particularprojectinggs ontothenodesl, 2, 3, 4 gives

(G3mn) = €1(1;2);e1(2;3);€2(3;4); €2(4: 1), €2(1; 2); €1(2, 4):

To discorver this “minimized” versionof gz we candrop onennodefrom the graphandthentry to
nd out whetherthat nodewasirrelevant, thatis, whetherthe resultingpatternis still a negative
graph.If we areallowedto askquestionghenwe candothisdirectly. Otherwisewe useaheuristic
to evaluatethis questionusingthe dataset. Iteratingthis procedureof droppinganobjectgivesusa
minimizednegative graph.Below, we call this the minimizationprocedure.

Now considertakingtwo examples saygs andg, andtrying to extractinformationfrom them.
Again the structureof exampleshasimportantimplications.If we coulddiscover thatonly 4 nodes
arerequiredfor bothexamplesandthatin bothcaseghesearenodesl, 2, 3, 4, we canfocusonthe
sharedstructurein thetwo graphs.In this casewe get

(93.4) = e1(1;2);e1(2;3); €2(3;4); €2(4; 1); €2(1; 2):
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so the patternis even closerto the rule thanthe onein gsz,,. Notice thatthe numberingof the
nodesviolating therule in thetwo graphswill notalwayscoincide.Thereforejn generarenaming
or “aligning” of the violating nodeswill be necessaryandour algorithmmustsearchfor suchan
alignment. Again we mustverify that the resulting patternstill capturesone of our rules. For
exampleif we tried this operationusinggs andgs we will not nd ary commonrelevantcoresince
they violatedifferentrulesanddo nothave asharedule structure However, if we succeedn nding
a commonstructurethenwe canmalke substantiaprogressoward nding goodrules. Below we
call thisthe pairingproceduresinceit pairsandalignstwo examples.

Our algorithmusesminimizationand pairing aswell assomeotherideasin a way thatguar
anteesnding a consistenhypothesis.Boundsfor the hypothesissize andthe complity of the
algorithmaregiven by Khardon(1999b)for the casethatthe algorithmcanaskquestionsandget
correctanswerdor them. In the caseanswergo the questionsareestimatedrom the datawe can
provide similar boundsundersomevhat strongassumption®n the dataset. As our experiments
shaw, thealgorithmperformswell on arangeof problems.

1.2 General Propertiesof the System

Someof the propertiesof LOGAN-H wereillustratedabore. The systemlearnsin the model of
learningfrominterpretations(De RaedtandDzeroski,1994;De RaedtandVan Laer,1995;Block-
eelandDe Raedt,1998)whereeachexampleis aninterpretationalsocalleda rst orderstructuren
logic terminology(ChangandKeisler,1990). Roughly aninterpretatioris the descriptionof some
scenario. Interpretationshave a domainwhich consistsof a setof objects,anda list of relations
betweerobjectsin its domainthatare“true” or hold in the particularscenariahey describe.The
systemlearnsfunctionfree Horn rulesmeaningthatit learnsover relationaldatabut all alguments
of predicatesreuniversallyquanti ed variables We do notallow for functionsymbolsor constants
in therules.

The systemsolvesthe so-calledmulti-predicatdearningproblem,thatis, it canlearnmultiple
rulesanddifferentrulescanhave differentconclusions The hypothesisof the systemmayinclude
recursve clauseswherethe samepredicateappearshoth in the condition of the rule andin the
conclusion(obviously with differentarguments)In the previousexample,R; is arecursve rule but
R> is not.

In contrasivith mostsystemsl. OGAN-H learnsall therulessimultaneouslyatherthanlearning
onerule atatime (cf. Bratko, 1999). The systemusesbottomup generalizationn this process.in
termsof rulere nement,thesystencanbeseerasperforminglargere nementsteps.Thatis, arule
structurels changedn large chunksratherthanonepropositionat atime. Again thisis in contrast
with mary approachethattry to take minimal re nementsof rulesin the procesf learning.

As mentionedabove the systemcanrun in two modes: interactive wherethe algorithm asks
guestionsgn the processof learning,and batch wherestandardsupervisedearningis performed.
Thelearningalgorithmsin bothmodesarebasednthe algorithmof Khardon(1999b)whereit was
shawvn thatfunction-freeHorn expressionsarelearnabldrom equivalenceandmembershigueries.
Theinteractve modealgorithmessentiallyjuseghis algorithmbut addsseveralfeatureso make the
systemmoreef cient. Thebatchmodealgorithmusegheideaof simulationandcanbethoughtof
astrying to answelithe queriesof theinteractve algorithmby appealingo thedatasetit is givenas
input.
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Ef ciency considerationareimportantin ary ILP systemandin particularin bottomup learn-
ing, sincethesesystemsendto startwith larger and more comple clauseshus requiringmore
resourcedn thebgginning. Thesystemincludesseveraltechniqueshatspeedip runtime. Perhaps
the mostimportantis the useof fastimplementationgor subsumptionan NP-Completematch-
ing problemthat needsto be solved mary timesin our algorithm. The paperintroducestwo nev
methoddor this problem,in additionto usingthe DJANGO algorithm(MalobertiandSebag2004)
whichis basedn constraintsatisfictiontechniquesOneof the new methodanodi es DJANGO to
usea differentrepresentationf the subsumptiorproblemandrequiresslightly differentconstraint
satishctionalgorithms.The othermethodmanipulategpartial substitutionsastablesanditeratively
appliesjoinsto thetablesto nd asolution.

The systemincorporatedurther useful facilities. Theseinclude a modulefor pruningrules,
a standardtechniquethat may improve accurag of learnedrules. Another moduleis usedfor
discretizingrealvaluedarguments.This increaseshe applicability sincemary datasetshave some
numericalaspects.Both of theseuseknown ideasbut they raiseinterestingissuesthat have not
beendiscussedh theliterature,mainly sincethey arerelevantfor bottomup learnersout not for top
down learners.

1.3 Experimental Results

We have experimentedvith bothmodesof thesystemandchallengindgearningproblems Thepaper
reportson qualitative experimentsillustrating the performanceof the systemon list manipulation
procedureg$l5-clauserogramincludingstandargroceduresandatoy grammatearningproblem.
Thegrammarproblemintroduceshe useof backgroundnformationto qualify grammarrulesthat
may be of independeninterestfor othersettings.

We alsodescribequantitatve experimentswith seseral ILP benchmarksin particular the per
formanceof the systemis demonstratedndcomparedo othersystemsn threedomains:the Bon-
gard domain(De Raedtand VVan Laer, 1995), the KRK-illegal domain(Quinlan, 1990), andthe
Mutagenesisiomain(Srinivasanetal., 1994). Theresultsshowv thatour systemis competitize with
previous approachegyothin termsof run time andclassi cationaccurag, while applyinga com-
pletelydifferentalgorithmicapproachThis suggestshatbottomup approachesanindeedbe used
in largeapplications.

The experimentsalsodemonstrat¢hat the differentsubsumptioralgorithmsare effective on a
rangeof problemsbut no onedominateghe otherswith L oGAN-H. Furtherexperimentsvaluating
the subsumptiommethodson their own shav that our modi ed DJANGO methodis a promising
approactwhenhardsubsumptiorproblemsneedto be solved.

1.4 Summary and Organization

Themaincontribution of thepaperis introducingthe L OGAN-H systemwith its learningalgorithms
andimplementatiorheuristics. Thesystemis abottomup ILP systemusingideasfrom learningthe-
ory in its algorithms. The paperdemonstratethroughvariousexperimentshat the systemandits
algorithmsprovide aninterestingalternatie to top down learningwhich is the commonapproach
in ILP. The paperalsomakesa contritution to the study of ef cient subsumptioralgorithms. We
developsomenen subsumptioralgorithmsandevaluatethembothin the context of machindearn-
ing andindependentlyOneof the new methodsgcalledDJANGOPRIMAL belav, seemsgarticularly
promisingwhenhardsubsumptiorproblemsneedto be solved.
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The paperis organizedasfollows. Section2 formalizesthe learningsettingandproblem. Sec-
tion 3 describesur learningalgorithmandits differentvariants. Section4 describeghreesub-
sumptionengineghatour systemuses.Section5 describegxtensie experimentshatdemonstrate
the validity of our methodandof the subsumptiorproceduresFinally, in the appendixthereader
can nd multiple detailson severalimplementationmprovementsand heuristicsusedto optimize
thesystem.

2. Notation and Problem Settings

We startwith somebasicnotationfrom logic andlogic programmingasusedin the paper For a
generalintroductionto thesetopics seeChangandKeisler(1990)andLloyd (1987). We assume
that the learneris givenits “vocalulary” in advance. Formally thisis a x ed signatue, a setof
predicatesachwith its associatedrity. The expressionsve considerdo not allow ary constants
or otherfunction symbolsso only variablescanbe usedasargumentgo predicates An atomis a
predicatewith an appropriatdist of aguments.A Horn clause(sometimescalleda Horn rule or
justarule) is anexpressionrC = (* ,NN) ! P, whereN is a setof atomsandP is anatom. In
the examplesthat follow we assumea signaturewith two predicategp() andq() both of arity 2.
For example,c1 = 8xy;8x2;8x%3; [p(X1;%2) ™ p(x2;%3) | p(X1;%3)] is a clausein the language.In
this paperall variablesin the clauseareuniversallyquanti ed andwe often omit the quanti ersin
expressionsThe conjunctionon theleft of theimplicationis calledthe condition(alsoantecedent)
of therule andP is calledthe conclusion(alsoconsequent)Clausesnay have emptyconsequents.
A universallyquanti ed function-freeHorn expressioris a conjunctionof Horn clauses.The goal
of ourlearningalgorithmsis to learnsuchexpressions.

An expressions givenatruth valuerelative to aninterpretatiorof the symbolsin thesignature.
An interpretation lists a domainof elementsand the truth valuesof predicatesover them. For
example theinterpretation

er= ([1,2,3];[p(1;2); p(2;3); p(3;1);a(1;3)])

hasdomain[1;2; 3]; by corvention, the four atomslisted aretrue in the interpretationand other
atomsarefalse. The sizeof aninterpretations the numberof atomstruein it, sothatsiz€e;) =

4. Theinterpretatione; falsi es (we sometimesalso sayviolateg the clauseabore. To seethis,
substitutef 1=x;; 2=X»; 3=x3g). Ontheotherhand

e = ([a;b;c;d]; [p(a; b); p(b; c); p(a; c); p(a; d); a(a; c)])

satis esthe clause We usestandarchotatione; 6j ¢; ande; i ¢; for thesefacts.

Throughoutthe paperwe uset@e following notation. The clauseset[s;c] (wherec 6 0) rep-
resentsthe conjunctionof clauses ,.(s! b). If cis emptythenno clauseis representecénd
[s;0] is in this senseille gal”. As mentionedabore, Horn clausesn generaldo allow for “empty
consequents”For example,a disjunction(A__ B) is oftendescribecas(A* B! ). Our system
canhandlesuchconsequentbut we do so by explicitly representing predicatefalse  with arity
0 which is falsein all interpretations.Thus,the clauseaborse will be representeih our systemas
[[A; Bl [f als€].
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2.1 The Model: Learning from Inter pretations

Learningfrom interpretationshasseengrowing interestin recentyears(De Raedtand Dzeroski,
1994; De Raedtand Van Laer, 1995; Blockeel and De Raedt,1998; Blockeel et al., 1999; Stolle
etal., 2005). Unlike the standardLP setting,whereexamplesareatoms,examplesin this frame-
work areinterpretationsAs mentionedabove we considertwo settingsfor thelearner

The batc learning algorithm performsthe standardsupervisedearningtask: given a setof
positive andnegative examplesit producesa Horn expressiorasits output. In this paperwe mea-
surealgorithm performanceby testingthe hypothesison an unseenestset, but we also mention
theoreticaguaranteefor the algorithmsimplied by previouswork.

The interactive learning algorithm requiresan interface capturingAngluin's (1988) model of
learningfrom equivalencequeries(EQ) and membershigjueries(MQ). In this modelwe assume
thata target expressior—the true expressionclassifyingthe examples—=gists anddenoteit by T.
An EQ asksaboutthe correctnes®f the currenthypothesis. With an EQ the learnerpresentsa
hypothesidH (aHornexpressionand,in caseH is notcorrect,recevesacounterexample positve
for T andnegative for H or vice versa.With a MQ, thelearnermpresentanexample(aninterpreta-
tion) andis told in reply whetherit is positive or negative for T. Thelearneraskssuchqueriesuntil
H is equivalentto T andtheanswero EQ s “yes”.

3. The Learning Algorithms

We rst describethe main proceduresisedby the learningalgorithmsandthendescribethe inter-
active andbatchalgorithms.

3.1 BasicOperations

Candidate clauses: For an interpretationl, the “relational candidates”(Khardon, 1999b)
rel-cands(l) is the setof potentialclausesall sharingthe sameantecedenandviolatedby I. The
setrel-cands(l) is calculatedin two steps. The rst stepresultsin a setof clauseg[s;c] such
that s (the antecedent)s the conjunctionof all atomstrue in | and c (the conclusions)is the
setof all atoms(over the domainof |) which arefalsein I. This clausesetis suchthat all ar-
gumentsto the predicatesare domainelementsof |. For examplewhen appliedto the example

&= ([1,2];[p(L;2); p(2;2);9(2; 1)]) thisgives
[s;cl= [[P(1;2); p(2;2);a(2;1)];[p(1:1); p(2;1); (15 1);a(1;2); a(2; 2)]]:

While domainelementsarenot constantsn thelanguageandwe do notallow constantsn therules
we slightly abusenormalterminologyandcall this intermediatdorm a groundclauseset We then
replaceeachdomainelementwith a distinctvariableto get

rel-cands(1) = variabilizg([s;c]) = [s¢ Y

wherevariabilizg() replacesverydomainelementsith adistinctvariable.For example theclause
setrel-cands(es) includesamongothersthe clauseqp(xi;x2) * p(x2;%2) N q(X2;X1) ! p(X2; %1)],
and[p(x1;X2) ™ p(X2;%2) N q(x2;%1) ! d(xa;xa)], whereall variablesareuniversallyquanti ed.

Notethatthereis a oneto onecorrespondendeetweera groundclauseset[s, c] andits variabi-
lized version.In thefollowing we oftenusels; c] with theimplicit understandinthattheappropriate
versionis used.
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Dropping objects: Thisoperatiorcanbeappliedto aninterpretatioror aclauseset.Whendropping
anobject(domainelement)from aninterpretationve remove the elementfrom the domainandall

atomsreferringto it from the extensionsof predicates. Thusif we remove object2 from e; =

([1;2;31;[P(1;2); p(2;3); p(3;1); a(1;3)]) we geted = ([1;3];[p(3;1);0(1;3)]). Whenremoring an
objectfrom a clauseset[s, c] we remove all atomsreferringto it from s andc. For examplewhen
droppingobjectl from theclause

[s;cl= [[P(1;2); p(2,2);a(2, D];[p(1;1); p(2;1);a(1;1);9(1: 2); a2 2)]]

weget[s’ ¢ = [[p(2;2)];[a(2; 2)]].

Minimization for Interactive Algorithm: Givena negative examplel the algorithmiteratesover
domainelements. In eachiterationit dropsa domainelementand asksa MQ to get the label
of the resultinginterpretation. If the label is negative the algorithm continueswith the smaller
example; otherwiseit retainsthe previous example. The minimization ensureghat the example
is still negative and the domain of the exampleis not unnecessarilyarge. We refer to this as
minimize-objeci@).

Clearly, the orderby which objectsareconsideredor remaoving canaffect theresultinghypoth-
esis. Thetheoreticaguaranteefor theinteractve algorithmdiscussedbelov hold regardlesof the
orderbut the performancef the batchalgorithmcanbe affecteddramatically The currentsystem
doesnottry to optimizethis andsimply dropsobjectsin the orderthey areencountereéh example
descriptions.

Removing Wrong Conclusions: Considera clauseset[s; ¢] in the hypothesissayasinitially gen-
eratedby rel-cands, andconsidera conclusionp 2 c¢ thatis wrong for s. We canidentify sucha
conclusionif we seea positive examplel suchthatl & [s! p]. Noticethatsincel is positive it
doesnot violateary correctrule andsinceit doesviolate[s! p] thisrule mustbewrong. In such
a casewe canremove p from c to geta betterclauseset[s;cn p]. In this way we caneventually
remove all wrongconclusionsandretainonly correctones.

Pairing: The pairingoperationcombineswo clausesets[s,; ca] and[sy; Cp] to createa new clause
set[sp; Cp]. It is closelyrelatedto the LGG operationof Plotkin (1970)but it avoidsthe exponential
growth in size of the resultingclauseafter several applicationsof the operation. When pairing,
we useaninjective mappingfrom the smallerdomainto the larger one. The systemrst pairsthe
antecedentby takingtheintersectionunderthe injective mappingto producea new antecedend.

Theresultingclausesetis [sp; ¢p] = [J;(Ca\ o) [ (sanJ)]. Toillustratethis, thefollowing example
shavs thetwo original clausesa mappingandtheresultingvaluesof J and[sp; cp].

[Sa; cal = [[P(1;2); p(2;3); p(3;1); a(1;3)];[P(2:2); a(3; DI:
[sb; o] = [[P(&; b); p(b; c); p(a; c); p(a; d); a(a; c)l; [a(c; all:
The mappingf 1=a; 2=b; 3=cg:

J=[p(1;2); p(2;3); 9(L; 3)]:

[sp; cp] = [[P(1;2); p(2;3); a(L; 3)]; [a(3; 1); p(3; DI:
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Notethatthe pairing operationis not symmetric.The clauseset[sp; cp] obtainedoy the pairing
canbe moregeneralthanthe original clausesets[s,; ca] and[sy; Cp] sincesy is containedn both
S ands, (underthe injective mapping)andit thus subsumedoth s, ands,. Hence,the pairing
operationcanbe intuitively viewed asa generalizatiorof both participatingclausesets. However,
sincewe modify the consequentyy droppingsomeatomsandaddingotheratoms(from s, nJ), this
is nota puregeneralizatioroperation.

Notethatsincea pairingusesaninjective mappingof objectswe canusedomainelemennames
from eitherof theinterpretationsn the pairing. While thisdoesnotchangghemeaningof theclause
setsthis factis usedin the systemto improve ef ciency. This pointis discussedurtherbelow.

The reasoningoehindthe de nition of the consequenin the pairing operationis as follows.
Considera clauseset][s; cn p] wherea wrong conclusionp hasalreadybeenremoved. Now when
we pair this clausesetwith anotheronethe antecedenwill be a subsebf s andsurely p will still
be wrong. Sowe do not want to reintroducesuchconclusionsafter pairing. The atomsthat are
removed from s while pairing have not yet beentestedas conclusiondor s andthey aretherefore
addedaspotentiallycorrectconclusionsn theresult.

3.2 The Interacti ve Algorithm

The interactve algorithmis basicallythe algorithm A2 from Khardon(1999b). The algorithmis
summarizedn Table1l whereT denoteghetargetexpression.Intuitively, the algorithmgenerates
clausedrom examplesby usingrel-cands() . It thenusesdroppingof domainelementsandpairing
in orderto getrid of irrelevantpartsof theseclauses.

The algorithm maintainsa sequences of groundclausesetsandthe hypothesisis generated
via the variabilize( ) operation. Oncethe hypothesisH is formedfrom S the algorithm asksan
equvalencequestion:is H the correctexpression?This is the main iteration structurewhich is
repeatedintil theanswer‘yes” is obtained.On a positive counterexample(l is positive but | 6j H),
wrongclausegs.t.| 6§ C) areremovedfrom H asexplainedabove.

On a negative counterexample(l is negative but | E H), the algorithm rst minimizesthe
numberof objectsin the counterexample using 1°= minimizeobjeds(l). This is followed by
generating clauseset([s; c] = rel-cands(19.

The algorithmthentriesto nd a“useful” pairing of [s; c] with oneof the clausesets|s;; ¢i] in
S. A usefulpairing [sp; ¢p] is suchthats, is a negative examplealsosatisfyingthat s, is smaller
thans, wheresizeis measuredby the numberof atomsin the set. The searchis doneby trying all
possiblematchingof objectsin the correspondinglausesetsandaskingmembershigueries.The
clausesetsin Saretestedin increasingorderandthe r st[s;; ¢;] for which this happenss replaced
with the resultingpairing. The size constraintguaranteeshat measurablg@rogresss madewith
eachreplacementln caseno suchpairingis foundfor ary of the[s;; ¢, the minimizedclauseset
[s;c] is addedto S asthe last element.Note thatthe orderof elementsn Sis usedin choosingthe

rst [s;ci] to bereplacedandin addingthe counterexampleasthelastelement.Thesearecrucial
for the correctnessf thealgorithm.

Note that the algorithm enumeratesnatchingsand correspondingpairingsof clauses.As in
the caseof minimizationthe order of pairingsconsideredcan make a differenceto the resulting
hypothesisbut the currentsystemdoesnot attemptto optimizethis and usessomearbitraryorder
thatis easyto calculate.

Theinteractve algorithmwaspreviously analyzedandit hasthefollowing guarantees:
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1. Initialize Sto betheemptysequence.
2. RepeauntiilH T:

(a) LetH = variabiliz«).
(b) Ask anequvalencequeryto geta counterexamplel incaseH 6 T.
(c) Onapositive counterexamplel (s.t.1 F T):
Remaewrongclausegs.t.1 6 C) fromH.
(d) Onanegative counterexamplel (s.t.1 6 T):
i. 19= minimize-objeci@).
i. [s;c]= rel-cands(19.
iii. Fori= 1tom(whereS= ([s1;C1];:::;[Sm;Cml))
For every pairing[J; (ci\ ¢)[ (snJ)] of [s;¢] and[s; ]
If J'ssizeis smallerthans's size
andJ 6j T (askmembershiguery)then

A. Replacds; ¢l with [J;(ci\ ©) [ (snJ)].
B. Quitloop (Goto Step2a).
iv. If no[s;c] wasreplacedhenadd[s, c] asthelastelementof S.

Tablel: Thelnteractive Algorithm.

Theorem 1 (seeCorollary 2 in Khardon (1999b)) Assumehere is a target expressionT with m
clauseseadt having at mostk variablesand that equivalenceand membeship queriesare an-
sweedcorrectlyaccodingto T. Let p bethenumberof predicatesn thesignatue, athemaximum
arity and n the maximumnumberof objectsin any negative counterexampleprovidedto equiv-
alencequeriesin the processof learning Thenthe interactive algorithm will stop and produce
a hypothesisequivalentto T with O(mpkak¥) clausesafter O(mpk?kK) equivalencequeriesand
O((n+ m?) pkek3) membeshipqueries.

3.3 The Batch Algorithm

The batchalgorithmis basedon the obsenatior? that we cananswerthe interactive algorithm’s
guestionausinga givensetof examplesE.

Simulating equivalencequeriesis easyandis in fact well knowvn. Given hypothesisH we
evaluateH onall examplesn E. If it misclassi esary examplewe have founda counterexample.
Otherwisewe found a consistentypothesis. This procedurehasstatisticaljusti cation basedin
PAC learningtheory(Angluin, 1988;Blumeretal., 1987). Essentiallyif we usea freshsamplefor
every querythenwith high probability a consistentiypothesids good. If we usea singlesample
thenby Occams razorary shorthypothesiss good.

For membershiguerieswe usethefollowing fact:

2. Similar obsenationsweremadeby Kautzetal. (1995)andDechterandPearl(1992)with respecto thepropositional
algorithmof Angluin etal. (1992).
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Lemma2 (SeeLemma lland 12in Khardon 1999b) Let T bea functionfree Horn expression
andl aninterpretationoverthesamealphabet.Thenl 6j T if andonlyif for someC 2 rel-cands(l),
TF C.

Now, we cansimulatethetestT | C by evaluatingC on all positive examplesin E. If we nd
apositive examplee suchthate & C thenT 6] C. Otherwisewe assumeéhatT F C andhencethat
16 T.

A straightforvard applicationwill usethelemmadirectly wheneer the algorithmasksa mem-
bershipquery(thisisin factalgorithmA4 of Khardon,1999b).However, amorecarefullook reveals
thatquerieswill be repeatednary times. Moreover, with large datasets,it is usefulto reducethe
numberof passesver the data.We thereforeoptimizethe procedureasdescribedelow.

The one-passprocedure: Given a clauseset|[s;c] the procedureone-pasgestsclausesn [s;c]
acpinstall positive examplesn E. Thebasicobsenationis thatif apositive examplecanbematched
to the antecedenbut oneof the consequentss falsein the exampleunderthis matchingthenthis
consequents wrong. For eachpositve examplee, the procedureone-passemaoves all wrong
consequentilenti ed by efrom c. If cis emptyatary pointthenwe know thatno atomis implied
by s, thatis, thereareno correctconsequentsThereforethe evaluationprocesss stoppedandthe
proceduraeturns[s; 0] to indicatethatthisis the case® At the endof one-passeachconsequeris
correctw.r.t. thedataset.

This operationis at the heartof the algorithm sincethe hypothesisand candidateclausesets
arerepeatedlyevaluatedagpinstthe dataset. Two points are worth noting here. First, oncewe
matchthe antecedentve cantestall the consequentsimultaneoushsoit is betterto keepclause
setstogetherratherthansplit theminto individual clauses Secondnoticethatsincewe mustverify
that consequentare correct,it is not enoughto nd just one substitutionfrom an exampleto the
antecedentRathemwe mustcheckall suchsubstitutiondeforedeclaringthatsomeconsequentare
not contradictedThisissueaffectstheimplementatiorandwe discusst furtherbelow.

Minimization: The minimizationprocedureactingon a clauseset[s; c] assumeshe input clause
sethasalreadybeenvalidatedby one-passit theniteratively triesto dropdomainelementsin each
iteration, it dropsanobjectto get[s® ¢ andrunsone-pas®n [s2 cJ to get[s*9c%]. If c®Y4s notempty
it continueswith it to thenext iteration(assignings;c]  [s°9c)); otherwiset continueswith [s; c].
The nal resultof this processs [s; c] in which all consequentarecorrectw.r.t. E.

The above simulationin one-passavoids repeatedqueriesthat resultfrom direct use of the
lemmaaswell asguaranteeinghatno positive counterexamplesareever foundsincethey areused
beforeclausesareputinto the hypothesis.This simpli es the descriptionof the algorithmwhichis
summarizedn Table2.

3.4 Discussionof Batch Algorithm

Theanalysiof theinteractve algorithmcanbeusedo give someguaranteer thebatchalgorithm

aswell. In particularit is clearthatall counterexamplesusedarecorrectsincethey arein thedata
set. If we canguaranteén additionthatall membershimgjueriesmplicit in one-passareanswered
correctlythenthe batchalgorithmcanbe seenasperformingsomerun of the interactie algorithm

andboundson queriesandhypothesissizetranslateaswell.

3. Recallfrom above thatthe “empty consequentfs explicitly representedly false andif thisis a correctconsequent
it will notberemored.
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1. Initialize Sto betheemptysequence.
2. Repeauntil H is correcton all examplesin E.

(a) LetH = variabiliz«).
(b) If H misclassi esl (I is negativebut| E H):
i. [s;c]= one-pasgel-cands(l)).
ii. [s;¢]= minimize-objeci§s;c]).
iii. Fori= 1tom(whereS= ([s1;c1];:::;[Sm;Cm]))
For every pairing[J; (ci\ ¢)[ (snJ)] of [s;c] and][s; ]
If J'ssizeis smallerthans's sizethen
let[s2cY = one-pasfJ;(ci\ ¢)[ (snJ)]).
If c®is notemptythen
A. Replacds;c] with [s2c9.
B. Quitloop (Goto Step2a)
iv. If no[s;c] wasreplacedhenadd[s, c] asthelastelementof S.

Table2: TheBatchAlgorithm.

Recallthatall of themembershigjueriesasledby theinteractve algorithmaresub-structuresf
negative examples.Considerm“complete”datasetin thesensdhatevery sub-structuref anegative
examplein the datasetis alsoincludedin the dataset. In this casethe answerto a membership
gueryon interpretation] exists explicitly in the dataset. Similarly, the call to one-pasgeturnsat
leastone conclusion(c®is not empty)if andonly if a correctconclusionexists. In fact, a slightly
wealer conditionis alsosufcient. We saythat a datasetis relational completefor target T if
sub-structuresf negative exampleghatarepositive for T have a“representatie” in thedatawhere
19is arepresentatie of | if it is isomorphicto |. Clearly sucha datasetprovidesexactly the same
answerasa correspondingompletedataset. We thereforehave the following result:

Theorem 3 Consideranydatasetwhich is relationalcompletefor target T where T hasm clauses
ead havingat mostk variables.Let p bethe numberof predicatesn thesignatue, a themaximum
arity andn themaximurmumberof objectsin any nggativeexamplein thedataset. Thenthe batch
algorithmwill stopand producea hypothesigonsistentvith the datawith O(mpk3k¥) clauses.

Noticethatthe boundon hypothesissizedoesnot dependon the numberof examplesbut only
on parametersf thetamget. If the datasetis not completethe algorithmwill still nd a consistent
hypothesisif oneexists but the hypothesismay be large. While this notion of completenesss a
strongconditionto require,it canserne asaroughguidefor datapreparatiorandevaluatingwhether
thealgorithmis likely to work well for agivenapplication.In someof theexperimentdelown using
arti cial domainswe generatedhedatain awaythatis likely to includesub-structuresf examples
in otherexamplesandindeedthis led to goodperformancen theseexperiments.

The useof a datasetto simulatequeriesraisesa subtle aspectconcerningtime complity.
Assumethe target expressionT exists andthat it usesat mostk variablesin eachclause. It is
shavn in Khardon(1999b)thatin sucha casethe minimizationprocedureoutputsaninterpretation
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with at mostk domainelements.As a resultary clauseC producedby the interactie algorithm
hasat mostk variableswhich in turn guaranteeshat we cantestwhetherl i C in time O(nk)
wherel hasn domainelements.However, for the batchalgorithmwe mustsimulatemembership
queriesfor the minimization processtself. When doing this we generateclauseswith as mary
variablesastherearedomainelementsn I, which mayleadto the compleity of one-pasgrowing
with n" if examplestypically have n domainelements. Moreover, as mentionedabose we must
enumeratall substitutionsbetweena rule and positive examplesin orderto testwhetherwe can
remove conclusions. This is a seriousconsideratiorthat might slow down the batch systemin
practice.lt is thereforecrucialfor our systemto have ef cient procedureso testsubsumptiorand
enumeratenatching.Severalsuchmethodsaredescribedelow.

The samepoint alsosuggestshat for somedatasetsthe batchalgorithmmay over t the data.
In particularif we do not have sufcient positve examplesto contradictwrong conclusionghen
we may drop the wrong objectsin the processof minimization. As a resultthe rules generated
may have alow correlationwith the label. Sinceour algorithmdependsn the orderof examples,
oneway to reducethis effect is to sortthe setof examplesaccordingto size. This is usefulsince
smallernegative examplesmake lessdemandson the richnessof the datasetwith respectio the
one-pasgprocedure.lf smallexamplescontainseeddor all rulesthenthis sidestepshe problem.
In addition,sortingthe examplesby size helpsreducerun time sincethe rulesgeneratedrom the
small exampleshave lessvariables,a propertythat generallyimplies fastersubsumptiortests. In
the experimentslescribedelov we have sortedexamplesn this manner

At this point it is interestingto comparethe batchalgorithmto the one usedby the GOLEM
system(Muggletonand Feng,1992). The appendixdiscusseshe relation betweenthe so-called
“normal ILP setting” usedin GOLEM and the setting of learningfrom interpretationsusedby
LOoGAN-H. It sufces hereto saythatsomemanipulatiorallows usto work on the sameproblems.
GOLEM usesbottomup learningby calculatingthe relative leastgeneralgeneralizatiofRLGG)
of clauses. In our settingthis corresponddo taking crossproductsof interpretationsnsteadof
pairings. This is incorporatedin a greedysearchthat iteratvely generalizene of the clauses
in its hypothesisby combininga nenv examplewith the clause. Thusthe generalstructureof the
algorithmsis pretty similar. The maindifferencesarethat(1) we usepairingsin orderto getsmall
clausesn the hypothesiswhereasGOLEM usesthe RLGG, that (2) pairing is aimedat learning
multiple conclusionssimultaneoushthus moving atomsfrom antecedento consequentthat (3)
LOGAN-H usesthe minimization procedure,and that (4) GOLEM greedily chooseghe clause
with maximumcover for combiningclausesvheread 0GAN-H's choiceis basedon orderingthe
hypothesislausesassuggestedy thetheoreticalnalysis.

3.5 Other Practical Considerations

The batchalgorithm as describedabove includesall the main ideasbut it may be hardto apply

in somecases.The appendixgivesdetailsof heuristicsimplementedn the systemthat extendits

applicability In particularthe systemcanhandlenoisydata(whereno consistenhypothesisxists),

handlenumericalattributesthroughdiscretizationanduserule pruning. In additionthe appendix
describesereraltechniqueshatconsiderablymprove runtime. Asidefrom thesethemostcrucial

runtime issueis the subsumptioriestwhich we discusaext.

561



ARIAS, KHARDON AND MALOBERTI
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Table3: Exampleof TableBasedSubsumption.

4. Ef cient SubsumptionTests

The one-pasgroceduranustenumeratell substitutionghatembeda clausein anexample? This

problemis NP-Hardandhencewve cannotexpectasolutionthatis alwaysef cient. Herewedescribe
threedifferentprocedureshatareshonvn to performwell in differentsettings;our systemcanwork

with ary of these.This maybeusefulin othercontexts aswell.

4.1 Table BasedSubsumption

While backtrackingsearch(asdonein Prolog)can nd all substitutionswvithout substantiakpace
overheadthetime overheactanbevery large. Our systemimplementsanalternatve approactthat
constructsll substitutionsimultaneoushandstoreghemin memory Thesystenmaintainsatable
of instantiationdor eachpredicatan theexamples.To computeall substitutiondetweeranexam-
ple anda clausethe systenrepeatediyperformsjoins of thesetables(in thedatabassensejo geta
tableof all substitutionsWe rst initialize to anemptytableof substitutions.Thenfor eachpredi-
catein theclausewe pull theappropriatdéablefrom theexample, andperformajoin whichmatches
the variablesalreadyinstantiatedn our intermediatdable. Thusif the predicaten the clausedoes
notintroducenew variablesthe tablesizecannotgrow. Otherwisethetablecangrov andrepeated
joins canleadto largetables.This approachs similarto the matchingprocedureof Di Mauroetal.
(2003)andwasdevelopedindependentlyye discusghe similaritiesanddifferencesn moredetail
belon. Toillustratethe methodconsiderevaluatingthe clausep(x1; X2); p(X2; X1); P(X1; X3); P(X3; X4)
on an examplewith extension[p(a;b); p(a;c); p(a;d); p(b;a); p(d;c)]. Thenapplying the joins
from left to right we getpartial substitutiontablesgivenin Table 3 (from left to right). Notice how
the rst applicationsimply copiesthetablefrom the extensionof the predicatein theexample.The
rst join reduceghesizeof theintermediatdable. The next join expandsbothlines. Thelastjoin
dropstherow with a b ¢ but expandsotherrows sothatoverall the tableexpands.

The codeincorporatessomeheuristicsto speedup computation. For examplewe checkthat
eachvariablehasat leastone substitutioncommonto all its instancesn the clause.Otherwisewe
know thatthereis no substitutiormatchingthe clauseto theexamples.We alsosortpredicatesn an
exampleby theirtablesizesothatwe rst performjoins of smalltables.We have alsoexperimented
with a modulethat performslookaheado pick a join that produceshe smallesttablein the next
step.This cansubstantiallyeduceghememoryrequirementandthusruntime but ontheotherhand
introducesoverheadfor the lookahead.Finally, taking inspirationfrom DJANGO (seedescription

4. It maybeworthclarifying herethatthisis thestandardubsumptioproblemandwe do notrequiredifferentvariables
to be matchedo differentobjects. The oneto onerestrictionappearsn the analysisof Khardon(1999b)but is not
partof thealgorithmor its hypothesis.
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below) we have alsoimplementeda form of arc-consistencfor the tables. In this casewe rst
computejoins of table pairsandprojectthembackontothe original variables. This removesrows
thatareclearlyinconsistenfrom thetables.This is repeatedintil all tablesarepairwiseconsistent
andthenthetablesmethodis startedasbefore.

Onecaneasilyconstruciexampleswherethetablein intermediatestepss largerthanthemem-
ory capacityof the computeyevenif the nal tableis small. In this casethe matchingprocedure
will fail. Thisindeedoccursin practiceandwe have obseredsuchlargetablesizesin the Mutage-
nesisdomain(Srinivasanetal., 1994)aswell asthearti cial challengeproblemsof Giordanaetal.
(2003).

4.2 RandomizedTable BasedSubsumption

If lookaheads still notsufcient ortooslow we canresortto randomizedgubsumptiornests.Instead
of nding all substitutionswve try to samplefrom the setof legal substitutions.This is donein the
following manner:if the size of the intermediatetable grows beyond a thresholdparametefH
(controlledby the user),thenwe throw away a randomsubsetof the rows beforecontinuingwith
thejoin operations.In this way we arenot performinga completelyrandomchoiceover possible
substitutions.Insteadwe areinforming the choiceby our intermediatetable. The absolutelimit
to the size of intermediatetablesis TH 16. If ajoin would producea larger table we arbitrarily
trim thetablewhenit reacheghis capacity andthenfollow with therandomselection.In addition
the systemusesrandomrestartso improve con denceaswell asallowing moresubstitutiongo be
found. This canbe controlledby the userthrougha parameteR.

4.3 SubsumptionBasedon Constraint Satisfaction Algorithms

Theideaof usingconstraintsatisictionalgorithmsto solve subsumptiorproblemshasbeeninves-
tigatedin Malobertiand Sebag(2004),wherea very effective systemDJANGO is developed. The

DiAaNGO systemwasoriginally designedo nd asinglesolutionfor the subsumptiorproblembut

this canbe easilyextendedto give all solutionsthroughbacktrackingIn thefollowing we describe
the ideasbehindthe original systemthatwe referto asDJANGODUAL aswell asintroducea new

methodwe call DIANGOPRIMAL thatusessimilar techniquesut a differentrepresentation.

A ConstraintSatishictionProblem(CSP)(Tsang,1993)is de ned by atriplet iV ; D; Ci suchthat:

V isasetof variables;

D is asetof domainseachdomainDy associatea setof admissiblevaluesto a variableV 2 V.
Thefunctiondom(V) returnsthe domainassociatedo thevariableV.

C is asetof constraintseachconstrainC 2 CinvolvesatuplehS Ri suchthat:

S is asubsebf V, denotedscopeof a constraint.Thefunctionvars(C) returnsthevariables
in thescopeof C, thatis, vars(C) = S

R is a setof tuples,denotedrelationsof a constraint,eachtupleis a setof simultaneously
admissiblevaluesfor eachvariablein S. Thefunctionrel(C) returnstherelationsasso-
ciatedto theconstrainC.

A constrainiC is satis ed by anassignmenbf valuesto variablesif andonly if the corresponding
tuple of assignmentso vars(C) is in rel(C). A CSPis satis ableiff it admitsa solution,assigning
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to eachvariableV 2 V avaluev2 dom(V) suchthatall constraintaresatis ed. Thearity of aCSP
is the maximumnumberof variablesn ary constraint.

To illustratehow constraintsatistctioncanbe usedconsiderthe following subsumptiorprob-
lemwherethe clauseis Cl andtheexampleis Ex:

Cl . p(Xo; X1); q(Xo; X2; X3); 1 (Xo);
Ex: p(ao;a1); p(a1; a); q(ao; az; az); d(ao; as; ag); r(ao):

This problemcanbetrivially transformednto a CSPproblemsuchthat:
Thesetof variablesV is equivalentto the setof variablesof Cl; f Xg; X1; X2; X30;
All domainsarethe sameandareequialentto the setof objectsin Ex, D = fag;a;;ay; asg;
Eachliteral l; in Cl is transformednto a constrainC; suchthat:

— thescopeS of C; correspondso the setof variablesof [;;
— therelationR; of C; includesall variabletuplesfrom instance®f I;'s predicatdn Ex.

Therefore therearethreeconstraintsCy, C, andCs in our example,which respectrely ac-
countfor theliteralsr(Xg), p(Xo; X1) andg(Xo; X2; X3), suchthat:

S = f XpgandRy = fhagig;
S = X0, X1 andR; = fhag; ali; hay; asig;
S = fXo; X2; Xeg andRs = fhag; az; asi; ha; ag; asig.

Thus, nding anassignmentor all variablesof this CSPwhich satisfyall the constraintsjs
equialentto nding asubstitutiong suchthatCq Ex.

In orderto distinguishthis representatiofrom others this CSPis calledthe Primal representa-
tion.

Sincean n-ary CSPcanalwaysbe transformednto a binary CSR thatis, a CSPsuchthatall
constraintsnvolve at most2 variablesmostalgorithmsin CSParerestrictedto binaryCSPs.Thus,
in orderto simplify theimplementatiorof DIANGODUAL, atransformatiomameddualizationwas
used. To avoid confusionwe call variablesin the dual representatior-variables. Dualization
encapsulatesachconstraintof the primal CSPinto a D-variable,anda constraintis addedin the
dual CSPbetweereachpair of D-variableswhich sharesat leastonevariable.

Thereforethe problemof the previous exampleis transformednto a dual CSR where:

Eachliteral | in C givesriseto adualvariableD;. ThereforeV = f Dy;Dy; Dyg. If morethan

Eachdomainof a D-variableD; is equialentto the setof literalsin Ex with the samepred-
icate symbolas |, dom(D;) = fr(ap)g, dom(Dy) = f p(ap;a1); p(as; a2)g and dom(Dg) =
fa(ao; a2; aa); aao; a1; a3)g.

A constraintis createdfor eachpair of literals which shareat leastonevariablein C. The
relationR; containsall pairsof literalsin Ex in which the correspondingrimal variablesare
giventhesamevalues(sothey arecompatible).SinceX, is shareduy all theliterals, thereare
threeconstraintsCy, C; andCs in our example,where:

564



LEARNING HORN EXPRESSIONS WITH LOGAN-H

S = fDr; Dpg, Ry = fhr(ao); p(ao; a1)ig;
S = fDr; Dg0, R2 = fthr(ap); a(ao; az; ag)i; v (ap); (ao; a1; az)ig;
Ss = fDp; D@, Rz = fhp(ag; a1); a(ao; a2; as)i ; hp(ag; a1); a(ao; a1; as)ig.

In the particularcaseof multiple occurrencesf avariablein the samditeral, aunaryconstraint
is createdn orderto checkthatall literalsin the domainalsohave the sametermin corresponding
positions.

Dualizationperforms comparison®f literals, wheren is the numberof literalsin C.
Eachcomparisorof literalsinvolvesa? testsof equivalencebetweervariableswherea is the max-
imal arity of the predicates.Thus, building a dual CSPfrom a clauseis obviously a polynomial
transformationlt doeshoweverincuranoverheadeforestartingto solve thesubsumptiornproblem
andcanrepresenanimportantpartof the executiontime in caseof easyinstance®of subsumption
problems.

It hasbeenshavn (Chen,2000)that polynomially solvableinstancesf Primal CSPsmay re-
quireexponentiatime in the Dual representatiorandvice versa.The systemof MalobertiandSe-
bag(2004)usesthe dualrepresentatioandwe thereforereferto it asDIANGODUAL. LOGAN-H
includesboth optionsandin particularwe have implementeda newv solver usingthe primal repre-
sentationwhich we call DIANGOPRIMAL. Despitethe differentrepresentationfothversionsuse
asimilar methodto solve the subsumptiomproblem,usingarc-consistencandfollowing with depth
rst searchwith dynamicvariableordering.However, dueto the factthatthe primal representation
hasnonbinary constraintssimplerheuristicsareusedin DIANGOPRIMAL. Someimplementation
detailsandthedifferencedetweerthetwo methodsaredescribedn theappendix.

n (n 1)
2

4.4 Discussionof SubsumptionMethods

The main differencebetweenthe table basedmethodandthe DJANGO methodsis thatall substi-
tutionsare calculatedsimultaneouslyn the table methodandby backtrackingsearchin DJANGO.

This hasmajorimplicationsfor run time. In caseswvherethe tablesare applicableandwherethe
intermediatetablesare small the tablescan sase a substantiabmountof overhead. On the other
handthetablescangettoo largeto handle.Evenwhentablesare of moderatesize,memorycopy-

ing operationavhenhandlingjoins canbe costly sowe areintroducinganotheroverhead.Within

L oGAN-H the backtrackingapproactcanbene t whenwe have mary substitutionf which only

afew areneededo remove all consequentfom a clauseset.

Di Mauroetal. (2003)have previously introduceda tablebasedmethodfor subsumptiortests
(althoughour systemwas developedindependently). The main differencebetweenthe two ap-
proachess thattheir methodtriesto optimizespaceby compressingableentries.Essentiallytheir
tablestry to compressnultiple substitutionsnto asingleline. This canbe donewheneer variables
have independentonstraintsTherefore pnemayexpecttheir methodto do betterin termsof space
whentablesarelarge, but possiblyat the costof run time to compresanddecompresghe substi-
tutions. In contrast,our randomizednethodattemptso save bothtime andspacebut thisis atthe
costof completeness.

Thetable-basedubsumptiommethodincorporate@spectsrom boththe primalanddualrepre-
sentatiorof DJIANGO. Theway partial substitutionsarerepresentedstablesis similar to the dual
variablesandthe methodcan be seenasreducingthe numberof dual variablesthroughthe join
operations.Thetestthat guaranteethat eachvariablehasat leastone potentialvalueto matchis
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relatedto arc-consistengcin the primal representatiosinceit worksby reducingdomainsof primal
variables.Onthe otherhandthe arc-consistencimprovementis doneover thetables thatis in the
dualrepresentation.

Finally, calculatingthe dualform representationf the subsumptiomproblemincurssomeover
headthat canbe noticeablef the subsumptiorproblemsthemselesare quickly solved. Sincein
LoGAN-H we have mary subsumptiortestswith the sameexampleor the sameclausethesecan
be avoidedwith additionalcaching. This givesa substantiaimprovementfor the overall run time
of LOGAN-H whenusingDJANGODUAL.

Othersystemdhave developeddifferentmethodgo reducethe computationatostof subsump-
tion tests.Blockeel et al. (2000)andBlockeel et al. (2002) proposethe useof querypadks Query
packsmake the evaluationof a setof hypothesesagainsta clausemore efcient. A query-pack
structuresa setof hypothesesn a treewhereeachnodeis a setof literals, hypothesesvith com-
mon partshave a commonpathto the root. Therefore,commonpartsareevaluatedonly oncefor
all the hypothesesnsteadof oncefor eachhypothesis. The query-packsandrasticallyimprove
performanceparticularlywith top-davn algorithms,sincethey usually createnew hypothesedy
addingnew literals to a candidatehypothesiswhich is thereforecommonto all newv hypotheses.
SantosCostaetal. (2003)proposehe combineduseof severaltransformationdasedon additional
informationon the variabletypesto speedup subsumption.This additionalinformationallows to
recursiely decomposehe clauseinto independenpartsup to the instantiationof “groundedvari-
ables”. Thesetechniquesareorthogonalo ourssothatit may be possibleto incorporatethemfor
furtherperformancemprovement.

5. Experimental Evaluation

The ideasdescribedabove have beenimplementedn two differentsystems. The rst one, ini-
tially reportedin Khardon(2000),implementsthe interactve and batchalgorithmsin the Prolog
languagebut doesnot includediscretization pruningor specialsubsumptiorengines.The second
implementationrecentlyreportedn Arias andKhardon(2004),wasdoneusingthe C languageand
implementsonly the batchalgorithmbut otherwiseincludesall thetechniqueslescribedaborve.

In this sectionwe describeseveral experimentausingthe systemandits subsumptiorengines.
Theexperimentsaredesignedo testanddemonstratseveralissues First, they exemplify thescope
andtype of applicationsthat may be appropriate.Second they demonstratehat LOGAN-H can
give stateof the art performanceon relationallearningproblems,andthatit resultsin very strong
hypothesesvhenthe datahassomesimilarity to being“complete”in the sensediscussedbove.
Third, the experimentsevaluatethe contrikution of different speeduptechniquesn the system.
Fourth,the experimentsvaluatethe performancef differentsubsumptiorengineshothwithin the
learningsystemandindependently

The experimentsareasfollows. We rst illustratethe scopeandlimitation of interactie algo-
rithm on the taskof learningcomple list manipulationprograms.We thendiscussa toy grammar
learningproblemshawing thatthe batchalgorithmcanbe appliedto this potentiallyhardproblem
using carefully selecteddata. We thendescribea setof quantitatve experimentsin threebench-
markILP domains:the Bongarddomain(De RaedtandVan Laer,1995),the KRK-ille gal domain
(Quinlan,1990),andthe Mutagenesislomain(Srinivasanet al., 1994). The experimentsllustrate
applicabilityin termsof scalabilityandaccurag of the learnedhypothesesaswell asproviding a
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comparisorwith othersystemsThey alsodemonstratéhatdifferentsubsumptiorenginesnaylead
to fasterexecutionin differentproblems.

We alsocompardhesubsumptiomethodsn anexperimentasednthe Phasélransitionphe-
nomenorsimilar to the experimentperformedby MalobertiandSebag2004). Theseexperiments
shav thatDJIANGOPRIMAL is very effective andmay performbetterthanthe othertwo approaches
if hardsubsumptiorproblemsaroundthe phasdransitionregion needto be solved.

5.1 Experimentswith LOGAN-H

This sectiondescribe®ur experimentswyith LOGAN-H in the5 domainsasoutlinedabore.

5.1.1 LEARNING LIST MANIPULATION PROGRAMS

To facilitate experimentsusing the interactve mode, we have implementedan “automatic-user
mode” where(anothermpart of) the systemis told the expressiorto be learned(thetarget T). The
algorithm's questionareansweredutomaticallyusingT. Sinceimplicationfor function-freeHorn
expressionss decidablahis canbedonereliably. In particular Lemmal3in Khardon(1999b)pro-
videsanalgorithmthatcantestimplicationandconstrucicounterexamplesto equivalencequeries.
Membershipqueriescan be evaluatedon T. We note that this setupis generougo our system
sincecounterexamplesproducedy theimplementedautomaticusermode”arein somesensehe
smallestpossiblecounterexamples.

Using this modewe ran the interactize algorithmto learn a 15-clauseprogramincluding a
collection of standardlist manipulationprocedures. The programincludes: 2 clausesde ning
list(L), 2 clausesde ning membefl;L), 2 clausesde ning appendL1;L2;L3), 2 clausesde n-
ing reversgL1;L2), 3 clausesle ning delete(L1;1;L2), 3 clausesle ning replacegL1;11;12;L2),
andl clauseade ning insett(L1;1;L2) (viadelete() andcong)). Thede nitions have beenappropri-
ately attened soasto usefunctionfreeexpressionsAll theseclausedor all predicatesrelearned
simultaneously The Prolog systemrequired35 equivalencequeries 455 membershimgueriesand
about8 minutes(runningSicstusPrologon aLinux platformusinga Pentium2/366MHzprocessor)
to recover the setof clausesexactly.® This resultis interestingsinceit shovs thatonecanlearna
complex programde ning multiple predicatesn interactve modewith amoderatenumberof ques-
tions. However, the numberof questionds probablytoo large for a programdevelopmentsetting
wherea humanwill answerthe questionsit would beinterestingto explorethe scopefor suchuse
in arealsetting.

5.1.2 A Toy GRAMMAR LEARNING PROBLEM

Considerthe problemof learninga grammarfor Englishfrom examplesof parsedsentencesin
principle, this can be doneby learninga Prolog parsingprogram. In orderto testthis ideawe
generateexamplesfor the following grammaywhich is a smallmodi cation of onedescribedoy
PereiraandShieber(1987).

s(H2,P0,P) - np(H1,P0O,P1),vp(H2,P1,P),number(H1,X),number(H2,X).
np(H,PO,P) .- det(HD,P0O,P1),n(H,P1, P),number(HD,X),number(H,X).
np(H,PO,P) .- det(HD,P0O,P1),n(H,P1, P2),rel(H2,P2,P),number(H,X),

5. This formalizationis notrange-restrictedowe did not usetherestrictionto live pairingsgivenin theappendix.
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number(H2,X),number(HD,X).

np(H,PO,P) - pn(H,PO,P).

vp(H,PO,P) - tv(H,PO,P1),np(_,P1,P).
vp(H,P0,P) - iv(H,PO,P).

rel(H,PO,P) - relw(_,P0,P1),vp(H,P1,P,L1).

Note thatthe programcorrespondso a chartparserwherewe identify a “location parameter”
atbgginningandendof a sentencaswell asbetweerevery two words,andtrue atomscorrespond
to edgedn thechartparse Atomsalsocarry“head” informationfor eachphraseandthisis usedto
decideon numberagreementThe grammarallows for recursve sub-phrasesA positive example
for this programis asentencéogethemwith its chartparsethatis, all atomsthataretruefor this sen-
tence.Thebaseaelationsdentifyingpropertieof words,det() ; n() ; pn() ;iv() ; tv() ;relw() ; numbef),
areassumedo bereadabldrom a databaser simply listedin the examples.

We note that the grammarlearningproblemas formalizedhereis interestingonly if external
propertiessuchas numbef) areused. Otherwise,one canread-of the grammarrulesfrom the
structureof theparseree.lt is preciselybecausasuchinformationis importantfor thegrammarbut
normally not suppliedin parsedcorporathatthis setupmay be useful. Of course,it is not always
known which propertiesare the onescrucial for correctnes®f the rules asthis implies that the
grammaris fully speci ed. In orderto modelthis aspectn our toy problemwe includedall the
relationsabove andin additiona spuriouspropertyof words confpop() (for “confuseproperty”)
whosevalueswere selectedarbitrarily. For examplea chart parseof the sentencé'sarawrites a
programthatruns”is representedsingthe positive example:

([sara,writes,a,program,that,runs,alpha,beta,singular,0,1,2,3,4,5, 6],
[S(writes,0,4), s(writes,0,6),
np(sara,0,1), np(program,2,4), np(program,2,6),
vp(writes,1,4), vp(runs,5,6), vp(writes,1,6),
rel(runs,4,6), pn(sara,0,1), n(program,3,4), iv(runs,5,6),
tv(writes,1,2), det(a,2,3), relw(that,4,5),
number(runs,singular), number(program,singular), number(a,singular),
number(writes,singular), number(sara,singular),
confprop(runs,beta), confprop(program,alpha),

confprop(writes,beta),confprop(sara,alpha)

-

Note that one can generatenegative examplesfrom the above by remaving implied atomsof
s();np();vp();rel() from the interpretation. It may be worth emphasizingherethat negative ex-
amplesare not non-grammaticakentencedut ratherpartially parsedstrings. Similarly, a non-
grammaticakequenc®f words cancontritute a positve exampleif all parseinformationfor it is
included.For example“joe joe” cancontributethe positive example

([joe,0,1,2,alpha,singular],
[pn(joe,0,1), pn(joe,1,2), np(joe,0,1), np(joe,1,2),
number(joe,singular),confprop(joe,alpha)

-

or anegative onesuchas
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([joe,0,1,2,alpha,singular],
[pn(joe,0,1), pn(joe,1,2), np(joe,0,1),
number(joe,singular),confprop(joe,alpha)

]

A simple analysisof the learningalgorithmand problemsetupshaws that we mustusenon-
grammaticakentenceaswell asgrammaticabnesandwe have donethis in the experiments.For
example,if all exampleshave agreemenin numberthealgorithmhasnowayof nding outwhether
thenumbef) atomsin anexamplecanbedroppedor not sincenothingwould contradictdropping
them.

A nal issueto consideris that for the batchalgorithmto work correctlywe needto include
positive sub-structured the dataset. While it is not possibleto take all sub-structuresve approx-
imatedthis by takingall continuoussubstrings Givena sentencevith k words,we generatedrom
it all O(k?) substringsandfrom eachwe generategositive and negative examplesas described
above.

We rantwo experimentswith this setup.In the rst we handpicked 11 grammaticakentences
and8 non-grammaticabnesthat“exercise”all rulesin the grammar With the arrangemenabove
this producedl 33 positve examplesand351 negative examples.The batchalgorithmrecoreredan
exactcopy of thegrammaymaking12 equivalencequeriesand88 callsto one-pass

In the secondexperimentwe producedall grammaticakentencesvith “limited depth”restrict-
ing agumentsof tv() to be pn() andallowing only iv() in relative clauses.This wasdonesimply
in orderto restrictthe numberof sentencegesultingin 120 sentenceand386 sub-sentencede
generated14 additionalrandomstringsto get 1000basestrings. Thesetogethergenerated. 000
positive examplesand2397negative examples With this setupthe batchalgorithmfounda hypoth-
esisconsistenwith all the examples,using 12 equivalencequeriesand81 callsto one-pass The
hypothesisincludedall correctgrammarrulesplus 2 wrong rules. This is interestingasit showvs
that, althoughsomeexamplesare coveredby wrong rules, otherexamplesreintroducedseedsor
the correctrulesandthensucceedeih recoveringtherules.

The experimentddemonstratéhatit is possibleto apply our algorithmsto problemsof thistype
eventhoughthe setupandsourceof examplesis not clearfrom the outset. They alsoshaw thatit
may be possibleto apply our system(or otherILP systems}Yo someNLP problemsbut that data
preparatiorwill beanimportantissuein suchanapplication.

5.1.3 BONGARD PROBLEMS

The Bongard domainis an arti cial domainthatwasintroducedwith the ICL system(De Raedt
andVanLaer,1995)to testsystemghatlearnfrom interpretationsin this domainanexampleis a
“picture” composeaf objectsof variousshapegtriangle,circle or square)triangleshave acon g-

uration(up or down) andeachobjecthasa color (black or white). Eachpicturehasseveral objects
(the numberis not x ed) andsomeobjectsareinside otherobjects. For our experimentswve gen-
eratedrandomexampleswhereeachparametein eachexamplewaschoseruniformly atrandom.
In particularwe usedbetweer? and6 objects,the shapecolor andcon guration werechoseruni-

formly atrandom,andeachobjectis insidesomeotherobjectwith probability 0.5wherethetarget
waschoseruniformly at randomamong“previous” objectsto avoid cycles. Notethatsincewe use
afunctionfree representatiothe domainsizein examplesis larger thanthe numberof objects(to

include: up, down bladk, white). As in the previous experiment,this modeof datageneratiorhas
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| Target | Clauses| Atoms| Variables |

I 2 4 2
Il 2 6 4
1 2 9 6
v 10 9 6

Table4: Complity of Targets.

| Sygem | Target| 200 | 500 | 1000 2000] 3000 Majority Class|

LOGAN-H || 99:7 | 100 | 100 | 100 | 100 64:4
LOoGAN-H |1l 97:6 | 994 | 999 | 999 | 100 778
LoOGAN-H | 1l 90:8 | 97:2 | 99.3 | 999 | 99.9 90:2
LOGAN-H | IV 859|928 | 96:8 | 984 | 989 847
] ICL \ Y \ 852 \ 886 \ 891 \ 90:2 \ 90:9 \ 84.7 \

Table5: Performancesummaryin averagepercentagaccurag.

somesimilarity to the “closure” propertyof datasetsthat guaranteegood performancewith our
algorithm.

In orderto labelexampleswe arbitrarily picked 4 target Horn expression®f variouscomplex-
ities. Table4 givesanindicationof tamgetcompleities. The rst 3 tamgetshave 2 clausesachbut
vary in the numberof atomsin the antecedenandthe fourth onehas10 clausesf thelargerkind
makingthe problemmorechallenging. The numbersof atomsandvariablesaremeantasa rough
indicationasthey vary slightly betweerclauses.To illustratethe compleity of the tamgets,oneof
theclausesn tamgetlV is

circle(X) in(X;Y) in(Y; Z) color(Y;B)
color(Z;W) black(B) white(W) in(Z;U) ! triangle(Y)

We ranthebatchalgorithmon severalsamplesizes.Table5 summarizesheaccurag of learned
expressionsasafunctionof thesizeof thetraining set(200to 3000)whentestedon classifyingan
independensetof 3000examples.Eachentryis anaverageof 10 independentunswherea fresh
setof randomexamplesis usedin eachrun. Thelastcolumnin the table givesthe majority class
percentage.

Clearly, thealgorithmis performingvery well on this problemsetup. Note thatthe baselings
quite high, but evenin termsof relative error the performancés good. We alsoseea reasonable
learningcune obtainedfor the more challengingproblems.Notice thatfor target| thetaskis not
too hardsinceit is not unlikely that we get a randomexamplematchingthe antecedenof a rule
exactly (sothatdiscoveringtheclauseis easy)but for the largertamgetsthisis notthe case We have
alsorun experimentswith up to 10 shapeperexamplewith similar performance.

To put theseexperimentsin perspectie we appliedthe systemdCL (De RaedtandVan Laer,
1995)andTilde (BlockeelandDe Raedt,1998)to thesamedata.Exploratoryexperimentsuggested
thatICL performsbetteron thesetargetssowe focusonICL. WeranICL to learnaHorn CNFand
otherwisewith default parametersiCL usesaschemeof declaratve biasto restrictits searcrspace.
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With agenerapatternimplying little bias,successvaslimited. We thususeda biasallowing up to
4 shapesandidentifying the relationbetweernconfig andup, downandsimilarly color andbladk,
white. Interestingly for ICL the changein performancdrom tamget| to IV waslessdrasticthan
in LOGAN-H. This may well be dueto the factthat LOGAN-H builds antecedentdirectly from
examples.Thelastline in Table5 givesthe performanceof ICL on targetlV. As canbe seenour
systemperformsbetterthanICL onthis problem.

We ran the Prolog implementation(using compiled codein SicstusProlog) and the new C
implementationon the samehardware and obsered a speedupof over 400-fold when using the
tablesmethodor DJANGODUAL anda speedumf 320whenusing DIANGOPRIMAL. Recallthat
the numberof objectsin the examplesis relatively smallfor this experiment. For larger examples
asin theexperimentghatfollow theimprovementis evenmoredramaticasthe Prologcodecannot
completearun andthe C codeis still prettyfast.

5.1.4 ILLEGAL POSITIONS IN CHESS

Our next experimentis in the domainof the chessendg@ameWhite King andRookvs. Black King.
Thetaskis to predictwhethera given boardcon guration representethy the 6 coordinateof the
three chesspiecesis illegal or not. This learning problemhasbeenstudiedby serseral authors
(Muggletonetal., 1989;Quinlan,1990). Thedatasetincludesatrainingsetof 10000examplesand
atestsetof thesamesize.

We usethe predicateposition(a,b,c,d,e,f) to denotethat the White King is in position
(a;b) onthechesdoard,the White Rookis in position(c;d), andthe BlackKing in position(e;f).
Additionally, the predicatesless-than’lt(x,y) and“adjacent’adj(x,y)  denotethe relative po-
sitions of rows and columnson the board. Note that thereis an interestingguestionas how best
to captureexamplesin interpretationsin “all backgroundnode”we includeall It andadj predi-
catesn theinterpretationln the“relevantbackgroundnode”we only includethoseatomsdirectly
relatingobjectsappearingn the positionatom.

We illustrate the differencewith the following example. Considerthe con guration “White
King is in position(7,6), White Rookis in position(5,0), Black King is in position(4,1)” whichis
illegal. In “all backgroundnode”we usethefollowing interpretation:

[position(7, 6, 5 0, 4, 1),
1t(0,1), 1t(0,2), . ,t0,7),
1t(1,2), It(1,3), . (L),

It(5,6),It(5,7),
1t(6,7),
adj(0,1),adj(1,2), . ,adj(6,7),
adj(7,6),adj(6,5), . ,adj(1,0)]-
Whenconsideringhe “relevantbackgroundnode”, we includein the examplesinstantiations
of It andadj whoseargumentsappeain thepositionatomdirectly:
[position(7, 6, 5 0, 4, 1),
1t(4,5),It(4,7),1t(5,7),adj(4,5),adj(5,4),
1t(0,1),1t(0,6),It(1,6),adj(0,1),adj(1,0)]-
Table6 includesresultsof runningour systemn bothmodes We trainedL 0OGAN-H onsamples
with varioussizeschosenrandomlyamongthe 10000available. We reportaccuracieshatresult
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25 50 75 100 | 200 | 500 | 1000 | 2000 | 3000

Relevantbackgroundnode:
LoGAN-H beforepruning | 7549 | 8843 | 93:.01 | 94:08 | 97:18 | 99:54 | 99:79 | 99:.92 | 99:96
LoGAN-H afterpruning 86:52 | 90:92 | 94:19 | 9552 | 9841 | 99:65 | 99:79 | 99:87 | 99:96
All backgroundnode:
LOGAN-H beforepruning | 67:18 | 7108 | 75:71 | 7894 | 8556 | 94:06 | 98:10 | 99:38 | 99:56
LoGAN-H afterpruning 79:.01 | 81:65| 8317 | 8282 | 86:02 | 9367 | 96:24 | 98:10 | 98:66

[FOIL (Quinlan,1990) | \ \ [9250 | \ [99.40 | \ |

Table6: Performancsummaryfor KRK-ille gal datasetin averagepercentagaccurag

SubsumptiotEngine runtimein s. | accuiacy | actualtablesize
DiANGODUAL 40:27 | 98:10% n/a

DJANGOPRIMAL 7874 | 9810% n/a

Tables 13643 | 9810% 130928
TablesARC Consisteng 9247 | 9810% 109760
Lookahead 19150 | 98:10% 33530
No cache 50392 | 98:10% 130928
Rand.TH=1 380452 | 3361% 16
Rand.TH=10 17869 | 3361% 160
Rand.TH=100 5841 | 7204% 1600
Rand.TH=1000 12648 | 9810% 16000

Table7: Runtimecomparisorfor subsumptioriestson KRK-ille gal dataset

from averagingamonglO runsoveranindependentestsetof 10000examples.Resultsarereported
beforeandafterpruningwherepruningis doneusingthetrainingset(asdiscussedh theappendix).
Several facts can be obsened in the table. First, we get good learning curves with accuracies
improving with training setsize. Secondthe resultsobtainedarecompetitive with resultsreported
for FOIL (Quinlan,1990). Third, relevant backgroundknowledgeseemdao make the task easier
Fourth, pruning considerablyimproves performanceon this datasetespeciallyfor small training
sets.

This domainis alsoa goodcaseto illustratethe varioussubsumptioriestsin our system.Note
that sincewe put the position predicatein the antecedentthe consequenis nullary so iterative
subsumptiortestsarelikely to be faster The comparisons givenfor the “all backgroundnode”
with 1000trainingexamples.Table7 givesaccurag andruntime (on Linux runningwith Pentium
IV 2.80GHz)for varioussubsumptiorsettingsaveragedver 10 independentuns. For randomized
runsTH is thethresholdof tablesizeafterwhich samplingis used.As canbeseerDIJANGODUAL is
fastethanDJANGOPRIMAL in thisdomainandbotharefasterthanthetablesmethod.Adding arc-
consisteng to the tablesmethodimprovesboth spacerequirement&ndrun time. The lookahead
table methodincurs someoverheadand resultsin slower executionon this domain, however it
savesspaceconsiderably(seethird columnof Table 7). The cachingmechanisndescribedn the
appendixgivesa signi cant reductionin run time. Runningthe randomizedestwith very small
tables(TH=1) clearly leadsto over tting, andin this caseincreasesun time considerablymainly
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] Method | Avg. accuray |
EqualFrequenyg bestsplit
atom-charge =25lumo =8logp =30 89.41%
EqualFrequeng automaticselection 83.62%
InformationGain 82.25%

Table8: Accurag resultsonthe Mutagenesislomain.

duedo the large numberof rulesinduced.On the otherhandwith largertablesizes(TH=1000)the
randomizednethoddoesvery well andreproduceshe deterministicesults.

5.1.5 MUTAGENESIS

The Mutagenesiglatasetis a structure-actiity predictiontaskfor moleculesintroducedby Srini-
vasaretal. (1994). Thedatasetconsistof 188 compoundslabeledasactive or inactive depending
on their level of mutagenicactvity. Thetaskis to predictwhethera given moleculeis active or
not basedon the rst-order descriptionof the molecule. This dataset hasbeenpartitionedinto
10 subsetdor 10-fold crossvalidation estimatesand hasbeenusedin this form in mary studies
(Srinivasaretal., 1994;SebagandRouweirol, 2000;De RaedtandVan Laer,1995). For the sale of
comparisorwe usethe samepartitionsaswell. Eachexampleis representedsa setof rst-order
atomsthatre ect the atom-bondelationsof the compoundsswell assomeinterestingglobal nu-
mericalchemicalpropertiesandsomeelementarychemicalconceptsuchasaromaticrings, nitro
groups,etc. Concretelywe useall the information correspondindo the backgroundevel B3 of
Srinivasanet al. (1995). Notice thatthe original datais givenin the normallLP settingandhence
we transformedt accordingto theinterpretationsettingasexplainedin the appendix.In addition,
sinceconstant&remeaningfulin this dataset,for examplewhetheranatomis a carbonor oxygen,
we usea attenedversionof the datawherewe adda predicatdfor eachsuchconstant.

This example representatiomusescontinuousattributes: atom-charge , lumo andlogp and
hencdliscretizatioris neededWe reportonexperimentsvith theequalfrequeny methodDougherty
etal., 1995)andthe informationgain (IG) method(Fayyadand Irani, 1993)which arediscussed
in moredetailin the appendix.The IG methoddecideson the numberof bins automatically The
equalfrequeny methodrequireshe numberof binsasinput. To getreliableresultswe useddouble
crossvalidation performingautomaticparameteselectionover the following rangeof value: for
atom-charge f5;15;25;35;45g for lumo f4;6;8;10;20;30;80g andfor logp f4;6;8;10;30;50g.
For referencave alsoreportthe bestresultthatcanbe obtainedn hindsightby searchingor good
partitionsusingthetestset.

Table8 summarizesomeof the accuracie®btained.As canbe seenthe overoptimistic‘best”
resultsgive pretty high accurag. The automaticselectionmethodsperform quite well giving
83.62%andthe |G methodcomesclosewith 82.25%.

Our resultcomparesvell to otherILP systems:Progol(Srinivasanet al., 1994)reportsa total
accurayg of 83%with B3 and88% with B4; STILL (SebagandRouwirol, 2000)reportsresultsin
the range85%—88%on B3 dependingon the valuesof varioustuning parametersiCL (De Raedt
and Van Laer, 1995) reportsan accurag of 84% and nally Laer et al. (1996) reportthat FOIL
(Quinlan,1990)achierzesanaccurayg of 83%.
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SubsumptiotEngine runtime | accuracy
DiaNGoODuUAL 3:48sec | 8941%
DJANGOPRIMAL 0:82sec | 8941%
Rand.TH=1 R=1 0:74sec | 88:88%
Rand.TH=10 R=1 0:93sec | 90:46%
Rand.TH=100 R=1 3:01sec | 90:46%
Rand.TH=1 R=10 0:91sec | 90:46%
Rand.TH=1 R=100 2:92sec | 8993%
Rand.TH=10 R=100| 921968sec | 8993%

Table9: Runtimecomparisorfor subsumptiortestson Mutagenesislataset.

We have alsorun experimentscomparingrun time with the differentsubsumptiorengines For
this domain,deterministicable-basedubsumptiorwasnot possible hot evenwith lookaheadand
arc-consistencsincethetablesizegren beyond memorycapacityof our computer However, both
modesof DJANGO arevery ef cient on this domain. For theserunswe usedthe equalfrequeng
discretizatiormethodwith atom-charge = 25,lumo = 8 andlogp = 30thatgave top-scoringaccu-
ragy asdescribedabore. Table9 givesaveragerun time (on Linux runningwith a 2.80GHz Xeon
processorperfold aswell astheaverageaccurag obtained.OnecanobsenethatDJANGOPRIMAL
is fasterthanDiaANGODUAL andthatevenwith smallparametergherandomizednethodsdo very
well. An inspectionof the hypothesido thedeterministicunsshawvs thatthey arevery similar.

5.2 Subsumptionand PhaseTransition

The previous experimentshave demonstratethatdifferentsubsumptiorenginesmayleadto faster
performancean differentdomains.In this sectionwe further comparethe differentalgorithmsbut
purely on subsumptiomproblems thatis, notin the contet of learning. Previous work (Giordana
andSaitta,2000)hasshavn thatonecanparameterizeubsumptiomproblemssothatthereis asharp
transitionbetweerregionswheremostproblemshave a solutionandregionswheremostproblems
do not have a solution. This is known asthe phasetransitionphenomenonandit hasbeenused
to evaluatesubsumptiorandlearningalgorithms(GiordanaandSaitta,2000;Giordanaet al., 2003;
MalobertiandSebag2004).

For theseexperimentsa setof clausesanda setof examplesaregeneratedisingfour parame-
ters:

n Thenumberof variablesin eachclause whichis setto 12;
m Thenumberof literalsin eachclausewhich variesin [12;50];

N The numberof literals built on eachpredicatesymbolin eachexample,thatis, the size of
eachdomainin dualrepresentationyhichis setto 50;

L Thenumberof constantsn eachexample thatis, the sizeof eachdomainin primal represen-
tation,whichvariesin [12;50].
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285 Jo g4

Figure2: Percentagef subsumptiortestssatis edon50 50 pairs(C;Ex), whereC is a clause
uniformly generatedvith n = 12 variablesand m literals (m in [12,50]), and Ex is an
exampleuniformly generatedvith N = 50 literals built on eachone of the m predicate
symbolsin C, andL constantgL in [12,50]).

All mliteralsin a generatedlauseC arebuilt on distinctbinary predicatesymbolsandclause
Cis connectedthatis, all n variablesarelinked. The latter requiremenpreventsthe subsumption
problemfrom beingdecomposablato simplerproblems.

EachgeneratedxampleEx is a conjunctionof groundliterals. Eachliteral in Ex is built on
a predicatesymboloccurringin C (otherliterals areirrelevant to the subsumptiorproblem). The
numberof literalsin Ex per predicatesymbol,N, is constantthusall domainsof the literals of C
have the samesize,andeachexamplecontainsN  m literals. For eachpair of valuesof hm; Li, 50
clausesand 50 examplesare generatedeachclauseis testedagainstall examples.Runtimesare
measurean an Athlon 900 MHz with 512MB of memory®

As shavn in Figure 2, the probability for C to subsumeEx abruptlydropsfrom 100%to 0%
in avery narraov region. This region is called PhaseTransition,andis particularlyimportantfor
the subsumptiorproblem, since computationallyhard problemsare locatedin this region. This
phenomenorcan be obsered in Figure 3 (A) representinghe averagecomputationalcostsfor
DiaNGoDUAL. Figure3 (B) shovs the averageexecutiontimesfor DIANGOPRIMAL. The Phase

6. The experimentsperformedhere are slightly differentfrom the onesin Maloberti and Sebag(2004). First, the
computationatostof the transformatiorto the dual representatiotis alsomeasuredere. This is importantin the
contet of a systenthatdynamicallybuilds clausesandtestssubsumptioror them.Althoughthe costof dualization
is generallymoderateit canbesigni cant in someexperimentssoit mustbeincludedin theexecutiontime. Second,
settingsusedin formerexperimentsvere:N = 100,n= 10,L andmin [10;50]. In the dualrepresentatiortheworst
casecomplexity is N™, while in primal representatioit is L". ThereforeN = 100is too large comparedo L, and
n= 10istoosmallcomparedo m. It is dif cult to changdghesesettingsbecausea slightvariationcanshift thephase
transitionto be outsideof reasonableangesof values. Thus,we reducedN to 50 andadjustedn to 12. L andm
have beensetto [12;50] in orderto keepthe propertyof non-decomposabilitgf C. Finally, in MalobertiandSebag
(2004),100clausesaand100examplesweregeneratedeachclausewastestedagainstoneexample.
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Figure3: Subsumptiortos{m;L) in secondgor (A) DIANGODUAL and(B) DIANGOPRIMAL av-
eragecbver50 50pairs(C; Ex). A reductionin runningtime of afactorof 7 is obsered
in DIANGOPRIMAL comparedo Meta-DJANGO (noticedifferencein scaleof thetime
axis).

Transitionphenomenois alsoapparenthowever DIANGOPRIMAL is 7 timesfasterthanDJANGO-
DuAL onaveragedespitethe simplerversionsof algorithmsusedin DJIANGOPRIMAL.

Thetablebasednethodsarelesswell suitedfor theproblemsn thistestsuite. Thedeterministic
tablemethodsan out of memoryandcould not be used. The randomizednethodggive a tradeof
betweerruntime andaccurag but they performworsethanDJANGO.

For example,therandomizedablesmethodwith TH= 1 andR= 1 is very fastwith anaverage
executiontime between0:37s and 0:54s. However, almostno solutioncanbe found, evenin the
region of thetestwith avery high satis ability. Thereforeasshown in Figure4 (A), its errorrateis
closethe percentagef satis ability.

As shavnin Figure5 (A), therandomizedablesmethodwith TH= 10andR= 10is slowerthan
DJANGO, andits averagecostdoesnotrely onthephaseransition.Ontheotherhand,Figure5 (B)
shaws thatits errorrateis very high in the phaseransitionregion, while it is now very low in the
region with high satis ability.

Finally, it is worth recallingthe table methodof Di Mauro et al. (2003) andthe experimental
resultsreportedfor it in Di Mauro et al. (2003)and Malobertiand Suzuki(2004)for simple sub-
sumptionaswell asfor enumeratingll solutions. Both papersreportthat the table methoddoes
solwve the challengeproblems,so indeedit avoids someof the spaceproblemsincurredwith our
deterministiocversion.But bothpapersndicatethat DJANGO is atleastanorderof magnitudeaster
andoften muchmore,wherethe relationin run timesdependon whetherthe problemsarein the
phaseransition,over constrainedegion or underconstrainedegion. Theseobserationsseemto
agreewith our comparison®f thetablebasedandDJaNGO methods.

To summarizethe subsumptiorexperimentssuggesthatin generatthe DJANGO methodsare
more robust than the table basedmethodsand that DIANGOPRIMAL is a promisingalternatve.
However, theseresultsmustbeinterpretedvith caution,sincein theseexperimentghetablesmeth-
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(A) (B)

Figure4: (A) Percentagef wrongsubsumptioiestsfor randomizedablesmethodon50 50pairs
(C,Ex), with TH= 1 andR= 1. (B) Percentagef satis able subsumptiontests.Notice
thatthetablebasedmethodwith suchlow valuedparameterss not ableto discover any
subsumptiorsubstitutionandhencethe errorratecorrespondso the satis ability rateof

the subsumptiomproblemsuite.

(A) (B)

Figure5: (A) Subsumptiortos{m; L) and(B) errorpercentagéor randomizedablesmethodwith
TH= 10andR= 10averagecover50 50 pairs(C;EX).

odslook for all solutionswhile DIANGOPRIMAL and DJANGO only searchfor a single solution.
Moreover, the settingschosenare probablybetterfor the primal representatioandotherparame-
ters,suchasarity of literals, mustalsobe investigated. In the context of LOGAN-H, the success
of the table methodsmay be explainedby the factthat the algorithm startswith long clausesand
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makesthemshorterin the process.Thusit startsin the over constrainedegion andmovestoward
thephasdransitionandthenpossiblytheunderconstrainedegion. Sincetablesperformwell in the
overconstrainedegion andboundaryto thephaseransitionthey candowell overall. DIANGOPRI-
MAL wasalsofasterin someof the experimentswith LOGAN-H. Therefore further optimization
of DIANGOPRIMAL andaddingrandomizedacilitiesto DJANGO arenaturaldirectionsto improve
thesystem.

6. Conclusion

The paperintroducedthe systemLoGAN-H implementingnewn algorithmsfor learningfunction
free Horn expressions.The systemis basedon algorithmsproved correctin Khardon(1999b)but
includesvariousimprovementsin termsof ef ciency aswell asa nen batchalgorithmthatlearns
from examplesonly. Thebatchalgorithmcanbe seerasperformingare nementsearchover multi-
clausenypothesesThemaindifferencerom othersystemss thatouralgorithmis usingabottomup
searchandthatit is usinglargere nementstepsn this processWe demonstratethroughqualitative
andguantitatve experimentghatthe systemperformswell in severalbenchmarHlLP tasks. Thus
our systemgivescompetitive performanceon a rangeof taskswhile takinga completelydifferent
algorithmicapproacha propertythatis attractve whenexploring newv problemsandapplications.

The paperalsointroducednew algorithmsfor solvingthe subsumptiorproblemandevaluated
their performance.The table basedmethodsgive competitive performanceavithin LoGAN-H and
DJANGOPRIMAL is a promisingnew approachwhere hard subsumptiorproblemsin the phase
transitionregion aresolved.

As illustrated using the Bongard domain, LOGAN-H is particularly well suitedto domains
wheresub-structure®f examplesin the datasetarelikely to be in the datasetaswell. On the
otherhand,for problemswith a smallnumberof examplesvhereeachexamplehasalargenumber
of objectsand dramaticallydifferent structureour systemis likely to over t sincethereis little
evidencefor usefulminimization steps. Indeedwe found this to be the casefor the the arti cial
challengeproblemsof Giordanaet al. (2003) where our systemoutputsa large numberof rules
andgetslow accurag. This suggestghat skippingthe minimization stepmay leadto improved
performanceén suchcasesf pairingsreduceclausesizeconsiderablylnitial experimentswith this
areasyetinconclusve.

Our systemdemonstrateshat using large re nement stepswith a bottom up searchcan be
an effective inferencemethod. As discussedaborve, bottom up searchsuffers from two aspects:
subsumptioniestsaremorecostlythanin top down approachesandover tting mayoccurin small
datasetswith large examples. On the other hand, it is not clearhow large re nement stepsor
insightsgained by using LGG can be usedin a top down system. One interestingideain this
directionis givenin thesystemof Bianchettietal. (2002). Hererepeategairing-like operationsare
performedwithout evaluatingthe accurag until a syntacticconditionis met(this is specializedor
thechallengeproblemsof Giordanaetal. (2003))to produceashortclause.This clauses thenused
asa seedfor a small stepre nementsearchthat evaluatesclausesasusual. Finding similar ideas
thatwork without usingspecialpropertiesof the domainis aninterestingdirectionfor futurework.

Finally, it would be interestingto explore real world applicationsof the interactize algorithm.
Thework ontherobotscientistproject(King etal., 2004)providesonesuchpossibility Thiswork
usesa chemistrylab robotto performexperimentson assaydo aid in the procesof learning. The
lab experimentsarevery similar to the membershigueriesusedby our algorithm,however queries
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may belimited to chemicalghat canbe synthesizedy the system.Thussuchan applicationwill
requireadaptingour algorithmto useonly appropriatejueries.
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Appendix A. Further Details on Implementation and Applicability

The appendixgivesadditionaldetailson importantimplementatiorissuedeadingto speedupand
wider applicability of the system. In addition we give a discussionof using our learningfrom
interpretationsystemon datagivenin the normallLP setting.

A.1 NoisyData Sets

Many reallife datasetsare“noisy”, in the sensehatthereis no Horn expressiorhypothesighatis
consistentvith all thedata.In this casethebatchalgorithmdescribedboreis notwell de ned since
it assume step2(b) thatat leastonepotentialconsequenis correctandis thereforenotremoved
in one-passHowever, if the datasetis inconsistentt is possiblethatall potentialconsequentare
removed. If this happen®ur systemsimply marksthe counterexampleasinconsistenandignores
it in futuretests.

A relatedproblemoccurswhenwe userandomizedsubsumptiortests.Heresincethe subsump-
tion testis incompletewe may not notice that a rule in the hypothesisis violated by a negative
example. As a resultthe algorithm may seethe samenegative counterexample multiple times.
Note thatsincepairingsmove atomsfrom antecedento conclusionthe samecounterexamplemay
be encounterednore thanonceeven undernormal conditions. To handlethis, the systemusesa
small constant(5 in the experiments}o boundthe numberof timesan examplemay be usedasa
counterexample.If this boundis exceededhe negative exampleis ignoredin futuretests.

A.2 Caching

The algorithmsdescribedabove may producerepeatedtalls to one-passvith the sameantecedent
sincepairingsof oneclausesetwith severalothersmayresultin the sameclauseset. Thusit makes
sensdo cachetheresultsof one-passNoticethatthereis atradeof in thechoiceof whatto cache.
If we try to cachea universallyquanti ed expressiorthenmatchingit requiresa subsumptionest
which is expensve. We thereforeoptedto cachea groundsyntacticversionof the clause.For both
algorithmsthe systemcachesdnterpretationsatherthanclauseor clausesets(the s partof [s; c]).
In fact, for the batchalgorithmwe only needto cachepositive interpretations—ifa clauseset[s; 0]
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wasreturnedby one-pasghens doesnot imply ary of the possibleconsequentandthereforeit

is a positive interpretation. Thusary new call to one-passwith s canbe skipped. To achieve fast
cachingwhile increasinghe chance®f cachehits, the systemcachesandcomparesa normalized
representationf the interpretatiorby sortingpredicateandatomnames.This is matchedwith the
factthatpairingkeepsobjectnamesof existing clausesetsin the hypothesis.Thusthe sameobject
namesandorderingof thesearelik ely to causecachehits. Cachingcanreduceor increaseuntime
of the systemdependingn the dataset,the costfor subsumptiorfor examplesin thedataset,and
therateof cachehits.

A.3 LivePairings

Thesystemalsoincludesanoptimizationthatreducegshe numberof pairingsthataretestedwithout
compromisingcorrectnessRecallthatthe algorithmhasto testall injective mappingshetweerthe
domainsof two interpretations.We saythat a mappingis live if every paired2-objectappearsn
the extensionof at leastoneatomin the antecedenof the pairing. Onecanshaw thatif the target
expressionis rangerestricted(that is, all variablesin the consequentappearin the antecedent)
then testing live mappingsis sufcient. For example, considerpairing the examples|s,; Ca] =
[[p(1;2); p(2;3)];[a(2:2);a(3; 1)]] and[sv;cp] = [[p(a;b); p(b;c); p(a;d)];[a(d; d);a(c;a)]]. Then
the mappingf 1=a; 2=b; 3=cg gives the pairing [[p(1; 2); p(2; 3)];[q(3; 1)]] which is live. On the
other handthe mappingf 1=a; 2=d; 3=cg givesthe pairing [[p(1;2)];[p(2;3);q(2;2);q(3;1)]] and
whenforcing rangerestrictedform we get [[p(1; 2)];[a(2; 2)]]. This pairing is not live since 3=c
doesnotappeain it. So,this pairingcanbeignored.Technically dueto rangerestrictedform, it is
enoughto checkthis only on the antecedenpart. For ef ciency, insteadof generatingall injective
matchingsand ltering irrelevantones,onecan rst collecta setof potentialmatchedbjects-pairs
andgeneratenatchingsrom these.

A.4 Discretization of Real-Valued Arguments

The systemincludesa capabilityfor handlingnumericaldataby meansof discretization.This is
standardn machindearningsystemsut severalaspectarepeculiarto therelationalsettingandto
bottomup learning.

Notice rst thatunlike attribute-valuedatatheremay be morethanoneoccurrenceof the same
type of valuein the sameexample,in differentargumentsof a predicatedifferentinstance®f the
samepredicateor differentpredicates.To capturethis we rst divide the numericalattributesinto
“logical groups”by annotatinghe dataset. For examplethe rows of a chesshoardwill belongto
thesamegroupregardlesf the predicateandargumentin whichthey appearThe systemcanthen
determinethe thresholdvaluesand possiblythe numberof bins to divide valuesinto. For exam-
ple, discretizingthelogp attributein the Mutagenesislomainwith 4 thresholdg5 ranges)avalue
betweenthresholdl andthreshold2 will yield: [logp(logp val.02) , logp val>00(logp  val.02)
logp val>0l(logp val.02) , logp _val<02(logp val.02) , logp _val<03(logp val.02) , ...]. Notice
thatwe areusingboth and predicatesso thatthe hypothesiscanencodeintervals of values.
Also, we usepredicatenameghatexplicitly encodehresholdsiumbersfor example Jogp val>00
orlogp _val02 .

Severalapproacheto discretizatiorchoosingthe numberof binsandthe boundariehiave been
proposedn theliterature(Fayyadandlrani, 1993;Doughertyetal., 1995;BlockeelandDe Raedt,
1997). Our experimentausethefollowing two approachesThe equalfrequencyapproachrequires
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the numberof bins asinput andit assignghe boundariedy giving eachbin the samenumberof

occurrence®f values. To selectthe numberof bins automaticallyone mustusesomeversionof

crossvalidation. The InformationGain (IG) approachintroducedoy Fayyadandlrani (1993)uses
theinformationgain criterionto split therangeof valuesusinga decisiontree (Quinlan,1993)and
stopssplitting usingaminimumdescriptionengthmeasureFor relationaldatathe |G methodmust
bere ned sincemorethanonevalueof the sametype may appeaiin the sameexample. This was
alreadyaddressethy Blockeeland De Raedt(1998)wherevalueswereweightedaccordingto the
numberof timesthey appearin the examples. However, Blockeel and De Raedt(1998) setthe
numberof binsby handsincelG providedtoo few regions. In our experimentsve usethe original

criterion.

An interestingaspectariseswhen using discretizationwhich highlights the way our system
works and potential limitations. Recall that the systemstartswith an example and essentially
turns objectsinto variablesin the maximally speci c clauseset. It then evaluatesthis clauseon
otherexamples. Sincewe do not expectexamplesto be identical or very close,the above relies
on the universalquanti cation to allow matchingone structureinto another However, the effect
of discretizationis to groundthe value of the discretizedobject. For example,if we discretized
the logp attribute from above and variabilize we get logp(X) logp val>00(X) logp val>01(X)
logp _val<02(X) logp _val<03(X) .Thusunlesswve dropsomeoftheboundaryconstraintghis limits
matchingexamplesto have avaluein the samebin. We arethereforelosingthe power of universal
guanti cation. As aresultfewer positive exampleswill matchin theearlystage®f theminimization
processjessconsequentwiill be removed, andthe systemmay be led to over tting by dropping
the wrong objects. Thuswhile including all possibleboundariegjivesmaximum e xibility in the
hypothesidanguagehis may not be desirabledueto the dangerof over tting.

This point is illustratedby the following experimentdiscretizingvaluesin the KRK domain.
In this domaingiven an examples predicateposition(x1,x2,y1,y2,z1,22) , Wwe considerthe
threevaluescorrespondingo columns(xl,yl,z1)  asthe samelogical attribute andthereforewe
discretizethemtogether Similarly, we discretizethe valuesof (x2,y2,z2)  together Versionsof
adj() for both columnandrow valuesareused. Sincein this domainthe numberof binsandthe
boundariegor discretizatiorareobviouswe usedthe equalfrequeng methodwith the appropriate
numberof bins. As canbeseenin Table10goodaccuray is maintainedvith discretizatiorbut the
learningcurveis muchslowerthanthenondiscretizedrersionpresente@arlier Anotherinteresting
pointis thatnow “relevantbackgroundnode” performsmuchworsethan“all backgroundnode”.
In hindsightonecanseethatthisis aresultof the groundingeffect of discretization With “relevant
backgroundnode”thediscretizatiorthresholdoredicatesndtheadjacenpredicatesredifferentin
every example.Sincethe examplesareessentiallygroundwe expectlessmatchedetweerdifferent
examplesandthusthe systemis likely to over t. With “all backgroundnode”thesepredicatesio
not constrainthe matchingof examples.

A.5 Pruning Rules

The systemperformsbottom up searchand may stopwith relatively long rulesif the datais not
sufciently rich (thatis, we do not have enoughnegative examples)to warrantfurtherre nement
of therules. Pruningallows usto drop additionalpartsof rules. The systemcanperforma greedy
reducederror pruning (Mitchell, 1997) usinga validation dataset. For eachatomin the rule the
systemevaluatesvhetherthe removal of the atomincreaseshe error on the validationset. If not,
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25 50 75 100 | 200 | 500 | 1000 | 2000 | 3000
Relevantbackgroundnode | 43:32 | 4370 | 45.05 | 44:60 | 52:39 | 72:26 | 84:80 | 90:30 | 92:17
All backgroundnode 67:27 | 7269 | 7515 | 7800 | 8268 | 8860 | 91.03 | 91:81 | 9201

Table10: Performancesummaryfor KRK-ille gal datasetwith discretizatiorin averagepercentage
accuray.

the atomcanberemoved. While it is naturalto allow anincreasen errorusinga tradeof against
thelengthof the hypothesisgn anMDL fashionwe have notyet experimentedvith this possibility.

Noticethatunlike top down systemswve canperformthis pruningon thetrainingsetanddo not
necessarilyneeda separatevalidationset. In atop down systemonegrows the rulesuntil they are
consistenwith the data. Thus,ary pruningwill leadto anincreasen training seterror On the
otherhandin abottomup system pruningactslik e the mainstageof thealgorithmin thatit further
generalizeghe rules. In somesense pruningon the training setallows us to move from a most
speci ¢ hypothesisto a mostgeneralhypothesishat matcheshe data. Both training setpruning
andvalidationsetpruningarepossiblewith our system.

A.6 Restricting Legal Conclusions

Ouralgorithmallows ary predicateandinstantiatiornto sene asa conclusionin a clause However,

whenapplyingto arealdatasetwe mayknow (or wantto setup) thatsomepredicatesene asrule
conclusionsandothersdo not. Thisis simply implementedn therel-cands operation.This feature
is usefulbothfor applicabilityandin reducingrun time thatwould be neededo generategevaluate
andremove ruleswith wrongconclusions.

A.7 Applicability to Datafrom Normal ILP Setting

In the normalILP setting(Muggletonand DeRaedt,1994)oneis given a databasesbackground
knowledge and examplesare simple atoms. We transformtheseinto a setof interpretationsas
follows (seealso De Raedt,1997; Khardon,1999b). The backgrouncknowledgein the normal
ILP settingcanbetypically partitionedinto differentsubsetsuchthateachsubsetaffectsa single
exampleonly. A similar effect is achieved for intensionalbackgroundknowledgein the Progol
system(Muggleton,1995)by usingmodedeclarationgo limit antecederdtructure.Givenexample
b, we will denoteBK(b) asthe setof atomsin the backgroundknowledgethatis relevantto b. In
thenormallLP settingwe haveto nd atheoryT s.t.BK(b)[ T E bif bis apositve example,and
BK(b)[ T 6] bif bis negative. Equivalently T mustbe suchthatT = BK(b) ! bif bis positve
andT 6] BK(b)! bif bis negative.

If b is a positive examplein the standardLP settingthenwe can constructan interpretation
I = ([V];[BK(b)]) whereV is the setof objectsappearingn BK(b), andlabell asnegative. When
LoGAN-H nds the negative interpretationl, it constructsthe set|[s;c] = rel-cands(l) from it
(noticethat b is amongthe conclusionsconsideredn this set),andthenrunsone-pasdo gure
out which consequentamongthe candidatesare actually correct. Adding anotherinterpretation
19= ([V];[BK(b)[ fbg]) labeledpositive guaranteethatall otherconsequentaredropped.Notice
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thatin orderfor thisto be consistentvith thetargetconceptwe have to assumehatthe antecedent
BK(b) only impliesb.

If bis a nggative examplein the standardILP setting, we constructan interpretationl =
(IV];[BK(b)]), whereV is the setof variablesappearingn BK(b), andlabelit positive. Notice
thatif the systemever considerghe clauseBK(b) ! b asacandidatepne-passill nd the posi-
tiveinterpretatiorl andwill dropb, asdesired.In fact,one-paswill return[BK(b); 0] for ary input
clauseset[BK(b); c] sinceit will dropall consequentm ¢ thatarenotincludedin BK(b) (including
false ), thusprecludingclauseBK(b) ! b from ever beingincludedin any hypothesis.This again
assumeshatno consequentanbeimplied by BK(b).

Several ILP domainsare formalizedusing a consequenbf arity 1 wherethe argumentis an
objectthatidenti es the examplein the backgroundknowledge. In this case sincewe separatehe
examplednto interpretationsve do not needexampleidenti ers andwe getaconsequentf arity O.
For learningwith asinglepossibleconsequentf arity O ourtransformatiorcanbesimpli ed in that
the extra positive examplel °= ([V];[BK(b) [ fbg]) is not neededsincethereareno otherpotential
consequentsThuswe translateavery positive exampleinto a negative interpretationexampleand
vice versa. As an example,supposéhatin the normallLP setting,the clausep(a;b) * p(b;c) !
g() is labeledpositive andthe clausep(a;b) ! () is labelednegative. Then, the transformed
datasetcontains:([a; b; c];[p(a;b); p(b;c)]) and([a;b];[p(a;b)])+ . Noticethatin this casethe
assumptionsnaderegardingotherconsequenti the generakransformatiorarenot needed.

In the caseof zeroarity consequentghe checkwhethera given clauseC is satis ed by some
interpretationl canbe considerablysimpli ed. Insteadof checkingall substitutionst sufces to
checkfor existenceof somesubstitution sinceary suchsubstitutionwill remove the singlenullary
consequent.As a result subsumptiorprocedureghat enumeratesolutionsone by one can quit
early, afterthe rst substitution,andarelikely to be fasterin this case. In addition, notethatthe
pairingoperatiomever movesnewn atomsinto the consequerdndis thereforea puregeneralization
operation.

A.8 Algorithmic Detailson DJANGO

This sectionprovides someof the detailson the algorithmsusedin DIANGOPRIMAL and DJAN-
GoDuAL andthe differencebetweenthem. Both versions rst build the domainof the variables
applyinga node-consisterycprocedure Node-consistencremovesfrom variabledomainsall val-
uesthatdo not satisfyunaryconstraintslUnaryconstraintarecreatedvhena variablehasmultiple
occurrencefn aliteral.

Both methodscontinueby checkingfor arc-consistenc Arc consisteng meansthat we re-
move from the domainsall valueswhich arenot supported A valueis consistentith respecto a
constraint,f thereexists a valuein the domainsof all othervariablesof a constraintsuchthatthe
constraintis satis ed. A valueis supportedf it is consistenfor all constraintsnvolving this vari-
able. Obviously, avaluenot supporteccannotbe assignedo a variable,sincea constraintwill not
besatis ed. DIANGODUAL usesa standardalgorithmof arc-consistencnamedAC3 (Mackworth,
1977),which maintainsa queueof all constraintghatmustbe checled. The queusis initially full,
andif avalueis removed from a domain,all otherconstraintdnvolving the variableareaddedto
thequeue.Thealgorithmchecksandremovesall elementsn thequeueuntil it is empty AC3is not
optimalsinceit cancheckthe sameconstraintimorethanonce,howeverit hasgoodaverageexecu-
tiontimes.DJIANGOPRIMAL usesaversionof AC3adaptedo n-ary CSPsnamedCN (Mackworth,
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1977)or GAC3, for GeneralArc Consisteng. Finally both methodsperforma depth- rst search
usinglookaheadstratgy; a partial solutionis incrementallybuilt assigninga valueto onevariable
atatime. Thevariableis selectedusingDynamicVariableOrdering(DVO); for eachvariablethe

sizeof its domainis dividedby thenumberof constraintsnvolving it, thevariablewith theminimal

ratio is selected.This heuristicfollows the First Fail Principlethattries to reducethe searchtree
by causingfailure earlierduring the search. All valuesinconsistentwith this partial solutionare
removed from the domainsof the variablesnot yet assigned.Threedifferentstratgiesareusedto

propagtethe effectsof thelastassignment:

Forward Checking (FC)only checksvariablesconnectedo thelastassignedariable.

Maintaining Arc Consistency (MAC), alsocalledFull Arc Consisteng, extendsFC by checking
arc-consistencon adjacentariablesf avaluehasbeenremovedfrom theirdomain.

Forward Checking Singleton extendsFC by alsocheckingall constraintsnvolving adomaincon-
taininga singlevalue. Checkingsuchconstraintis cheapethanfull arcconsisteng andcan
reachto afailuresoonerthansimpleFC.

DJANGOPRIMAL usesFC, while DIANGODUAL usesa more sophisticatedstratgy, named
Meta-DJANGO, which selectsFC or MAC accordingto a measuredenotedk (Gentetal., 1996),
estimatinghe positionof theproblemrelatively to the Phaseélransition(GiordanaandSaitta,2000).
Instanced$n theunderconstrainedegionuseFC, while instancesn thephasedransitionandtheover
constrainedegionsuseMAC.

In additionto thetechniqguesbore DIANGODUAL usestheideaof signatuesto further prune
the search. A signaturecaptureshe ideathatwhenwe mapa literal in a clauseonto a literal in
theexampleall the neighborhooaf the rst literal mustexist in theexampleaswell. By encoding
neighborhoodsf literalswhich areD-variablesin thedualrepresentatiowe canprunethe domain
in similarity to arc-consistenc Thedetailsof thisheuristicaregivenin MalobertiandSebad2004).
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