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Abstract

Learningvector quantization(LVQ) schemesonstituteintuitive, powerful classi cation heuris-
tics with numeroussuccessfulpplicationsbut, so far, limited theoreticalbackground.We study
LVQ rigorouslywithin a simplifying modelsituation: two competingprototypesaretrainedfrom
a sequencef examplesdravn from a mixture of Gaussians.Conceptsfrom statisticalphysics
andthetheoryof on-line learningallow for anexactdescriptionof the training dynamicsin high-
dimensionafeaturespace Theanalysisyieldstypical learningcurves,convergencepropertiesand
achivablegeneralizatiorabilities. Thisis alsopossiblefor heuristictrainingschemesvhich do not
relateto a costfunction. We comparethe performancef severalalgorithms,including Kohonens
LVQ1 andLVQ+/-, alimiting caseof LVQZ2.1. The former shaws closeto optimal performance,
while LVQ+/- displaysdivegentbehaior. We investicate how early stoppingcanovercomethis
dif culty . Furthermorewe studya crisp versionof robust soft LVQ, which wasrecentlyderived
from a statisticalformulation. Surprisingly it exhibits relatively poorgeneralizationPerformance
improvesif awindow for the selectionof datais introducedtheresultingalgorithmcorrespondso
costfunctionbased_.VQ2. Thedependencef theseresultson the modelparameterdor example,
prior classprobabilities s investigatedsystematicallysimulationscon rm our analytical ndings.

Keywords: prototypebasedclassi cation,learningvectorquantization WinnerTakes-All algo-
rithms, on-linelearning,competitive learning

1. Intr oduction

The term learningvectorquantization(LVQ) hasbeencoinedfor a family of algorithmswhich is
widely usedin the classi cation of potentially high-dimensionatlata. Successfubpplicationsof
LVQ includesuchdiverseproblemdik e medicalimageor dataanalysisfault detectionin technical
systemsopr the classi cationof satellitespectraldata(Bojer et al., 2003; Kunche&a, 2004; Schleif
etal., 2006;Villmannetal., 2003). An up to dateovervien andextensie bibliograply is available
atarepositorywhichis maintainedby the NeuralNetworks ResearctCentre Helsinki (2002).

Thepopularityof theapproachs dueto seseralattractve featuresLVQ proceduregreeasyto
implementandintuitively clear This makesthemparticularlyinterestingor researcherandpracti-
tionersoutsidethemachindearningcommunitywho aresearchindgor robustclassi cationschemes
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without the black-boxcharacteiof mary neuralmethods.The classi cationof LVQ is basedon a
distancemeasureysuallythe Euclideandistancewhich quanti esthe similarity of givendatawith
so-calledprototypeor codebookvectorsrepresentinghe classes.The prototypesare determined
in atraining processrom labeledexampledataand can be interpretedin a straightforvard way
asthey captureessentiafeaturesof the datain the very samespace.This is in contrastwith, say
adaptve weightsin feedforward neuralnetworks or supportvectormachineswhich do not allow
for immediateinterpretationas easily sincethey areembeddedn a differentspaceor at atypical
borderlinepositionsof the datainsteadof typical regions. Othervery attractive featureof LVQ are
the naturalway in which it canbe appliedto multi-classproblemsandthe factthatthe compleity
of LVQ networkscanbe controlledduringtrainingaccordingto the speci ¢ needs.

In general several prototypescanbe emplo/edto represenbneof the classesln simple hard
or crisp schemesa dataor featurevectoris assignedo the closestof all prototypesandthe cor
respondingclass. Extensionsof this deterministicschemeto probabilistic soft assignmentand
classi cation are straightforvard but will not be considerecdhere. Plausibletraining prescriptions
exist whichmostlyemploy theconcepf competitive learningandadaptatiorby meansf Hebbian
terms.Prototypesareupdatedaccordingto their distancefrom givenexampledata. Thereby given
atraining pattern,the closestprototypevectoror a setof closestvectors,the so-calledwinnersare
identi ed. Thesevectorsarethenmovedtowards(away from) the dataif their classlabelcoincides
with (differsfrom) thatof the example,respectiely.

Both, training algorithmsandthe resultingclassi cationschemesrefairly easyto implement
andfast.In practice the computationakffort of LVQ trainingusuallyscaledinearly with thetrain-
ing setsize,andthatof classi cationdepend®nly onthe( x ed)numberof prototypesandtheinput
dimensionality Furthermoretrainingis incrementalsuchthattheadaptatiorof aclassi erto novel
datawhich becomeswvailableaftera rst training phaseis straightforvard. Despitethis simplicity,
LVQ is very powerful sinceevery separatindnypercune can,in principle,beapproximatedy LVQ
networks with sufciently mary prototypes.Furthermorerecentvariationsof LVQ allow for the
incorporatiornof problemspeci ¢ metricsor kernelswhich canbe adapteduringtrainingsuchthat
very few prototypescanmodelquite complex behaior (Hammeretal., 2005b,c).

However, thetheoreticalunderstandin@f the corvergencepropertiesstability, andachievable
generalizatiorability of mary LVQ algorithmsappeardairly limited. Many LVQ proceduresin-
cluding Kohonens original formulation(LVQ1) arebasedon heuristicarguments.A large variety
of modi cationsof thebasicscheménave beensuggesteavhichaim atlarger e xibility, fastercon-
vergenceor betterapproximatiorof BayesiardecisionboundariessuchasLVQ2.1,LVQ3, OLVQ,
RSLVQ, or GLVQ (Kohonen1997,1990;Pregenzeretal., 1996;SatoandYamada 1 995).Clearly,
the ultimategoal of trainingis goodgeneralizationthatis, the correctclassi cation of novel data
with high probabilityaftertraining. However, theabore mentionedalgorithmsdiffer considerablyn
theirlearningdynamicsstability, andgeneralizatiomperformancewhile thetheoreticabackground
of this behaior is hardlyunderstood.

Recently afew attemptdo put LVQ type algorithmson solid mathematicagroundshave been
made.RemarkablyLVQ-typeclassi ersfall into the classof large-magin algorithmswhich allow
for dimensionalityindependengeneralizatiofoundsaspointedout rst by Crammeretal. (2003).
Here,theterm mamgin refersto the so-calledhypothesismargin of anLVQ classi er: the distance
the classi cationboundarythatis, the respectie prototypescanbe moved without changingthe
classi cation of the given datapoints. Similar boundscanalso be derived for recentvariantsof
LVQ which substitutethe standardEuclideanmetric by an alternatve adaptve choiceinvolving
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relevancefactors(Hammeretal., 2005a;HammerandVillmann, 2002). Thus,LVQ type networks
seempromisingcandidatesor the classi cationof high-dimensionatiatasets.

However, standard_VQ trainingdoesnot directly aim at an optimizationof the maigin or even
an optimizationof the classi cationerror, usually Rather the learningalgorithmis often purely
heuristicallymotivatedanddoesnot directly follow ary learningobjective or explicit costfunction.
Apart from the factthatthe quality of generalizationn thesemethodss thereforenot clear often
dynamicalproblemssuchasdivergenceof thealgorithmscanbeobsened. An importantexampleis
LVQ2.1andsimilar stratgieswhich candisplaydivergentbehaior unlessa proper(alsoheuristic)
window rule is includedin the updatescheme. Fewv approachesry to copewith this problem
by explicitly groundingthe updateschemeon a costfunction (see,for example,Bottou, 1991).
A prominentexamplehasbeenproposediy Satoand Yamada(1995)togetherwith a discussion
of the stability (Satoand Yamada,1998), however, without consideringthe bordersof receptie

elds. A generalizatiorwhich allows the incorporationof more generalmetrics,accompaniedby
aninvestigation of the borders hasbeenpresentedy HammerandVillmann (2002)andHammer
et al. (2005c). Recently two modelswhich provide a costfunction by meansof soft assignments
have beenproposedy Seoet al. (2003)and Seoand Obermaye(2003). While the rst method
doesnot possess crisplimit, the secondonedoes. However, only the costfunction discussedy
SatoandYamadg1995)andHammerandVillmann (2002)is directly connectedo the hypothesis
maigin, aspointedout by Hammeret al. (2005a). For all thesecostfunctions,the connectionto
the classi cationerroris not obvious. Thus,thereis a clearneedfor a rigorousanalysisof LVQ
type learningschemesvhich allows for a systematigudgementf their dynamicalpropertiesand
generalizatiorability.

In this work we discussandemploy atheoreticaframevork which makespossiblethe system-
aticinvestigationandcomparisorof LVQ trainingproceduresTheanalysids performedor model
situationsin which trainingusesa sequenc®f uncorrelatedrandomizedexampledata. In the the-
ory of suchon-linelearningprocesses;onceptknown from statisticalphysicshave beenapplied
with greatsuccesin thecontet of supervisecdndunsupervisetearning. Thisincludesperceptron
training,gradientbasedraining of layeredfeedforward neuralnetworks,andunsupervisedluster
ing or principalcomponenanalysis(seeWatkin etal., 1993;Biehl andCaticha,2003;Saad 1999;
Engelandvan denBroeck, 2001, for additionalreferences).Here, we transferthesemethodsto
LVQ typelearning,andwe arecapableof presentingjuite unexpectedinsightsinto the dynamical
behaior of severalimportantlearningschemes.

The essentialngredientsof the approachare(1) the consideratiorof very large systemsn the
so-calledthermodynamidimit and(2) the performingof averagesover the randomnessr disor
der containedn the data. A smallnumberof characteristiquantitiesis sufcient to describethe
essentiapropertiesof very large systems.Under simplifying assumptionsthe evolution of these
macroscopimrderparameterss given by a systemof deterministiccoupledordinary differential
equationg ODE) which describethe dynamicsof on-line learningexactly in the thermodynamic
limit.

Theformalismenablesusto calculate for instancetypical learningcurvesexactly within the
framework of modelsituations We compardhegeneralizatiotbehaior of severalLVQ algorithms.
Theirasymptotidoehaior in thelimit of in nitely mary exampless of particularrelevancein this
context. We evaluatethe achievable generalizatiorerror asa function of the prior frequencieof
classesand othermodel parametersThus, for the considerednodelsituation,we canrigorously
comparehe performancef LVQ-typelearningschemesndidentify the besttrainingmethod.
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The paperis organizedasfollows: In the next sectionwe introducethe model dataand the
structureof the LVQ classi er. We alsodescribethe consideredraining algorithmswhichinclude
Kohonens LVQ1 anda limit versionof LVQ2.1or LVQ-LR. We will usethetermLVQ+/- for this
prescriptionandwe considerit with andwithout an idealizedearly stoppingprocedure.Further
morewe studya crispversionof RSLVQ (SeoandObermayer2003),which will bereferredto as
learningfrom mistales (LFM). Finally, we considerLFM-W, a variantof the latter which selects
datafrom a window closeto the decisionboundaryandrelatesto the costfunctionbased.VQ2 al-
gorithm(Kohonenretal., 1988;Bottou,1991). In Section3 we outlinethe mathematicatreatment.
Theformalismandits applicationto the abose mentionedalgorithmsare detailedin AppendixA.
Relevant featuresof the learning curves, including the achiezable generalizatiorability are dis-
cussedand comparedor the differenttraining prescriptiondn Section4. Finally, we summarize
our ndings in Section5 andconcludewith a discussiorof prospectie projectsandextensionsof
our studies.

Someaspectof this work have beencommunicategreviously, in muchlesserdetail, at the
Workshopon the Self-OmganizingMap in Paris,2005(Ghoshetal., 2005).

2. The Model

In this paperwe investigatethe dynamicsof differentLVQ algorithmsin theframewvork of a simpli-
fying modelsituation: High-dimensionatlatafrom a mixture of two overlappingGaussiarclusters
are presentedo a systemof two prototypevectorseachof which represent®ne of the classes.
Whereaghe modelappearsery muchsimpli ed in comparisorwith realworld multi-class,multi-
prototypeproblemsijt providesa settingin whichit is well possibleto studyunexpected gssential,
andnon-trivial featuresof thelearningscenarios.

2.1 Prototype Vectors

We will investigate situationswith only two prototypeor codebookvectorsws 2 RN. Here, the
subscriptS= 1 indicateswhich classof datathe vectoris supposedo represent. For the sale
of brevity we will frequentlyusethe shorthandsubscripts+ or for +1 and 1, respectiely.
The classi cationas parameterizethy the prototypess basedon EuclideandistancesAny given
input x 2 RN will be assignedo the classof the closestprototype. In our model situation, the
classi cationresultis Swheneerjw,s Xj<jw s Xj.

Notethat,in principle,thesimpleLVQ classi er with only two prototypesouldbereplacedyy
alinearly separablelassi cationS= signWperr X  dperc] With perceptronveightvectorwper =
(w:  w ) andthresholdgper = w2 w2 =2: Here,however, we areinterestedn themorecom-
plex learningdynamicsof independentodebookvectorsasprovided by LVQ algorithms.We will
demonstratéhatour simpleexamplescenaricalreadydisplayshighly non-trivial featuresandpro-
videsvaluableinsightsin the moregeneratraining of several prototypes.

2.2 The Data
Throughouthe following we considerandominputswhich aregeneratedccordingto a bimodal
distribution. We assumehatvectorsx 2 RN aredravn independentlyaccordingto the density

P(X)= & psP(xjs) with P(xjs)= !

1 2 .
Q. W@(p E(X I Bs)” : 1)
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Figurel: Dataasgeneratedccordingto thedensity(1) in N = 200dimensionswith prior weights
p = 0:6;p+ = 0:4 andvariancess = 0:64;v. = 1:44. Open(lled) circlesrepresent
160(240 vectorsx from clusterscenteredaboutorthonormalvectorsl B, (I B ) with
| = 1, respectiely. The left panelshows the projectionsh = w  x of thedataon a
randomlychoserpair of orthogonalunit vectorsw . Theright panelcorrespondso the
projectionsh = B x, diamondsamarkthe positionof the clustercenters.

TheconditionaldensitiedP(xjs= 1) correspondo isotropicGaussiartlusterswith variancesvs
centeredat| Bs. The clusterweightsor prior probabilitiesps satisfythe conditionps + p = 1.
We assumehe centervectorsBs to be orthonormalthatis, B2 = B2 = 1andB; B = 0in the
following. While thedistanceof the clustercenterss controlledby themodelparametet = (1),
the orthogonalitycondition x estheir positionwith respecto the origin. The targetclassi cation
is takento coincidewith theclusterlabels = 1. Notethat,dueto the overlapof the clustersthe
taskis obviously notlinearly separable.

Statisticalphysics hasbeenusedearlierto analysethe generalizatiorbehaior of perceptron
type learningprescriptionsin similar models. We refer to the work of Barkai et al. (1993) and
Meir (1995)for examples.Theformerconsidergearningfrom datain thelimit of large separations
I ViV . Thelattercompareghe off-line minimizationof the training error with a maximum-
likelihoodestimatiorof theclustercenters Thelearningof alinearly separableule whichis de ned
for clusteredinput datahasbeenstudiedin the work of Marangiet al. (1995) and Riegler et al.
(1996). Herewe are interestedn the dynamicsand generalizatiorability of LVQ-type learning
rulesfor non-separabldata.

In the following we denoteconditional averagesover P(x j s) by h i, whereash i =
as= 1Ps h ig representsneanvalueswith respecto thefull density(1). Accordingto Eq. (1),
thecomponents; arestatisticallyindependengiuantitieswith variancevs. For aninputfrom clus-
ters we have, for instance, Xj ¢ = | (Bs);j andhence

N N
wis = & ¥ _ =8 v+ xji = VgN+ 2
j=1 j=1
) K4 = (psvsi+p Vv )N+ 2)
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In the mathematicatreatmentwe will exploit formally the thermodynamidimit N! ¥, corre-
spondingto very high-dimensionatlataand prototypes. Among other simplifying consequences
this allows, for instanceto neglecttheterml| 2 ontheright handsideof Eq. (2).

The clustersoverlap signi cantly and, moreorer, their separations along a single direction
(B+ B ) in the N-dimensionalinput space. Figure 1 displayssampledatain N = 200 dimen-
sions,generatedccordingto a densityof theform (1). While the clustersareclearlyvisible in the
planespannedy B, andB , projectionsnto arandomlychosertwo-dimensionasubspacelo not
displaythe separatioratall.

2.3 On-line Algorithms

We considerso-calledbn-linelearningscheme whichasequencef singleexampledataf x*; sHg
is presentedo the system.At eachlearningstep,the updateof prototypevectorsis basedonly on
thecurrentexample.Consequentlyanexplicit storageof datain thelearningsystemis avoidedand
the computationagffort perstepis low comparedo costly off-line or batchprescriptions.

In mary practicalsituationssxamplesaredravn from a giventraining setwith possiblemultiple
presentationsf the samedata.Here,however, we will assumeéhatateachtime stepu= 1;2;:::a
new, uncorrelatedrectorx" is generatedndependentiyaccordingto the density(1). We will treat
incrementalipdatesf thegenericform

wh = wh 1+ Dwh with Dwh = %fs disdfisHi Xt owh ! 3)

Wherethevectorvvg denoteghe prototypeafterpresentationf g examplesandtheconstantearning
rateh is rescaledvith theinput dimensionN.

Prototypesarealwaysmovedtowardsor away from the currentinputx*. The modulationfunc-
tion fg[:::] in EqQ. (3) de nesthe actualtraining algorithmand controlsthe sign and magnitudeof
the updateof vectorsws. In general,fs will dependon the prototypelabel S andthe classlabel
st of the example;for conveniencewe denotethe dependencen S asa subscriptratherthanasan
explicit agument.The modulationfunction canfurtherdependn the squareccuclideandistances
of x* from the currentpositionsof the prototypes:

Additional agumentf fs, for instancehelengthsor relative positionsof thevectorswg ! could
beintroducedeasily

The useof a differentlearningrate per classor even per prototypecan be adwvantageousn
practice. This is expected,in particulay if the training datais highly unbalancedwvith respecto
the classmembershipf examples.Here,we restrictthe analysisto usinga uniquevalueof h, for
simplicity. As we will see,the behaior of algorithmsis qualitatively the samein large rangesof
prior weightsp .

In this work we studythe performanceof several on-line training prescriptionswhich canbe
writtenin theform of Eq. (3):

a) LVQ1
Kohonens original formulation of learningvector quantization(Kohonen,1995,1997) ex-
tendsthe conceptof unsupervisegompetitve learningin anintuitive way to a classi cation
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task. At eachlearningstep,the prototypewith minimal distancefrom the currentexampleis
determined.Only this so-calledwinner is updated hencethe term winnertakes-all (\WTA)
algorithmshasbeencoinedfor this type of prescription.Thewinneris movedtowards(away
from) theexampleinputx" if prototypelabelandclassmembershipf the dataagree(differ),
respectiely.

This plausiblestratgy realizesacompromisdoetweer(l) therepresentationf databy proto-
typeswith thesameclassabeland(ll) theidenti cation of decisionboundariesvhichclearly
separatehe differentclasses.

LVQ1 for two prototypess de ned by Eg. (3) with the modulationfunction

1 ifx>0

HoqH. ol = H H K wi =
fgldi;d™;s"] = Q d"g dig Ss™ with Q(X) 0 else.

(4)
Here, the Heariside function singlesout the winning prototypeand the factorSs* = 1
determineghesignof theupdate. Eq. (4) expandsto f. = Q(d" d")sH for the prototype
representinglassS= + 1 (or*+ °, for short). Correspondinglyit readsf = Q(d" d")sH
for prototypelabelS= 1.

NotethatLVQ1 cannotbeinterpretedasa stochastigradientdescenproceduren astraight-
forwardway. Thisis in contrastto unsupervisedectorquantizationVQ), which disregards
labelscompletelyandwould reduceto the choicefg[::] = Q d"s dfg in ourmodelsitu-
ation(Biehl etal., 1997,2005;Ghoshetal., 2005).

LVQ+/-

A popularmodi cation of basicLVQ wasalsosuggestethy Kohonen(1997,1990)andwas

termedLVQ?2.1. Originally it is basedon heuristicsandaimsat a moreef cient separation
of prototypeswvhich representlifferentclassesGivena singleexample the updateconcerns
two prototypes:(l) the closestamongall codebookvectorswhich belongto the sameclass
asthedata,and(ll) the closestvectoramongthe prototypeshatrepresent differentclass.
Theso-calledcorrectwinner (1) is movedtowardsthe datawhereaghe wrongwinner (ll) is

movedevenfartheraway.

An importantingredientof LVQ2.1 is that the updateis only performedif the examplex"
falls into the vicinity of the currentdecisionboundary Variantshave beensuggestedsuch
asLVQ-LR (Seoand Obermayer2003), which differ in the way this selectve window is
de ned.

In orderto obtaina rst insightinto this type of algorithm, we considerthe unrestricted
versionor, in otherwaords, the limit of in nite window size. We will refer to this basic
prescriptionasLVQ+/-, in thefollowing.

In our modelwith two prototypesonly, theidenti cation of the respectie winnersis redun-
dantandthe prescriptionreducego updatingboth vectorsfrom eachexample. The modula-
tion functionin Eq. (3) merelydetermineshe signof Dws accordingo the classlabel:

fosH] = Sst= 1L (5)

Algorithmslike LVQ2.1 or LVQ-LR weresuggestedh orderto improve theachievedgener
alizationability in comparisorwith basicLVQL1. It is well known, however, thata suitable
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window size hasto be chosenin orderto avoid divergenceand stability problems. We will
demonstratdor unrestricted.VQ+/- thatthesedif culties occuralreadyin our simplifying
modelscenarioVariousstratgieshave beensuggesteih theliteratureto copewith thisprob-
lem while keepingthe basicform of the algorithm. Here,we will focuson a so-calledearly
stoppingstratey, which aimsat endingthe learningprocessas soonasthe generalization
ability beginsto deterioratadueto theinstability.

LFM

Recently SeoandObermayesuggested costfunctionfor LVQ whichis basedn likelihood
ratios(SeoandObermayer2003). They derive the correspondingohbustsoft learningvector
quantization RSLVQ) schemewhichis supposedo overcomethe abore mentionedstability
problemsof LVQ+/-. It hasbeendemonstratethat RSLVQ hasthe potentialto yield very
goodgeneralizatiobehaior in practicalsituationgSeoandObermayer2003).

The crisp versionof RSLVQ is particularlytransparentin thelimiting caseof deterministic
assignmentanupdateanalogougo LVQ+/- is performedonly if thecurrentcon guration of
prototypesmisclassi esthe new example. If, on the contrary the correctwinneris indeed
the closestof all prototypes the con gurationis left unchanged.In analogyto perceptron
training(e.g.,Watkinetal., 1993;EngelandvandenBroeck,2001),we usethetermlearning
from mistakes(LFM) for this prescription.

In ourmodelscenarid.FM is implementedy the choice

foldi;d";s¥ = Q dfu  d"gu Ss*: 6)

Here, the Heaviside function restrictsthe updateto exampleswhich are misclassi edupon
presentation.

LFM-W

The LFM schemd6) canalsobe obtainedasa limiting caseof Kohonens LVQ2 algorithm,
which includesa window rule for the selectionof data(Kohonenet al., 1988). As shavn
by Bottou (1991), this prescriptioncan be interpretedas a stochastigyradientdescentwith
respecto apropercostfunction.

Asin LFM, anupdateof the correctwinnerwsy andthe wrongwinnerw su is only performed
if thecurrentclassi cationis wrong, thatis, d" ¢, < dk, for anexamplefrom classs*. Here,
however, the additionalconstraint

2 2 2
o owg)® o w T o< e Xt owog (7)

hasto be satis ed, wherec is a small positive number(Kohonenetal., 1988;Bottou, 1991).
Hence,the vectorx* is only acceptedor updateif it is not too far away from the correct
winner In otherwords,x" hasto bemisclassi edandfall into awindow in thevicinity of the
currentdecisionboundary

For the type of high-dimensionatatawe considerhere,the window size ¢ hasto satisfya
particularscalingto bemeaningful. While theterm(x“)2 = O(N) cancelontheleft handside
(l.h.s.) of Eq. (7), it dominategher.h.s.in thelimit N! ¥ andthe conditionis non-trivial
onlyif c= O(1=N). Henceweintroducearescalegarameted = c(x“)zz (1) andobtain
0< (df, d",) < dastheconditionsfor non-zeraupdatesThe rst onecorrespondso the
misclassi cationof x*, thesecondmplementghewindow selectionin thelimit N1 ¥.
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We referto this algorithmasLFM with window (LFM-W) in thefollowing. It is represented
by the modulationfunction

fold;dt;sH] = ngu d“su ngu d“su d Ss* (8)

Unrestricted_.FM (6) is, of courserecoveredin thelimit of in nite window sized! ¥.

2.4 Relevanceof the Model

Beforewe proceedvith themathematicahnalysiswe wouldlik e to put our modelinto perspectie
anddiscussts relevance.

Obviously, the learningscenariaunderconsiderations very muchsimplifying andclearcut. It
representperhapghe simplestnon-trivial situationin which LVQ like learningshouldbe applica-
ble. The presencef only one,sphericallysymmetricGaussiarclusterof dataperclassis certainly
farawayfrom practicalsituationsencountereth typicalapplications.Theuseof only two prototype
vectorsis perfectlyappropriatén suchascenarioandtheproblemof modelselectionis completely
avoided.

Nevertheless,our model representsan importantaspectof more realistic multi-class multi-
prototypesituations: the competitionof the two prototypeswhich currently de ne the decision
boundaryor a portion thereof. Note that mary practicalalgorithmsreduceto the modi cation of
only oneor two prototypevectorsin every singleupdatestep.Notefurthermorethatthe modelalso
allowsto investigateunsupervisedectorquantization’\VQ), which is equivalentto the competition
of two prototypeswithin the sameclassin our framevork (see for example,Biehl etal., 1997and
Ghoshetal., 2004).

Aswewill demonstratin thefollowing, highly non-trivial propertiesof the consideredraining
algorithmswill becomeapparenin the courseof our analysis. While additionalphenomenand
complicationanustbe expectedn morecomple training scenariosthe effectsobsered herewill
certainlypersistandplay animportantrole undermoregenerakircumstances.

Someof the training algorithmswe considerare simplifying limit casesof prescriptionssug-
gestedn theliterature. For example,the above de ned LFM algorithm canbe interpretedasthe
crisp limit of RSLVQ (Seoand Obermayer2003). Obviously, resultsfor the formerwill not ap-
ply immediatelyto the latter Neverthelesswe aim at a principled understandingf how certain
ingredientsof analgorithmin uence its learningdynamicsandgeneralizatiorbehaior. The ulti-
mategoalis of courseto exploit this understandingn the optimizationof existing schemesndthe
developmenif novel, ef cient ones.

3. Mathematical Analysis

We applythesuccessfutheoryof on-linelearning(see for example Biehl andCaticha2003;Engel
andvandenBroeck,2001;Saad,1999,for reviews) to describethe dynamicsof LVQ algorithms.
Themathematicalreatmenbf our modelis basedon theassumptiorof high-dimensionatlataand
prototypesc;w 2 RN. Thethermodynamidimit N! ¥ allows to apply conceptsrom statistical
physicsin thefollowing key stepswhichwill bedetailedbelow:

1. Theoriginal systemincluding mary degreesof freedomis characterizedn termsof only a
few quantities so-calledmacroscopiorderparametersi-or these recursiorrelationscanbe
derivedfrom thelearningalgorithm.
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2. Applying the centrallimit theoremenablesus to perform an averageover the randomse-
guenceof exampledataby meansf Gaussiarntegrations.

3. Self-averagingpropertiesof the order parametersllow to restrictthe descriptionto their
meanvalues.Fluctuationf the stochastiadynamicscanbengglectedin thelimit N1 ¥.

4. A continuougime limit leadsto the descriptionof the dynamicsin termsof coupled,deter
ministic ordinarydifferentialequation§ODE) for the above mentionedrderparameters.

5. The (numerical)integrationof the ODE for givenmodulationfunctionandinitial conditions
yields the evolution of orderparametersn the courseof learning. From the latter one can
directly obtainthelearningcurwe, thatis, the generalizatiorability of theLVQ classi er asa
functionof the numberof exampledata.

3.1 Characteristic Quantities and Recursions

The selectionof meaningfulmacroscopiquantitiesre ects, of course the particularstructureof
the model. After presentatiorof 1 examplesthe systemis characterizedby the high-dimensional
vectorswh ; w! andtheir positionsrelative to the centervectorsB. ;B . As we will demonstratén
thefollowing, a suitablesetof orderparameterss

R = ws Bs and Q5 = wh wh with s;ST2f 1;+1g:

Theself-overlapsQY, ;Q" andthesymmetriccross-werlapQ? = QY. relateto thelengthsand
relatve anglebetweenthe prototypevectors,whereaghe four quantitiesR“SS specifytheir projec-
tionsinto the subspacspannedyfB; ;B g.

From the genericalgorithm (3) we candirectly derive recursionrelationswhich specify the
changeof orderparametersiponpresentatiomf examplex* from clusters*:

Re R’ L

T = hfs BS XFl Rug B

Qs Qs Qng—hfvv“lx“ Qtl +hfr wilxt il
1=N - S T ST T S ST

+ h? fgfr (x)?=N: (9)
Herewe usethe shorthandfs for the modulationfunction of prototypeS, omitting theamguments.

3.2 Averageover Random Examples

For a large classof modulationfunctions,including the onesconsideredere,the currentinput x*
appear®ntheright handsideof Eq. (9) only throughits lengthandthe projections

hi=wh ' x* and by = Bs x*: (10)

Notethatalsothe Heaviside termsasthey appeatin the modulationfunctions,Eqgs.(4,6,8),do not
dependon xt explicitly, for example:

Qd' d = Q +2h n) QL+t
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Whenperformingthe averageover the currentexamplex” we rst exploit Eq. (2) whichyields

’\Ili!m¥ % ("2 = (vips+V p)
for all inputvectorsin thethermodynamidimit.

We assumehatthe nev exampleinput x* is uncorrelatedvith all previousdataand, thus,also
with the currentvectorsvv‘é . Therefore the centrallimit theoremimplies that the projections,
Eq. (10), becomecorrelatedGaussiamuantitiesfor large N. Note that this obsenation doesnot
rely on thefactthatthe speci ¢ density(1) is a mixture of Gaussiandself. It holdswheneer the
component®f x! arestatisticallyindependenandhave the sameclassconditional rst andsecond
momentsasin (1).

Thejoint GaussiardensityP(h} ; h* ;b ; b") is fully speci edby rst andsecondnomentsAs
shawvn in theappendixfor aninputfrom clusters theseread

e =IREYS b _=Ids; hihE . M hY = vt

hiot . RS, b = weRE S bRl b b= vedy (11)

whereS T;s;r;t 2 f+1; 1gandd.. is the Kronecler-Delta. Hence the densityof h* andb” is
givenin termsof the modelparameter$;p ;v andtheabore de ned setof orderparameterin
the previoustime step.

This importantresultenablesusto performan averageof the recursionrelations,Eq. (9), over
the latestexampledatain termsof Gaussianntegrations.Moreover, the resultcanbe expressedn
closedformin f R“SS L QET lg. In the appendixwe detailthe calculationandgive speci ¢ resultsfor
thealgorithmsconsideredhere.

3.3 Self-averaging Property

Thethermodynamidimit hasanadditionalsimplifying consequence*luctuationsof the quantities
f Rgs ; Q“STg decreasawith increasingN andin fact vanishfor N! ¥. Hence,a descriptionin
termsof their meanvaluesis sufcient. In the statisticalphysics of disorderedsystemghe term
self-aseragingis usedfor this property

For adetailedmathematicatliscussiorof self-averagingin on-linelearningwe referto thework
of ReentsaandUrbanczik(1998).Here,we have con rmed this propertyempiricallyin Monte Carlo
simulationsof thelearningprocessy comparingesultsfor variousvaluesof N, seeFigure2 (right
panel)andthediscussiorin Section3.6.

Neglecting uctuations allows usto interpretthe averagedrecursionrelationsdirectly asrecur
sionsfor themeanof f Rgs ; Qng which coincidewith their actualvaluesin very large systems.

3.4 ContinuousLearning Time

An essentiallytechnicalsimpli cation is due to the fact that, for N! ¥, we caninterpretthe
differenceson the left handsidesof Eq. (9) asderivativeswith respecto the continuoudearning
time

a = p=N:
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Clearly, onewould expectthatthe numberof examplesequiredfor successfulrainingshouldgrow
linearly with the numberof adjustablgoparameterin the system.Hence therescalingof p with the
dimensionof thefeatureandprototypespaceappearsatural.

Theresultingsetof coupledODE obtainedirom Eq. (9) is of theform

dRy _ N
H = h (l’bt fgi R hfsl),
‘%ST h(thsfr+ hr fsi  Qgr hfg+ fri)

+h? & vspshfsfrig: (12)
=1

S

The requiredaveragesand speci ¢ equationsfor the particularmodulationfunctionsconsidered
herearegivenin the Appendix, SectionsA.3 andA.4. Notethatthe ODE for Qsr containterms
proportionalto h andh? while dRg =da is linearin thelearningrate.

3.5 The Learning Curve

After workingoutthesystenof ODEfor aspeci ¢ modulationfunction,it canbeintegratedatleast
numerically For giveninitial conditionsf Rgs (0); Qsr(0)g, learningrateh, andmodelparameters
fp ;v ;I goneobtainsthetypical evolution f Rgs(a); Qsr(a)g. Thisis the basisfor analysingthe
performanceindcorvergencepropertiesof variousalgorithmsin thefollowing.

Most frequently we will considerprototypesthat areinitialized asindependentandomvec-
tors of squaredength ® with no prior knowledgeaboutthe clusterpositions. In termsof order
parameterghisimpliesin our model

Qv (0)=Q (00=® Q. (0)0=0 andRg(0)=0 forall Ss= 1 (13)

Obviously, the preciseinitial positionsof prototypeswith respecto the clustergeometrycanplay
acrucialrole for the learningdynamics.In the next sectionwe will demonstratéhatthe outcome
of, for instanceLFM andLVQ+/- with early stoppingcandependstronglyon theinitial positions
of prototypes.On the contrary asymptoticpropertiesof, for example,LVQL1 training will prove
independenbf initialization in the limit of in nitely long training sequencesvithin our model
situation.

After training, the succesf learningcanbe quanti ed in termsof the generalizatiorerror,
thatis, the probability for misclassifyingnovel, randomdatawhich did not appeaiin the training
sequenceHerewe canconsiderthetwo contritutionsfor misclassifyingdatafrom clusters = 1 or
S = 1separately:

e=p+e+p e with = hQ(dis ds)ig: (14)

Exploiting the centrallimit theoremin the samefashionasabove, onecanwork outthe generaliza-
tion errorasanexplicit functionof the orderparametersAs detailedin the appendix SectionA.6,
oneobtainsfor theabove contrilutionse :

QSS.-. Q‘s s 2A(Rs R ss)
2" EH Qv 20+ +0Q

&=F

where F(2) = dx%: (15)
¥ p
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Figure2: LVQ1lwith|l = 2,v, = 4;,v = 9, p; = 0:8, andlearningrateh = 1:0.
Left panel: Characteristioverlapsvs. a = p=N. Solid lines displaythe resultof inte-
gratingthe systemof ODE for initial conditionsasin Eq. (13) with b=10 4 Symbols
represenMonte Carlo simulationsfor N = 100, on averageover 100 independentuns.
Standarcderror barswould be smallerthanthe symbolsize. Curvesandsymbolscorre-
spondto: Q (), Q++ ( ),R ( )R+ (5),Re ( ),R+( ),andQ+ (4).
Right panel: Examplefor the self-areragingbehaior of orderparameterasobsered
in Monte Carlosimulationsfor N = 8;16;32;64; 128 and256. Dots markthe obsered
averagevalueof R, (a = 10) vs.1=N, barsrepresenthe correspondingariance Here,
the latter vanishesapproximatelylik e 1=N, while the meanvaluesdisplayno systematic
dependencen N for large enoughsystems. The horizontalline marksthe theoretical
predictionfor N! ¥,

By insertingf Rss (a) ; Qsr (a)g we obtainthelearningcurve gy(a), thatis, thetypical generalization
errorafteron-linetrainingwith a N randomexamples.Here,we oncemoreexploit thefactthatthe

orderparametersind,thus,alsoey areself-averaging,non- uctuating quantitiesin the thermody-
namiclimit N! ¥.

A classi cation schemebasedon two prototypesis restrictedto linear decisionboundaries.
We will thereforecomparethe performanceof LVQ algorithmswith the bestlinear decision(bld)
boundaryfor givenparameterp ;v ,andl . Forsymmetryreasond is givenby aplaneorthogonal
to (B B ). Itis straightforvardto obtainthecorrespondingg;eneralizatiorerroreg'd from Egs.
(14,15)by appropriatgparameterizatioof the planeandminimizationof e; (Ghoshetal., 2004).

Note that the Bayesoptimal classi cation of datafrom density(1) is, in general,given by a
non-lineardecisionboundarywhich containghevectorsx with p. P(xj+ 1) = p P(xj 1) (Duda
etal., 2000).Only for v; = v it becomes planeandLVQ with two prototypescould potentially
implementBayesoptimalgeneralization.
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3.6 Restrictions of the Analysis

While we have alreadydiscussedherelevanceof our simplifying modelscenaridn Subsectior2.4,
we wantto summarizeheresomerestrictionsof the mathematicahnalysis.

Perhapsthe consideratiorof the thermodynamidimit N! ¥ of in nite-dimensionalfeature
vectorsappeardo be the mostseverelimitation in the mathematicatreatment.Togetherwith the
assumptiorof statisticallyindependenfeaturesx‘jl, it facilitatesthe above explainedstepsof the
analysisthe evaluationof averageover randomdatabeingthe mostimportantone.

We nd thatour resultsdescribevery well the (mean)behaior of systemswith a fairly small
numberof inputdimensionsyielding excellentagreementor N = 100already Fig. 2 (right panel)
shavs acomparisorof differentsystensizesandillustrationof theabore mentionedself-averaging
property In otherlearningproblems the behaior of low-dimensionakystemsnay differ signi -
cantlyfrom resultsobtainedin thelimit N! ¥, as uctuationswhich wereneglectedherebecome
moreimportant. As an example,we mentionthe symmetrybreakingspecializatiorof prototypes
in unsupervise&/Q (Biehl etal., 1997). Here,however, the self-areragingbehaior of orderpa-
rameterss re ected by thefactthattheir variancessanishrapidly with N, approximatelylike 1=N,
seeFigure?2 (right panel).At the sametime, no systematiaependencef the meansonthe system
sizeis obsered. Hence ourtreatmenyieldsanexcellentapproximatiorfor systemsof fairly small
dimensionN, already: Deviatian of obsered andpredictedvaluesof characteristioverlapsare
expectedto beontheorderl="N. For analyticresultsconcerningsuch nite sizecorrectionsin
on-linetrainingsee for instance Saad(1999)andreferencesherein.

Performingaveragesover the randomnesén the datayields typical propertiesof the system
in the considerednodelsituations. This methodis differentin spirit andthuscomplementother
successfuapproached computationalearningtheory whereoneaimsat rigorousboundson the
generalizatiorerrorwithout makingexplicit assumptionaboutthelearningscenariqfor examples
in the contet of LVQ, seeCrammeret al., 2003; Hammeret al., 2005a). Suchboundsare not
necessarilftight andcanbe quite far from the actualbehaior obseredin practicalsituations.On
the contrary resultsobtainedn the avor of statisticalphysicsanalysidack the mathematicatigor
of strictboundsandmaybesensitve to detailsof themodelassumptiongpr example thestatistical
propertiesof thedata.As anattractive feature the approactprovidesinformationaboutthe system
which goesbeyond its generalizatiorability, suchasthe learningdynamicsand the location of
prototypes.

For moredetaileddiscussion®f strengthsandlimitations of our approachwe referto the re-
views of, for example BiehlandCaticha(2003),Watkin etal. (1993),andEngelandvandenBroeck
(2001).

3.7 Relation to Statistical Physics

Therelationto statisticalphysicsis not crucial for what follows and may be considerech merely
technicalpoint. Neverthelessfor theinterestedeadeywe would lik e to malke afew remarksn this
context.

Theanalogyis moreimportantin thetheoryof batchor off-line learning. There,the costfunc-
tion of trainingis interpretecasan enegy andtheanalysisproceedslongthelinesof equilibrium
statisticalmechanics.For anintroductionto theseconceptswe refer to, for example, Biehl and
Caticha(2003), Watkin et al. (1993),and Engelandvan denBroeck (2001). Several ideasfrom
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this type of analysisdo carry over to the investigation of on-linelearningwhich addressethe non-
equilibriumdynamicsof learning.

In mary physical systemst is impossible andindeeduselessto keeptrack of all microscopic
degreesof freedom. As an example,considerthe positionsandvelocitiesof, say N particlesin a
gas. Similarly, a magneticmaterialwill containa numberN of atomseachof which contrikutes
oneelementarynagnetionoment.As N getsvery large, say ontheorder10?3 in condensedhatter
physics,microscopiaetailsbecomdessimportantandsuchsystemsaresuccessfullydescribedy
afairly smallnumberof macroscopiguantitiesor orderparametersin the above examplesjt may
besufcient to know volumeandpressuref the gasor the total magnetizatioremeging from the
collaboratve behaior of atoms.Mathematicallyspeakingso-calledphasespaceantegralsover all
degreesf freedomcanbeperformedoy meanf asaddlepointapproximatiorfor N! ¥, reducing
the descriptionto a low-dimensionabne. Similarly, the high-dimensionaphasespacetrajectories
of dynamicalsystemscan be representedby the temporalevolution of a few macroscopicorder
parameters.The sameidea applieshere as we describethe learningdynamicsof 2N prototype
component#n termsof afew characteristioverlapsanddisregardtheir microscopiadetails.

An importantbranchof statisticalphysics dealswith so-calleddisorderedsystemswherethe
interactingdegreesof freedomareembeddedn arandomervironment.In the abose examplethis
could meanthat magneticatomsare randomlyplacedwithin an otherwisenon-magnetianaterial,
for instance.The correctanalytictreatmenf suchsystemgequiressophisticatednalyticaltools
suchasthefamousreplicatrick, seeWatkin etal. (1993)andEngelandvandenBroeck(2001)and
referencesherein.

Thesetools have beendevelopedin the contet of disorderednagneticmaterials,indeed,and
have beenput forward within the statisticalphysics of learning. In learningtheory the disorder
emepgesfrom the randomgenerationof training data. In off-line learning, the cost-functionor
enegy is de nedfor onespeci c setof dataonly andthegenerictypical behaior is determinedy
performingthe disorderaverageover all possibletraining sets. This requiresthe abore mentioned
replica methodor approximationtechniqueswhich involve subtle mathematicadif culties, see
Watkin etal. (1993)andEngelandvandenBroeck(2001).

The situationis slightly more favorablein the framavork which we resortto here: In on-line
learningat eachtime stepof the processa novel randomexampleis presentedAs a consequence
the disorderaveragecanbe performedstepby stepin the moreelementaryfashionoutlinedabove
(BiehlandCaticha,2003;EngelandvandenBroeck,2001).

4. Results

In the following we presentour resultsobtainedalongthe lines of the treatmentoutlinedin Sec.
3. We will comparethetypical learningcurvesof LVQ+/-, anidealizedearly stoppingprocedure,
LFM, andLFM-W with thoseof LVQ1. Thelatter, original formulationof basicLVQ senesasa
referenceeachmodi cation hasto competewith.

We will put emphasin the asymptoticbehaior in thelimit a! ¥, thatis, the generaliza-
tion errorachieved from an arbitrarily large numberof examplesandits dependencen the model
parameters.This asymptoticbehaior is of particularrelevancefor comparingdifferenttraining
algorithms. It can be studiedby analysingthe stable x ed point con guration of the systemof
ODE. Note that propertiesthereofwill not dependon initialization or the positionof clustercen-
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Figure3: LVQ1lforl = 1:2;v, = v = 1,andp, = 0:8, initializationasin Figure2.
Left panel: Learningcurvesey(a) for threedifferentlearningratesh = 0:2;1:0;2:0 (from
bottomto topata = 200). Large h arefavorableinitially, whereasmallerh yield better
asymptoticgeneralizatiorfor a! ¥. Theinsetshavs thelimiting behaior forh! 0
anda! ¥, thatis, gg asafunctionof & = ha.
Right panel: Trajectoriesof prototypesn thelimit h! 0;a! ¥. Solidlinescorrespond
to theprojectionsof prototypesnto the planespannedy | B, andl B (markedby open
circles). The dotscorrespondo the pairsof valuesf Rs; ;Rs g obsernedata = ha =
2:4,6;8;10;12,14 in Monte Carlo simulationswith h = 0:01 and N = 200, averaged
over 100runs.Notethat,because. > p , w, approachegs nal positionmuchfaster
andin fact overshoots Theinsetdisplaysa close-upof the region aroundits stationary
location. The shortsolid line marksthe asymptoticdecisionboundaryasparameterized
by the prototypesthe shortdashedine marksthe bestlinear decisionboundary The
latter is very closeto | B for the pronounceddominanceof the s = +1 clusterwith
p+ = 0:8.

tersrelative to ”E)e origin. Asymptoticpropertiesarecontrolledonly by the distanceof the centers
jIB+ 1B j=" 2 ,themodelparameters ;p andthelearningrateh.

4.1 LVQ1

Figure 2 (left panel)displaysthe evolution of order parametersn the courseof learningfor an
examplechoiceof the modelparametersMonte Carlo simulationsfor N = 100alreadyagreevery
well withthe(N! ¥) theoreticabredictionbasedn integratingthecorrespondindDE, Eq. (34)
. We considerinitialization of prototypescloseto the origin, thatis, relatively far from the region
of high densityin our datamodel. Note thatin a WTA algorithmthe initial prototypesmustnot
coincideexactly, hencewe chooserandomw (0) with, for example,squaredengthQ.. = Q =
®= 10 “4in Eq.(13).

Theself-averagingproperty seeSection3.3,isillustratedin Fig. 2 (right panel).In MonteCarlo
simulationsoneobsenresthataveragesf the orderparametersver independentunsapproactihe
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theoreticalpredictionasN ! ¥. At the sametime, the correspondingariancesvanishlike 1=N
with increasingdimension.

Thetypical learningcurve gg(a) is in the centerof our interest. Figure 3 (left panel)displays
the behavior of LVQ1 for differentlearningratesin an examplesituation. The pronouncechon-
monotonicbehaior for smallerh clearlyindicatesthatthe prescriptionis suboptimal:For arange
of a, additionalinformation leadsto a loss of generalizatiorability. This effect is particularly
pronouncedor highly unbalancediatawith, say p»  p . Theresultssuggest schedulevhich
employs large valuesof h initially andthen decreaseshe learningrate with increasinga. This
aspectvill beinvesticatedin greateretailin aforthcomingproject,herewe consideronly training
with constant.

For LVQ1 we nd thatthe stationaryasymptoticgeneraIizationcerroregtat = g(a! ¥)de-

creasesvithh! Olike
e (h) = &Y% + O(h) for small h:
Ival

Here,ey ~ denoteshebestvalueachievablewith LVQL1 for agivensetof modelparametersThisis
analogougo the behaior of stochastigradientdescenproceduredike VQ, wherethe associated
costfunctionis minimizedin thesimultaneoudimits of smalllearningratesh! Oanda! ¥, such
thata = ha! ¥. In absenc®f acostfunctionwe canstill considerthislimit. Termsproportional
to h? can be neglectedin the ODE, and the evolution in rescaledearningtime & becomesh-
independentTheinsetof Fig. 3 (left panel)shavs the limiting learningcurve eg(&). It displaysa
strongnon-monotonidehaior for smalla.

Theright panelof Fig. 3 displaysthetrajectorief prototypegrojectednto the planespanned
by B: andB . Notethat,ascouldbeexpectedrom symmetryargumentsthe(a! ¥)-asymptotic
projectionsof prototypedntotheB -planearealongtheaxisconnectingheclustercentersMore-
over, in thelimit h'! 0, their stationarypositionlies preciselyin the planeand uctuations or-
thogonalto B vanish. This is signaledby the fact thatthe orderparameterdor @ ! ¥ satisfy
Qss= R: +R2 ;and Qs =Ru R <+ R R whichimplies

ws(@! ¥)=RstBs+ Rs B forS= 1L (16)

Herewe canconcludethat the actualprototypevectorsapproachthe above uniquecon guration,
asymptotically Notethat,in generalstationarityof the orderparametergoesnotimply necessarily
thatw cornvergeto pointsin N-dimensionakpace For LVQ1 with h > 0 uctuationsin the space
orthogonato f B: ;B g persistevenfor constanf Rss; Qsrg.

Figure 3 (right) revealsfurther information aboutthe learningprocess. Whenlearningfrom
unbalancedlata,for example,p; > p asin the example,the prototyperepresentinghe stronger
clusterwill be updatedmore frequentlyand in fact overshoots resultingin the non-monotonic
behaior of e5. Theuseof adifferentlearningrateperclasscouldcorrectthis overshootingoehaior
andrecover thetransientoehaior for equalpriors, qualitatively.

Theasymptoticey ™ asachievedby LVQ1 is typically quitecloseto the potentialoptimume}'.
Figure4 displaysthe asymptoticgeneralizatiorerror asa function of the prior p. in two different
settingsof the model. In the left panelv, = v whereaghe right panelshavs an examplewith
differentclustervariancesln thecompletelysymmetricsituationwith equalvariancesandbalanced
priors,p+ = p , theLVQ1 resultcoincideswith the bestlineardecisionboundarywhichis through
| (B+ + B )=2 for this setting. Wheneer the clustervariancesare different, the symmetryabout

ps = 1=2is lostbut jej ™ e5'j = 0 for oneparticular(v: ;v )-dependentalueof p. 2]0;1].
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Figure4. Achievable generalizatiorerrorin the modelwith | = 1 asa function of p.. In both
panelsthelowest dottedcurverepresents}), thatis, thebestinearclassi er. Solidlines
marktheasymptoticey ™ of LVQ1, thedashedinescorrespondso e °? asobtainedrom

anidealizedearly stoppingschemefor LVQ+/- with prototypesnitialized in the origin.
Thefarfrom optimal(a ! ¥)-asymptotioe{'gfm resultfor LFM is markedby chainlines.
Left panel: Thecaseof equalvariancesy; = v = 1, ey™ andel® coincidefor p. =
1=2 wherebothareoptimal.

Right panel: An examplefor unequalvariancesy; = 0:25v = 0:81. Theresultof

o . L . . . . Ival
LVQ+/- with idealizedearly stoppingis still optimalfor equalpriors, while e = €5

in p+  0:74in this setting.

4.2 LVQ+/-

Herewe reportresultsconcerninghe divergentbehaior displayedby the LVQ+/- prescriptionin
its basicform. We furthermoreshav how anappropriatesarly stoppingprocedurecould overcome

this dif culty .

4.2.1 DIVERGENT BEHAVIOR

The structureof the ODE for LVQ+/-, fs = SsH, is particularly simple, seeAppendixA.5. An-
alytic integrationyields Eq. (37) for settingswith p+ 6 p . In this genericcase,the evolution
of f Rss; Qsrg displaysa strongdivergentbehaior: All quantitiesassociatedvith the prototype
representinghewealer clusterdisplayanexponentialincreasewith a.

Figure5 (left panel)shavsanexamplefor| = 1,v. = v = 1,learningrateh = 0:5, andunbal-

ancedpriorsps = 0:8;p = 0:2. Here,orderparametershichinvolvew |, thatis, R

R +;Q ;0Q+

divergerapidly. Onthecontrary quantitieswhichrelateonly to w. , thatis, R+ ; R+ ; Q4+ , remain
nite andapproactwell-de ned asymptoticvaluesfor a !

This behaior is dueto the factthatthe wrongwinneris alwaysmaoved awvay from the current
datain LVQ+/-training. Clearly, thisfeaturerenderghelearningdynamicaunstableassoonasp. 6
p . Evenin our simplemodelproblem,repulsionwill alwaysdominatefor oneof the prototypes
and,likew inourexample,it will bemovedarbitrarilyfaraway fromtheclustercentersasa ! ¥.
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Figure5: LVQ+/-with| = 1;v, = v = 1,andp; = 0:8.
Left panel: Characteristioverlapsvs. a for learningrateh = 0:5. Solidlinescorrespond
to the analyticalsolution Eq. (37) of the ODE for initialization w, (0) = w (0) = O.
SymbolsrepreseniMonte Carloresultsfor N = 100 on averageover 100runs. Standard
error barswould be smallerthanthe symbolsize. Curves and symbolscorrespondo
Q ()Qu ()R ()R+(B)R ( )R +( ) andQs (4).
Right panel: Learningcurvesegg(a) for threedifferentratesh = 2:0;1:0, and0:5 (from
left to right). The generalizatiorerror displaysa pronouncedninimum at intermediate
a andapproacheshe trivial valueeg = minf p,;p g asymptoticallyfor a! ¥. The
insetshavs the asymptotidoehaior eg(&) in thesimultaneousimit h! 0,a! ¥ with
rescalec = ha.

Thedivergentbehaior is alsoapparentn Figure6, which displaysexampletrajectoriesof w
in thelimit h ! 0, projectednto theB -plane.The projectionsof prototypedollow straightlines,
approximatelyPrototypew. , representindghe strongerclusterin this case approachea stationary
positionatthe symmetryaxisof thedensity(1). Forw thelessfrequentpositive updategrom the
wealer clusters = 1 cannotcounterbalanceherepulsion.

Theresultingclassi cationschemdor a ! ¥ istrivial: All datawill beassignedo the classof
the strongercluster Hence the asymptoticgeneralizatiorerror of unmodi ed LVQ+/- is given by
minf p; ; p gin ourmodel,independensdf thelearningrateh. This canalsobeseenin thelearning
curvesdisplayedn Figure5 (right panel).

Note thatthe behaior is qualitatively differentfor the singularcaseof balancedpriors p. =
p = 1=2, seeEq.(38)in the appendixfor the correspondingnalyticsolutionof the ODE. First,
the increaseof orderparametersvith a, which is exponentialfor p. 6 p , becomedinear (Rss)
or quadratic(Qsr) in a for equalpriors. Second both prototypesmove to in nity , thatis, away
from thedata,asa! ¥. In avisualizationof the learningdynamicsin the spirit of Figure6, the
trajectoriesbecomeparallelto the symmetryaxisasp+ = p . It is interestingto notethat,in spite
of this divergence,the correspondinglecisionboundaryis optimal in the singularcaseof equal
priors.
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Left panel: Projectedrajectoriefor modelparameters = 1.2;p+ = 0:8;v. = v = 1.

Cluster centerscorrespondtio open circles, the short dotted line marks the bestlin-

ear decisionboundary Solid (chain) lines shaov the trace of prototypew. (w ), re-

spectvely. Filled symbolsdisplay the position after early stoppingin the minimum

of e4(&), shortsolid lines mark the projectionof the respectie decisionboundaries.
Squarescorrespondto the positionsobtainedfrom w (0) = 0 (a), full circles mark
the resultsfor initialization (b) with an offset from the origin andthe (B+ ;B )-plane:
Ri+ =R + =0R. =05R =07,Q: =0;Qsr = 1:8Q = 2:9: Inbothcases,
w; approacheshe samestationaryposition on the symmetryaxis, while w  displays
divegentbehaior as& = ha increases.Note that the decisionboundaryobtainedby

early stoppingin case(b) appeardo be closeto optimalin the projection. However, it

is tilted stronglyin the remainingdimensionsasindicatedby the violation of condition
(16). Consequentlyeg °° is higherfor (b) thanit is for initialization (a).

Right panel: Generalizatiomarroreé,tOID of idealizedearlystoppingasafunctionof p, for

| = 1andequalvariances, = v = 1. Thedottedline correspond$o thebestlinearde-
cisionboundary The solid line marksthe outcomeof LVQ+/- with early stoppingwhen
prototypesareinitializedin theorigin, casg(a) in theleft panel whichis alsodisplayedn

Fig. 4. Thedashedine representthefarfrom optimaleé,tOp for anexampleinitialization

with anoffsetfrom theorigin, case(b) in theleft panel.

4.2.2 EARLY STOPPING

Severalheuristicstratgieshave beensuggesteih theliteratureto curethedivergentbehaior while
keepingthe essentiaingredientsof LVQ+/-;

Onepossiblemeasurghatcomesto mind immediatelyis to let the updateof the wrongwinner
dependexplicitly onits distanced" from the data. The divergenceshouldbe muchwealer or even
seize,provided the magnitudeof the updatedecreasefastenoughwith d" or if it is cut off ata
maximumdistancedmax.

Anotherpopularstratey is to updateonly from datathatfalls into a window closeto the cur-
rent decisionboundary that is, closeto the midplanebetweenthe prototypes(Kohonen,1997).
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Figure7: Learningfrom mistales(LFM)
Left panel: Projectedprototypetrajectoriedor LFM with h = 1 andall otherparameters
asin Fig. 6 (left panel). The initial behaior for small a is similar to that of LVQ+/-.
Asymptotically both prototypesapproactstationarypositions(solid dots)which arenot
on the symmetryaxis of the distribution (dashedine). Note that only the projections
of (wy w ) becomeparalleltol (B B ) asa! ¥. Whiletheactualw (a! ¥)
dependon h asdiscussedn thetext, the asymptotiodecisionboundary(shortsolid line)
doesnot.
Right panel: gg(a) for LFM with modelparameter$ = 3;p. = 0:8;v+ = 4;,v = 9and
learningratesh = 2:0; 1:0; 0:5 (from left to right). All learningcurvesapproactthesame
h—independenasymptotiwalueegm. Notetheoffseton the gg- axis.

Providedthedecisionboundarybecomesimilar to the Bayesoptimalonein the courseof learning,
examplesx from this region would satisfyp+ P(xj+ 1) p P(xj 1), then.In effect, the system
would betrainedfrom balancedlata,which signi cantly slows down the divergence seetheabove
considerationfor LVQ+/- with p. = p .

In principle, thesestratgjies canalso be studiedwithin our framework by consideringappro-
priatemodi cations of the modulationfunction, Eq. (5). Preliminaryresultsindicate however, that
bothideasimprove corvergenceandgeneralizatiorability of LVQ+/- only to avery limited extent.
In addition,oneor several parametersfor example,the cut-off distancednax Or the window size
have to be carefullytunedto achieve the desiredeffect.

Moreover, bothvariantsaregenericallyoutperformedy a conceptuallysimplerearly stopping
stratgy. Theideais to stopthelearningprocessaissoonasthe divergentbehaior startsto increase
the generalizatiorerror. This doesnot requirethe ne-tuning of additionalparametersHowever,
in ary practicalsituation,onewould have to monitor ey in a testsetof datawhich is not usedfor
training.

Genericlearningcurvesof LVQ+/-, seeFigure5, displaya pronouncedninimum beforethey
approachthetrivial asymptotiovalueeg = minf p: ; p g. Weareinterestedn thebestgeneralization
erroref,tolo thatcouldbe achiered, in principle, by anidealizedearly stoppingmethod. In contrast
to(a! ¥)-asymptoticpropertiesthe dynamicsfor intermediatea will dependon initialization,
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asdiscussedelav. This concernsalsothe depthof the minimum,which canoccurat rathersmall
a. For theclustergeometryconsideredhereandinitialization asgivenin Eq. (13),we nd thatthe
lowestvaluesof gy areindeedachieredfor ®= 0. In this settingtheeffect of the rst exampless a
veryfastalignmentof (w, w ) with the symmetryaxisof the modeldensity(1). Hence we rst
considerprototypeswhich areinitialized preciselyin the origin w; (0) = w (0) = 0 andwithout
offsetfrom the planespannedy B, andB . We obsenre furthermorethatthe respectie value of
g in theminimumdecreasewith decreasindn. For the comparisorwith otheralgorithmswe will
thereforeresortto thesimultaneousmit h! 0;a! ¥ asfor LVQ1.

In our model,it is straightforvard to obtainpreciselythe minimum of thelimiting eg(&) from
the analytic solution, Eq. (37). The resultea“’p is displayedasa function of p; in Figure4 for
two differentchoicesof v, andv . In the caseof equalvariances/, = v we nd thatLVQ+/-
with early stoppingis relatively closeto the bestpossibleeg'd. However, it is outperformedy the
asymptoticresultof LVQ1 for all p;. Note thatboth algorithmsyield the optimal classi cation
schemaen thesingularcasep, = p = 1=2andv,; = v .

For datawith v, 6 v , we nd thatel® > ey* for smallandlarge valuesof p. , seeFigure4

(right panel)for anexample.In the caseof balancedriors, thelearningcurve of LVQ+/- doesnot
displaya minimum but approacheshe optimal valueegIOI quite rapidly. For clusterweightsin an
interval aroundp: = 1=2, theresultof the early stoppingproceduras superiorto thatof LVQ1.

It is importantto notethatour analysisrefersto anidealizedearly stoppingprocedurébasecdbn
perfectknowledgeof the currenteg. On the contrary the basicLVQ1 givescloseto optimal per
formanceindependenof initial conditions,without adjustmenbf parametersindwithout explicit
estimationof thegeneralizatiorerror.

Our resultsshav that LVQ+/- with favorableinitialization outperformsotheralgorithmswith
respecto behaior for smalla, thatis, with respecto learningfrom smalltraining sets.Note, for
instancethattheminimain thelearningcurve eg(a) asdisplayedn Fig. 5 canoccuratverysmalla,
already While LVQ1, for example achiesesbettera ! ¥ asymptotiogeneralizationacomparison
of the learningcurves shaws that it is often inferior for small and intermediatevaluesof a. A
systematicomparisornis dif cult, however, sincethe effectwill dependstronglyontheconsidered
initialization. Neverthelessthe useof LVQ+/- type updatesn the early stagesof training or for
limited availability of exampledataappeargpromising.

The crucialin uence of theinitialization is illustratedin Fig. 6. As anexample,we consider
theinitialization of prototypeswith anoffsetfrom the origin and,moreimportantly from the plane
spannedy the clustercenters.Again, learningcurvesdisplaya minimumin the generalizatiorer-
ror. However, theobtainedbestvalueof eg"p is farfrom optimal,asdisplayedn Fig. 6 (right panel).
Asymptotic propertiesof the consideredalgorithmsareindependenof initial settingsand,hence,
represengenericbehaior in theframeof our modelsituation.Onthecontrary theabove discussed
resultsfor earlystoppingarehighly sensitve with respecto initialization anddemonstrateat best,
the potentialusefulnessf the strateyy.

4.3 Learning from Mistakes

In the following, resultsarepresentedor the LFM trainingalgorithmwith andwithout a selectve
window.
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Figure8: Learningfrom mistaleswith window (LFM-W)
Left panel: Learningfrom equalvarianceclusterswithv, = v= 1,1 = 1, andlearning
rateh = 1. Achieved(a! ¥) asymptoticgeneralizatiorierrore'gfm " asafunctionof ps
for differentrescaledvindow sizes;fromtopto bottom:d! ¥ (solidline, LFM), d= 6,

d= 5,andd = 0:25(dottedlines). Thelowest,dashedine marksthe bestpossible)'.

Right panel: Asymptoticgeneralizatiorerrore'gfm " asafunctionof thewindow sized
for prior weight p, = 0:6 andlearningrateh = 1. The dashedine correspondso data
with v, = v = 1andl = 1, thesolid line referstov, = v = 5andl = 2. Already
in symmetricsettings,the locationof the optimalwindow sizedependsstronglyon the
propertiesof the data.Notethe offseton the eg-axis.

431 LFM

The basicideaof the LFM procedurecf. Section2.3 (c), is reminiscentof mary prescriptiondor

perceptrortraining (e.g.,Watkin et al., 1993; EngelandvandenBroeck,2001;Biehl andCaticha,
2003).An LVQ+/- type of updateis performedonly if the currentcon gurationwould misclassify
the example.Numericalintegrationof the correspondingdDE, Eq. (36), shavs thatLFM doesnot

displaythe divergentbehaior of LVQ+/-.

In contrastto LVQ1 andLVQ+/-, thetypical learningcurvesof LFM displaya monotonicde-
creaseof gy(a), seetheright panelof Figure7 for exampleswith threedifferentlearningrates.An
importantfeatureis thatthe (a ! ¥)-asymptoticgeneralizatiorerror of LFM learningdoesnot
depenconh.

Figure7 (left panel)shavs exampletrajectoriesof the prototypesn theB -plane. The beha-
ior for small a is similar to that of LVQ+/-: Prototypesmove away from the origin in opposite
directions,initially. However, the attractionto (or repulsionfrom) the clustercenterdbecomedess
importantin the courseof learning. Emphasigs on correctclassi cationof the data,the aspecof
clusterrepresentatiom the sensef VQ is essentiallyabsent.

Eventually the projectionsof the prototypesassumepositionsalonga line which is parallelto
the symmetryaxis| (B B ). However, the violation of condition (16) indicatesthatw, and
w themselesdo not lie in the two-dimensionabubspacespannedy the clustercenters.Here,
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the stationarityof order parametersand generalizatiorerror doesnot imply corvergenceof the
prototypevectorsthemseles. Evenin thelimit a! ¥, they will uctuate within the subspacef
RN RN thatis compatiblewith the asymptoticvaluesof f Rss ; Qsr 0.

Clearly, the precisetrajectoryandthe nal outcomeof LFM dependson the initialization of
prototypes.It will determinefor instancethe relative positionof w, andw parallelto the con-
nectionof clustercenters. Theactualasymptotioccon gurationof orderparameterandprototypes
dependgurthermoreon thelearningrateh. However, all thesecon gurationssharethe samegen-
eralizationerror Thelearningrate merelycontrolsthe magnitudeof the uctuations orthogonalo
f B: ;B g andtheasymptoticdistanceof prototypesrom the decisionboundary This corresponds
to the obsenationthatthe following combination®f orderparameterfecomeproportionalto h in
thelimita! ¥:

p
+=Ru R4 71T =R R ;0=Qu Q ;d= Qu 20+ +Q 17)

which resultsin anh-independenasymptoticgeneralizatiorerror, Egs.(14,15),This nding_also;
impliesthattheanglebetweer(w. w )and(B:. B ) whichisgivenbyarccos (r+ +r )= 2d)
becomesndependenof thelearningratefora ! ¥.

The quantityd in (17) measureshe distancgw, w j andvanishedor h! 0. Hence,the
prototypeswill coincideandthe consideratiorof thislimit togethemwith a! ¥ is notusefulin the
caseof LFM.

The mathematicahnalysisof the stationarystaterevealsanotherinterestingfeature: One can
shawv that x edpoint con gurationsof the systemof ODE for LFM, Eq. (36), satisfythe necessary
condition

pre. = pe:

Thatis, the two contritutionsto the total eg, Egs.(14,15),becomeequalfor a! ¥. As acon-
sequencel.FM updateswill be basedon balanceddata,asymptotically asthey arerestrictedto
misclassi edexamples.

While learningfrom mistalesappearso beavery plausibleconceptandcuresthedivergenceof
LVQ+/-, theresultingasymptotiqgeneralizatiorability e'gfm turnsoutratherpoor. Thechainlinesin
Figure4 marke{;,fm for two differentmodelscenariosNot only is LFM outperformedy the basic
LVQ1 andLVQ+/- with earlystopping for smallandlargevaluesof p. its generalizatiorerrorcan
evenexceedthetrivial valueminf p;;p g.

It is importantto notethatthe above resultsapply only to the crisp (LFM) versionof RSLVQ
(SeoandObermayer2003). It is very well possiblethattruly soft schemeslisplaya muchbetter
generalizatiorbehaior in our model situation. In fact, it hasbeendemonstratedhat RSLVQ
performssigni cantly betterthanthe crisp LFM andotherLVQ algorithmsin practicalsituations
(SeoandObermayer2003).

4.3.2 LFM-W

Ouranalysisshavsthattheintroductionof awindow for theselectiorof data,asde nedin Sec.2.3
(d), bearghepotentialto improvethegeneralizatiodehaior of LFM drastically Themathematical
treatments to alarge extentanalogougo thatof the unrestricted.FM procedureseeAppendixA
for detalils.
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Qualitatively, thetypicallearningcurvesRg (a); Qsr (@) of LFM-W andthe correspondingro-
jectedtrajectoriesalsoresemblehoseof unrestricted_.FM. Note,however, thatthe stationarygen-
eralizationerrore'gfm " of LFM-W doesdependon the learningrateh, in contrastto the results
displayedn Figure7 (right panel)for LFM withoutwindow.

A detaileddiscussiorof LFM-W will be presentectlsevhere. Here,we focuson therole of
thewindow parameted. Figure8 (right panel)displaysthedependencefthe(a! ¥) asymptotic
e'@,fm " for constaniearningrateh = 1:0 andexamplesettingsof the modelparametersFor very
larged, thesuboptimalesultsof unrestricted. FM arerecoveredandalsofor d!  Otheperformance
deterioratesEvidently, anoptimalchoiceof d existswhich yieldsthe bestgeneralizatiorbehaior,
givenall otherparametersNote thatthe precisepositionof the optimumandthe robustnesswith

respecto variationof d dependstronglyon the propertiesof the data.

We restrictoursehesto demonstratinghat the performancecanimprove drasticallyin com-
parisonwith unrestricted.FM. Figure8 (left panel),shavs the stationarygeneralizatiorerrorasa
function of the prior weight p. for several ( x ed) window sizesin an examplesetting. Note that
e'gfm " for properlychoservaluesof d is signi cantly lower thanthatfor unrestricted.FM, thatis,
d! ¥,

The evaluationof the truly optimal generalizatiorerrorin the frame of our modelis beyond
the scopeof this publication.In aspeci ¢ learningproblem,thatis, for a particularchoiceof | ;v
andp in ourmodel,thetrainingalgorithmis to be optimizedwith respecto the two-dimensional
parametespaceof h andd. Suchanoptimizationwouldbedif cult to achiesein practicalsituations
andrequiresophisticatedralidationtechniques.

5. Summary and Conclusion

We haverigorouslyinvesticatedseveralbasicLVQ algorithms:theoriginal LVQ1, LVQ+/- with and
without early stopping,learningfrom mistales(LFM), andLFM-W which includesan additional
window rule. The analysisis performedby meansof the theory of on-line learningin a simple
thoughrelevantmodelsetting.

It canbeseenthatLVQ+/- usuallydisplaysa divergentbehaior wheread VQ1 andLFM pro-
cedurescornverge towards x ed positionsof the order parameters.These ndings correspondo
obsenationsin practicalsituations.

Therespectre convergencespeeddepend®n thelearningratein all casesThe sameholdsfor
thequality of theresultingclassi er for LVQ1, LVQ+/- with early stopping,andLFM-W. For LFM
without a selectve window, on the contrary the generalizatiorability of the stationarysettingis
independenbf the choiceof the learningrate. It shouldbe mentionedthat the trajectoriesof the
prototypesneednot be the shortestowardsthe nal positionand,often, initial overshootingasin
LVQ1 canbeobseredif theclassearenotbalanced.

Even moreinterestingthantheir dynamicalbehaior is the generalizatiorability achieved by
the algorithms. LVQ1 turnsout to yield surprisinglygoodresults,not very far from the optimum
achievableerrorfor this classof problems.

The outcomeof LVQ+/- with early stoppingcan be closeto or even slightly betterthanthe
a! ¥ asymptoticperformanceof LVQ1. However, it dependsstronglyon initialization andthe
detailedpropertiesof the data. LVQ+/- like stratgiesappearparticularlypromisingfor theinitial
phaseof trainingor whenonly a very limited training setis available.
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Therobustnes®f LFM asa crispversionof RSLVQ is clearlydemonstratetdy thefactthatits
asymptotidoehaior is not affectedby the magnitudeof thelearningrate. However, quite unexpect-
edly, it shavs ratherpoor generalizatiorability, which is eveninferior to atrivial classi cationfor
highly unbalancediata.We demonstrat¢éhata properselectionof examplescloseto thecurrentde-
cisionboundaryasin LFM-W canimprove thegeneralizatiorperformancelrastically Presumably
similarimprovementcould be achieved by emplo/ing RSLVQ with a softassignmenassuggested
by SeoandObermayef2003). In practicalsituations both schemesvould requirethe carefultun-
ing of aparameterthatis, the softnesor window size,in orderto achieze goodgeneralizationWe
will addresghedetailedanalysisandoptimizationof LFM-W andRSLVQ in forthcomingstudies.

A few of ourresults for instanceheinstability of LVQ+/-, mayappeamplausiblefrom elemen-
taryreasoningOthersareclearlyfarfrom obviousanddemonstratéheusefulnessf our systematic
approachWe shaow, in particularthegoodgeneralizatiorability of theoriginal LVQ1 learningrule.
It doesnotfollow thegradientof awell-de ned costfunctionbut outperformsseveralalternatve al-
gorithms. Therelatively poorperformancef the highly intuitive LFM training constitutesanother
non-trivial insightobtainedrom our analysis.

Our modelis currentlyrestrictedto two unimodalclassesandtwo prototypesa casein which
the mathematicahnalysisis feasiblebut which is far away from typical settingsin practice.Nev-
erthelessthis investigation yields relevant insightsinto practicalsituations. One can expectthat
an algorithmwhich doesnot yield a good generalizatiorability in this idealizedscenariois also
inappropriateor more comple, practicalapplications.In this sensethe investigation providesa
meaningfultestinggroundfor the succes®f learningalgorithms.

Frequentlyatmosttwo prototypesareupdatechta giventime stepalsoin largerLVQ networks.
Hence suchsystemsanbeinterpretedasa superpositiorof pairsof prototypeswithin classesand
atclassborders.Within classesa simplevectorquantizatiortakesplace,ascenariovhich hasbeen
investicatedusingthe sameframework (Biehl etal., 1997;Ghoshet al., 2004). At clusterborders,
thesituationinvesticatedin this articleis relevant. However, therole of further, complicatingeffects
in the dynamicsof the superpositiorof thesesimple subsystemsasto be studiedin forthcoming
projects. Also, the explicit extensionof the theoreticalframewvork to multi-class,multi-prototype
problemss feasibleundersimplifying assumptionslt is currentlyin the focusof our efforts.

Basedontheformalismpresentedh this article,a variety of furtherresearctbecomegpossible.
Naturally the consideratiorof alternatve LVQ schemess necessary Learningruleswhich also
changeahe metricduringtraining suchasthe oneproposedy HammerandVillmann (2002)seem
particularly interesting. However, it is not obvious how highly nonlinearadaptationschemesor
algorithmswhich singleout speci ¢ datacomponentganbe treatedwithin our theoreticalframe-
work.

Theultimategoalof thiswork is thedesignof robustandreliableLVQ algorithmswhich provide
optimal generalizatiorability. One stepinto this directionwould be the on-line optimizationof
algorithmparametersior example,the learningrate,basedon the obsered behaior in the course
of training. Note thatthis canbe donesystematicallyby meansof anoptimizationof the learning
curve with respectto the learningrate in our setting. Even more promising, one can formally
optimizetheactualupdatefunctionsfs of thelearningrule with respecto thegeneralizatiorability
gainedper example. This shouldbe possiblealongthe lines of variationaloptimizationasit has
beenappliedin thetrainingof perceptron®r multilayeredneuralnetworks(e.g.,Saad,1999;Engel
and van den Broeck, 2001; Biehl and Caticha,2003). An alternatve could be the construction
of on-line prescriptionswithin a Bayesianframework, asit hasbeenemplg/edin the context of
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perceptrortraining (for furtherreferencegonsult:Saad,1999). Evenif practicalimplementations
turn out to be dif cult, theseinvesticationswould help to identify the mostimportantfeaturesof
successfublgorithms.Hence this line of researctshouldstrengtherthe mathematicafoundation
of LVQ training.

Appendix A. The Theoretical Framework

Herewe outlinekey stepsof thecalculationgeferredto in thetext. Importantaspect®f theformal-
ismwere rst usedin the contet of unsupervisedectorquantizationBiehl etal., 1997). Someof
the calculationgresentedherewererecentlydetailedin a TechnicalReport(Ghoshetal., 2004).

Throughouthis appendixindicesl;m;k;s;s 2 f 1g (or for short)representhe classlabels
andclustermembershipsWe alsousethe shorthand

Qs=Q(d s diy)

for theHeavisidefunctionin LVQ1. We furthermoreemploy the notations

82=Q(ds ds) and ®=Q(ds ds d) (18)

for thecomplementariHeavisidefunctionin LFM andthemodi ed updateof LFM-W, respecitiely.

A.1 Statisticsof the Projections

To a large extent, our analysisis basedon the obsenation that the projectionsh = w x and
b = B xarecorrelatedsaussiamandomquantitiesfor avectorx dravn from oneof theclusters
contrikbuting to the density(1). Wherecorvenient,we will combinethe projectionsinto a four-
dimensionalectordenotedasx = (h:;h ;bs;b )T.

We will assumemplicitly thatx is statisticallyindependentrom the consideredveightvectors
w . Thisis obviouslythecasedn ouron-lineprescriptiorwherethenovel examplex* is uncorrelated
with all previous dataand hencewith w" ! For the sale of readabilitywe omit indicesp in the
following.

The rst andsecondconditionalmomentsgivenin Eq. (11) are obtainedfrom the following
elementaryconsiderations.

First Moments
Exploiting the above mentionedstatisticalindependencee canshov immediatelythat

H1|ik= hN| Xik =W h>(ik =W (| Bk) = | R|k2 (19)
Similarly we getfor by:
|’b|ik = |’B| Xik = B hXik = B (| Bk) = | d|k; (20)

wheredk is the Kronecler deltaandwe exploit thatB. andB areorthonormal.Now the condi-
tionalmeangy, = hxi, canbewrittenas

Ek=+1:| (R++,R +;1;O)T and Ek: 1=| (R+ ‘R ,O,l)T (21)
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SecondMoments
In orderto computethe conditionalvarianceor covarianceth hyix  hhyighhmi we rst consider
theaverage

* ! |+
N N
Mol = W)W )= @ Wi @ (wm)j(9);
. i=1 =1
N NN -
= a W)iwm)i¥)ix)i+a a  (W)i(wm)j(x)i(x);
i=1 i=1j=1j6i K
N NN
= aWw)iwm)inx)ixiikta a  (W)i(wm)jh(x)i(x)jik
i=1 i=1j=1]6i
N NI
= A W)iwm)ivic+ 12(Bi(Bil + & &  (W)i(wm)jl 2(Bi)i(BW);
i=1 i=1j=1]6i
N N
= vied (W)i(Wm)i + 1 28 ()i (Wm)i (Bk)i (B)i
i=1 i=1
NI
+124 a  (W)i(wm)j(BW)i(B)j

i=1j=1]8i
= VM Wi+ | 2(W B)(Wim Bi) = WQim+ | 2RkRmk:

Herewe have usedthatcomponent®f x from clusterk have variancevix andareindependentThis

h(x)i (X)iiy hOQ)ity N(Xily = vic ) h(X)i ()il = Viet h(X)ii (X)ii . ;
and (X)i(¥)j , = hx)ii, (x)j , forié j:
Finally, we obtainthe conditionalsecondnoment
by b i = WeQim+ 1 ?RiRmic | *RicRmik = Vi Qim:
In ananalogousvay we get
hobmix  Hoikhbmik = wdim and hhbmix  bhyighomix = WWRim:

The above resultsare summarizedn Eg. (11). The conditional covariancematrix of x canbe
expresseaxplicitly in termsof the orderparameterssfollows:

0 1
Q++ Q+ Ri+ R

Qs Q R+ R §
R+ R4 1 0 '
R+ R 0 1

Ck: Vi

Theconditionaldensityof x for datafrom classk is aGaussiarN(Hk; Cv) whereHk is theconditional
mearnvector Eq.(21),andCy is givenabove.
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A.2 Form of the Differ ential Equations

Here, the differential equationsfor f Rss; Q¢g are given for LVQ1, LVQ+/-, LFM, and LFM-W,
beforeGaussiaraveragesareperformed.

A.2.1 LVQ1

In the caseof the LVQ1 algorithmthe genericform of the coupledsystemof ODE (Eq. (12)) yields

thefollowing system:
!

d . .
Cam = h oI fsbQi QiR
Qnm _ | shoai Qi hshiQmi  FSQmi
da mQil QiiQm +m | Qmi QmiQim
I
+hdm & VspshQiis (22)
s= 1
A.2.2 LVQ+/-
In the caseof LVQ+/- EQ. (12) resultsin thefollowing systemof coupledODE:
!
d . .
% = hl bsbny MmiRL ;
!
da h Ihshy  1BIQm+ mshi  mhsiQm+ him g psvs (23)
s= 1

A.2.3 LFM
With themodulationfunctionfor LFM, Eq. (12), andusingQg from Eqg. (18) we obtain
!

Lj;m = hl rsbn®i &Ry ; (24)
!
T = b rshoRSi (1+ mSREiQn+ mhshBZi + Imh & povsSis
s= 1
A.2.4 LEM-W

For themodulationfunctionof the LFM-W algorithmin Eg. (12) we obtain
!

dRim

aa = NI rebn(® 80 (O O)iRm ; (25)
d(% = h Ihn(®2 8 (+mms®? 8)iQm+ msh (@2 89
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+imh § psvsh(®2 8d)is ;

s= 1

wherng andégI arede ned in Eq. (18). Notethatfor d! ¥ we recover Eqgs.(24) for LFM as
Iimd! ¥ Qd = 0.

A.3 GaussianAverages

In orderto obtainthe actualODE for a given modulationfunction, averagesover the joint density
P(h.;h ;bs;b ) areperformedfor LVQ1, LVQ+/-, andLFM.

A.3.1 LVQ+/-
Theelementaryveragesn Eq.(23) aredirectly obtainedirom Eqgs.(19,20)andread:

tsbmi = & Spsld ms; hshmi= & SPsl Rus; hsi= & sps: (26)

s= 1 s= 1 s= 1

A.3.2 LVQ1

In the systemsof ODE presentedn Eq. (22) we encounteHeaviside functionsof the following
genericform:

Qs= Qagx by
whichgivesQs= Q(d s dis) = Q(agx bs) with

as= (+2s 250,0)" andbs= (Qisrs Q s o); (27)
Performingthe averagesn Eqgs.(22) involvesconditionalmeansof theform
hX)nQsik and hQsik

where(x),, is then” componendf x= (h,1;h 1;bs1;b 1). We rst addressheterm

2 Z
9nQdk = P~ (.Q(as x be) exp
(det(C) .,

X Tcl d
X W ko X By X

NI =

_ (ZD)ZZ 0 0 1o 40 0
= 7 XFTH Qasx+asp bs exp ox'Gox dx

(det(Ci) ?

with the substitutionx’ = x ..
Letgoz Ck%y, whereCk% is de nedin thefollowing way: Cy = Ck%Ck%. SinceCy is acovariance

1
matrix, it is positve semide niteandCy 2 exists. Hencewe have dx’ = det(C?)dy = (det(Cy)) %dy
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and
(X)nQsiy =
z
I Cly+ 1 -
T )2 4(CkX)nQ as Giy+tag | bs exp EXZ dy+ (K )nMQsik
R
1 %2 1 1 1 .
= == a @)y Q asCly+tasp bs exp y* dy+ (14 )nhQsik
= I+(Ek)nrQsik (introducingthe abbreviation I). (28)
Now considertheintegralscontributingto I:
‘ ; Lo
lj = (Ck)nj(y)JQ as Gey*tas pe bs exp S(y)7 dy);:
R

R R
We canperformanintegrationby parts, udv= uv  vdu, with

1 1 1
=Q as CGy+as p bs i v=(Cnep S
)l 3
du= @Q dag Ck¥+ dag Ek bS d(y)]

dv= ( )(Ck%)nj(y)jexp %(y),2 d(y);; andobtain

2

= QaCGyrau b Cnen 50N
| {z f

n 0
7 #

1 : 1,2 .
R(Ck)n,.ﬂ(y)j Q as Gy+tas p bs  ep SO d);

Z
5 T 3 1 .
) (Ck)m@ Q as &ytas B bs exp E(X)JZ d(y)j:

In total we get

s L AChy T o achray b oep I d
(20)2 2 gy, ¢ % T B B 2
I
1 1 4 1 Za 1 1
= > 2a (Conja (ai(Cd)iij d gscﬁy’f@sg( bs exp é}’z dy:
( p) i=1 Ré
z

= (Zp)z(ckﬁs)n d as Ck%y"' as W bs exp *Xz dy:

R4
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In thelaststepwe have used

(ay)i (Ck)lld(a Ck2y+ as 4, by

Qo

T 1
— C? H by =
ﬂ(X)J Q 8s MYT s K ° i

with the Dirac delta-functiond(:).
Now, notethatexp %f dy is ameasurevhich is invariantunderrotation of the coordinate

1

1
axes.\Werotatethesystemin suchaway thatoneof theaxes,say#, is alignedwith thevectorCZ ag
Theremainingthreecoordinatesanbeintegratedover andwe get

z

1 1 1
= 2|O(ckas)n d kGlakp+as | bs exp ¢ dg:
R
Wede ne . D
&8s = kClak=ag CGas and Bg = ag B bs (29)
andobtain
1 z 1
| = p?p(ck@s)n d as@+ By op S dp
R
Ciagn 1 z 2 .
= = d z+ By ex = = dz (with z= a
2paSk sk p 2 ask ( Sk?)
" #
2
Cion exp = — (30)
2p8ask 2 ask

Now we computetheremainingaveragein (28) in ananalogousvay andget

Z
: 1 1
Msik = P?p Q ase+ Bsk exp é?z dg
R
sk ) X<
- pL ep i de=F Bac  ith F))= dxp—: (31)
2p 2 8k y 2p
Finally we obtaintherequiredaverageusing(30) and(31) asfollows:
" # !
. Ckagn 1 6sk Bsk
X ik = —— eX F — 32
h(X)nQsl g@ P 5 . + (Bn . (32)

Thequantitiesas, andBs, arede ned throughEg. (29) and(27) for LVQL1.

A.3.3 LFM AND LFM-W

In Egs.(24,25)we have to evaluateconditionalmeansof theform

hX)n®%ik; hBSix with thespecialcasesh(x) Q% hBi
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Herewe usethenotation

0! = Qs ds d)=Qhyx BY
0 = QUds ds) =Qhgx BY
withBg = ( 25;+25;0,0T,B9= (Qss Qs s d),andB= (Qss Qs s).

The mathematicastructureis completelyanalogoudo the caseof LVQ1 andwe obtaintheresults
| " |

. Bd, . (Chy 1 BY 2 Bl
di = sk di - H-kEs/n - sk sk .
MRSk = F = and 0.8l é?askexp > By TWNF R o (39)

aswell asthecorrespondingpecialcasesvith d= 0. Here,we have introduced

q
Bl = b, p BY B =h p BY andbg= B Chg

A.4 Final Form of the Differ ential Equations

The full form of the ODE for LVQ1, LVQ+/-, andLFM is obtainedafter insertingthe averages
givenin theprevioussection.

A.4.1 LVQ1
FortheLVQ1 algorith'm,using(31)|§1nd(32), thesystemor ODE reads:
h i
% = hl é S Ps %C%ﬂexp } Bﬁ
da s= 1 2pals 2 &
B i B #
Is o} Is
F o= F ==
+(Hs)”bm a S_als S an. Rm
h h i i
dQim o Ca))n 1 Bs 2 Bis
= h | s — - e - — o+ F —
da s:al Ps %’m P35 an. (M) o ar
o h B o h Ca h 1 B Zi
| 8 sps F 2% Qu+m@ sps pdop I °m
s= 1 s s= 1 2p@ms 2 @nms
Brs | s Bre
+(H ) F e msi':l lSDSF . Qim
dnh? & swpoF O° (34)
s= 1 &s

Here,we usethepreviously de ned abbreiations,Eq. (29),

P
8sk= 8 Gy Bw=as W bs
with as= (+2s 250,007 andbs= (Qists Q s o)

1 ifm=1 3 ifm=1

Furthermore, npm= o itm= 1 and npm = 4 ifm= 1°
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A.4.2 LVQ+/-
Using the averagescomputedn (26) we getthe nal form of the systemof ODE for the LVQ+/-

algorithmasfollows:
!

d ° o
Rm ~ 1 8 spsldms & SPsRm ;

da s= 1 s= 1
dle _ o o o
T = h | a Spism;s I a SpsQIm"'m a SpSIRI;s
a s= 1 s= 1 | s= 1
m & spsQm+him & psvs (35)
s= 1 s= 1
A.43 LFM
The nal form of the systemof ODE readswith Eq. (33)
h h [
dRIm o Ch )n 1 60 2
—— = hl s %7;5 b ex = ==
da S:a.]_ ps 2pass p 2 bSS |
Bgs | 2 h Egs | -
+ F = sps F — ,
(&)nbm bss S:a. 1 pS hss le
h h [ [
dQ|m o Cb )n l BO 2 BO
= h | S =S ey - = 4 F >
da s:al s 2phss g 2 Bss (Bs)nhm fss
| & sps F -5 +m3A s s )M g L Bss
s:al Ps bss Qm szal Ps 2phgs 2 B |
Sgs | 2 h gsi 2 gs '
F = F = Imh F =
+(&)nh| ass mS:a 1Sps hss le+ m S:a 1VSps hss
(36)
q
Herewehaetoinsertsk =  Bs G Bgo= Bg B Be
with B, = ( 25,+25;0,0T andB2=  (Qisis Qs o)
1 ifm=1 3 ifm=1
Ao, hm= 5 gz g ANAMm= e g
A.4.4 LFM-W
The systemof ODE for LFM-W, usingEg. (33),is givenby
h h [
dRim o Ch;)n 1 B 2
—— = hl s —S7Tbm gy -
da 391 ps 2phss p 2 bSS
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o | o h o |
+( &)nbmF bzz a S pS F hzz le
s= 1
h h d i
o 8. )n 1 BY 2
hi S —s/"om - ==
s-al P 2phss P 2 B |
B, | "o !

h h o i o i
On = 1 gosp 2mep 157, ¢ 08
SS

da s= 1 thss é Ss
h o | h h o ol
I é. sps F 7655 Qm+ m é. S Ps gicgs')nm exp I 7855
s= 1 B s= 1 2phgs 2 Bbgs |
Sgs ! 2 h Egsi 2 gs '
+ F = m sps F +1mh V. —
(&)nhl bss Sza 1 Pe bss Qm S:a 1 sPs 8ss
h h d ol d i
o sCh )n 1 BY, 2 B
h | s =8/ Mhm = Vss + F ss
s:a 1 s 2phss P2 85 ) Bss
h gd | Nca,),, N 18 2
| & sps F == +m3a s )M oy = s
s:al P hss Qm s:al P phss P 2 hss |
Bgs ! 2 h Sgsi 2 Sgs .
+ F = m sps F + Imh VspsF =
(K )ng Be 391 Ps F g Qim 391 shsF o

Hereagnin,we haveto insert

q
: Qs Ckag; Sng gs M Bg’ gk: Qs By Bg
with Bg=( 25;+25;0,0)";B= (Qisss Qs s d),andB2= (Qisss Qs &)

1 ifm=1 3 ifm=1

Asaboe, Npm= > ifm= 1 and npm= 4 ifm= 1°

A.5 Analytical Resultsfor LVQ+/-

The systemof ODE (35) canbe integratedanalyticallyandthe solutionsare presentedelav for
initialization of prototypedn theorigin, thatis, Rm(0) = Qim(0) = O:
For corveniencewe usethe parameterization

D, = 1; b. - sz; with thebias p= (2p» 1) 2[ L1]:
In thegenericcaseof unequabriors p6 0, oneobtains
Rwf@) = ol Qe D R @= 510 B ™ 1),
R.(@d) = 21,0'(1+ PP 1; R (a)=21p| (1 p(eaP )
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Qw (a) = 41,26 20p (P 1)212(1+ P+ (2P Dhp(vi(1+ P)+v (1 D)
Q: (a) = 2?)26 b (@ 12121+ PP ae"Ph?p? (v (1+ P)+v (1 D) ;
Q (a) = 4:)2 2P D221+ P+ (P Dhp(v(l+ P+Vv (1 D)
(37)
The specialcaseof equalprior probabilitiesis obtainedn thelimit p! 0:
Rm(a) = im' " a Q|m(a)=lm}h2(alz+v++v)a: (38)

2 2

A.6 The Generalization Err or

Using (31) we candirectly computethe generalizatiorerrorasfollows:

o . o Bkk
&= a Pk k= a p«kF —
k= 1 k= 1 8¢ k

whichyields Eqs.él4,15)in thetext afterinserting
1 -
as = kCiak= " ag Gag Bok = as K bs:

with as= (+2s 250;0)7 andbs= (Qss+s Q s o):
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