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Abstract
ThepaperintroducesLOGAN-H —asystemfor learning�rst-order function-freeHornexpressions
from interpretations.Thesystemis basedon analgorithmthat learnsby askingquestionsandthat
wasproved correctin previous work. The currentpapershows how the algorithmcanbe imple-
mentedin apracticalsystem,andintroducesanew algorithmbasedonit thatavoidsinteractionand
learnsfrom examplesonly. TheLOGAN-H systemimplementsthesealgorithmsandaddsseveral
facilitiesandoptimizationsthatallow ef�cient applicationsin awiderangeof problems.As oneof
theimportantingredients,thesystemincludesseveral fastproceduresfor solvingthesubsumption
problem,anNP-completeproblemthatneedsto besolvedmany timesduringthelearningprocess.
We describequalitative andquantitative experimentsin severaldomains.Theexperimentsdemon-
stratethat the systemcandealwith variedproblems,large amountsof data,andthat it achieves
goodclassi�cationaccuracy.
Keywords: inductive logic programming,subsumption,bottom-uplearning,learningwith queries

1. Intr oduction

The�eld of InductiveLogic Programming(ILP) dealswith thetheoryandthepracticeof generating
�rst orderlogic rulesfrom data. ILP hasestablisheda coresetof methodsandsystemsthathave
provedusefulin a varietyof applications(MuggletonandDeRaedt,1994;Bratko andMuggleton,
1995). As in muchof thework on propositionalrule learning,ILP systemsthat learnrulescanbe
divided into bottomup methodsandtop downmethods.The latter typically startwith an empty
rule andgrow the rule conditionby addingonepropositionat a time. Bottom up methodsstart
with a “most speci�c” ruleanditeratively generalizeit, for exampleby droppingpropositionsfrom
thecondition.Thereareexamplesof bottomup systemsin theearlydaysof ILP: for example,the
GOLEM system(MuggletonandFeng,1992)usedrelative leastgeneralgeneralization(Plotkin,
1970,1971)within a bottomup searchto �nd a hypothesisconsistentwith thedata.Relatedgen-
eralizationoperatorswerealsousedby MuggletonandBuntine(1992). On theotherhand,much
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of the researchfollowing this (Quinlan,1990;Muggleton,1995;De RaedtandVan Laer, 1995;
BlockeelandDe Raedt,1998)usedtop down searchmethodsto �nd usefulhypotheses.1 This pa-
per introducesthe systemLOGAN-H (Logical Analysisfor Horn expressions)that implementsa
bottomup learningalgorithm.

The systemcomesin two main modes. In batch modethe systemperformsthe standardsu-
pervisedlearningtask, taking a setof labeledexamplesas input and returninga hypothesis. In
interactivemodethesystemlearnsby askingquestions.ThequestionsaretheEquivalenceQueries
andMembershipQueries(Angluin, 1988)thathave beenwidely studiedin computationallearning
theory, and in particularalso in the context of ILP (Arimura, 1997;ReddyandTadepalli,1998;
KrishnaRaoandSattar, 1998;Khardon,1999b,a;AriasandKhardon,2002).

1.1 A Moti vating Example: Learning fr om Graphs

Weintroducetheproblemandsomeof thealgorithmicideasthroughasimpleexamplein thecontext
of learningfrom labeledgraphswherebothnodesandedgesmayhave labels.In factthis is oneof
theapplicationsof learningfrom interpretationswheretheatom-bondrelationsof a moleculecan
be seenassucha graphandthis framework hasproved usefulfor predictingcertainpropertiesof
molecules.

In the following, nodelabelsaremarked by n1;n2; : : :, edgelabelsaree1;e2; : : : andwe apply
themto nodesor pairsof nodesappropriately. Considera classof graphsthat is characterizedby
thefollowing rules:

R1 = 8x1;x2;x3;x4;

e1(x1;x2);e1(x2;x3);e2(x3;x4);e2(x4;x1) ! e1(x1;x3);

R2 = 8x1;x2;x3;x4;

n1(x1);n1(x2);n2(x3);n3(x4);e1(x1;x2);e1(x1;x3);e1(x1;x4) ! e2(x2;x3):

Both rulesimply theexistenceof anedgewith a particularlabel if somesubgraphexists in the
graph.Considerthefollowing graphs,alsoillustratedin Figure1, thatmaybepartof thedata:

(g1) = e1(1;2);e1(2;3);e2(3;4);e2(4;1);e1(1;3);e1(3;5);e2(4;5):
(g2) = e1(1;2);e1(2;3);e1(3;4):
(g3) = e1(1;2);e1(2;3);e2(3;4);e2(4;1);e1(2;5);e1(5;6);e1(6;3);e2(1;2);e1(2;4):
(g4) = e1(1;2);e1(2;3);e2(3;4);e2(4;1);e1(3;5);e1(4;5);e2(1;2);e2(2;3):
(g5) = n1(1);n1(2);n2(3);n3(4);e1(1;2);e1(1;3);e1(1;4);e1(2;5);e1(3;6);e1(5;6);e1(6;4):

It is easyto seethat g1 andg2 satisfythe constraintsgiven by the rules. We call suchgraphs
positiveexamples.Thegraphsg3 andg4 violatethe�rst ruleandg5 violatesthesecondrule. Wecall
suchgraphsnegativeexamples.Now givenadatasetof suchgraphshow canwegoaboutinferring
theunderlyingrules?In thefollowing weignorethequestionof identifyingtheconclusionsof rules
andillustratesomeof thebasicideasandstepsusedin ouralgorithm.

1. Someexceptionsexist. STILL (SebagandRouveirol, 2000)usesa disjunctive versionspaceapproachwhich means
thatit hasclausesbasedonexamplesbut it doesnotgeneralizethemexplicitly. Thesystemof Bianchettietal. (2002)
usesbottomupsearchwith someadhocheuristicsto solve thechallengeproblemsof Giordanaetal. (2003).
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Figure1: Representationof graphsg1 to g5. Solid lines represente1(�; �) edges,dottedlines rep-
resente2(�; �) edges.Solidly �lled nodesrepresentn1(�) nodes,checkednodesrepresent
n2(�) nodes,andnodes�lled with diagonallinesrepresentn3(�) nodes.

Considertakingonenegative example,sayg3 andtrying to extract informationfrom it. If we
coulddiscover thatonly 4 nodesarerequiredto “make it negative” andthesenodesare1, 2, 3, 4
thenwe couldgeta smallergraphto work with andusethatasa patternfor our rule condition. In
particularprojectingg3 ontothenodes1, 2, 3, 4 gives

(g3min) = e1(1;2);e1(2;3);e2(3;4);e2(4;1);e2(1;2);e1(2;4):

To discover this “minimized” versionof g3 we candrop onenodefrom the graphandthentry to
�nd out whetherthat nodewasirrelevant, that is, whetherthe resultingpatternis still a negative
graph.If weareallowedto askquestionsthenwecandothisdirectly. Otherwise,weuseaheuristic
to evaluatethisquestionusingthedataset.Iteratingthisprocedureof droppinganobjectgivesusa
minimizednegativegraph.Below, wecall this theminimizationprocedure.

Now considertakingtwo examples,sayg3 andg4 andtrying to extractinformationfrom them.
Again thestructureof exampleshasimportantimplications.If we coulddiscover thatonly 4 nodes
arerequiredfor bothexamples,andthatin bothcasesthesearenodes1, 2, 3, 4, wecanfocusonthe
sharedstructurein thetwo graphs.In thiscaseweget

(g3;4) = e1(1;2);e1(2;3);e2(3;4);e2(4;1);e2(1;2):
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so the patternis even closerto the rule than the one in g3min. Notice that the numberingof the
nodesviolating therule in thetwo graphswill not alwayscoincide.Therefore,in generalrenaming
or “aligning” of the violating nodeswill be necessaryandour algorithmmustsearchfor suchan
alignment. Again we must verify that the resultingpatternstill capturesone of our rules. For
exampleif we tried this operationusingg3 andg5 wewill not �nd any commonrelevantcoresince
they violatedifferentrulesanddonothaveasharedrulestructure.However, if wesucceedin �nding
a commonstructurethenwe canmake substantialprogresstoward �nding goodrules. Below we
call this thepairingproceduresinceit pairsandalignstwo examples.

Our algorithmusesminimizationandpairing aswell assomeother ideasin a way that guar-
antees�nding a consistenthypothesis.Boundsfor the hypothesissizeandthe complexity of the
algorithmaregivenby Khardon(1999b)for thecasethat thealgorithmcanaskquestionsandget
correctanswersfor them. In thecaseanswersto thequestionsareestimatedfrom thedatawe can
provide similar boundsundersomewhat strongassumptionson the dataset. As our experiments
show, thealgorithmperformswell ona rangeof problems.

1.2 GeneralPropertiesof the System

Someof the propertiesof LOGAN-H were illustratedabove. The systemlearnsin the modelof
learningfrominterpretations(DeRaedtandDzeroski,1994;DeRaedtandVanLaer,1995;Block-
eelandDeRaedt,1998)whereeachexampleis aninterpretation,alsocalleda�rst orderstructurein
logic terminology(ChangandKeisler,1990).Roughly, aninterpretationis thedescriptionof some
scenario.Interpretationshave a domainwhich consistsof a setof objects,anda list of relations
betweenobjectsin its domainthatare“true” or hold in theparticularscenariothey describe.The
systemlearnsfunctionfreeHorn rulesmeaningthat it learnsover relationaldatabut all arguments
of predicatesareuniversallyquanti�edvariables.Wedonotallow for functionsymbolsor constants
in therules.

Thesystemsolvestheso-calledmulti-predicatelearningproblem,that is, it canlearnmultiple
rulesanddifferentrulescanhave differentconclusions.Thehypothesisof thesystemmayinclude
recursive clauseswherethe samepredicateappearsboth in the condition of the rule and in the
conclusion(obviouslywith differentarguments).In thepreviousexample,R1 is a recursive rulebut
R2 is not.

In contrastwith mostsystems,LOGAN-H learnsall therulessimultaneouslyratherthanlearning
onerule at a time (cf. Bratko, 1999).Thesystemusesbottomup generalizationin this process.In
termsof rulere�nement,thesystemcanbeseenasperforminglargere�nementsteps.Thatis, arule
structureis changedin largechunksratherthanonepropositionat a time. Again this is in contrast
with many approachesthattry to takeminimal re�nementsof rulesin theprocessof learning.

As mentionedabove the systemcanrun in two modes: interactivewherethe algorithmasks
questionsin the processof learning,andbatch wherestandardsupervisedlearningis performed.
Thelearningalgorithmsin bothmodesarebasedonthealgorithmof Khardon(1999b)whereit was
shown thatfunction-freeHornexpressionsarelearnablefrom equivalenceandmembershipqueries.
Theinteractivemodealgorithmessentiallyusesthisalgorithmbut addsseveralfeaturesto makethe
systemmoreef�cient. Thebatchmodealgorithmusestheideaof simulationandcanbethoughtof
astrying to answerthequeriesof theinteractivealgorithmby appealingto thedatasetit is givenas
input.
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Ef�ciency considerationsareimportantin any ILP systemandin particularin bottomup learn-
ing, sincethesesystemstend to startwith larger andmorecomplex clausesthusrequiringmore
resourcesin thebeginning.Thesystemincludesseveraltechniquesthatspeeduprun time. Perhaps
the most importantis the useof fast implementationsfor subsumption,an NP-Completematch-
ing problemthat needsto be solved many timesin our algorithm. The paperintroducestwo new
methodsfor this problem,in additionto usingtheDJANGO algorithm(MalobertiandSebag,2004)
which is basedon constraintsatisfactiontechniques.Oneof thenew methodsmodi�es DJANGO to
usea differentrepresentationof thesubsumptionproblemandrequiresslightly differentconstraint
satisfactionalgorithms.Theothermethodmanipulatespartialsubstitutionsastablesanditeratively
appliesjoins to thetablesto �nd asolution.

The systemincorporatesfurther useful facilities. Theseincludea modulefor pruning rules,
a standardtechniquethat may improve accuracy of learnedrules. Another module is usedfor
discretizingrealvaluedarguments.This increasestheapplicabilitysincemany datasetshavesome
numericalaspects.Both of theseuseknown ideasbut they raiseinterestingissuesthat have not
beendiscussedin theliterature,mainlysincethey arerelevantfor bottomuplearnersbut not for top
down learners.

1.3 Experimental Results

Wehaveexperimentedwith bothmodesof thesystemandchallenginglearningproblems.Thepaper
reportson qualitative experimentsillustrating the performanceof the systemon list manipulation
procedures(15-clauseprogramincludingstandardprocedures)andatoy grammarlearningproblem.
Thegrammarproblemintroducestheuseof backgroundinformationto qualify grammarrulesthat
maybeof independentinterestfor othersettings.

We alsodescribequantitative experimentswith several ILP benchmarks.In particular, theper-
formanceof thesystemis demonstratedandcomparedto othersystemsin threedomains:theBon-
gard domain(De RaedtandVan Laer, 1995), the KRK-illegal domain(Quinlan,1990),and the
Mutagenesisdomain(Srinivasanetal., 1994).Theresultsshow thatoursystemis competitivewith
previousapproaches,both in termsof run time andclassi�cationaccuracy, while applyinga com-
pletelydifferentalgorithmicapproach.Thissuggeststhatbottomupapproachescanindeedbeused
in largeapplications.

Theexperimentsalsodemonstratethat thedifferentsubsumptionalgorithmsareeffective on a
rangeof problemsbut noonedominatestheotherswith LOGAN-H. Furtherexperimentsevaluating
the subsumptionmethodson their own show that our modi�ed DJANGO methodis a promising
approachwhenhardsubsumptionproblemsneedto besolved.

1.4 Summary and Organization

Themaincontributionof thepaperis introducingtheLOGAN-H systemwith its learningalgorithms
andimplementationheuristics.Thesystemis abottomupILP systemusingideasfrom learningthe-
ory in its algorithms.Thepaperdemonstratesthroughvariousexperimentsthat thesystemandits
algorithmsprovide an interestingalternative to top down learningwhich is thecommonapproach
in ILP. Thepaperalsomakesa contribution to thestudyof ef�cient subsumptionalgorithms.We
developsomenew subsumptionalgorithmsandevaluatethembothin thecontext of machinelearn-
ing andindependently. Oneof thenew methods,calledDJANGOPRIMAL below, seemsparticularly
promisingwhenhardsubsumptionproblemsneedto besolved.
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Thepaperis organizedasfollows. Section2 formalizesthelearningsettingandproblem.Sec-
tion 3 describesour learningalgorithmand its differentvariants. Section4 describesthreesub-
sumptionenginesthatoursystemuses.Section5 describesextensiveexperimentsthatdemonstrate
thevalidity of our methodandof thesubsumptionprocedures.Finally, in theappendixthereader
can�nd multiple detailson several implementationimprovementsandheuristicsusedto optimize
thesystem.

2. Notation and ProblemSettings

We startwith somebasicnotationfrom logic andlogic programmingasusedin the paper. For a
generalintroductionto thesetopicsseeChangandKeisler(1990)andLloyd (1987). We assume
that the learneris given its “vocabulary” in advance. Formally this is a �x ed signature, a setof
predicateseachwith its associatedarity. Theexpressionswe considerdo not allow any constants
or otherfunctionsymbolssoonly variablescanbeusedasargumentsto predicates.An atomis a
predicatewith an appropriatelist of arguments.A Horn clause(sometimescalleda Horn rule or
just a rule) is an expressionC = (^ n2Nn) ! P, whereN is a setof atomsandP is an atom. In
the examplesthat follow we assumea signaturewith two predicatesp() andq() both of arity 2.
For example,c1 = 8x1;8x2;8x3; [p(x1;x2) ^ p(x2;x3) ! p(x1;x3)] is a clausein the language.In
this paperall variablesin theclauseareuniversallyquanti�ed andwe oftenomit thequanti�ers in
expressions.Theconjunctionon theleft of theimplicationis calledthecondition(alsoantecedent)
of therule andP is calledtheconclusion(alsoconsequent).Clausesmayhave emptyconsequents.
A universallyquanti�ed function-freeHorn expressionis a conjunctionof Horn clauses.Thegoal
of our learningalgorithmsis to learnsuchexpressions.

An expressionis givena truthvaluerelative to aninterpretationof thesymbolsin thesignature.
An interpretation lists a domainof elementsand the truth valuesof predicatesover them. For
example,theinterpretation

e1 = ([1;2;3]; [p(1;2); p(2;3); p(3;1);q(1;3)])

hasdomain[1;2;3]; by convention, the four atomslisted are true in the interpretationandother
atomsarefalse. The sizeof an interpretationis the numberof atomstrue in it, so that size(e1) =
4. The interpretatione1 falsi�es (we sometimesalsosayviolates) the clauseabove. To seethis,
substitutef 1=x1;2=x2;3=x3g). On theotherhand

e2 = ([a;b;c;d]; [p(a;b); p(b;c); p(a;c); p(a;d);q(a;c)])

satis�estheclause.Weusestandardnotatione1 6j= c1 ande2 j= c1 for thesefacts.
Throughoutthe paperwe usethe following notation. The clauseset [s;c] (wherec 6= /0) rep-

resentsthe conjunctionof clauses
V

b2c(s ! b). If c is empty thenno clauseis representedand
[s; /0] is in this sense“ille gal”. As mentionedabove, Horn clausesin generaldo allow for “empty
consequents”.For example,a disjunction(A_ B) is oftendescribedas(A^ B ! � ). Our system
canhandlesuchconsequentsbut we do soby explicitly representinga predicatefalse with arity
0 which is falsein all interpretations.Thus,theclauseabove will be representedin our systemas
[[A;B]; [f alse]].
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2.1 The Model: Learning fr om Inter pretations

Learningfrom interpretationshasseengrowing interestin recentyears(De RaedtandDzeroski,
1994;De RaedtandVan Laer,1995;Blockeel andDe Raedt,1998;Blockeel et al., 1999;Stolle
et al., 2005). Unlike thestandardILP setting,whereexamplesareatoms,examplesin this frame-
work areinterpretations.As mentionedaboveweconsidertwo settingsfor thelearner.

The batch learning algorithm performsthe standardsupervisedlearningtask: given a setof
positive andnegative examplesit producesa Horn expressionasits output. In this paperwe mea-
surealgorithmperformanceby testingthe hypothesison an unseentestset,but we alsomention
theoreticalguaranteesfor thealgorithmsimpliedby previouswork.

The interactivelearning algorithm requiresan interfacecapturingAngluin's (1988)modelof
learningfrom equivalencequeries(EQ) andmembershipqueries(MQ). In this modelwe assume
thata target expression—the trueexpressionclassifyingtheexamples—existsanddenoteit by T.
An EQ asksaboutthe correctnessof the currenthypothesis. With an EQ the learnerpresentsa
hypothesisH (aHornexpression)and,in caseH is notcorrect,receivesacounter-example,positive
for T andnegative for H or vice versa.With a MQ, thelearnerpresentsanexample(aninterpreta-
tion) andis told in replywhetherit is positiveor negative for T. Thelearneraskssuchqueriesuntil
H is equivalentto T andtheanswerto EQ is “yes”.

3. The Learning Algorithms

We �rst describethemainproceduresusedby the learningalgorithmsandthendescribethe inter-
activeandbatchalgorithms.

3.1 BasicOperations

Candidate clauses: For an interpretation I , the “relational candidates”(Khardon, 1999b)
rel-cands(I ) is thesetof potentialclausesall sharingthesameantecedentandviolatedby I . The
set rel-cands(I ) is calculatedin two steps. The �rst stepresultsin a set of clauses[s;c] such
that s (the antecedent)is the conjunctionof all atomstrue in I and c (the conclusions)is the
set of all atoms(over the domainof I ) which are falsein I . This clauseset is suchthat all ar-
gumentsto the predicatesaredomainelementsof I . For examplewhenappliedto the example
e3 = ([1;2]; [p(1;2); p(2;2);q(2;1)]) thisgives

[s;c] = [[p(1;2); p(2;2);q(2;1)]; [p(1;1); p(2;1);q(1;1);q(1;2);q(2;2)]]:

While domainelementsarenotconstantsin thelanguageandwedonotallow constantsin therules
we slightly abusenormalterminologyandcall this intermediateform a groundclauseset. We then
replaceeachdomainelementwith adistinctvariableto get

rel-cands(I ) = variabil ize([s;c]) = [s0;c0]

wherevariabil ize() replaceseverydomainelementswith adistinctvariable.For example,theclause
setrel-cands(e3) includesamongothersthe clauses[p(x1;x2) ^ p(x2;x2) ^ q(x2;x1) ! p(x2;x1)],
and[p(x1;x2) ^ p(x2;x2) ^ q(x2;x1) ! q(x1;x1)], whereall variablesareuniversallyquanti�ed.

Notethatthereis aoneto onecorrespondencebetweenagroundclauseset[s;c] andits variabi-
lizedversion.In thefollowing weoftenuse[s;c] with theimplicit understandingthattheappropriate
versionis used.
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Droppingobjects: Thisoperationcanbeappliedtoaninterpretationoraclauseset.Whendropping
anobject(domainelement)from aninterpretationwe remove theelementfrom thedomainandall
atomsreferring to it from the extensionsof predicates.Thus if we remove object 2 from e1 =
([1;2;3]; [p(1;2); p(2;3); p(3;1);q(1;3)]) we gete0

1 = ([1;3]; [p(3;1);q(1;3)]) . Whenremoving an
objectfrom a clauseset[s;c] we remove all atomsreferringto it from s andc. For examplewhen
droppingobject1 from theclause

[s;c] = [[p(1;2); p(2;2);q(2;1)]; [p(1;1); p(2;1);q(1;1);q(1;2);q(2;2)]]

weget[s0;c0] = [[p(2;2)]; [q(2;2)]].

Minimization for Interacti ve Algorithm: Givena negative exampleI thealgorithmiteratesover
domainelements. In eachiteration it dropsa domainelementand asksa MQ to get the label
of the resultinginterpretation. If the label is negative the algorithm continueswith the smaller
example;otherwiseit retainsthe previous example. The minimizationensuresthat the example
is still negative and the domainof the example is not unnecessarilylarge. We refer to this as
minimize-objects(I ).

Clearly, theorderby whichobjectsareconsideredfor removing canaffect theresultinghypoth-
esis.Thetheoreticalguaranteesfor theinteractivealgorithmdiscussedbelow hold regardlessof the
orderbut theperformanceof thebatchalgorithmcanbeaffecteddramatically. Thecurrentsystem
doesnot try to optimizethis andsimply dropsobjectsin theorderthey areencounteredin example
descriptions.

Removing Wr ong Conclusions:Considera clauseset[s;c] in thehypothesis,sayasinitially gen-
eratedby rel-cands, andconsidera conclusionp 2 c that is wrong for s. We canidentify sucha
conclusionif we seea positive exampleI suchthat I 6j= [s ! p]. Notice that sinceI is positive it
doesnot violateany correctrule andsinceit doesviolate[s ! p] this rule mustbewrong. In such
a casewe canremove p from c to get a betterclauseset[s;cn p]. In this way we caneventually
removeall wrongconclusionsandretainonly correctones.

Pairing: Thepairingoperationcombinestwo clausesets[sa;ca] and[sb;cb] to createa new clause
set[sp;cp]. It is closelyrelatedto theLGG operationof Plotkin (1970)but it avoidstheexponential
growth in size of the resultingclauseafter several applicationsof the operation. Whenpairing,
we usean injective mappingfrom thesmallerdomainto the largerone. Thesystem�rst pairsthe
antecedentsby takingthe intersectionunderthe injective mappingto producea new antecedentJ.
Theresultingclausesetis [sp;cp] = [J; (ca \ cb) [ (sa nJ)]. To illustratethis, thefollowing example
shows thetwo original clauses,amappingandtheresultingvaluesof J and[sp;cp].

� [sa;ca] = [[p(1;2); p(2;3); p(3;1);q(1;3)]; [p(2;2);q(3;1)]]:

� [sb;cb] = [[p(a;b); p(b;c); p(a;c); p(a;d);q(a;c)]; [q(c;a)]]:

� Themappingf 1=a;2=b;3=cg:

� J = [p(1;2); p(2;3);q(1;3)]:

� [sp;cp] = [[p(1;2); p(2;3);q(1;3)]; [q(3;1); p(3;1)]:
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Notethatthepairingoperationis not symmetric.Theclauseset[sp;cp] obtainedby thepairing
canbe moregeneralthanthe original clausesets[sa;ca] and[sb;cb] sincesp is containedin both
sa andsb (underthe injective mapping)andit thussubsumesboth sa andsb. Hence,the pairing
operationcanbe intuitively viewedasa generalizationof bothparticipatingclausesets.However,
sincewemodify theconsequent,by droppingsomeatomsandaddingotheratoms(from sa nJ), this
is notapuregeneralizationoperation.

Notethatsinceapairingusesaninjectivemappingof objectswecanusedomainelementnames
fromeitherof theinterpretationsin thepairing.While thisdoesnotchangethemeaningof theclause
setsthis factis usedin thesystemto improveef�ciency. Thispoint is discussedfurtherbelow.

The reasoningbehindthe de�nition of the consequentin the pairing operationis as follows.
Considera clauseset[s;cn p] wherea wrongconclusionp hasalreadybeenremoved. Now when
we pair this clausesetwith anotheronetheantecedentwill bea subsetof s andsurely p will still
be wrong. So we do not want to reintroducesuchconclusionsafter pairing. The atomsthat are
removed from s while pairinghave not yet beentestedasconclusionsfor s andthey aretherefore
addedaspotentiallycorrectconclusionsin theresult.

3.2 The Interacti veAlgorithm

The interactive algorithmis basicallythe algorithmA2 from Khardon(1999b). The algorithmis
summarizedin Table1 whereT denotesthetargetexpression.Intuitively, thealgorithmgenerates
clausesfrom examplesby usingrel-cands() . It thenusesdroppingof domainelementsandpairing
in orderto getrid of irrelevantpartsof theseclauses.

The algorithmmaintainsa sequenceS of groundclausesetsand the hypothesisis generated
via the variabil ize(�) operation. Oncethe hypothesisH is formedfrom S the algorithmasksan
equivalencequestion: is H the correctexpression?This is the main iterationstructurewhich is
repeateduntil theanswer“yes” is obtained.Onapositivecounter-example(I is positivebut I 6j= H),
wrongclauses(s.t. I 6j= C) areremovedfrom H asexplainedabove.

On a negative counter-example(I is negative but I j= H), the algorithm �rst minimizesthe
numberof objectsin the counter-exampleusing I 0 = minimize-objects(I ). This is followed by
generatingaclauseset[s;c] = rel-cands(I 0).

Thealgorithmthentries to �nd a “useful” pairingof [s;c] with oneof theclausesets[si ;ci ] in
S. A usefulpairing [sp;cp] is suchthat sp is a negativeexamplealsosatisfyingthat sp is smaller
thansi , wheresizeis measuredby thenumberof atomsin theset.Thesearchis doneby trying all
possiblematchingsof objectsin thecorrespondingclausesetsandaskingmembershipqueries.The
clausesetsin Saretestedin increasingorderandthe�r st [si ;ci ] for which this happensis replaced
with the resultingpairing. The sizeconstraintguaranteesthat measurableprogressis madewith
eachreplacement.In caseno suchpairing is foundfor any of the [si ;ci ], theminimizedclauseset
[s;c] is addedto Sasthelast element.Notethat theorderof elementsin S is usedin choosingthe
�rst [si ;ci ] to bereplaced,andin addingthecounter-exampleasthelastelement.Thesearecrucial
for thecorrectnessof thealgorithm.

Note that the algorithmenumeratesmatchingsandcorrespondingpairingsof clauses.As in
the caseof minimization the orderof pairingsconsideredcanmake a differenceto the resulting
hypothesisbut thecurrentsystemdoesnot attemptto optimizethis andusessomearbitraryorder
thatis easyto calculate.

Theinteractivealgorithmwaspreviouslyanalyzedandit hasthefollowing guarantees:
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1. Initialize Sto betheemptysequence.

2. Repeatuntil H � T:

(a) Let H = variabil ize(S).

(b) Ask anequivalencequeryto getacounter-exampleI in caseH 6� T.

(c) Onapositivecounter-exampleI (s.t. I j= T):
Removewrongclauses(s.t. I 6j= C) from H.

(d) Onanegativecounter-exampleI (s.t.I 6j= T):

i. I0= minimize-objects(I ).
ii. [s;c] = rel-cands(I0).

iii. For i = 1 to m(whereS= ([s1;c1]; : : : ; [sm;cm]))
For everypairing[J; (ci \ c) [ (si nJ)] of [si ;ci ] and[s;c]
If J's sizeis smallerthansi 's size

andJ 6j= T (askmembershipquery)then
A. Replace[si ;ci ] with [J; (ci \ c) [ (si nJ)].
B. Quit loop (Go to Step2a).

iv. If no [si ;ci ] wasreplacedthenadd[s;c] asthelastelementof S.

Table1: TheInteractiveAlgorithm.

Theorem1 (seeCorollary 2 in Khardon (1999b)) Assumethere is a target expressionT with m
clauseseach having at mostk variablesand that equivalenceand membership queriesare an-
sweredcorrectlyaccordingto T. Let p bethenumberof predicatesin thesignature, a themaximum
arity and n the maximumnumberof objectsin any negativecounter-exampleprovided to equiv-
alencequeriesin the processof learning. Thenthe interactivealgorithm will stopand produce
a hypothesisequivalentto T with O(mpkakk) clausesafter O(mpkakk) equivalencequeriesand
O((n+ m2)pkak3k) membershipqueries.

3.3 The Batch Algorithm

The batchalgorithmis basedon the observation2 that we cananswerthe interactive algorithm's
questionsusingagivensetof examplesE.

Simulatingequivalencequeriesis easyand is in fact well known. Given hypothesisH we
evaluateH on all examplesin E. If it misclassi�esany examplewe have founda counter-example.
Otherwisewe found a consistenthypothesis.This procedurehasstatisticaljusti�cation basedin
PAC learningtheory(Angluin, 1988;Blumeret al., 1987).Essentiallyif we usea freshsamplefor
every querythenwith high probabilitya consistenthypothesisis good. If we usea singlesample
thenby Occam's razorany shorthypothesisis good.

For membershipqueriesweusethefollowing fact:

2. Similarobservationsweremadeby Kautzetal. (1995)andDechterandPearl(1992)with respectto thepropositional
algorithmof Angluin etal. (1992).
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Lemma 2 (SeeLemma 11and 12 in Khardon 1999b) Let T be a functionfreeHorn expression
andI aninterpretationoverthesamealphabet.ThenI 6j= T if andonly if for someC 2 rel-cands(I ),
T j= C.

Now, we cansimulatethetestT j= C by evaluatingC on all positive examplesin E. If we �nd
a positive examplee suchthate6j= C thenT 6j= C. Otherwisewe assumethatT j= C andhencethat
I 6j= T.

A straightforwardapplicationwill usethelemmadirectly whenever thealgorithmasksa mem-
bershipquery(thisis in factalgorithmA4 of Khardon,1999b).However, amorecarefullook reveals
thatquerieswill berepeatedmany times. Moreover, with largedatasets,it is usefulto reducethe
numberof passesover thedata.We thereforeoptimizetheprocedureasdescribedbelow.

The one-passprocedure: Given a clauseset [s;c] the procedureone-passtestsclausesin [s;c]
againstall positiveexamplesin E. Thebasicobservationis thatif apositiveexamplecanbematched
to theantecedentbut oneof theconsequentsis falsein theexampleunderthis matchingthenthis
consequentis wrong. For eachpositive examplee, the procedureone-passremoves all wrong
consequentsidenti�ed by e from c. If c is emptyatany point thenweknow thatnoatomis implied
by s, that is, thereareno correctconsequents.Thereforetheevaluationprocessis stoppedandthe
procedurereturns[s; /0] to indicatethatthis is thecase.3 At theendof one-pass, eachconsequentis
correctw.r.t. thedataset.

This operationis at the heartof the algorithmsincethe hypothesisandcandidateclausesets
are repeatedlyevaluatedagainst the dataset. Two pointsareworth noting here. First, oncewe
matchthe antecedentwe cantestall the consequentssimultaneouslyso it is betterto keepclause
setstogetherratherthansplit theminto individualclauses.Second,noticethatsincewemustverify
that consequentsarecorrect,it is not enoughto �nd just onesubstitutionfrom an exampleto the
antecedent.Ratherwemustcheckall suchsubstitutionsbeforedeclaringthatsomeconsequentsare
notcontradicted.This issueaffectstheimplementationandwediscussit furtherbelow.

Minimization: The minimizationprocedureactingon a clauseset[s;c] assumesthe input clause
sethasalreadybeenvalidatedby one-pass. It theniteratively triesto dropdomainelements.In each
iteration,it dropsanobjectto get[s0;c0] andrunsone-passon[s0;c0] to get[s00;c00]. If c00is notempty
it continueswith it to thenext iteration(assigning[s;c]  [s00;c00]); otherwiseit continueswith [s;c].
The�nal resultof thisprocessis [s;c] in whichall consequentsarecorrectw.r.t. E.

The above simulationin one-passavoids repeatedqueriesthat result from direct useof the
lemmaaswell asguaranteeingthatnopositivecounter-examplesareever foundsincethey areused
beforeclausesareput into thehypothesis.This simpli�es thedescriptionof thealgorithmwhich is
summarizedin Table2.

3.4 Discussionof Batch Algorithm

Theanalysisof theinteractivealgorithmcanbeusedto givesomeguaranteesfor thebatchalgorithm
aswell. In particularit is clearthatall counter-examplesusedarecorrectsincethey arein thedata
set. If we canguaranteein additionthatall membershipqueriesimplicit in one-passareanswered
correctlythenthebatchalgorithmcanbeseenasperformingsomerun of theinteractive algorithm
andboundsonqueriesandhypothesissizetranslateaswell.

3. Recallfrom above thatthe“emptyconsequent”is explicitly representedby false andif this is a correctconsequent
it will notberemoved.
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1. Initialize Sto betheemptysequence.

2. Repeatuntil H is correctonall examplesin E.

(a) Let H = variabil ize(S).

(b) If H misclassi�esI (I is negativebut I j= H):

i. [s;c] = one-pass(rel-cands(I )) .
ii. [s;c] = minimize-objects([s;c]).

iii. For i = 1 to m(whereS= ([s1;c1]; : : : ; [sm;cm]))
For everypairing[J; (ci \ c) [ (si nJ)] of [si ;ci ] and[s;c]
If J's sizeis smallerthansi 's sizethen

let [s0;c0] = one-pass([J; (ci \ c) [ (si nJ)]) .
If c0 is notemptythen

A. Replace[si ;ci ] with [s0;c0].
B. Quit loop (Go to Step2a)

iv. If no [si ;ci ] wasreplacedthenadd[s;c] asthelastelementof S.

Table2: TheBatchAlgorithm.

Recallthatall of themembershipqueriesaskedby theinteractivealgorithmaresub-structuresof
negativeexamples.Considera“complete”datasetin thesensethateverysub-structureof anegative
examplein the dataset is alsoincludedin the dataset. In this casethe answerto a membership
queryon interpretationJ existsexplicitly in thedataset. Similarly, thecall to one-passreturnsat
leastoneconclusion(c0 is not empty)if andonly if a correctconclusionexists. In fact,a slightly
weaker condition is alsosuf�cient. We say that a dataset is relational completefor target T if
sub-structuresof negativeexamplesthatarepositive for T havea“representative” in thedatawhere
I0 is a representative of I if it is isomorphicto I . Clearlysucha datasetprovidesexactly thesame
answerasacorrespondingcompletedataset.We thereforehave thefollowing result:

Theorem3 Consideranydatasetwhich is relationalcompletefor targetT whereT hasmclauses
each havingat mostk variables.Let p bethenumberof predicatesin thesignature, a themaximum
arity andn themaximumnumberof objectsin anynegativeexamplein thedataset.Thenthebatch
algorithmwill stopandproducea hypothesisconsistentwith thedatawith O(mpkakk) clauses.

Noticethat theboundon hypothesissizedoesnot dependon thenumberof examplesbut only
on parametersof thetarget. If thedatasetis not completethealgorithmwill still �nd a consistent
hypothesisif oneexists but the hypothesismay be large. While this notion of completenessis a
strongconditionto require,it canserveasaroughguidefor datapreparationandevaluatingwhether
thealgorithmis likely to work well for agivenapplication.In someof theexperimentsbelow using
arti�cial domainswegeneratedthedatain awaythatis likely to includesub-structuresof examples
in otherexamplesandindeedthis led to goodperformancein theseexperiments.

The useof a dataset to simulatequeriesraisesa subtleaspectconcerningtime complexity.
Assumethe target expressionT exists and that it usesat most k variablesin eachclause. It is
shown in Khardon(1999b)thatin suchacasetheminimizationprocedureoutputsaninterpretation
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with at mostk domainelements.As a resultany clauseC producedby the interactive algorithm
hasat most k variableswhich in turn guaranteesthat we can test whetherI j= C in time O(nk)
whereI hasn domainelements.However, for thebatchalgorithmwe mustsimulatemembership
queriesfor the minimizationprocessitself. Whendoing this we generateclauseswith asmany
variablesastherearedomainelementsin I , whichmayleadto thecomplexity of one-passgrowing
with nn if examplestypically have n domainelements.Moreover, asmentionedabove we must
enumerateall substitutionsbetweena rule andpositive examplesin orderto testwhetherwe can
remove conclusions. This is a seriousconsiderationthat might slow down the batchsystemin
practice.It is thereforecrucial for our systemto have ef�cient proceduresto testsubsumptionand
enumeratematching.Severalsuchmethodsaredescribedbelow.

Thesamepoint alsosuggeststhat for somedatasetsthebatchalgorithmmayover�t thedata.
In particularif we do not have suf�cient positive examplesto contradictwrong conclusionsthen
we may drop the wrong objectsin the processof minimization. As a result the rulesgenerated
mayhave a low correlationwith the label. Sinceour algorithmdependson theorderof examples,
oneway to reducethis effect is to sort thesetof examplesaccordingto size. This is usefulsince
smallernegative examplesmake lessdemandson the richnessof the datasetwith respectto the
one-passprocedure.If small examplescontainseedsfor all rulesthenthis sidestepstheproblem.
In addition,sortingtheexamplesby sizehelpsreducerun time sincetherulesgeneratedfrom the
small exampleshave lessvariables,a propertythat generallyimplies fastersubsumptiontests. In
theexperimentsdescribedbelow wehavesortedexamplesin thismanner.

At this point it is interestingto comparethe batchalgorithmto the oneusedby the GOLEM
system(MuggletonandFeng,1992). The appendixdiscussesthe relationbetweenthe so-called
“normal ILP setting” usedin GOLEM and the settingof learningfrom interpretationsusedby
LOGAN-H. It suf�ces hereto saythatsomemanipulationallowsusto work on thesameproblems.
GOLEM usesbottomup learningby calculatingthe relative leastgeneralgeneralization(RLGG)
of clauses. In our settingthis correspondsto taking crossproductsof interpretationsinsteadof
pairings. This is incorporatedin a greedysearchthat iteratively generalizesone of the clauses
in its hypothesisby combininga new examplewith the clause.Thusthe generalstructureof the
algorithmsis prettysimilar. Themaindifferencesarethat(1) we usepairingsin orderto getsmall
clausesin the hypothesiswhereasGOLEM usesthe RLGG, that (2) pairing is aimedat learning
multiple conclusionssimultaneouslythusmoving atomsfrom antecedentto consequent,that (3)
LOGAN-H usesthe minimization procedure,and that (4) GOLEM greedily choosesthe clause
with maximumcover for combiningclauseswhereasLOGAN-H's choiceis basedon orderingthe
hypothesisclausesassuggestedby thetheoreticalanalysis.

3.5 Other Practical Considerations

The batchalgorithmasdescribedabove includesall the main ideasbut it may be hard to apply
in somecases.Theappendixgivesdetailsof heuristicsimplementedin thesystemthatextendits
applicability. In particularthesystemcanhandlenoisydata(wherenoconsistenthypothesisexists),
handlenumericalattributesthroughdiscretization,anduserule pruning. In additiontheappendix
describesseveraltechniquesthatconsiderablyimproveruntime. Asidefrom these,themostcrucial
run time issueis thesubsumptiontestwhichwediscussnext.
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x1 x2 x3 x4

a b
a c
a d
b a
d c

x1 x2 x3 x4

a b
b a

x1 x2 x3 x4

a b b
a b c
a b d
b a a

x1 x2 x3 x4

a b b a
a b d c
b a a b
b a a c
b a a d

Table3: Exampleof TableBasedSubsumption.

4. Ef�cient SubsumptionTests

Theone-passproceduremustenumerateall substitutionsthatembeda clausein anexample.4 This
problemis NP-Hardandhencewecannotexpectasolutionthatis alwaysef�cient. Herewedescribe
threedifferentproceduresthatareshown to performwell in differentsettings;oursystemcanwork
with any of these.Thismaybeusefulin othercontextsaswell.

4.1 TableBasedSubsumption

While backtrackingsearch(asdonein Prolog)can�nd all substitutionswithout substantialspace
overhead,thetimeoverheadcanbevery large.Oursystemimplementsanalternativeapproachthat
constructsall substitutionssimultaneouslyandstoresthemin memory. Thesystemmaintainsatable
of instantiationsfor eachpredicatein theexamples.To computeall substitutionsbetweenanexam-
pleandaclausethesystemrepeatedlyperformsjoinsof thesetables(in thedatabasesense)to geta
tableof all substitutions.We �rst initialize to anemptytableof substitutions.Thenfor eachpredi-
catein theclausewepull theappropriatetablefrom theexample,andperformajoin whichmatches
thevariablesalreadyinstantiatedin our intermediatetable.Thusif thepredicatein theclausedoes
not introducenew variablesthetablesizecannotgrow. Otherwisethetablecangrow andrepeated
joinscanleadto largetables.Thisapproachis similar to thematchingprocedureof Di Mauroetal.
(2003)andwasdevelopedindependently;we discussthesimilaritiesanddifferencesin moredetail
below. To illustratethemethodconsiderevaluatingtheclausep(x1;x2); p(x2;x1); p(x1;x3); p(x3;x4)
on an examplewith extension[p(a;b); p(a;c); p(a;d); p(b;a); p(d;c)]. Then applying the joins
from left to right we getpartialsubstitutiontablesgivenin Table3 (from left to right). Noticehow
the�rst applicationsimplycopiesthetablefrom theextensionof thepredicatein theexample.The
�rst join reducesthesizeof theintermediatetable.Thenext join expandsbothlines. Thelast join
dropstherow with a b c but expandsotherrowssothatoverall thetableexpands.

The codeincorporatessomeheuristicsto speedup computation.For examplewe checkthat
eachvariablehasat leastonesubstitutioncommonto all its instancesin theclause.Otherwisewe
know thatthereis nosubstitutionmatchingtheclauseto theexamples.Wealsosortpredicatesin an
exampleby their tablesizesothatwe�rst performjoinsof smalltables.Wehavealsoexperimented
with a modulethat performslookaheadto pick a join that producesthe smallesttablein the next
step.Thiscansubstantiallyreducethememoryrequirementsandthusruntimebut ontheotherhand
introducesoverheadfor the lookahead.Finally, taking inspirationfrom DJANGO (seedescription

4. It maybeworthclarifying herethatthisis thestandardsubsumptionproblemandwedonotrequiredifferentvariables
to bematchedto differentobjects.Theoneto onerestrictionappearsin theanalysisof Khardon(1999b)but is not
partof thealgorithmor its hypothesis.
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below) we have also implementeda form of arc-consistency for the tables. In this casewe �rst
computejoins of tablepairsandprojectthembackontotheoriginal variables.This removesrows
thatareclearlyinconsistentfrom thetables.This is repeateduntil all tablesarepairwiseconsistent
andthenthetablesmethodis startedasbefore.

Onecaneasilyconstructexampleswherethetablein intermediatestepsis largerthanthemem-
ory capacityof the computer, even if the �nal tableis small. In this casethe matchingprocedure
will fail. This indeedoccursin practiceandwehaveobservedsuchlargetablesizesin theMutage-
nesisdomain(Srinivasanet al., 1994)aswell asthearti�cial challengeproblemsof Giordanaet al.
(2003).

4.2 RandomizedTableBasedSubsumption

If lookaheadis still notsuf�cient or tooslow wecanresortto randomizedsubsumptiontests.Instead
of �nding all substitutionswe try to samplefrom thesetof legal substitutions.This is donein the
following manner: if the sizeof the intermediatetablegrows beyond a thresholdparameterTH
(controlledby theuser),thenwe throw away a randomsubsetof the rows beforecontinuingwith
the join operations.In this way we arenot performinga completelyrandomchoiceover possible
substitutions.Insteadwe are informing the choiceby our intermediatetable. The absolutelimit
to the sizeof intermediatetablesis TH� 16. If a join would producea larger tablewe arbitrarily
trim thetablewhenit reachesthis capacity, andthenfollow with therandomselection.In addition
thesystemusesrandomrestartsto improve con�denceaswell asallowing moresubstitutionsto be
found.Thiscanbecontrolledby theuserthroughaparameterR.

4.3 SubsumptionBasedon Constraint SatisfactionAlgorithms

Theideaof usingconstraintsatisfactionalgorithmsto solve subsumptionproblemshasbeeninves-
tigatedin MalobertiandSebag(2004),wherea very effective systemDJANGO is developed.The
DJANGO systemwasoriginally designedto �nd a singlesolutionfor thesubsumptionproblembut
this canbeeasilyextendedto give all solutionsthroughbacktracking.In thefollowing we describe
the ideasbehindtheoriginal systemthatwe refer to asDJANGODUAL aswell asintroducea new
methodwecall DJANGOPRIMAL thatusessimilar techniquesbut adifferentrepresentation.
A ConstraintSatisfactionProblem(CSP)(Tsang,1993)is de�ned by a triplet hV ;D;Ci suchthat:

V is asetof variables;

D is a setof domains,eachdomainDV associatesa setof admissiblevaluesto a variableV 2 V .
Thefunctiondom(V) returnsthedomainassociatedto thevariableV.

C is asetof constraints,eachconstraintC 2 C involvesa tuplehS;Ri suchthat:

S is a subsetof V , denotedscopeof a constraint.Thefunctionvars(C) returnsthevariables
in thescopeof C, thatis, vars(C) = S.

R is a setof tuples,denotedrelationsof a constraint,eachtuple is a setof simultaneously
admissiblevaluesfor eachvariablein S. Thefunctionrel(C) returnstherelationsasso-
ciatedto theconstraintC.

A constraintC is satis�edby anassignmentof valuesto variablesif andonly if thecorresponding
tupleof assignmentsto vars(C) is in rel(C). A CSPis satis�able iff it admitsa solution,assigning
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to eachvariableV 2 V avaluev 2 dom(V) suchthatall constraintsaresatis�ed.Thearity of aCSP
is themaximumnumberof variablesin any constraint.

To illustratehow constraintsatisfactioncanbeusedconsiderthefollowing subsumptionprob-
lemwheretheclauseis Cl andtheexampleis Ex:

Cl : p(X0;X1);q(X0;X2;X3); r(X0);
Ex : p(a0;a1); p(a1;a2);q(a0;a2;a3);q(a0;a1;a3); r(a0):

Thisproblemcanbetrivially transformedinto aCSPproblemsuchthat:

� Thesetof variablesV is equivalentto thesetof variablesof Cl ; f X0;X1; X2; X3g;

� All domainsarethesameandareequivalentto thesetof objectsin Ex, D = f a0;a1;a2; a3g;

� Eachliteral l i in Cl is transformedinto aconstraintCi suchthat:

– thescopeSi of Ci correspondsto thesetof variablesof l i ;

– therelationRi of Ci includesall variabletuplesfrom instancesof l i 's predicatein Ex.

Therefore,therearethreeconstraintsC1, C2 andC3 in our example,which respectively ac-
countfor theliteralsr(X0), p(X0;X1) andq(X0;X2;X3), suchthat:

S1 = f X0g andR1 = fha0ig ;

S2 = f X0;X1g andR2 = fha0;a1i ;ha1;a2ig ;

S3 = f X0;X2;X3g andR3 = fha0;a2;a3i ;ha0;a1;a3ig .

Thus, �nding an assignmentfor all variablesof this CSPwhich satisfyall the constraints,is
equivalentto �nding asubstitutionq suchthatCq � Ex.

In orderto distinguishthis representationfrom others,thisCSPis calledthePrimal representa-
tion.

Sincean n-ary CSPcanalwaysbe transformedinto a binary CSP, that is, a CSPsuchthat all
constraintsinvolveatmost2 variables,mostalgorithmsin CSParerestrictedto binaryCSPs.Thus,
in orderto simplify theimplementationof DJANGODUAL, a transformationnameddualizationwas
used. To avoid confusionwe call variablesin the dual representationD-variables. Dualization
encapsulateseachconstraintof the primal CSPinto a D-variable,anda constraintis addedin the
dualCSPbetweeneachpairof D-variableswhichsharesat leastonevariable.

Therefore,theproblemof thepreviousexampleis transformedinto adualCSP, where:

� Eachliteral l in Cgivesriseto adual variableDl . Therefore,V = f Dr ;Dp;Dqg. If morethan
oneliteral hasthesamepredicatesymbolp, D-variablesaredenotedf Dp:1;Dp:2; : : : ;Dp:ng.

� Eachdomainof a D-variableDl is equivalentto thesetof literals in Ex with thesamepred-
icate symbol as l , dom(Dr ) = f r(a0)g, dom(Dp) = f p(a0;a1); p(a1;a2)g and dom(Dq) =
f q(a0;a2;a3);q(a0; a1; a3)g.

� A constraintis createdfor eachpair of literals which shareat leastonevariablein C. The
relationRi containsall pairsof literalsin Ex in which thecorrespondingprimal variablesare
giventhesamevalues(sothey arecompatible).SinceX0 is sharedby all theliterals,thereare
threeconstraintsC1, C2 andC3 in ourexample,where:
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S1 = f Dr ;Dpg, R1 = fhr(a0); p(a0;a1)ig ;

S2 = f Dr ;Dqg, R2 = fhr(a0);q(a0;a2;a3)i ;hr(a0);q(a0;a1; a3)ig ;

S3 = f Dp;Dqg, R3 = fhp(a0;a1);q(a0;a2;a3)i ;hp(a0;a1);q(a0;a1;a3)ig .

In theparticularcaseof multipleoccurrencesof avariablein thesameliteral, aunaryconstraint
is createdin orderto checkthatall literalsin thedomainalsohave thesametermin corresponding
positions.

Dualizationperformsn� (n� 1)
2 comparisonsof literals, wheren is the numberof literals in C.

Eachcomparisonof literalsinvolvesa2 testsof equivalencebetweenvariables,wherea is themax-
imal arity of the predicates.Thus,building a dual CSPfrom a clauseis obviously a polynomial
transformation.It doeshowever incuranoverheadbeforestartingto solvethesubsumptionproblem
andcanrepresentanimportantpartof theexecutiontime in caseof easyinstancesof subsumption
problems.

It hasbeenshown (Chen,2000)thatpolynomiallysolvableinstancesof PrimalCSPsmay re-
quireexponentialtime in theDual representation,andvice versa.Thesystemof MalobertiandSe-
bag(2004)usesthedual representationandwe thereforerefer to it asDJANGODUAL. LOGAN-H
includesbothoptionsandin particularwe have implementeda new solver usingtheprimal repre-
sentation,which we call DJANGOPRIMAL. Despitethedifferentrepresentations,bothversionsuse
asimilarmethodto solvethesubsumptionproblem,usingarc-consistency andfollowing with depth
�rst searchwith dynamicvariableordering.However, dueto thefactthattheprimal representation
hasnonbinaryconstraints,simplerheuristicsareusedin DJANGOPRIMAL. Someimplementation
detailsandthedifferencesbetweenthetwo methodsaredescribedin theappendix.

4.4 Discussionof SubsumptionMethods

The main differencebetweenthe tablebasedmethodandthe DJANGO methodsis that all substi-
tutionsarecalculatedsimultaneouslyin the tablemethodandby backtrackingsearchin DJANGO.
This hasmajor implicationsfor run time. In caseswherethe tablesareapplicableandwherethe
intermediatetablesaresmall the tablescansave a substantialamountof overhead.On the other
handthetablescanget too largeto handle.Evenwhentablesareof moderatesize,memorycopy-
ing operationswhenhandlingjoins canbecostlysowe areintroducinganotheroverhead.Within
LOGAN-H thebacktrackingapproachcanbene�t whenwe have many substitutionsof which only
a few areneededto removeall consequentsfrom aclauseset.

Di Mauroet al. (2003)have previously introduceda tablebasedmethodfor subsumptiontests
(althoughour systemwas developedindependently).The main differencebetweenthe two ap-
proachesis thattheirmethodtriesto optimizespaceby compressingtableentries.Essentially, their
tablestry to compressmultiplesubstitutionsinto asingleline. Thiscanbedonewhenevervariables
haveindependentconstraints.Therefore,onemayexpecttheirmethodto dobetterin termsof space
whentablesarelarge,but possiblyat thecostof run time to compressanddecompressthesubsti-
tutions. In contrast,our randomizedmethodattemptsto save bothtime andspacebut this is at the
costof completeness.

Thetable-basedsubsumptionmethodincorporatesaspectsfrom boththeprimalanddualrepre-
sentationof DJANGO. Theway partialsubstitutionsarerepresentedastablesis similar to thedual
variablesandthe methodcanbe seenasreducingthe numberof dual variablesthroughthe join
operations.The testthatguaranteesthateachvariablehasat leastonepotentialvalueto matchis
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relatedto arc-consistency in theprimal representationsinceit worksby reducingdomainsof primal
variables.On theotherhandthearc-consistency improvementis doneover thetables,thatis in the
dualrepresentation.

Finally, calculatingthedualform representationof thesubsumptionproblemincurssomeover-
headthat canbe noticeableif the subsumptionproblemsthemselvesarequickly solved. Sincein
LOGAN-H we have many subsumptiontestswith thesameexampleor thesameclausethesecan
beavoidedwith additionalcaching.This givesa substantialimprovementfor theoverall run time
of LOGAN-H whenusingDJANGODUAL.

Othersystemshave developeddifferentmethodsto reducethecomputationalcostof subsump-
tion tests.Blockeelet al. (2000)andBlockeelet al. (2002)proposetheuseof querypacks. Query
packsmake the evaluationof a setof hypothesesagainsta clausemoreef�cient. A query-pack
structuresa setof hypothesesin a treewhereeachnodeis a setof literals,hypotheseswith com-
monpartshave a commonpathto the root. Therefore,commonpartsareevaluatedonly oncefor
all the hypothesesinsteadof oncefor eachhypothesis.The query-packscandrasticallyimprove
performance,particularlywith top-down algorithms,sincethey usuallycreatenew hypothesesby
addingnew literals to a candidatehypothesis,which is thereforecommonto all new hypotheses.
SantosCostaetal. (2003)proposethecombineduseof severaltransformationsbasedonadditional
informationon thevariabletypesto speedup subsumption.This additionalinformationallows to
recursively decomposetheclauseinto independentpartsup to the instantiationof “groundedvari-
ables”. Thesetechniquesareorthogonalto oursso that it maybepossibleto incorporatethemfor
furtherperformanceimprovement.

5. Experimental Evaluation

The ideasdescribedabove have beenimplementedin two different systems. The �rst one, ini-
tially reportedin Khardon(2000), implementsthe interactive andbatchalgorithmsin the Prolog
languagebut doesnot includediscretization,pruningor specialsubsumptionengines.Thesecond
implementation,recentlyreportedin AriasandKhardon(2004),wasdoneusingtheC languageand
implementsonly thebatchalgorithmbut otherwiseincludesall thetechniquesdescribedabove.

In this sectionwe describeseveralexperimentsusingthesystemandits subsumptionengines.
Theexperimentsaredesignedto testanddemonstrateseveralissues.First,they exemplify thescope
andtype of applicationsthat may be appropriate.Second,they demonstratethat LOGAN-H can
give stateof theart performanceon relationallearningproblems,andthat it resultsin very strong
hypotheseswhenthe datahassomesimilarity to being“complete” in the sensediscussedabove.
Third, the experimentsevaluatethe contribution of different speeduptechniquesin the system.
Fourth,theexperimentsevaluatetheperformanceof differentsubsumptionenginesbothwithin the
learningsystemandindependently.

Theexperimentsareasfollows. We �rst illustratethescopeandlimitation of interactive algo-
rithm on thetaskof learningcomplex list manipulationprograms.We thendiscussa toy grammar
learningproblemshowing that thebatchalgorithmcanbeappliedto this potentiallyhardproblem
usingcarefully selecteddata. We thendescribea setof quantitative experimentsin threebench-
markILP domains:theBongarddomain(De RaedtandVanLaer,1995),theKRK-illegal domain
(Quinlan,1990),andtheMutagenesisdomain(Srinivasanet al., 1994). Theexperimentsillustrate
applicability in termsof scalabilityandaccuracy of the learnedhypothesesaswell asproviding a

566



LEARNING HORN EXPRESSIONS WITH LOGAN-H

comparisonwith othersystems.They alsodemonstratethatdifferentsubsumptionenginesmaylead
to fasterexecutionin differentproblems.

Wealsocomparethesubsumptionmethodsin anexperimentbasedonthePhaseTransitionphe-
nomenonsimilar to theexperimentsperformedby MalobertiandSebag(2004).Theseexperiments
show thatDJANGOPRIMAL is veryeffectiveandmayperformbetterthantheothertwo approaches
if hardsubsumptionproblemsaroundthephasetransitionregionneedto besolved.

5.1 Experimentswith LOGAN-H

Thissectiondescribesourexperimentswith LOGAN-H in the5 domainsasoutlinedabove.

5.1.1 LEARNING L IST MANIPULATION PROGRAMS

To facilitate experimentsusing the interactive mode, we have implementedan “automatic-user
mode”where(anotherpart of) the systemis told theexpressionto be learned(the targetT). The
algorithm'squestionsareansweredautomaticallyusingT. Sinceimplicationfor function-freeHorn
expressionsis decidablethiscanbedonereliably. In particular, Lemma13in Khardon(1999b)pro-
videsanalgorithmthatcantestimplicationandconstructcounter-examplesto equivalencequeries.
Membershipqueriescan be evaluatedon T. We note that this setupis generousto our system
sincecounter-examplesproducedby theimplemented“automaticusermode”arein somesensethe
smallestpossiblecounter-examples.

Using this modewe ran the interactive algorithm to learn a 15-clauseprogramincluding a
collection of standardlist manipulationprocedures.The programincludes: 2 clausesde�ning
l ist(L), 2 clausesde�ning member(I ;L), 2 clausesde�ning append(L1;L2;L3), 2 clausesde�n-
ing reverse(L1;L2), 3 clausesde�ning delete(L1; I ;L2), 3 clausesde�ning replace(L1; I1; I2;L2),
and1 clausede�ning insert(L1; I ;L2) (via delete() andcons() ). Thede�nitions havebeenappropri-
ately�attenedsoasto usefunctionfreeexpressions.All theseclausesfor all predicatesarelearned
simultaneously. ThePrologsystemrequired35 equivalencequeries,455membershipqueriesand
about8 minutes(runningSicstusPrologonaLinux platformusingaPentium2/366MHzprocessor)
to recover thesetof clausesexactly.5 This resultis interestingsinceit shows thatonecanlearna
complex programde�ning multiplepredicatesin interactivemodewith amoderatenumberof ques-
tions. However, thenumberof questionsis probablytoo large for a programdevelopmentsetting
wherea humanwill answerthequestions.It would beinterestingto explorethescopefor suchuse
in a realsetting.

5.1.2 A TOY GRAMMAR LEARNING PROBLEM

Considerthe problemof learninga grammarfor Englishfrom examplesof parsedsentences.In
principle, this can be doneby learninga Prolog parsingprogram. In order to test this idea we
generatedexamplesfor thefollowing grammar, which is a smallmodi�cation of onedescribedby
PereiraandShieber(1987).

s(H2,P0,P) :- np(H1,P0,P1),vp(H2,P1,P),number(H1,X),number(H2,X).
np(H,P0,P) :- det(HD,P0,P1),n(H,P1, P),number(HD,X),number(H,X).
np(H,P0,P) :- det(HD,P0,P1),n(H,P1, P2),rel(H2,P2,P),number(H,X),

5. This formalizationis not range-restrictedsowedid notusetherestrictionto livepairingsgivenin theappendix.
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number(H2,X),number(HD,X).
np(H,P0,P) :- pn(H,P0,P).
vp(H,P0,P) :- tv(H,P0,P1),np(_,P1,P).
vp(H,P0,P) :- iv(H,P0,P).
rel(H,P0,P) :- relw(_,P0,P1),vp(H,P1,P,L1).

Note that theprogramcorrespondsto a chartparserwherewe identify a “location parameter”
at beginningandendof a sentenceaswell asbetweenevery two words,andtrueatomscorrespond
to edgesin thechartparse.Atomsalsocarry“head” informationfor eachphraseandthis is usedto
decideon numberagreement.Thegrammarallows for recursive sub-phrases.A positive example
for thisprogramis asentencetogetherwith its chartparse,thatis, all atomsthataretruefor thissen-
tence.Thebaserelationsidentifyingpropertiesof words,det() ;n() ; pn() ; iv() ;tv() ; relw() ;number() ,
areassumedto bereadablefrom adatabaseor simply listedin theexamples.

We notethat the grammarlearningproblemasformalizedhereis interestingonly if external
propertiessuchas number() are used. Otherwise,one can read-off the grammarrules from the
structureof theparsetree.It is preciselybecausesuchinformationis importantfor thegrammarbut
normallynot suppliedin parsedcorporathat this setupmaybeuseful. Of course,it is not always
known which propertiesare the onescrucial for correctnessof the rules as this implies that the
grammaris fully speci�ed. In order to model this aspectin our toy problemwe includedall the
relationsabove andin additiona spuriouspropertyof wordsconfprop() (for “confuseproperty”)
whosevalueswereselectedarbitrarily. For examplea chartparseof the sentence“sarawrites a
programthatruns” is representedusingthepositiveexample:

([sara,writes,a,program,that,runs,alpha,beta,singular,0,1,2,3,4,5, 6],
[s(writes,0,4), s(writes,0,6),

np(sara,0,1), np(program,2,4), np(program,2,6),
vp(writes,1,4), vp(runs,5,6), vp(writes,1,6),
rel(runs,4,6), pn(sara,0,1), n(program,3,4), iv(runs,5,6),
tv(writes,1,2), det(a,2,3), relw(that,4,5),
number(runs,singular), number(program,singular), number(a,singular),
number(writes,singular), number(sara,singular),
confprop(runs,beta), confprop(program,alpha),
confprop(writes,beta),confprop(sara,alpha)

]).

Note that onecangeneratenegative examplesfrom the above by removing implied atomsof
s() ;np() ;vp() ; rel() from the interpretation. It may be worth emphasizingherethat negative ex-
amplesare not non-grammaticalsentencesbut ratherpartially parsedstrings. Similarly, a non-
grammaticalsequenceof wordscancontributea positive exampleif all parseinformationfor it is
included.For example“joe joe” cancontributethepositiveexample

([joe,0,1,2,alpha,singular],
[pn(joe,0,1), pn(joe,1,2), np(joe,0,1), np(joe,1,2),

number(joe,singular),confprop(joe,alpha)
]).

or anegativeonesuchas
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([joe,0,1,2,alpha,singular],
[pn(joe,0,1), pn(joe,1,2), np(joe,0,1),

number(joe,singular),confprop(joe,alpha)
]).

A simpleanalysisof the learningalgorithmandproblemsetupshows that we mustusenon-
grammaticalsentencesaswell asgrammaticalonesandwe have donethis in theexperiments.For
example,if all exampleshaveagreementin number, thealgorithmhasnowayof �nding outwhether
thenumber() atomsin anexamplecanbedroppedor not sincenothingwould contradictdropping
them.

A �nal issueto consideris that for the batchalgorithmto work correctlywe needto include
positive sub-structuresin thedataset.While it is not possibleto take all sub-structureswe approx-
imatedthis by takingall continuoussubstrings.Givena sentencewith k words,we generatedfrom
it all O(k2) substrings,andfrom eachwe generatedpositive andnegative examplesasdescribed
above.

We rantwo experimentswith this setup.In the�rst we handpicked11 grammaticalsentences
and8 non-grammaticalonesthat “exercise”all rulesin thegrammar. With thearrangementabove
thisproduced133positiveexamplesand351negativeexamples.Thebatchalgorithmrecoveredan
exactcopy of thegrammar, making12equivalencequeriesand88callsto one-pass.

In thesecondexperimentwe producedall grammaticalsentenceswith “limited depth”restrict-
ing argumentsof tv() to be pn() andallowing only iv() in relative clauses.This wasdonesimply
in orderto restrictthenumberof sentences,resultingin 120sentencesand386sub-sentences.We
generated614 additionalrandomstringsto get 1000basestrings. Thesetogethergenerated1000
positiveexamplesand2397negativeexamples.With thissetupthebatchalgorithmfoundahypoth-
esisconsistentwith all the examples,using12 equivalencequeriesand81 calls to one-pass. The
hypothesisincludedall correctgrammarrulesplus 2 wrong rules. This is interestingasit shows
that, althoughsomeexamplesarecoveredby wrong rules,otherexamplesreintroducedseedsfor
thecorrectrulesandthensucceededin recoveringtherules.

Theexperimentsdemonstratethatit is possibleto applyouralgorithmsto problemsof this type
even thoughthesetupandsourceof examplesis not clearfrom theoutset.They alsoshow that it
may be possibleto apply our system(or otherILP systems)to someNLP problemsbut that data
preparationwill beanimportantissuein suchanapplication.

5.1.3 BONGARD PROBLEMS

The Bongard domainis an arti�cial domainthat was introducedwith the ICL system(De Raedt
andVanLaer,1995)to testsystemsthat learnfrom interpretations.In this domainanexampleis a
“picture” composedof objectsof variousshapes(triangle,circleor square),triangleshaveacon�g-
uration(up or down) andeachobjecthasa color (blackor white). Eachpicturehasseveralobjects
(thenumberis not �x ed)andsomeobjectsareinsideotherobjects.For our experimentswe gen-
eratedrandomexamples,whereeachparameterin eachexamplewaschosenuniformly at random.
In particularwe usedbetween2 and6 objects,theshapecolor andcon�gurationwerechosenuni-
formly at random,andeachobjectis insidesomeotherobjectwith probability0.5wherethetarget
waschosenuniformly at randomamong“previous” objectsto avoid cycles.Notethatsincewe use
a functionfreerepresentationthedomainsizein examplesis larger thanthenumberof objects(to
include:up, down, black, white). As in thepreviousexperiment,this modeof datagenerationhas
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Target Clauses Atoms Variables

I 2 4 2
II 2 6 4
III 2 9 6
IV 10 9 6

Table4: Complexity of Targets.

System Target 200 500 1000 2000 3000 Majority Class

LOGAN-H I 99:7 100 100 100 100 64:4
LOGAN-H II 97:6 99:4 99:9 99:9 100 77:8
LOGAN-H III 90:8 97:2 99:3 99:9 99:9 90:2
LOGAN-H IV 85:9 92:8 96:8 98:4 98:9 84:7

ICL IV 85:2 88:6 89:1 90:2 90:9 84:7

Table5: Performancesummaryin averagepercentageaccuracy.

somesimilarity to the “closure” propertyof datasetsthat guaranteesgoodperformancewith our
algorithm.

In orderto labelexampleswe arbitrarily picked4 targetHorn expressionsof variouscomplex-
ities. Table4 givesanindicationof targetcomplexities. The�rst 3 targetshave 2 clauseseachbut
vary in thenumberof atomsin theantecedentandthefourth onehas10 clausesof the largerkind
makingtheproblemmorechallenging.Thenumbersof atomsandvariablesaremeantasa rough
indicationasthey vary slightly betweenclauses.To illustratethecomplexity of thetargets,oneof
theclausesin targetIV is

circle(X) in(X;Y) in(Y;Z) color(Y;B)

color(Z;W) black(B) white(W) in(Z;U) ! triangle(Y)

Weranthebatchalgorithmonseveralsamplesizes.Table5 summarizestheaccuracy of learned
expressionsasa functionof thesizeof thetrainingset(200to 3000)whentestedon classifyingan
independentsetof 3000examples.Eachentry is anaverageof 10 independentrunswherea fresh
setof randomexamplesis usedin eachrun. The last columnin the tablegivesthemajority class
percentage.

Clearly, thealgorithmis performingvery well on this problemsetup.Notethat thebaselineis
quite high, but even in termsof relative error the performanceis good. We alsoseea reasonable
learningcurve obtainedfor themorechallengingproblems.Notice that for target I the taskis not
too hardsinceit is not unlikely that we get a randomexamplematchingthe antecedentof a rule
exactly (sothatdiscoveringtheclauseis easy)but for thelargertargetsthis is not thecase.Wehave
alsorunexperimentswith up to 10shapesperexamplewith similarperformance.

To put theseexperimentsin perspective we appliedthesystemsICL (De RaedtandVanLaer,
1995)andTilde (BlockeelandDeRaedt,1998)to thesamedata.Exploratoryexperimentssuggested
thatICL performsbetteron thesetargetssowe focuson ICL. WeranICL to learnaHornCNFand
otherwisewith defaultparameters.ICL usesaschemeof declarativebiasto restrictits searchspace.
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With a generalpatternimplying little bias,successwaslimited. We thususeda biasallowing up to
4 shapesandidentifying therelationbetweenconf ig andup, downandsimilarly color andblack,
white. Interestingly, for ICL the changein performancefrom target I to IV waslessdrasticthan
in LOGAN-H. This may well be dueto the fact that LOGAN-H builds antecedentsdirectly from
examples.The last line in Table5 givestheperformanceof ICL on target IV. As canbeseenour
systemperformsbetterthanICL on thisproblem.

We ran the Prolog implementation(using compiledcode in SicstusProlog) and the new C
implementationon the samehardwareandobserved a speedupof over 400-fold whenusing the
tablesmethodor DJANGODUAL anda speedupof 320whenusingDJANGOPRIMAL. Recallthat
thenumberof objectsin theexamplesis relatively small for this experiment.For largerexamples
asin theexperimentsthatfollow theimprovementis evenmoredramaticasthePrologcodecannot
completea runandtheC codeis still prettyfast.

5.1.4 ILLEGAL POSITIONS IN CHESS

Our next experimentis in thedomainof thechessendgameWhite King andRookvs. Black King.
The taskis to predictwhethera givenboardcon�guration representedby the6 coordinatesof the
threechesspiecesis illegal or not. This learningproblemhasbeenstudiedby several authors
(Muggletonetal.,1989;Quinlan,1990).Thedatasetincludesatrainingsetof 10000examplesand
a testsetof thesamesize.

We usethe predicateposition(a,b,c,d,e,f) to denotethat the White King is in position
(a;b) onthechessboard,theWhiteRookis in position(c;d), andtheBlackKing in position(e; f ).
Additionally, thepredicates“less-than”lt(x,y) and“adjacent”adj(x,y) denotetherelative po-
sitionsof rows andcolumnson the board. Note that thereis an interestingquestionashow best
to captureexamplesin interpretations.In “all backgroundmode”we includeall lt andadj predi-
catesin theinterpretation.In the“relevantbackgroundmode”weonly includethoseatomsdirectly
relatingobjectsappearingin thepositionatom.

We illustrate the differencewith the following example. Considerthe con�guration “White
King is in position(7,6),White Rookis in position(5,0),Black King is in position(4,1)” which is
illegal. In “all backgroundmode”weusethefollowing interpretation:
[position(7, 6, 5, 0, 4, 1),
lt(0,1), lt(0,2), .. ,lt(0,7),
lt(1,2), lt(1,3), .. ,lt(1,7),
...
lt(5,6),lt(5,7),
lt(6,7),
adj(0,1),adj(1,2), .. ,adj(6,7),
adj(7,6),adj(6,5), .. ,adj(1,0)]-

Whenconsideringthe “relevantbackgroundmode”,we includein theexamplesinstantiations
of lt andadj whoseargumentsappearin thepositionatomdirectly:
[position(7, 6, 5, 0, 4, 1),
lt(4,5),lt(4,7),lt(5,7),adj(4,5),adj(5,4),
lt(0,1),lt(0,6),lt(1,6),adj(0,1),adj(1,0)]-

Table6 includesresultsof runningoursystemin bothmodes.WetrainedLOGAN-H onsamples
with varioussizeschosenrandomlyamongthe 10000available. We reportaccuraciesthat result
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25 50 75 100 200 500 1000 2000 3000
Relevantbackgroundmode:
LOGAN-H beforepruning 75:49 88:43 93:01 94:08 97:18 99:54 99:79 99:92 99:96
LOGAN-H afterpruning 86:52 90:92 94:19 95:52 98:41 99:65 99:79 99:87 99:96
All backgroundmode:
LOGAN-H beforepruning 67:18 71:08 75:71 78:94 85:56 94:06 98:10 99:38 99:56
LOGAN-H afterpruning 79:01 81:65 83:17 82:82 86:02 93:67 96:24 98:10 98:66
FOIL (Quinlan,1990) 92:50 99:40

Table6: Performancesummaryfor KRK-illegal datasetin averagepercentageaccuracy

SubsumptionEngine runtimein s. accuracy actualtablesize
DJANGODUAL 40:27 98:10% n/a
DJANGOPRIMAL 78:74 98:10% n/a
Tables 136:43 98:10% 130928
TablesARC Consistency 92:47 98:10% 109760
Lookahead 191:50 98:10% 33530
No cache 503:92 98:10% 130928
Rand.TH=1 3804:52 33:61% 16
Rand.TH=10 178:69 33:61% 160
Rand.TH=100 58:41 72:04% 1600
Rand.TH=1000 126:48 98:10% 16000

Table7: Runtimecomparisonfor subsumptiontestsonKRK-illegal dataset

from averagingamong10runsoveranindependenttestsetof 10000examples.Resultsarereported
beforeandafterpruningwherepruningis doneusingthetrainingset(asdiscussedin theappendix).
Several factscan be observed in the table. First, we get good learningcurves with accuracies
improving with trainingsetsize.Second,theresultsobtainedarecompetitive with resultsreported
for FOIL (Quinlan,1990). Third, relevant backgroundknowledgeseemsto make the taskeasier.
Fourth, pruningconsiderablyimprovesperformanceon this datasetespeciallyfor small training
sets.

This domainis alsoa goodcaseto illustratethevarioussubsumptiontestsin our system.Note
that sincewe put the position predicatein the antecedent,the consequentis nullary so iterative
subsumptiontestsarelikely to be faster. Thecomparisonis given for the “all backgroundmode”
with 1000trainingexamples.Table7 givesaccuracy andrun time (on Linux runningwith Pentium
IV 2.80GHz) for varioussubsumptionsettingsaveragedover10 independentruns.For randomized
runsTH is thethresholdof tablesizeafterwhichsamplingis used.As canbeseenDJANGODUAL is
fasterthanDJANGOPRIMAL in thisdomainandbotharefasterthanthetablesmethod.Addingarc-
consistency to the tablesmethodimprovesboth spacerequirementsandrun time. The lookahead
table methodincurs someoverheadand resultsin slower executionon this domain,however it
savesspaceconsiderably(seethird columnof Table7). Thecachingmechanismdescribedin the
appendixgivesa signi�cant reductionin run time. Runningthe randomizedtestwith very small
tables(TH=1) clearly leadsto over�tting, andin this caseincreasesrun time considerablymainly
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Method Avg. accuracy

EqualFrequency bestsplit
atom-charge =25 lumo =8 logp =30 89.41%
EqualFrequency automaticselection 83.62%

InformationGain 82.25%

Table8: Accuracy resultson theMutagenesisdomain.

duedo thelargenumberof rulesinduced.On theotherhandwith largertablesizes(TH=1000)the
randomizedmethoddoesverywell andreproducesthedeterministicresults.

5.1.5 MUTAGENESIS

TheMutagenesisdatasetis a structure-activity predictiontaskfor moleculesintroducedby Srini-
vasanetal. (1994).Thedatasetconsistsof 188compounds,labeledasactiveor inactivedepending
on their level of mutagenicactivity. The task is to predictwhethera given moleculeis active or
not basedon the �rst-order descriptionof the molecule. This dataset hasbeenpartitionedinto
10 subsetsfor 10-fold crossvalidationestimatesandhasbeenusedin this form in many studies
(Srinivasanetal.,1994;SebagandRouveirol, 2000;DeRaedtandVanLaer,1995).For thesakeof
comparisonwe usethesamepartitionsaswell. Eachexampleis representedasa setof �rst-order
atomsthatre�ect theatom-bondrelationsof thecompoundsaswell assomeinterestingglobalnu-
mericalchemicalpropertiesandsomeelementarychemicalconceptssuchasaromaticrings,nitro
groups,etc. Concretely, we useall the informationcorrespondingto the backgroundlevel B3 of
Srinivasanet al. (1995). Notice that theoriginal datais given in thenormalILP settingandhence
we transformedit accordingto theinterpretationssettingasexplainedin theappendix.In addition,
sinceconstantsaremeaningfulin thisdataset,for examplewhetheranatomis acarbonor oxygen,
weusea �attenedversionof thedatawhereweaddapredicatefor eachsuchconstant.

This examplerepresentationusescontinuousattributes: atom-charge , lumo and logp and
hencediscretizationisneeded.Wereportonexperimentswith theequalfrequency method(Dougherty
et al., 1995)andthe informationgain (IG) method(FayyadandIrani, 1993)which arediscussed
in moredetail in theappendix.The IG methoddecideson thenumberof binsautomatically. The
equalfrequency methodrequiresthenumberof binsasinput. To getreliableresultsweuseddouble
crossvalidationperformingautomaticparameterselectionover the following rangeof value: for
atom-charge f 5;15;25;35;45g for lumo f 4;6;8;10;20;30;80g andfor logp f 4;6;8;10;30;50g.
For referencewe alsoreportthebestresultthatcanbeobtainedin hindsightby searchingfor good
partitionsusingthetestset.

Table8 summarizessomeof theaccuraciesobtained.As canbeseentheoveroptimistic“best”
resultsgive pretty high accuracy. The automaticselectionmethodsperform quite well giving
83.62%andtheIG methodcomesclosewith 82.25%.

Our resultcompareswell to otherILP systems:Progol(Srinivasanet al., 1994)reportsa total
accuracy of 83%with B3 and88%with B4; STILL (SebagandRouveirol, 2000)reportsresultsin
the range85%–88%on B3 dependingon thevaluesof varioustuningparameters,ICL (De Raedt
andVan Laer, 1995) reportsan accuracy of 84% and�nally Laer et al. (1996) report that FOIL
(Quinlan,1990)achievesanaccuracy of 83%.
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SubsumptionEngine runtime accuracy
DJANGODUAL 3:48sec: 89:41%
DJANGOPRIMAL 0:82sec: 89:41%
Rand.TH=1 R=1 0:74sec: 88:88%
Rand.TH=10 R=1 0:93sec: 90:46%
Rand.TH=100 R=1 3:01sec: 90:46%
Rand.TH=1 R=10 0:91sec: 90:46%
Rand.TH=1 R=100 2:92sec: 89:93%
Rand.TH=10 R=100 9219:68sec: 89:93%

Table9: Runtimecomparisonfor subsumptiontestsonMutagenesisdataset.

We have alsorun experimentscomparingrun time with thedifferentsubsumptionengines.For
this domain,deterministictable-basedsubsumptionwasnot possible,not evenwith lookaheadand
arc-consistency sincethetablesizegrew beyondmemorycapacityof ourcomputer. However, both
modesof DJANGO arevery ef�cient on this domain. For theserunswe usedtheequalfrequency
discretizationmethodwith atom-charge = 25, lumo = 8 andlogp = 30 thatgave top-scoringaccu-
racy asdescribedabove. Table9 givesaveragerun time (on Linux runningwith a 2.80GHz Xeon
processor)perfold aswell astheaverageaccuracy obtained.OnecanobservethatDJANGOPRIMAL

is fasterthanDJANGODUAL andthatevenwith smallparameterstherandomizedmethodsdo very
well. An inspectionof thehypothesisto thedeterministicrunsshows thatthey areverysimilar.

5.2 Subsumptionand PhaseTransition

Thepreviousexperimentshave demonstratedthatdifferentsubsumptionenginesmayleadto faster
performancein differentdomains.In this sectionwe furthercomparethedifferentalgorithmsbut
purelyon subsumptionproblems,that is, not in thecontext of learning. Previouswork (Giordana
andSaitta,2000)hasshown thatonecanparameterizesubsumptionproblemssothatthereis asharp
transitionbetweenregionswheremostproblemshave a solutionandregionswheremostproblems
do not have a solution. This is known asthe phasetransitionphenomenon,andit hasbeenused
to evaluatesubsumptionandlearningalgorithms(GiordanaandSaitta,2000;Giordanaetal., 2003;
MalobertiandSebag,2004).

For theseexperiments,a setof clausesanda setof examplesaregeneratedusingfour parame-
ters:

n Thenumberof variablesin eachclause,which is setto 12;

m Thenumberof literalsin eachclause,whichvariesin [12;50];

N The numberof literals built on eachpredicatesymbol in eachexample,that is, the sizeof
eachdomainin dualrepresentation,which is setto 50;

L Thenumberof constantsin eachexample,thatis, thesizeof eachdomainin primal represen-
tation,whichvariesin [12;50].
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Figure2: Percentageof subsumptiontestssatis�ed on 50� 50 pairs(C;Ex), whereC is a clause
uniformly generatedwith n = 12 variablesandm literals (m in [12,50]), andEx is an
exampleuniformly generatedwith N = 50 literals built on eachoneof the m predicate
symbolsin C, andL constants(L in [12,50]).

All m literals in a generatedclauseC arebuilt on distinctbinarypredicatesymbolsandclause
C is connected,that is, all n variablesarelinked. Thelatter requirementpreventsthesubsumption
problemfrom beingdecomposableinto simplerproblems.

EachgeneratedexampleEx is a conjunctionof groundliterals. Eachliteral in Ex is built on
a predicatesymboloccurringin C (otherliterals areirrelevant to the subsumptionproblem). The
numberof literals in Ex perpredicatesymbol,N, is constant,thusall domainsof the literalsof C
have thesamesize,andeachexamplecontainsN � m literals. For eachpair of valuesof hm;Li , 50
clausesand50 examplesaregenerated,eachclauseis testedagainstall examples.Run timesare
measuredonanAthlon 900MHz with 512MBof memory.6

As shown in Figure2, the probability for C to subsumeEx abruptlydropsfrom 100%to 0%
in a very narrow region. This region is calledPhaseTransition,andis particularly importantfor
the subsumptionproblem,sincecomputationallyhard problemsare locatedin this region. This
phenomenoncan be observed in Figure 3 (A) representingthe averagecomputationalcostsfor
DJANGODUAL. Figure3 (B) shows theaverageexecutiontimesfor DJANGOPRIMAL. ThePhase

6. The experimentsperformedhereare slightly different from the onesin Maloberti and Sebag(2004). First, the
computationalcostof the transformationto the dual representationis alsomeasuredhere. This is importantin the
context of asystemthatdynamicallybuildsclausesandtestssubsumptionfor them.Althoughthecostof dualization
is generallymoderate,it canbesigni�cant in someexperimentssoit mustbeincludedin theexecutiontime. Second,
settingsusedin formerexperimentswere:N = 100,n = 10,L andmin [10;50]. In thedualrepresentation,theworst
casecomplexity is Nm, while in primal representationit is Ln. Therefore,N = 100 is too largecomparedto L, and
n = 10is toosmallcomparedto m. It is dif�cult to changethesesettingsbecauseaslightvariationcanshift thephase
transitionto be outsideof reasonablerangesof values. Thus,we reducedN to 50 andadjustedn to 12. L andm
have beensetto [12;50] in orderto keepthepropertyof non-decomposabilityof C. Finally, in MalobertiandSebag
(2004),100clausesand100examplesweregenerated,eachclausewastestedagainstoneexample.
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(A) (B)

Figure3: Subsumptioncost(m;L) in secondsfor (A) DJANGODUAL and(B) DJANGOPRIMAL av-
eragedover50� 50pairs(C;Ex). A reductionin runningtimeof afactorof 7 is observed
in DJANGOPRIMAL comparedto Meta-DJANGO (noticedifferencein scaleof the time
axis).

Transitionphenomenonis alsoapparent,however DJANGOPRIMAL is 7 timesfasterthanDJANGO-
DUAL onaverage,despitethesimplerversionsof algorithmsusedin DJANGOPRIMAL.

Thetablebasedmethodsarelesswell suitedfor theproblemsin thistestsuite.Thedeterministic
tablemethodsranout of memoryandcouldnot beused.Therandomizedmethodsgive a tradeoff
betweenrun timeandaccuracy but they performworsethanDJANGO.

For example,therandomizedtablesmethodwith TH= 1 andR= 1 is very fastwith anaverage
executiontime between0:37s and0:54s. However, almostno solutioncanbe found, even in the
regionof thetestwith averyhighsatis�ability. Therefore,asshown in Figure4 (A), its errorrateis
closethepercentageof satis�ability.

As shown in Figure5 (A), therandomizedtablesmethodwith TH= 10andR= 10is slowerthan
DJANGO, andits averagecostdoesnot rely on thephasetransition.Ontheotherhand,Figure5 (B)
shows that its error rateis very high in thephasetransitionregion, while it is now very low in the
regionwith highsatis�ability.

Finally, it is worth recallingthe tablemethodof Di Mauro et al. (2003)andthe experimental
resultsreportedfor it in Di Mauro et al. (2003)andMaloberti andSuzuki(2004)for simplesub-
sumptionaswell asfor enumeratingall solutions. Both papersreportthat the tablemethoddoes
solve the challengeproblems,so indeedit avoids someof the spaceproblemsincurredwith our
deterministicversion.But bothpapersindicatethatDJANGO is at leastanorderof magnitudefaster
andoften muchmore,wherethe relationin run timesdependon whetherthe problemsarein the
phasetransition,over constrainedregion or underconstrainedregion. Theseobservationsseemto
agreewith ourcomparisonsof thetablebasedandDJANGO methods.

To summarize,thesubsumptionexperimentssuggestthat in generalthe DJANGO methodsare
more robust than the table basedmethodsand that DJANGOPRIMAL is a promisingalternative.
However, theseresultsmustbeinterpretedwith caution,sincein theseexperimentsthetablesmeth-
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(A) (B)

Figure4: (A) Percentageof wrongsubsumptiontestsfor randomizedtablesmethodon50� 50pairs
(C;Ex), with TH= 1 andR= 1. (B) Percentageof satis�ablesubsumptiontests.Notice
that thetablebasedmethodwith suchlow valuedparametersis not ableto discover any
subsumptionsubstitution,andhencetheerrorratecorrespondsto thesatis�ability rateof
thesubsumptionproblemsuite.

(A) (B)

Figure5: (A) Subsumptioncost(m;L) and(B) errorpercentagefor randomizedtablesmethodwith
TH= 10andR= 10averagedover50� 50pairs(C;Ex).

odslook for all solutionswhile DJANGOPRIMAL andDJANGO only searchfor a singlesolution.
Moreover, thesettingschosenareprobablybetterfor theprimal representationandotherparame-
ters,suchasarity of literals,mustalsobe investigated. In the context of LOGAN-H, the success
of the tablemethodsmay be explainedby the fact that the algorithmstartswith long clausesand
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makesthemshorterin theprocess.Thusit startsin theover constrainedregion andmovestoward
thephasetransitionandthenpossiblytheunderconstrainedregion. Sincetablesperformwell in the
overconstrainedregionandboundaryto thephasetransitionthey candowell overall. DJANGOPRI-
MAL wasalsofasterin someof the experimentswith LOGAN-H. Therefore,furtheroptimization
of DJANGOPRIMAL andaddingrandomizedfacilitiesto DJANGO arenaturaldirectionsto improve
thesystem.

6. Conclusion

The paperintroducedthe systemLOGAN-H implementingnew algorithmsfor learningfunction
freeHorn expressions.Thesystemis basedon algorithmsprovedcorrectin Khardon(1999b)but
includesvariousimprovementsin termsof ef�ciency aswell asa new batchalgorithmthat learns
from examplesonly. Thebatchalgorithmcanbeseenasperformingare�nementsearchovermulti-
clausehypotheses.Themaindifferencefromothersystemsis thatouralgorithmisusingabottomup
searchandthatit isusinglargere�nementstepsin thisprocess.Wedemonstratedthroughqualitative
andquantitative experimentsthat thesystemperformswell in severalbenchmarkILP tasks.Thus
our systemgivescompetitive performanceon a rangeof taskswhile takinga completelydifferent
algorithmicapproach,apropertythatis attractivewhenexploringnew problemsandapplications.

Thepaperalsointroducednew algorithmsfor solving thesubsumptionproblemandevaluated
their performance.The tablebasedmethodsgive competitive performancewithin LOGAN-H and
DJANGOPRIMAL is a promisingnew approachwherehard subsumptionproblemsin the phase
transitionregionaresolved.

As illustratedusing the Bongard domain, LOGAN-H is particularly well suited to domains
wheresub-structuresof examplesin the datasetare likely to be in the datasetaswell. On the
otherhand,for problemswith asmallnumberof exampleswhereeachexamplehasa largenumber
of objectsand dramaticallydifferent structureour systemis likely to over�t sincethereis little
evidencefor usefulminimizationsteps. Indeedwe found this to be the casefor the the arti�cial
challengeproblemsof Giordanaet al. (2003)whereour systemoutputsa large numberof rules
andgetslow accuracy. This suggeststhat skipping the minimizationstepmay leadto improved
performancein suchcasesif pairingsreduceclausesizeconsiderably. Initial experimentswith this
areasyet inconclusive.

Our systemdemonstratesthat using large re�nement stepswith a bottom up searchcan be
an effective inferencemethod. As discussedabove, bottomup searchsuffers from two aspects:
subsumptiontestsaremorecostlythanin top down approaches,andover�tting mayoccurin small
datasetswith large examples. On the other hand, it is not clear how large re�nement stepsor
insightsgainedby using LGG can be usedin a top down system. One interestingidea in this
directionis givenin thesystemof Bianchettietal. (2002).Hererepeatedpairing-likeoperationsare
performedwithout evaluatingtheaccuracy until a syntacticconditionis met(this is specializedfor
thechallengeproblemsof Giordanaetal. (2003))to produceashortclause.Thisclauseis thenused
asa seedfor a small stepre�nementsearchthat evaluatesclausesasusual. Findingsimilar ideas
thatwork withoutusingspecialpropertiesof thedomainis aninterestingdirectionfor futurework.

Finally, it would be interestingto explore realworld applicationsof the interactive algorithm.
Thework on therobotscientistproject(King et al., 2004)providesonesuchpossibility. This work
usesa chemistrylab robot to performexperimentson assaysto aid in theprocessof learning.The
labexperimentsareverysimilar to themembershipqueriesusedby ouralgorithm,howeverqueries
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maybe limited to chemicalsthatcanbesynthesizedby thesystem.Thussuchanapplicationwill
requireadaptingouralgorithmto useonly appropriatequeries.
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Appendix A. Further Detailson Implementation and Applicability

Theappendixgivesadditionaldetailson importantimplementationissuesleadingto speedupand
wider applicability of the system. In addition we give a discussionof using our learningfrom
interpretationssystemondatagivenin thenormalILP setting.

A.1 NoisyData Sets

Many reallife datasetsare“noisy”, in thesensethatthereis no Horn expressionhypothesisthatis
consistentwith all thedata.In thiscasethebatchalgorithmdescribedaboveis notwell de�nedsince
it assumesin step2(b) thatat leastonepotentialconsequentis correctandis thereforenot removed
in one-pass. However, if thedatasetis inconsistentit is possiblethatall potentialconsequentsare
removed. If thishappensoursystemsimplymarksthecounter-exampleasinconsistentandignores
it in futuretests.

A relatedproblemoccurswhenweuserandomizedsubsumptiontests.Heresincethesubsump-
tion test is incompletewe may not notice that a rule in the hypothesisis violatedby a negative
example. As a result the algorithmmay seethe samenegative counter-examplemultiple times.
Notethatsincepairingsmove atomsfrom antecedentto conclusionthesamecounter-examplemay
be encounteredmorethanonceeven undernormalconditions. To handlethis, the systemusesa
small constant(5 in theexperiments)to boundthenumberof timesanexamplemaybeusedasa
counter-example.If thisboundis exceededthenegativeexampleis ignoredin futuretests.

A.2 Caching

Thealgorithmsdescribedabove mayproducerepeatedcalls to one-passwith thesameantecedent
sincepairingsof oneclausesetwith severalothersmayresultin thesameclauseset.Thusit makes
senseto cachetheresultsof one-pass. Noticethatthereis a tradeoff in thechoiceof whatto cache.
If we try to cachea universallyquanti�ed expressionthenmatchingit requiresa subsumptiontest
which is expensive. We thereforeoptedto cachea groundsyntacticversionof theclause.For both
algorithmsthesystemcachesinterpretationsratherthanclausesor clausesets(thes partof [s;c]).
In fact,for thebatchalgorithmwe only needto cachepositive interpretations—ifa clauseset[s; /0]
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wasreturnedby one-passthens doesnot imply any of the possibleconsequentsandthereforeit
is a positive interpretation.Thusany new call to one-passwith s canbeskipped.To achieve fast
cachingwhile increasingthechancesof cachehits, thesystemcachesandcomparesa normalized
representationof theinterpretationby sortingpredicateandatomnames.This is matchedwith the
factthatpairingkeepsobjectnamesof existing clausesetsin thehypothesis.Thusthesameobject
namesandorderingof thesearelikely to causecachehits. Cachingcanreduceor increaserun time
of thesystem,dependingon thedataset,thecostfor subsumptionfor examplesin thedataset,and
therateof cachehits.

A.3 Li vePairings

Thesystemalsoincludesanoptimizationthatreducesthenumberof pairingsthataretestedwithout
compromisingcorrectness.Recallthatthealgorithmhasto testall injective mappingsbetweenthe
domainsof two interpretations.We saythat a mappingis live if every paired2-objectappearsin
theextensionof at leastoneatomin theantecedentof thepairing. Onecanshow that if the target
expressionis rangerestricted(that is, all variablesin the consequentappearin the antecedent)
then testing live mappingsis suf�cient. For example, considerpairing the examples[sa;ca] =
[[p(1;2); p(2;3)]; [q(2;2);q(3;1)]] and [sb;cb] = [[p(a;b); p(b;c); p(a;d)]; [q(d;d);q(c;a)]]. Then
the mappingf 1=a;2=b;3=cg gives the pairing [[p(1;2); p(2;3)]; [q(3;1)]] which is live. On the
other handthe mappingf 1=a;2=d;3=cg gives the pairing [[p(1;2)]; [p(2;3);q(2;2);q(3;1)]] and
whenforcing rangerestrictedform we get [[p(1;2)]; [q(2;2)]]. This pairing is not live since3=c
doesnotappearin it. So,thispairingcanbeignored.Technically, dueto rangerestrictedform, it is
enoughto checkthis only on theantecedentpart. For ef�ciency, insteadof generatingall injective
matchingsand�ltering irrelevantones,onecan�rst collecta setof potentialmatchedobjects-pairs
andgeneratematchingsfrom these.

A.4 Discretization of Real-ValuedAr guments

The systemincludesa capabilityfor handlingnumericaldataby meansof discretization.This is
standardin machinelearningsystemsbut severalaspectsarepeculiarto therelationalsettingandto
bottomup learning.

Notice�rst thatunlike attribute-valuedatatheremaybemorethanoneoccurrenceof thesame
typeof valuein thesameexample,in differentargumentsof a predicate,differentinstancesof the
samepredicateor differentpredicates.To capturethis we �rst divide thenumericalattributesinto
“logical groups”by annotatingthedataset. For exampletherows of a chessboardwill belongto
thesamegroupregardlessof thepredicateandargumentin which they appear. Thesystemcanthen
determinethe thresholdvaluesandpossiblythe numberof bins to divide valuesinto. For exam-
ple,discretizingthelogp attributein theMutagenesisdomainwith 4 thresholds(5 ranges),a value
betweenthreshold1 andthreshold2 will yield: [ logp(logp val.02) , logp val>00(logp val.02) ,
logp val>01(logp val.02) , logp val<02(logp val.02) , logp val<03(logp val.02) , ...]. Notice
that we areusingboth � and� predicatesso that the hypothesiscanencodeintervals of values.
Also,weusepredicatenamesthatexplicitly encodethresholdsnumbers,for example,logp val>00
or logp val<02 .

Severalapproachesto discretizationchoosingthenumberof binsandtheboundarieshavebeen
proposedin theliterature(FayyadandIrani, 1993;Doughertyet al., 1995;BlockeelandDe Raedt,
1997).Our experimentsusethefollowing two approaches.Theequalfrequencyapproachrequires
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the numberof bins asinput andit assignsthe boundariesby giving eachbin the samenumberof
occurrencesof values. To selectthe numberof bins automaticallyonemustusesomeversionof
crossvalidation.TheInformationGain (IG) approachintroducedby FayyadandIrani (1993)uses
theinformationgain criterionto split therangeof valuesusinga decisiontree(Quinlan,1993)and
stopssplittingusingaminimumdescriptionlengthmeasure.For relationaldatatheIG methodmust
bere�ned sincemorethanonevalueof thesametypemayappearin thesameexample.This was
alreadyaddressedby BlockeelandDe Raedt(1998)wherevalueswereweightedaccordingto the
numberof times they appearin the examples. However, Blockeel and De Raedt(1998) set the
numberof binsby handsinceIG providedtoo few regions. In our experimentswe usetheoriginal
criterion.

An interestingaspectariseswhen using discretizationwhich highlights the way our system
works and potential limitations. Recall that the systemstartswith an exampleand essentially
turnsobjectsinto variablesin the maximally speci�c clauseset. It thenevaluatesthis clauseon
otherexamples. Sincewe do not expectexamplesto be identicalor very close,the above relies
on the universalquanti�cation to allow matchingonestructureinto another. However, the effect
of discretizationis to groundthe valueof the discretizedobject. For example,if we discretized
the logp attribute from above and variabilize we get logp(X) logp val>00(X) logp val>01(X)
logp val<02(X) logp val<03(X) . Thusunlesswedropsomeof theboundaryconstraintsthis limits
matchingexamplesto have a valuein thesamebin. We arethereforelosingthepower of universal
quanti�cation.As aresultfewerpositiveexampleswill matchin theearlystagesof theminimization
process,lessconsequentswill be removed, andthe systemmay be led to over�tting by dropping
thewrongobjects.Thuswhile includingall possibleboundariesgivesmaximum�e xibility in the
hypothesislanguagethismaynotbedesirabledueto thedangerof over�tting.

This point is illustratedby the following experimentdiscretizingvaluesin the KRK domain.
In this domaingiven an example's predicateposition(x1,x2,y1,y2,z1,z2) , we considerthe
threevaluescorrespondingto columns(x1,y1,z1) asthesamelogical attributeandthereforewe
discretizethemtogether. Similarly, we discretizethevaluesof (x2,y2,z2) together. Versionsof
adj() for bothcolumnandrow valuesareused.Sincein this domainthenumberof binsandthe
boundariesfor discretizationareobviouswe usedtheequalfrequency methodwith theappropriate
numberof bins.As canbeseenin Table10goodaccuracy is maintainedwith discretizationbut the
learningcurveis muchslowerthanthenondiscretizedversionpresentedearlier. Anotherinteresting
point is thatnow “relevantbackgroundmode”performsmuchworsethan“all backgroundmode”.
In hindsightonecanseethatthis is a resultof thegroundingeffectof discretization.With “relevant
backgroundmode”thediscretizationthresholdpredicatesandtheadjacentpredicatesaredifferentin
everyexample.Sincetheexamplesareessentiallygroundweexpectlessmatchesbetweendifferent
examplesandthusthesystemis likely to over�t. With “all backgroundmode”thesepredicatesdo
notconstrainthematchingof examples.

A.5 Pruning Rules

The systemperformsbottomup searchandmay stopwith relatively long rules if the datais not
suf�ciently rich (that is, we do not have enoughnegative examples)to warrantfurther re�nement
of therules. Pruningallows usto dropadditionalpartsof rules. Thesystemcanperforma greedy
reducederror pruning(Mitchell, 1997)usinga validationdataset. For eachatomin the rule the
systemevaluateswhethertheremoval of theatomincreasestheerroron thevalidationset. If not,
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25 50 75 100 200 500 1000 2000 3000
Relevantbackgroundmode 43:32 43:70 45:05 44:60 52:39 72:26 84:80 90:30 92:17
All backgroundmode 67:27 72:69 75:15 78:00 82:68 88:60 91:03 91:81 92:01

Table10: Performancesummaryfor KRK-illegal datasetwith discretizationin averagepercentage
accuracy.

theatomcanberemoved. While it is naturalto allow an increasein errorusinga tradeoff against
thelengthof thehypothesisin anMDL fashion,wehavenotyetexperimentedwith thispossibility.

Noticethatunlike topdown systemswecanperformthispruningon thetrainingsetanddonot
necessarilyneeda separatevalidationset. In a top down systemonegrows therulesuntil they are
consistentwith the data. Thus,any pruningwill leadto an increasein training seterror. On the
otherhandin abottomupsystem,pruningactslike themainstageof thealgorithmin thatit further
generalizesthe rules. In somesense,pruningon the training setallows us to move from a most
speci�c hypothesisto a mostgeneralhypothesisthat matchesthe data. Both training setpruning
andvalidationsetpruningarepossiblewith oursystem.

A.6 Restricting Legal Conclusions

Ouralgorithmallowsany predicateandinstantiationto serveasaconclusionin aclause.However,
whenapplyingto a realdatasetwemayknow (or wantto setup) thatsomepredicatesserveasrule
conclusionsandothersdonot. This is simply implementedin therel-cands operation.This feature
is usefulbothfor applicabilityandin reducingrun time thatwould beneededto generate,evaluate
andremove ruleswith wrongconclusions.

A.7 Applicability to Data fr om Normal ILP Setting

In thenormalILP setting(MuggletonandDeRaedt,1994)oneis givena databaseasbackground
knowledgeand examplesare simple atoms. We transformtheseinto a set of interpretationsas
follows (seealso De Raedt,1997; Khardon,1999b). The backgroundknowledgein the normal
ILP settingcanbetypically partitionedinto differentsubsetssuchthateachsubsetaffectsa single
exampleonly. A similar effect is achieved for intensionalbackgroundknowledgein the Progol
system(Muggleton,1995)by usingmodedeclarationsto limit antecedentstructure.Givenexample
b, we will denoteBK(b) asthesetof atomsin thebackgroundknowledgethat is relevant to b. In
thenormalILP settingwehave to �nd a theoryT s.t.BK(b) [ T j= b if b is apositiveexample,and
BK(b) [ T 6j= b if b is negative. Equivalently, T mustbesuchthatT j= BK(b) ! b if b is positive
andT 6j= BK(b) ! b if b is negative.

If b is a positive examplein the standardILP settingthenwe canconstructan interpretation
I = ([V]; [BK(b)]) whereV is thesetof objectsappearingin BK(b), andlabel I asnegative. When
LOGAN-H �nds the negative interpretationI , it constructsthe set [s;c] = rel-cands(I ) from it
(notice that b is amongthe conclusionsconsideredin this set),and thenrunsone-passto �gure
out which consequentsamongthe candidatesareactuallycorrect. Adding anotherinterpretation
I0= ([V]; [BK(b) [ f bg]) labeledpositiveguaranteesthatall otherconsequentsaredropped.Notice
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thatin orderfor this to beconsistentwith thetargetconcept,wehave to assumethattheantecedent
BK(b) only impliesb.

If b is a negative example in the standardILP setting, we constructan interpretationI =
([V]; [BK(b)]) , whereV is the setof variablesappearingin BK(b), and label it positive. Notice
that if thesystemever considerstheclauseBK(b) ! b asa candidate,one-passwill �nd theposi-
tive interpretationI andwill dropb, asdesired.In fact,one-passwill return[BK(b); /0] for any input
clauseset[BK(b);c] sinceit will dropall consequentsin c thatarenot includedin BK(b) (including
false ), thusprecludingclauseBK(b) ! b from ever beingincludedin any hypothesis.This again
assumesthatnoconsequentcanbeimpliedby BK(b).

Several ILP domainsare formalizedusinga consequentof arity 1 wherethe argumentis an
objectthat identi�es theexamplein thebackgroundknowledge.In this case,sincewe separatethe
examplesinto interpretationswedonotneedexampleidenti�ers andwegetaconsequentof arity 0.
For learningwith asinglepossibleconsequentof arity 0 our transformationcanbesimpli�ed in that
theextra positive exampleI 0= ([V]; [BK(b) [ f bg]) is not neededsincethereareno otherpotential
consequents.Thuswe translateevery positive exampleinto a negative interpretationexampleand
vice versa.As an example,supposethat in the normalILP setting,the clausep(a;b) ^ p(b;c) !
q() is labeledpositive and the clausep(a;b) ! q() is labelednegative. Then, the transformed
datasetcontains:([a;b;c]; [p(a;b); p(b;c)]) � and([a;b]; [p(a;b)])+ . Notice that in this casethe
assumptionsmaderegardingotherconsequentsin thegeneraltransformationarenotneeded.

In thecaseof zeroarity consequents,thecheckwhethera givenclauseC is satis�ed by some
interpretationI canbe considerablysimpli�ed. Insteadof checkingall substitutionsit suf�ces to
checkfor existenceof somesubstitution,sinceany suchsubstitutionwill remove thesinglenullary
consequent.As a result subsumptionproceduresthat enumeratesolutionsone by one can quit
early, after the �rst substitution,andarelikely to be fasterin this case.In addition,notethat the
pairingoperationnevermovesnew atomsinto theconsequentandis thereforeapuregeneralization
operation.

A.8 Algorithmic Detailson DJANGO

This sectionprovidessomeof the detailson the algorithmsusedin DJANGOPRIMAL andDJAN-
GODUAL andthe differencebetweenthem. Both versions�rst build the domainof the variables
applyinga node-consistency procedure.Node-consistency removesfrom variabledomainsall val-
uesthatdonotsatisfyunaryconstraints.Unaryconstraintsarecreatedwhenavariablehasmultiple
occurrencesin a literal.

Both methodscontinueby checkingfor arc-consistency. Arc consistency meansthat we re-
move from thedomainsall valueswhich arenot supported.A valueis consistentwith respectto a
constraint,if thereexistsa valuein thedomainsof all othervariablesof a constraintsuchthat the
constraintis satis�ed. A valueis supportedif it is consistentfor all constraintsinvolving this vari-
able.Obviously, a valuenot supportedcannotbeassignedto a variable,sincea constraintwill not
besatis�ed. DJANGODUAL usesastandardalgorithmof arc-consistency namedAC3(Mackworth,
1977),which maintainsa queueof all constraintsthatmustbechecked. Thequeueis initially full,
andif a valueis removed from a domain,all otherconstraintsinvolving thevariableareaddedto
thequeue.Thealgorithmchecksandremovesall elementsin thequeueuntil it is empty. AC3is not
optimalsinceit cancheckthesameconstraintmorethanonce,however it hasgoodaverageexecu-
tion times.DJANGOPRIMAL usesaversionof AC3adaptedto n-aryCSPs,namedCN (Mackworth,
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1977)or GAC3, for GeneralArc Consistency. Finally both methodsperforma depth-�rst search
usinglookaheadstrategy; a partialsolutionis incrementallybuilt assigninga valueto onevariable
at a time. Thevariableis selectedusingDynamicVariableOrdering(DVO); for eachvariablethe
sizeof its domainis dividedby thenumberof constraintsinvolving it, thevariablewith theminimal
ratio is selected.This heuristicfollows the First Fail Principlethat tries to reducethe searchtree
by causingfailure earlierduring the search.All valuesinconsistentwith this partial solutionare
removedfrom thedomainsof thevariablesnot yet assigned.Threedifferentstrategiesareusedto
propagatetheeffectsof thelastassignment:

Forward Checking (FC)only checksvariablesconnectedto thelastassignedvariable.

Maintaining Ar c Consistency (MAC), alsocalledFull Arc Consistency, extendsFC by checking
arc-consistency onadjacentvariablesif avaluehasbeenremovedfrom theirdomain.

Forward CheckingSingleton extendsFCby alsocheckingall constraintsinvolvingadomaincon-
taininga singlevalue.Checkingsuchconstraintis cheaperthanfull arcconsistency andcan
reachto a failuresoonerthansimpleFC.

DJANGOPRIMAL usesFC, while DJANGODUAL usesa more sophisticatedstrategy, named
Meta-DJANGO, which selectsFC or MAC accordingto a measure,denotedk (Gentet al., 1996),
estimatingthepositionof theproblemrelatively to thePhaseTransition(GiordanaandSaitta,2000).
Instancesin theunder-constrainedregionuseFC,while instancesin thephasetransitionandtheover
constrainedregionsuseMAC.

In additionto thetechniquesabove DJANGODUAL usestheideaof signaturesto furtherprune
the search.A signaturecapturesthe ideathat whenwe mapa literal in a clauseonto a literal in
theexampleall theneighborhoodof the�rst literal mustexist in theexampleaswell. By encoding
neighborhoodsof literalswhichareD-variablesin thedualrepresentationwecanprunethedomain
in similarity toarc-consistency. Thedetailsof thisheuristicaregivenin MalobertiandSebag(2004).
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