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Abstract

Learningvectorquantization(LVQ) schemesconstituteintuitive, powerful classi�cation heuris-
tics with numeroussuccessfulapplicationsbut, so far, limited theoreticalbackground.We study
LVQ rigorouslywithin a simplifying modelsituation: two competingprototypesaretrainedfrom
a sequenceof examplesdrawn from a mixture of Gaussians.Conceptsfrom statisticalphysics
andthetheoryof on-line learningallow for anexactdescriptionof thetrainingdynamicsin high-
dimensionalfeaturespace.Theanalysisyieldstypical learningcurves,convergenceproperties,and
achievablegeneralizationabilities.This is alsopossiblefor heuristictrainingschemeswhichdonot
relateto a costfunction. We comparetheperformanceof severalalgorithms,includingKohonen's
LVQ1 andLVQ+/-, a limiting caseof LVQ2.1. The formershows closeto optimalperformance,
while LVQ+/- displaysdivergentbehavior. We investigatehow earlystoppingcanovercomethis
dif�culty . Furthermore,we studya crispversionof robust soft LVQ, which wasrecentlyderived
from a statisticalformulation.Surprisingly, it exhibits relatively poorgeneralization.Performance
improvesif awindow for theselectionof datais introduced;theresultingalgorithmcorrespondsto
costfunctionbasedLVQ2. Thedependenceof theseresultson themodelparameters,for example,
prior classprobabilities,is investigatedsystematically, simulationscon�rm ouranalytical�ndings.

Keywords: prototypebasedclassi�cation,learningvectorquantization,Winner-Takes-All algo-
rithms,on-linelearning,competitive learning

1. Intr oduction

The term learningvectorquantization(LVQ) hasbeencoinedfor a family of algorithmswhich is
widely usedin the classi�cationof potentiallyhigh-dimensionaldata. Successfulapplicationsof
LVQ includesuchdiverseproblemslikemedicalimageor dataanalysis,faultdetectionin technical
systems,or theclassi�cationof satellitespectraldata(Bojer et al., 2003;Kuncheva, 2004;Schleif
et al., 2006;Villmann et al., 2003).An up to dateoverview andextensive bibliography is available
ata repositorywhich is maintainedby theNeuralNetworksResearchCentre,Helsinki (2002).

Thepopularityof theapproachis dueto severalattractive features:LVQ proceduresareeasyto
implementandintuitively clear. Thismakesthemparticularlyinterestingfor researchersandpracti-
tionersoutsidethemachinelearningcommunitywhoaresearchingfor robustclassi�cationschemes
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without theblack-boxcharacterof many neuralmethods.Theclassi�cationof LVQ is basedon a
distancemeasure,usuallytheEuclideandistance,whichquanti�esthesimilarity of givendatawith
so-calledprototypeor codebookvectorsrepresentingthe classes.The prototypesaredetermined
in a training processfrom labeledexampledataandcanbe interpretedin a straightforward way
asthey captureessentialfeaturesof thedatain thevery samespace.This is in contrastwith, say,
adaptive weightsin feedforward neuralnetworks or supportvectormachineswhich do not allow
for immediateinterpretationaseasilysincethey areembeddedin a differentspaceor at atypical
borderlinepositionsof thedatainsteadof typical regions.Otherveryattractive featuresof LVQ are
thenaturalway in which it canbeappliedto multi-classproblemsandthefact that thecomplexity
of LVQ networkscanbecontrolledduringtrainingaccordingto thespeci�c needs.

In general,severalprototypescanbeemployedto representoneof theclasses.In simplehard
or crisp schemes,a dataor featurevectoris assignedto the closestof all prototypesandthe cor-
respondingclass. Extensionsof this deterministicschemeto probabilisticsoft assignmentsand
classi�cationarestraightforward but will not be consideredhere. Plausibletraining prescriptions
exist whichmostlyemploy theconceptof competitive learningandadaptationby meansof Hebbian
terms.Prototypesareupdatedaccordingto their distancefrom givenexampledata.Thereby, given
a trainingpattern,theclosestprototypevectoror a setof closestvectors,theso-calledwinnersare
identi�ed. Thesevectorsarethenmovedtowards(away from) thedataif their classlabelcoincides
with (differsfrom) thatof theexample,respectively.

Both, trainingalgorithmsandtheresultingclassi�cationschemesarefairly easyto implement
andfast.In practice,thecomputationaleffort of LVQ trainingusuallyscaleslinearlywith thetrain-
ing setsize,andthatof classi�cationdependsonly onthe(�x ed)numberof prototypesandtheinput
dimensionality. Furthermore,trainingis incremental,suchthattheadaptationof aclassi�er to novel
datawhich becomesavailableaftera �rst trainingphaseis straightforward.Despitethis simplicity,
LVQ is verypowerful sinceeveryseparatinghypercurvecan,in principle,beapproximatedby LVQ
networks with suf�ciently many prototypes.Furthermore,recentvariationsof LVQ allow for the
incorporationof problemspeci�c metricsor kernelswhichcanbeadaptedduringtrainingsuchthat
very few prototypescanmodelquitecomplex behavior (Hammeretal., 2005b,c).

However, thetheoreticalunderstandingof theconvergenceproperties,stability, andachievable
generalizationability of many LVQ algorithmsappearsfairly limited. Many LVQ procedures,in-
cludingKohonen's original formulation(LVQ1) arebasedon heuristicarguments.A largevariety
of modi�cationsof thebasicschemehavebeensuggestedwhichaimat larger�e xibility , fastercon-
vergenceor betterapproximationof Bayesiandecisionboundaries,suchasLVQ2.1,LVQ3, OLVQ,
RSLVQ, or GLVQ (Kohonen,1997,1990;Pregenzeretal.,1996;SatoandYamada,1995).Clearly,
theultimategoalof training is goodgeneralization,that is, thecorrectclassi�cationof novel data
with highprobabilityaftertraining.However, theabovementionedalgorithmsdiffer considerablyin
their learningdynamics,stability, andgeneralizationperformance,while thetheoreticalbackground
of thisbehavior is hardlyunderstood.

Recently, a few attemptsto put LVQ typealgorithmson solid mathematicalgroundshave been
made.Remarkably, LVQ-typeclassi�ersfall into theclassof large-margin algorithmswhich allow
for dimensionalityindependentgeneralizationbounds,aspointedout�rst by Crammeretal. (2003).
Here,the termmargin refersto theso-calledhypothesismargin of anLVQ classi�er: thedistance
the classi�cationboundary, that is, the respective prototypes,canbe moved without changingthe
classi�cation of the given datapoints. Similar boundscanalsobe derived for recentvariantsof
LVQ which substitutethe standardEuclideanmetric by an alternative adaptive choiceinvolving
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relevancefactors(Hammeret al., 2005a;HammerandVillmann,2002).Thus,LVQ typenetworks
seempromisingcandidatesfor theclassi�cationof high-dimensionaldatasets.

However, standardLVQ trainingdoesnot directly aim at anoptimizationof themargin or even
an optimizationof the classi�cationerror, usually. Rather, the learningalgorithmis often purely
heuristicallymotivatedanddoesnotdirectly follow any learningobjectiveor explicit costfunction.
Apart from the fact that thequality of generalizationin thesemethodsis thereforenot clear, often
dynamicalproblemssuchasdivergenceof thealgorithmscanbeobserved.An importantexampleis
LVQ2.1andsimilar strategieswhichcandisplaydivergentbehavior unlessaproper(alsoheuristic)
window rule is includedin the updatescheme. Few approachestry to copewith this problem
by explicitly groundingthe updateschemeon a cost function (see,for example,Bottou, 1991).
A prominentexamplehasbeenproposedby SatoandYamada(1995) togetherwith a discussion
of the stability (SatoandYamada,1998),however, without consideringthe bordersof receptive
�elds. A generalizationwhich allows the incorporationof moregeneralmetrics,accompaniedby
aninvestigationof theborders,hasbeenpresentedby HammerandVillmann (2002)andHammer
et al. (2005c). Recently, two modelswhich provide a costfunctionby meansof soft assignments
have beenproposedby Seoet al. (2003)andSeoandObermayer(2003). While the �rst method
doesnot possessa crisp limit, thesecondonedoes.However, only thecostfunctiondiscussedby
SatoandYamada(1995)andHammerandVillmann (2002)is directly connectedto thehypothesis
margin, aspointedout by Hammeret al. (2005a). For all thesecostfunctions,the connectionto
the classi�cationerror is not obvious. Thus,thereis a clearneedfor a rigorousanalysisof LVQ
type learningschemeswhich allows for a systematicjudgementof their dynamicalpropertiesand
generalizationability.

In this work we discussandemploy a theoreticalframework which makespossiblethesystem-
atic investigationandcomparisonof LVQ trainingprocedures.Theanalysisis performedfor model
situationsin which trainingusesa sequenceof uncorrelated,randomizedexampledata.In thethe-
ory of suchon-line learningprocesses,conceptsknown from statisticalphysicshave beenapplied
with greatsuccessin thecontext of supervisedandunsupervisedlearning.This includesperceptron
training,gradientbasedtrainingof layeredfeedforwardneuralnetworks,andunsupervisedcluster-
ing or principalcomponentanalysis(seeWatkin et al., 1993;Biehl andCaticha,2003;Saad,1999;
Engelandvan denBroeck,2001, for additionalreferences).Here,we transferthesemethodsto
LVQ typelearning,andwe arecapableof presentingquiteunexpectedinsightsinto thedynamical
behavior of severalimportantlearningschemes.

Theessentialingredientsof theapproachare(1) theconsiderationof very largesystemsin the
so-calledthermodynamiclimit and(2) the performingof averagesover the randomnessor disor-
der containedin thedata. A small numberof characteristicquantitiesis suf�cient to describethe
essentialpropertiesof very large systems.Undersimplifying assumptions,the evolution of these
macroscopicorderparametersis given by a systemof deterministiccoupledordinarydifferential
equations(ODE) which describethe dynamicsof on-line learningexactly in the thermodynamic
limit.

The formalismenablesus to calculate,for instance,typical learningcurvesexactly within the
framework of modelsituations.Wecomparethegeneralizationbehavior of severalLVQ algorithms.
Their asymptoticbehavior in thelimit of in�nitely many examplesis of particularrelevancein this
context. We evaluatethe achievablegeneralizationerror asa function of the prior frequenciesof
classesandothermodelparameters.Thus,for the consideredmodelsituation,we canrigorously
comparetheperformanceof LVQ-typelearningschemesandidentify thebesttrainingmethod.

325



BIEHL , GHOSH AND HAMMER

The paperis organizedas follows: In the next sectionwe introducethe modeldataand the
structureof theLVQ classi�er. We alsodescribetheconsideredtrainingalgorithmswhich include
Kohonen's LVQ1 anda limit versionof LVQ2.1or LVQ-LR. We will usethetermLVQ+/- for this
prescriptionandwe considerit with andwithout an idealizedearly stoppingprocedure.Further-
morewe studya crispversionof RSLVQ (SeoandObermayer, 2003),which will bereferredto as
learningfrom mistakes(LFM). Finally, we considerLFM-W, a variantof the latter which selects
datafrom a window closeto thedecisionboundaryandrelatesto thecostfunctionbasedLVQ2 al-
gorithm(Kohonenet al., 1988;Bottou,1991).In Section3 we outlinethemathematicaltreatment.
The formalismandits applicationto theabove mentionedalgorithmsaredetailedin AppendixA.
Relevant featuresof the learningcurves, including the achievable generalizationability are dis-
cussedandcomparedfor the differenttraining prescriptionsin Section4. Finally, we summarize
our �ndings in Section5 andconcludewith a discussionof prospective projectsandextensionsof
ourstudies.

Someaspectsof this work have beencommunicatedpreviously, in much lesserdetail, at the
Workshopon theSelf-OrganizingMap in Paris,2005(Ghoshetal., 2005).

2. The Model

In thispaperweinvestigatethedynamicsof differentLVQ algorithmsin theframework of asimpli-
fying modelsituation:High-dimensionaldatafrom a mixtureof two overlappingGaussianclusters
arepresentedto a systemof two prototypevectorseachof which representsoneof the classes.
Whereasthemodelappearsverymuchsimpli�ed in comparisonwith realworld multi-class,multi-
prototypeproblems,it providesa settingin which it is well possibleto studyunexpected,essential,
andnon-trivial featuresof thelearningscenarios.

2.1 PrototypeVectors

We will investigatesituationswith only two prototypeor codebookvectorswS 2 RN. Here, the
subscriptS= � 1 indicateswhich classof datathe vectoris supposedto represent. For the sake
of brevity we will frequentlyusethe shorthandsubscripts+ or � for + 1 and � 1, respectively.
Theclassi�cationasparameterizedby theprototypesis basedon Euclideandistances:Any given
input x 2 RN will be assignedto the classof the closestprototype. In our model situation,the
classi�cationresultis Swhenever j w+ S� x j< j w� S� x j.

Notethat,in principle,thesimpleLVQ classi�er with only two prototypescouldbereplacedby
a linearly separableclassi�cationS= sign[wperc � x � qperc] with perceptronweightvectorwperc =
(w+ � w� ) andthresholdqperc =

�
w2

+ � w2
�

�
=2: Here,however, weareinterestedin themorecom-

plex learningdynamicsof independentcodebookvectorsasprovidedby LVQ algorithms.We will
demonstratethatour simpleexamplescenarioalreadydisplayshighly non-trivial featuresandpro-
videsvaluableinsightsin themoregeneraltrainingof severalprototypes.

2.2 The Data

Throughoutthe following we considerrandominputswhich aregeneratedaccordingto a bimodal
distribution. Weassumethatvectorsx 2 RN aredrawn independentlyaccordingto thedensity

P(x) = å
s= � 1

ps P(x j s) with P(x j s) =
1

(2pvs )N=2
exp

�
�

1
2vs

(x � l Bs )2
�

: (1)
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Figure1: Dataasgeneratedaccordingto thedensity(1) in N = 200dimensionswith prior weights
p� = 0:6; p+ = 0:4 andvariancesv� = 0:64;v+ = 1:44. Open(�lled) circlesrepresent
160(240) vectorsx from clusterscenteredaboutorthonormalvectorsl B+ (l B� ) with
l = 1, respectively. The left panelshows the projectionsh� = w� � x of the dataon a
randomlychosenpair of orthogonalunit vectorsw� . Theright panelcorrespondsto the
projectionsb� = B� � x, diamondsmarkthepositionof theclustercenters.

TheconditionaldensitiesP(x j s = � 1) correspondto isotropicGaussianclusterswith variancesvs

centeredat l Bs . Theclusterweightsor prior probabilitiesps satisfythe condition p+ + p� = 1.
We assumethecentervectorsBs to beorthonormal,that is, B2

+ = B2
� = 1 andB+ � B� = 0 in the

following. While thedistanceof theclustercentersis controlledby themodelparameterl = O(1),
theorthogonalitycondition�x estheir positionwith respectto theorigin. The targetclassi�cation
is takento coincidewith theclusterlabels = � 1. Notethat,dueto theoverlapof theclusters,the
taskis obviouslynot linearlyseparable.

Statisticalphysicshasbeenusedearlier to analysethe generalizationbehavior of perceptron
type learningprescriptionsin similar models. We refer to the work of Barkai et al. (1993) and
Meir (1995)for examples.Theformerconsiderslearningfrom datain thelimit of largeseparations
l � v+ ;v� . The lattercomparestheoff-line minimizationof the trainingerrorwith a maximum-
likelihoodestimationof theclustercenters.Thelearningof alinearlyseparablerulewhichis de�ned
for clusteredinput datahasbeenstudiedin the work of Marangiet al. (1995)andRiegler et al.
(1996). Herewe are interestedin the dynamicsandgeneralizationability of LVQ-type learning
rulesfor non-separabledata.

In the following we denoteconditional averagesover P(x j s) by h� � �i s whereash�� �i =
å s= � 1 ps h� � �i s representsmeanvalueswith respectto the full density(1). Accordingto Eq. (1),
thecomponentsx j arestatisticallyindependentquantitieswith variancevs . For aninput from clus-
ter s wehave, for instance,



x j

�
s = l (Bs ) j andhence

hx2i s =
N

å
j= 1



x2

j

�
s

=
N

å
j= 1

�
vs +



x j

� 2
s

�
= vs N + l 2

) hx2i = (p+ v+ + p� v� ) N + l 2: (2)
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In the mathematicaltreatmentwe will exploit formally the thermodynamiclimit N ! ¥ , corre-
spondingto very high-dimensionaldataandprototypes.Among othersimplifying consequences
thisallows, for instance,to neglecttheterml 2 on theright handsideof Eq. (2).

The clustersoverlap signi�cantly and, moreover, their separationis along a single direction
(B+ � B� ) in the N-dimensionalinput space.Figure1 displayssampledatain N = 200 dimen-
sions,generatedaccordingto a densityof theform (1). While theclustersareclearlyvisible in the
planespannedby B+ andB� , projectionsinto a randomlychosentwo-dimensionalsubspacedonot
displaytheseparationatall.

2.3 On-line Algorithms

Weconsiderso-calledon-linelearningschemesin whichasequenceof singleexampledataf x µ;sµg
is presentedto thesystem.At eachlearningstep,theupdateof prototypevectorsis basedonly on
thecurrentexample.Consequently, anexplicit storageof datain thelearningsystemis avoidedand
thecomputationaleffort perstepis low comparedto costlyoff-line or batchprescriptions.

In many practicalsituationsexamplesaredrawn from agiventrainingsetwith possiblemultiple
presentationsof thesamedata.Here,however, we will assumethatat eachtime stepµ = 1;2; : : : a
new, uncorrelatedvectorxµ is generatedindependentlyaccordingto thedensity(1). We will treat
incrementalupdatesof thegenericform

wµ
S = wµ� 1

S + Dwµ
S with Dwµ

S =
h
N

fS
�
dµ

+ ;dµ
� ;sµ; : : :

� �
xµ � wµ� 1

S

�
(3)

wherethevectorwµ
S denotestheprototypeafterpresentationof µ examplesandtheconstantlearning

rateh is rescaledwith theinputdimensionN.
Prototypesarealwaysmovedtowardsor away from thecurrentinput xµ. Themodulationfunc-

tion fS[: : :] in Eq. (3) de�nes theactualtrainingalgorithmandcontrolsthesignandmagnitudeof
the updateof vectorswS. In general,fS will dependon the prototypelabel S andthe classlabel
sµ of theexample;for conveniencewe denotethedependenceon Sasa subscriptratherthanasan
explicit argument.Themodulationfunctioncanfurtherdependon thesquaredEuclideandistances
of xµ from thecurrentpositionsof theprototypes:

dµ
S =

�
xµ � wµ� 1

S

� 2
:

Additionalargumentsof fS, for instancethelengthsor relative positionsof thevectorswµ� 1
S , could

beintroducedeasily.
The useof a different learningrate per classor even per prototypecan be advantageousin

practice. This is expected,in particular, if the training datais highly unbalancedwith respectto
theclassmembershipof examples.Here,we restricttheanalysisto usinga uniquevalueof h, for
simplicity. As we will see,the behavior of algorithmsis qualitatively the samein large rangesof
prior weightsp� .

In this work we studythe performanceof several on-line training prescriptionswhich canbe
written in theform of Eq.(3):

a) LVQ1
Kohonen's original formulationof learningvectorquantization(Kohonen,1995,1997)ex-
tendstheconceptof unsupervisedcompetitive learningin anintuitive way to a classi�cation
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task.At eachlearningstep,theprototypewith minimal distancefrom thecurrentexampleis
determined.Only this so-calledwinner is updated,hencethe termwinner-takes-all (WTA)
algorithmshasbeencoinedfor this typeof prescription.Thewinneris movedtowards(away
from) theexampleinputxµ if prototypelabelandclassmembershipof thedataagree(differ),
respectively.
Thisplausiblestrategy realizesacompromisebetween(I) therepresentationof databy proto-
typeswith thesameclasslabeland(II) theidenti�cation of decisionboundarieswhichclearly
separatethedifferentclasses.
LVQ1 for two prototypesis de�ned by Eq.(3) with themodulationfunction

fS[dµ
+ ;dµ

� ;sµ] = Q
�
dµ

� S� dµ
+ S

�
Ssµ with Q(x) =

�
1 if x > 0
0 else.

(4)

Here, the Heaviside function singlesout the winning prototypeand the factor Ss µ = � 1
determinesthesignof theupdate. Eq. (4) expandsto f+ = Q(dµ

� � dµ
+ )sµ for theprototype

representingclassS= + 1 (or `+ `, for short).Correspondingly, it readsf � = � Q(dµ
+ � dµ

� )sµ

for prototypelabelS= � 1.

NotethatLVQ1 cannotbeinterpretedasastochasticgradientdescentprocedurein astraight-
forwardway. This is in contrastto unsupervisedvectorquantization(VQ), which disregards
labelscompletelyandwould reduceto thechoice fS[: : :] = Q

�
dµ

� S� dµ
+ S

�
in our modelsitu-

ation(Biehl etal., 1997,2005;Ghoshetal., 2005).

b) LVQ+/-
A popularmodi�cation of basicLVQ wasalsosuggestedby Kohonen(1997,1990)andwas
termedLVQ2.1. Originally it is basedon heuristicsandaimsat a moreef�cient separation
of prototypeswhich representdifferentclasses.Givena singleexample,theupdateconcerns
two prototypes:(I) the closestamongall codebookvectorswhich belongto the sameclass
asthedata,and(II) theclosestvectoramongtheprototypesthat representa differentclass.
Theso-calledcorrectwinner (I) is movedtowardsthedatawhereasthewrongwinner (II) is
movedevenfartheraway.

An importantingredientof LVQ2.1 is that the updateis only performedif the examplexµ

falls into the vicinity of the currentdecisionboundary. Variantshave beensuggested,such
asLVQ-LR (SeoandObermayer,2003),which differ in the way this selective window is
de�ned.

In order to obtain a �rst insight into this type of algorithm, we considerthe unrestricted
versionor, in other words, the limit of in�nite window size. We will refer to this basic
prescriptionasLVQ+/-, in thefollowing.

In our modelwith two prototypesonly, the identi�cation of therespective winnersis redun-
dantandtheprescriptionreducesto updatingbothvectorsfrom eachexample.Themodula-
tion functionin Eq.(3) merelydeterminesthesignof DwS accordingto theclasslabel:

fS[sµ] = Ssµ = � 1: (5)

Algorithmslike LVQ2.1or LVQ-LR weresuggestedin orderto improve theachievedgener-
alizationability in comparisonwith basicLVQ1. It is well known, however, that a suitable
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window sizehasto be chosenin orderto avoid divergenceandstability problems.We will
demonstratefor unrestrictedLVQ+/- that thesedif�culties occuralreadyin our simplifying
modelscenario.Variousstrategieshavebeensuggestedin theliteratureto copewith thisprob-
lem while keepingthebasicform of thealgorithm. Here,we will focuson a so-calledearly
stoppingstrategy, which aimsat endingthe learningprocessassoonas the generalization
ability beginsto deterioratedueto theinstability.

c) LFM
Recently, SeoandObermayersuggestedacostfunctionfor LVQ whichis basedonlikelihood
ratios(SeoandObermayer,2003).They derive thecorrespondingrobustsoft learningvector
quantization(RSLVQ) schemewhich is supposedto overcometheabovementionedstability
problemsof LVQ+/-. It hasbeendemonstratedthat RSLVQ hasthe potentialto yield very
goodgeneralizationbehavior in practicalsituations(SeoandObermayer,2003).
Thecrisp versionof RSLVQ is particularlytransparent:In thelimiting caseof deterministic
assignmentsanupdateanalogousto LVQ+/- is performedonly if thecurrentcon�gurationof
prototypesmisclassi�esthe new example. If, on the contrary, the correctwinner is indeed
the closestof all prototypes,the con�guration is left unchanged.In analogyto perceptron
training(e.g.,Watkinetal.,1993;EngelandvandenBroeck,2001),weusethetermlearning
from mistakes(LFM) for thisprescription.
In ourmodelscenarioLFM is implementedby thechoice

fS[dµ
+ ;dµ

� ;sµ] = Q
�
dµ

sµ � dµ
� sµ

�
Ssµ: (6)

Here,the Heaviside function restrictsthe updateto exampleswhich aremisclassi�edupon
presentation.

d) LFM-W
TheLFM scheme(6) canalsobeobtainedasa limiting caseof Kohonen's LVQ2 algorithm,
which includesa window rule for the selectionof data(Kohonenet al., 1988). As shown
by Bottou (1991),this prescriptioncanbe interpretedasa stochasticgradientdescentwith
respectto apropercostfunction.

As in LFM, anupdateof thecorrectwinnerwsµ andthewrongwinnerw� sµ is only performed
if thecurrentclassi�cationis wrong,that is, dµ

� sµ < dµ
sµ for anexamplefrom classsµ. Here,

however, theadditionalconstraint

(xµ � wsµ)2 �
�
xµ � w� sµ

� 2 < c
�
xµ � w� sµ

� 2 (7)

hasto besatis�ed,wherec is a smallpositive number(Kohonenet al., 1988;Bottou,1991).
Hence,the vectorxµ is only acceptedfor updateif it is not too far away from the correct
winner. In otherwords,xµ hasto bemisclassi�edandfall into awindow in thevicinity of the
currentdecisionboundary.

For the type of high-dimensionaldatawe considerhere,the window sizec hasto satisfya
particularscalingto bemeaningful.While theterm(xµ)2 = O(N) cancelsontheleft handside
(l.h.s.) of Eq. (7), it dominatesthe r.h.s.in the limit N ! ¥ andtheconditionis non-trivial
only if c= O(1=N). Hence,weintroducearescaledparameterd = c (xµ)2 = O(1) andobtain
0 < (dµ

sµ � dµ
� sµ) < d astheconditionsfor non-zeroupdates.The�rst onecorrespondsto the

misclassi�cationof xµ, thesecondimplementsthewindow selectionin thelimit N ! ¥ .
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We referto this algorithmasLFM with window (LFM-W) in thefollowing. It is represented
by themodulationfunction

fS[dµ
+ ;dµ

� ;sµ] =
�
Q

�
dµ

sµ � dµ
� sµ

�
� Q

�
dµ

sµ � dµ
� sµ � d

� �
Ssµ: (8)

UnrestrictedLFM (6) is, of course,recoveredin thelimit of in�nite window sized ! ¥ .

2.4 Relevanceof the Model

Beforeweproceedwith themathematicalanalysis,wewould like to putourmodelinto perspective
anddiscussits relevance.

Obviously, thelearningscenariounderconsiderationis very muchsimplifying andclearcut. It
representsperhapsthesimplestnon-trivial situationin which LVQ like learningshouldbeapplica-
ble. Thepresenceof only one,sphericallysymmetricGaussianclusterof dataperclassis certainly
farawayfrom practicalsituationsencounteredin typicalapplications.Theuseof only two prototype
vectorsis perfectlyappropriatein suchascenario,andtheproblemof modelselectionis completely
avoided.

Nevertheless,our model representsan importantaspectof more realistic multi-classmulti-
prototypesituations: the competitionof the two prototypeswhich currently de�ne the decision
boundaryor a portion thereof. Note that many practicalalgorithmsreduceto the modi�cation of
only oneor two prototypevectorsin everysingleupdatestep.Notefurthermorethatthemodelalso
allows to investigateunsupervisedvectorquantization(VQ), which is equivalentto thecompetition
of two prototypeswithin thesameclassin our framework (see,for example,Biehl et al., 1997and
Ghoshetal., 2004).

As wewill demonstratein thefollowing, highly non-trivial propertiesof theconsideredtraining
algorithmswill becomeapparentin the courseof our analysis.While additionalphenomenaand
complicationsmustbeexpectedin morecomplex trainingscenarios,theeffectsobservedherewill
certainlypersistandplayanimportantroleundermoregeneralcircumstances.

Someof the training algorithmswe consideraresimplifying limit casesof prescriptionssug-
gestedin the literature. For example,the above de�ned LFM algorithmcanbe interpretedasthe
crisp limit of RSLVQ (SeoandObermayer, 2003). Obviously, resultsfor the former will not ap-
ply immediatelyto the latter. Nevertheless,we aim at a principledunderstandingof how certain
ingredientsof analgorithmin�uence its learningdynamicsandgeneralizationbehavior. Theulti-
mategoalis of courseto exploit this understandingin theoptimizationof existing schemesandthe
developmentof novel, ef�cient ones.

3. Mathematical Analysis

Weapplythesuccessfultheoryof on-linelearning(see,for example,Biehl andCaticha,2003;Engel
andvandenBroeck,2001;Saad,1999,for reviews) to describethedynamicsof LVQ algorithms.
Themathematicaltreatmentof our modelis basedon theassumptionof high-dimensionaldataand
prototypesx;w� 2 RN. Thethermodynamiclimit N ! ¥ allows to applyconceptsfrom statistical
physicsin thefollowing key stepswhichwill bedetailedbelow:

1. The original systemincluding many degreesof freedomis characterizedin termsof only a
few quantities,so-calledmacroscopicorderparameters.For these,recursionrelationscanbe
derivedfrom thelearningalgorithm.
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2. Applying the centrallimit theoremenablesus to performan averageover the randomse-
quenceof exampledataby meansof Gaussianintegrations.

3. Self-averagingpropertiesof the order parametersallow to restrict the descriptionto their
meanvalues.Fluctuationsof thestochasticdynamicscanbeneglectedin thelimit N ! ¥ .

4. A continuoustime limit leadsto thedescriptionof thedynamicsin termsof coupled,deter-
ministicordinarydifferentialequations(ODE) for theabovementionedorderparameters.

5. The(numerical)integrationof theODE for givenmodulationfunctionandinitial conditions
yields the evolution of orderparametersin the courseof learning. From the latter onecan
directly obtainthelearningcurve, thatis, thegeneralizationability of theLVQ classi�er asa
functionof thenumberof exampledata.

3.1 Characteristic Quantities and Recursions

The selectionof meaningfulmacroscopicquantitiesre�ects, of course,the particularstructureof
themodel. After presentationof µ examples,thesystemis characterizedby thehigh-dimensional
vectorswµ

+ ;wµ
� andtheir positionsrelative to thecentervectorsB+ ;B� . As we will demonstratein

thefollowing, asuitablesetof orderparametersis

Rµ
Ss = wµ

S � Bs and Qµ
ST = wµ

S � wµ
T with s;S;T 2 f� 1;+ 1g:

Theself-overlapsQµ
++ ;Qµ

�� andthesymmetriccross-overlapQµ
+ � = Qµ

� + relateto thelengthsand
relative anglebetweentheprototypevectors,whereasthe four quantitiesRµ

Ss specifytheir projec-
tionsinto thesubspacespannedby f B+ ;B� g.

From the genericalgorithm (3) we can directly derive recursionrelationswhich specify the
changeof orderparametersuponpresentationof examplexµ from clustersµ:

Rµ
Ss � Rµ� 1

Ss

1=N
= h fS

�
Bs � xµ � Rµ� 1

Ss

�
;

Qµ
ST � Qµ� 1

ST

1=N
= h fS

�
wµ� 1

T � xµ � Qµ� 1
ST

�
+ h fT

�
wµ� 1

S � xµ � Qµ� 1
ST

�

+ h2 fS fT (xµ)2=N: (9)

HereweusetheshorthandfS for themodulationfunctionof prototypeS, omitting thearguments.

3.2 Averageover RandomExamples

For a largeclassof modulationfunctions,includingtheonesconsideredhere,thecurrentinput xµ

appearson theright handsideof Eq.(9) only throughits lengthandtheprojections

hµ
S = wµ� 1

S � xµ and bµ
s = Bs � xµ: (10)

NotethatalsotheHeavisidetermsasthey appearin themodulationfunctions,Eqs.(4,6,8),do not
dependonxµ explicitly, for example:

Q
�
dµ

� � dµ
+

�
= Q

�
+ 2(hµ

+ � hµ
� ) � Qµ� 1

++ + Qµ� 1
��

�
:
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Whenperformingtheaverageover thecurrentexamplexµ we �rst exploit Eq.(2) whichyields

lim
N! ¥

1
N



(xµ)2�

= (v+ p+ + v� p� )

for all input vectorsin thethermodynamiclimit.
We assumethatthenew exampleinput xµ is uncorrelatedwith all previousdataand,thus,also

with the currentvectorswµ� 1
S . Therefore,the centrallimit theoremimplies that the projections,

Eq. (10), becomecorrelatedGaussianquantitiesfor large N. Note that this observation doesnot
rely on thefact that thespeci�c density(1) is a mixtureof Gaussiansitself. It holdswhenever the
componentsof xµ arestatisticallyindependentandhave thesameclassconditional�rst andsecond
momentsasin (1).

Thejoint GaussiandensityP(hµ
+ ;hµ

� ;bµ
+ ;bµ

� ) is fully speci�edby �rst andsecondmoments.As
shown in theappendix,for aninput from clusters theseread



hµ

S

�
s = l Rµ� 1

Ss ;


bµ

t
�

s = ld St ;


hµ

Shµ
T

�
s �



hµ

S

�
s



hµ

T

�
s = vs Qµ� 1

ST ;



hµ

Sbµ
t
�

s �


hµ

S

�
s



bµ

t
�

s = vs Rµ� 1
St ;



bµ

r bµ
t
�

s �


bµ

r
�

s



bµ

t
�

s = vs drt (11)

whereS;T;s; r ; t 2 f + 1; � 1g andd::: is theKronecker-Delta. Hence,thedensityof hµ
� andbµ

� is
given in termsof themodelparametersl ; p� ;v� andtheabove de�ned setof orderparametersin
theprevioustimestep.

This importantresultenablesusto performanaverageof therecursionrelations,Eq. (9), over
thelatestexampledatain termsof Gaussianintegrations.Moreover, theresultcanbeexpressedin
closedform in f Rµ� 1

Ss ;Qµ� 1
ST g. In theappendixwe detail thecalculationandgive speci�c resultsfor

thealgorithmsconsideredhere.

3.3 Self-averagingProperty

Thethermodynamiclimit hasanadditionalsimplifying consequence:Fluctuationsof thequantities
f Rµ

Ss ;Qµ
STg decreasewith increasingN and in fact vanishfor N ! ¥ . Hence,a descriptionin

termsof their meanvaluesis suf�cient. In the statisticalphysicsof disorderedsystemsthe term
self-averagingis usedfor thisproperty.

For adetailedmathematicaldiscussionof self-averagingin on-linelearningwereferto thework
of ReentsandUrbanczik(1998).Here,wehavecon�rmed thispropertyempiricallyin MonteCarlo
simulationsof thelearningprocessby comparingresultsfor variousvaluesof N, seeFigure2 (right
panel)andthediscussionin Section3.6.

Neglecting�uctuationsallows usto interprettheaveragedrecursionrelationsdirectly asrecur-
sionsfor themeansof f Rµ

Ss ;Qµ
STg whichcoincidewith their actualvaluesin very largesystems.

3.4 ContinuousLearning Time

An essentiallytechnicalsimpli�cation is due to the fact that, for N ! ¥ , we can interpret the
differenceson the left handsidesof Eq. (9) asderivativeswith respectto thecontinuouslearning
time

a = µ=N:
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Clearly, onewouldexpectthatthenumberof examplesrequiredfor successfultrainingshouldgrow
linearly with thenumberof adjustableparametersin thesystem.Hence,therescalingof µ with the
dimensionof thefeatureandprototypespaceappearsnatural.

Theresultingsetof coupledODEobtainedfrom Eq.(9) is of theform

dRSt

da
= h (hbt fSi � RSt hfSi ) ;

dQST

da
= h (hhS fT + hT fSi � QST hfS + fT i )

+ h2 å
s= � 1

vs ps hfS fT i s : (12)

The requiredaveragesand speci�c equationsfor the particularmodulationfunctionsconsidered
herearegiven in the Appendix,SectionsA.3 andA.4. Note that the ODE for QST containterms
proportionalto h andh2 while dRSt =da is linearin thelearningrate.

3.5 The Learning Curve

After workingoutthesystemof ODEfor aspeci�c modulationfunction,it canbeintegrated,atleast
numerically. For given initial conditionsf RSs (0);QST(0)g, learningrateh, andmodelparameters
f p� ;v� ; l g oneobtainsthetypical evolution f RSs (a);QST(a)g. This is thebasisfor analysingthe
performanceandconvergencepropertiesof variousalgorithmsin thefollowing.

Most frequently, we will considerprototypesthat are initialized as independentrandomvec-
tors of squaredlength bQ with no prior knowledgeaboutthe clusterpositions. In termsof order
parametersthis impliesin ourmodel

Q++ (0) = Q�� (0) = bQ; Q+ � (0) = 0 and RSs (0) = 0 for all S;s = � 1: (13)

Obviously, thepreciseinitial positionsof prototypeswith respectto theclustergeometrycanplay
a crucial role for the learningdynamics.In thenext sectionwe will demonstratethat theoutcome
of, for instance,LFM andLVQ+/- with earlystoppingcandependstronglyon the initial positions
of prototypes.On the contrary, asymptoticpropertiesof, for example,LVQ1 training will prove
independentof initialization in the limit of in�nitely long training sequenceswithin our model
situation.

After training, the successof learningcanbe quanti�ed in termsof the generalizationerror,
that is, the probability for misclassifyingnovel, randomdatawhich did not appearin the training
sequence.Herewecanconsiderthetwo contributionsfor misclassifyingdatafrom clusters = 1 or
s = � 1 separately:

e = p+ e+ + p� e� with es = hQ(d+ s � d� s )i s : (14)

Exploiting thecentrallimit theoremin thesamefashionasabove,onecanwork out thegeneraliza-
tion errorasanexplicit functionof theorderparameters.As detailedin theappendix,SectionA.6,
oneobtainsfor theabovecontributionse� :

es = F
�

Qss � Q� s � s � 2l (Rss � R� ss )
2
p

vs
p

Q++ � 2Q+ � + Q��

�
where F (z) =

Z z

� ¥
dx

e� x2=2
p

2p
: (15)
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Figure2: LVQ1 with l = 2, v+ = 4;v� = 9, p+ = 0:8, andlearningrateh = 1:0.
Left panel: Characteristicoverlapsvs. a = µ=N. Solid lines displaythe resultof inte-
gratingthesystemof ODE for initial conditionsasin Eq. (13) with bQ = 10� 4. Symbols
representMonteCarlosimulationsfor N = 100,on averageover 100 independentruns.
Standarderror barswould be smallerthanthe symbolsize. Curvesandsymbolscorre-
spondto: Q�� (� ), Q++ (� ), R�� (� ), R++ (5 ), R+ � (
 ), R� + (� ), andQ+ � (4 ).
Right panel: Examplefor the self-averagingbehavior of orderparametersasobserved
in MonteCarlosimulationsfor N = 8;16;32;64;128; and256. Dotsmark theobserved
averagevalueof R++ (a = 10) vs.1=N, barsrepresentthecorrespondingvariance.Here,
thelattervanishesapproximatelylike 1=N, while themeanvaluesdisplayno systematic
dependenceon N for large enoughsystems.The horizontalline marksthe theoretical
predictionfor N ! ¥ .

By insertingf RSs (a);QST(a)g weobtainthelearningcurveeg(a), thatis, thetypicalgeneralization
errorafteron-linetrainingwith a N randomexamples.Here,weoncemoreexploit thefactthatthe
orderparametersand,thus,alsoeg areself-averaging,non-�uctuatingquantitiesin the thermody-
namiclimit N ! ¥ .

A classi�cation schemebasedon two prototypesis restrictedto linear decisionboundaries.
We will thereforecomparetheperformanceof LVQ algorithmswith thebestlineardecision(bld)
boundaryfor givenparametersp� ;v� , andl . For symmetryreasonsit is givenbyaplaneorthogonal
to (B+ � B� ). It is straightforwardto obtainthecorrespondinggeneralizationerrorebld

g from Eqs.
(14,15)by appropriateparameterizationof theplaneandminimizationof eg (Ghoshetal., 2004).

Note that the Bayesoptimal classi�cation of datafrom density(1) is, in general,given by a
non-lineardecisionboundarywhichcontainsthevectorsx with p+ P(xj + 1) = p� P(xj � 1) (Duda
et al., 2000).Only for v+ = v� it becomesa planeandLVQ with two prototypescouldpotentially
implementBayesoptimalgeneralization.
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3.6 Restrictionsof the Analysis

While wehavealreadydiscussedtherelevanceof oursimplifying modelscenarioin Subsection2.4,
wewantto summarizeheresomerestrictionsof themathematicalanalysis.

Perhaps,theconsiderationof the thermodynamiclimit N ! ¥ of in�nite-dimensionalfeature
vectorsappearsto be themostseverelimitation in themathematicaltreatment.Togetherwith the
assumptionof statisticallyindependentfeaturesxµ

j , it facilitatesthe above explainedstepsof the
analysis,theevaluationof averagesover randomdatabeingthemostimportantone.

We �nd thatour resultsdescribevery well the (mean)behavior of systemswith a fairly small
numberof inputdimensions,yieldingexcellentagreementfor N = 100already. Fig. 2 (right panel)
showsacomparisonof differentsystemsizesandillustrationof theabovementionedself-averaging
property. In otherlearningproblems,thebehavior of low-dimensionalsystemsmaydiffer signi�-
cantlyfrom resultsobtainedin thelimit N ! ¥ , as�uctuationswhich wereneglectedherebecome
moreimportant. As an example,we mentionthe symmetrybreakingspecializationof prototypes
in unsupervisedVQ (Biehl et al., 1997). Here,however, theself-averagingbehavior of orderpa-
rametersis re�ectedby thefactthattheir variancesvanishrapidlywith N, approximatelylike 1=N,
seeFigure2 (right panel).At thesametime,no systematicdependenceof themeanson thesystem
sizeis observed.Hence,our treatmentyieldsanexcellentapproximationfor systemsof fairly small
dimensionN, already:Deviationsof observed andpredictedvaluesof characteristicoverlapsare
expectedto beon theorder1=

p
N. For analyticresultsconcerningsuch�nite sizecorrections in

on-linetrainingsee,for instance,Saad(1999)andreferencestherein.

Performingaveragesover the randomnessin the datayields typical propertiesof the system
in theconsideredmodelsituations.This methodis differentin spirit andthuscomplementsother
successfulapproachesin computationallearningtheory, whereoneaimsat rigorousboundson the
generalizationerrorwithoutmakingexplicit assumptionsaboutthelearningscenario(for examples
in the context of LVQ, seeCrammeret al., 2003;Hammeret al., 2005a). Suchboundsare not
necessarilytight andcanbequitefar from theactualbehavior observedin practicalsituations.On
thecontrary, resultsobtainedin the�a vor of statisticalphysicsanalysislack themathematicalrigor
of strictboundsandmaybesensitiveto detailsof themodelassumptions,for example,thestatistical
propertiesof thedata.As anattractive feature,theapproachprovidesinformationaboutthesystem
which goesbeyond its generalizationability, suchas the learningdynamicsand the location of
prototypes.

For moredetaileddiscussionsof strengthsandlimitations of our approachwe refer to the re-
viewsof, for example,Biehl andCaticha(2003),Watkinetal. (1993),andEngelandvandenBroeck
(2001).

3.7 Relation to Statistical Physics

The relationto statisticalphysicsis not crucial for what follows andmay be considereda merely
technicalpoint. Nevertheless,for theinterestedreader, wewould like to makea few remarksin this
context.

Theanalogyis moreimportantin thetheoryof batchor off-line learning.There,thecostfunc-
tion of trainingis interpretedasanenergy andtheanalysisproceedsalongthelinesof equilibrium
statisticalmechanics.For an introductionto theseconceptswe refer to, for example,Biehl and
Caticha(2003),Watkin et al. (1993),andEngelandvan denBroeck(2001). Several ideasfrom
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this typeof analysisdo carryover to theinvestigationof on-linelearningwhich addressesthenon-
equilibriumdynamicsof learning.

In many physicalsystemsit is impossible,andindeeduseless,to keeptrackof all microscopic
degreesof freedom.As anexample,considerthepositionsandvelocitiesof, say, N particlesin a
gas. Similarly, a magneticmaterialwill containa numberN of atomseachof which contributes
oneelementarymagneticmoment.As N getsvery large,say, on theorder1023 in condensedmatter
physics,microscopicdetailsbecomelessimportantandsuchsystemsaresuccessfullydescribedby
a fairly smallnumberof macroscopicquantitiesor orderparameters.In theaboveexamples,it may
besuf�cient to know volumeandpressureof thegasor thetotal magnetizationemerging from the
collaborative behavior of atoms.Mathematicallyspeaking,so-calledphasespaceintegralsover all
degreesof freedomcanbeperformedbymeansof asaddlepointapproximationfor N ! ¥ , reducing
thedescriptionto a low-dimensionalone. Similarly, thehigh-dimensionalphasespacetrajectories
of dynamicalsystemscanbe representedby the temporalevolution of a few macroscopicorder
parameters.The sameidea applieshereas we describethe learningdynamicsof 2N prototype
componentsin termsof a few characteristicoverlapsanddisregardtheirmicroscopicdetails.

An importantbranchof statisticalphysicsdealswith so-calleddisorderedsystems, wherethe
interactingdegreesof freedomareembeddedin a randomenvironment.In theabove examplethis
couldmeanthatmagneticatomsarerandomlyplacedwithin anotherwisenon-magneticmaterial,
for instance.Thecorrectanalytictreatmentof suchsystemsrequiressophisticatedanalyticaltools
suchasthefamousreplicatrick , seeWatkinetal. (1993)andEngelandvandenBroeck(2001)and
referencestherein.

Thesetoolshave beendevelopedin thecontext of disorderedmagneticmaterials,indeed,and
have beenput forward within the statisticalphysicsof learning. In learningtheory, the disorder
emergesfrom the randomgenerationof training data. In off-line learning, the cost-functionor
energy is de�ned for onespeci�c setof dataonly andthegeneric,typicalbehavior is determinedby
performingthedisorderaverageover all possibletrainingsets.This requirestheabove mentioned
replica methodor approximationtechniqueswhich involve subtlemathematicaldif�culties, see
Watkinetal. (1993)andEngelandvandenBroeck(2001).

The situationis slightly morefavorablein the framework which we resortto here: In on-line
learningat eachtime stepof theprocess,a novel randomexampleis presented.As a consequence
thedisorderaveragecanbeperformedstepby stepin themoreelementaryfashionoutlinedabove
(Biehl andCaticha,2003;EngelandvandenBroeck,2001).

4. Results

In the following we presentour resultsobtainedalongthe lines of the treatmentoutlinedin Sec.
3. We will comparethe typical learningcurvesof LVQ+/-, an idealizedearlystoppingprocedure,
LFM, andLFM-W with thoseof LVQ1. The latter, original formulationof basicLVQ servesasa
referenceeachmodi�cation hasto competewith.

We will put emphasison the asymptoticbehavior in the limit a ! ¥ , that is, the generaliza-
tion errorachievedfrom anarbitrarily largenumberof examplesandits dependenceon themodel
parameters.This asymptoticbehavior is of particularrelevancefor comparingdifferent training
algorithms. It can be studiedby analysingthe stable�x ed point con�guration of the systemof
ODE. Note that propertiesthereofwill not dependon initialization or the positionof clustercen-
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Figure3: LVQ1 for l = 1:2;v+ = v� = 1, andp+ = 0:8, initializationasin Figure2.
Left panel: Learningcurveseg(a) for threedifferentlearningratesh = 0:2;1:0;2:0 (from
bottomto top at a = 200).Largeh arefavorableinitially, whereassmallerh yield better
asymptoticgeneralizationfor a ! ¥ . The insetshows the limiting behavior for h ! 0
anda ! ¥ , thatis, eg asa functionof ea = ha.
Right panel: Trajectoriesof prototypesin thelimit h ! 0;a ! ¥ . Solidlinescorrespond
to theprojectionsof prototypesinto theplanespannedby l B+ andl B� (markedby open
circles). The dotscorrespondto the pairsof valuesf RS+ ;RS� g observed at ea = ha =
2;4;6;8;10;12;14 in Monte Carlo simulationswith h = 0:01 and N = 200, averaged
over 100runs.Notethat,becausep+ > p� , w+ approachesits �nal positionmuchfaster
andin factovershoots. The insetdisplaysa close-upof the region aroundits stationary
location. Theshortsolid line markstheasymptoticdecisionboundaryasparameterized
by the prototypes,the shortdashedline marksthe bestlinear decisionboundary. The
latter is very closeto l B� for the pronounceddominanceof the s = + 1 clusterwith
p+ = 0:8.

tersrelative to theorigin. Asymptoticpropertiesarecontrolledonly by thedistanceof thecenters
jl B+ � l B� j =

p
2l , themodelparametersv� ; p� andthelearningrateh.

4.1 LVQ1

Figure 2 (left panel)displaysthe evolution of order parametersin the courseof learningfor an
examplechoiceof themodelparameters.MonteCarlosimulationsfor N = 100alreadyagreevery
well with the(N ! ¥ ) theoreticalpredictionbasedon integratingthecorrespondingODE,Eq.(34)
. We considerinitialization of prototypescloseto theorigin, that is, relatively far from theregion
of high densityin our datamodel. Note that in a WTA algorithmthe initial prototypesmustnot
coincideexactly, hencewechooserandomw� (0) with, for example,squaredlengthQ++ = Q�� =
bQ = 10� 4 in Eq.(13).

Theself-averagingproperty, seeSection3.3,is illustratedin Fig.2 (right panel).In MonteCarlo
simulationsoneobservesthataveragesof theorderparametersover independentrunsapproachthe

338



DYNAMICS AND GENERALIZATION ABILITY OF LVQ ALGORITHMS

theoreticalpredictionasN ! ¥ . At the sametime, the correspondingvariancesvanishlike 1=N
with increasingdimension.

The typical learningcurve eg(a) is in thecenterof our interest.Figure3 (left panel)displays
the behavior of LVQ1 for different learningratesin an examplesituation. The pronouncednon-
monotonicbehavior for smallerh clearly indicatesthat theprescriptionis suboptimal:For a range
of a, additional information leadsto a loss of generalizationability. This effect is particularly
pronouncedfor highly unbalanceddatawith, say, p+ � p� . Theresultssuggesta schedulewhich
employs large valuesof h initially and thendecreasesthe learningratewith increasinga. This
aspectwill beinvestigatedin greaterdetailin a forthcomingproject,hereweconsideronly training
with constanth.

For LVQ1 we �nd that the stationary, asymptoticgeneralizationerror estat
g = eg(a ! ¥ ) de-

creaseswith h ! 0 like
estat

g (h) = elvq1
g + O(h) for small h:

Here,elvq1
g denotesthebestvalueachievablewith LVQ1 for agivensetof modelparameters.This is

analogousto thebehavior of stochasticgradientdescentprocedureslike VQ, wheretheassociated
costfunctionis minimizedin thesimultaneouslimits of smalllearningratesh ! 0 anda ! ¥ , such
thatea = ha ! ¥ . In absenceof a costfunctionwe canstill considerthis limit. Termsproportional
to h2 can be neglectedin the ODE, and the evolution in rescaledlearningtime ea becomesh-
independent.Theinsetof Fig. 3 (left panel)shows the limiting learningcurve eg(ea). It displaysa
strongnon-monotonicbehavior for small ea.

Theright panelof Fig. 3 displaysthetrajectoriesof prototypesprojectedinto theplanespanned
by B+ andB� . Notethat,ascouldbeexpectedfrom symmetryarguments,the(a ! ¥ )-asymptotic
projectionsof prototypesinto theB� -planearealongtheaxisconnectingtheclustercenters.More-
over, in the limit h ! 0, their stationaryposition lies preciselyin the planeand �uctuations or-
thogonalto B� vanish. This is signaledby the fact that the orderparametersfor ea ! ¥ satisfy
QSS = R2

S+ + R2
S� ; and Q+ � = R++ R� + + R+ � R�� which implies

wS(ea ! ¥ ) = RS+ B+ + RS� B� for S= � 1: (16)

Herewe canconcludethat the actualprototypevectorsapproachthe above uniquecon�guration,
asymptotically. Notethat,in general,stationarityof theorderparametersdoesnot imply necessarily
thatw� convergeto pointsin N-dimensionalspace.For LVQ1 with h > 0 �uctuations in thespace
orthogonalto f B+ ;B� g persistevenfor constantf RSs ;QSTg.

Figure3 (right) revealsfurther informationaboutthe learningprocess.When learningfrom
unbalanceddata,for example,p+ > p� asin theexample,theprototyperepresentingthestronger
clusterwill be updatedmore frequentlyand in fact overshoots,resulting in the non-monotonic
behavior of eg. Theuseof adifferentlearningrateperclasscouldcorrectthisovershootingbehavior
andrecover thetransientbehavior for equalpriors,qualitatively.

Theasymptoticelvq1
g asachievedby LVQ1 is typically quitecloseto thepotentialoptimumebld

g .
Figure4 displaystheasymptoticgeneralizationerrorasa functionof theprior p+ in two different
settingsof the model. In the left panelv+ = v� whereasthe right panelshows an examplewith
differentclustervariances.In thecompletelysymmetricsituationwith equalvariancesandbalanced
priors,p+ = p� , theLVQ1 resultcoincideswith thebestlineardecisionboundarywhich is through
l (B+ + B� )=2 for this setting. Whenever the cluster-variancesaredifferent,the symmetryabout
p+ = 1=2 is lostbut jelvq1

g � ebld
g j = 0 for oneparticular(v+ ;v� )-dependentvalueof p+ 2]0;1[.
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Figure4: Achievablegeneralizationerror in the modelwith l = 1 asa function of p+ . In both
panels,thelowest,dottedcurverepresentsebld

g , thatis, thebestlinearclassi�er. Solidlines

marktheasymptoticelvq1
g of LVQ1, thedashedlinescorrespondsto estop

g asobtainedfrom
an idealizedearlystoppingschemefor LVQ+/- with prototypesinitialized in theorigin.
Thefar from optimal(a ! ¥ )-asymptoticel f m

g resultfor LFM is markedby chainlines.
Left panel: Thecaseof equalvariances,v+ = v� = 1, elvq1

g andestop
g coincidefor p+ =

1=2 wherebothareoptimal.
Right panel: An examplefor unequalvariances,v+ = 0:25;v� = 0:81. The resultof
LVQ+/- with idealizedearlystoppingis still optimal for equalpriors,while elvq1

g = ebld
g

in p+ � 0:74 in thissetting.

4.2 LVQ+/-

Herewe reportresultsconcerningthedivergentbehavior displayedby theLVQ+/- prescriptionin
its basicform. We furthermoreshow how anappropriateearlystoppingprocedurecouldovercome
thisdif�culty .

4.2.1 DIVERGENT BEHAVIOR

The structureof the ODE for LVQ+/-, fS = Ssµ, is particularlysimple,seeAppendixA.5. An-
alytic integration yields Eq. (37) for settingswith p+ 6= p� . In this genericcase,the evolution
of f RSs ;QSTg displaysa strongdivergentbehavior: All quantitiesassociatedwith the prototype
representingtheweakerclusterdisplayanexponentialincreasewith a.

Figure5 (left panel)showsanexamplefor l = 1, v+ = v� = 1, learningrateh = 0:5,andunbal-
ancedpriorsp+ = 0:8; p� = 0:2. Here,orderparameterswhichinvolvew� , thatis,R�� ;R� + ;Q�� ;Q+ � ,
divergerapidly. Onthecontrary, quantitieswhichrelateonly to w+ , thatis, R++ ;R+ � ;Q++ , remain
�nite andapproachwell-de�ned asymptoticvaluesfor a ! ¥ .

This behavior is dueto thefact that thewrongwinner is alwaysmovedaway from thecurrent
datain LVQ+/- training.Clearly, thisfeaturerendersthelearningdynamicsunstableassoonasp+ 6=
p� . Even in our simplemodelproblem,repulsionwill alwaysdominatefor oneof theprototypes
and,likew� in ourexample,it will bemovedarbitrarily farawayfrom theclustercentersasa ! ¥ .
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Figure5: LVQ+/- with l = 1;v+ = v� = 1, andp+ = 0:8.
Left panel: Characteristicoverlapsvs. a for learningrateh = 0:5. Solidlinescorrespond
to the analyticalsolution Eq. (37) of the ODE for initialization w+ (0) = w� (0) = 0.
SymbolsrepresentMonteCarloresultsfor N = 100on averageover 100runs.Standard
error barswould be smallerthan the symbolsize. Curvesandsymbolscorrespondto
Q�� (� ), Q++ (� ), R�� (� ), R++ (5 ), R+ � (
 ), R� + (� ), andQ+ � (4 ).
Right panel: Learningcurveseg(a) for threedifferentratesh = 2:0;1:0, and0:5 (from
left to right). The generalizationerror displaysa pronouncedminimum at intermediate
a andapproachesthe trivial valueeg = minf p+ ; p� g asymptoticallyfor a ! ¥ . The
insetshows theasymptoticbehavior eg(ea) in thesimultaneouslimit h ! 0, a ! ¥ with
rescaledea = ha.

Thedivergentbehavior is alsoapparentin Figure6, which displaysexampletrajectoriesof w�

in thelimit h ! 0, projectedinto theB� -plane.Theprojectionsof prototypesfollow straightlines,
approximately. Prototypew+ , representingthestrongerclusterin thiscase,approachesastationary
positionat thesymmetryaxisof thedensity(1). For w� thelessfrequentpositive updatesfrom the
weakerclusters = � 1 cannotcounterbalancetherepulsion.

Theresultingclassi�cationschemefor a ! ¥ is trivial: All datawill beassignedto theclassof
thestrongercluster. Hence,theasymptoticgeneralizationerrorof unmodi�ed LVQ+/- is givenby
minf p+ ; p� g in ourmodel,independentof thelearningrateh. Thiscanalsobeseenin thelearning
curvesdisplayedin Figure5 (right panel).

Note that the behavior is qualitatively differentfor the singularcaseof balancedpriors p+ =
p� = 1=2, seeEq. (38) in theappendixfor thecorrespondinganalyticsolutionof theODE. First,
the increaseof orderparameterswith a, which is exponentialfor p+ 6= p� , becomeslinear (RSs )
or quadratic(QST) in a for equalpriors. Second,both prototypesmove to in�nity , that is, away
from thedata,asa ! ¥ . In a visualizationof the learningdynamicsin thespirit of Figure6, the
trajectoriesbecomeparallelto thesymmetryaxisasp+ = p� . It is interestingto notethat,in spite
of this divergence,the correspondingdecisionboundaryis optimal in the singularcaseof equal
priors.
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Figure6: LVQ+/- andearlystoppingfor differentinitializationsin thelimit h ! 0;a ! ¥ .
Left panel: Projectedtrajectoriesfor modelparametersl = 1:2; p+ = 0:8;v+ = v� = 1.
Cluster centerscorrespondto open circles, the short dotted line marks the best lin-
ear decisionboundary. Solid (chain) lines show the traceof prototypew+ (w� ), re-
spectively. Filled symbolsdisplay the position after early stopping in the minimum
of eg(ea), short solid lines mark the projectionof the respective decisionboundaries.
Squarescorrespondto the positionsobtainedfrom w� (0) = 0 (a), full circles mark
the resultsfor initialization (b) with an offset from the origin and the (B+ ;B� )-plane:
R++ = R� + = 0;R+ � = 0:5;R�� = 0:7;Q+ � = 0;Q++ = 1:8;Q�� = 2:9: In bothcases,
w+ approachesthe samestationarypositionon the symmetryaxis, while w� displays
divergentbehavior as ea = ha increases.Note that the decisionboundaryobtainedby
early stoppingin case(b) appearsto be closeto optimal in the projection. However, it
is tilted stronglyin the remainingdimensionsasindicatedby theviolation of condition
(16). Consequently, estop

g is higherfor (b) thanit is for initialization (a).
Right panel: Generalizationerrorestop

g of idealizedearlystoppingasafunctionof p+ for
l = 1 andequalvariancesv+ = v� = 1. Thedottedline correspondsto thebestlinearde-
cisionboundary. Thesolid line markstheoutcomeof LVQ+/- with earlystoppingwhen
prototypesareinitializedin theorigin, case(a) in theleft panel,whichis alsodisplayedin
Fig. 4. Thedashedline representsthefar from optimalestop

g for anexampleinitialization
with anoffsetfrom theorigin, case(b) in theleft panel.

4.2.2 EARLY STOPPING

Severalheuristicstrategieshavebeensuggestedin theliteratureto curethedivergentbehavior while
keepingtheessentialingredientsof LVQ+/-:

Onepossiblemeasurethatcomesto mind immediatelyis to let theupdateof thewrongwinner
dependexplicitly on its distancedµ from thedata.Thedivergenceshouldbemuchweaker or even
seize,provided the magnitudeof the updatedecreasesfastenoughwith dµ or if it is cut off at a
maximumdistancedmax.

Anotherpopularstrategy is to updateonly from datathat falls into a window closeto thecur-
rent decisionboundary, that is, closeto the midplanebetweenthe prototypes(Kohonen,1997).
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Figure7: Learningfrom mistakes(LFM)
Left panel: Projectedprototypetrajectoriesfor LFM with h = 1 andall otherparameters
as in Fig. 6 (left panel). The initial behavior for small a is similar to that of LVQ+/-.
Asymptotically, bothprototypesapproachstationarypositions(solid dots)which arenot
on the symmetryaxis of the distribution (dashedline). Note that only the projections
of (w+ � w� ) becomeparallelto l (B+ � B� ) asa ! ¥ . While theactualw� (a ! ¥ )
dependon h asdiscussedin thetext, theasymptoticdecisionboundary(shortsolid line)
doesnot.
Right panel: eg(a) for LFM with modelparametersl = 3; p+ = 0:8;v+ = 4;v� = 9 and
learningratesh = 2:0;1:0; 0:5 (from left to right). All learningcurvesapproachthesame
h-independentasymptoticvalueel f m

g . Notetheoffseton theeg- axis.

Providedthedecisionboundarybecomessimilar to theBayesoptimalonein thecourseof learning,
examplesx from this region would satisfyp+ P(xj + 1) � p� P(xj � 1), then. In effect, thesystem
wouldbetrainedfrom balanceddata,whichsigni�cantly slowsdown thedivergence,seetheabove
considerationsfor LVQ+/- with p+ = p� .

In principle, thesestrategiescanalsobe studiedwithin our framework by consideringappro-
priatemodi�cationsof themodulationfunction,Eq.(5). Preliminaryresultsindicate,however, that
bothideasimprove convergenceandgeneralizationability of LVQ+/- only to a very limited extent.
In addition,oneor several parameters,for example,the cut-off distancedmax or the window size,
have to becarefullytunedto achieve thedesiredeffect.

Moreover, bothvariantsaregenericallyoutperformedby a conceptuallysimplerearlystopping
strategy. Theideais to stopthelearningprocessassoonasthedivergentbehavior startsto increase
thegeneralizationerror. This doesnot requirethe �ne-tuning of additionalparameters.However,
in any practicalsituation,onewould have to monitoreg in a testsetof datawhich is not usedfor
training.

Genericlearningcurvesof LVQ+/-, seeFigure5, displaya pronouncedminimumbeforethey
approachthetrivial asymptoticvalueeg = minf p+ ; p� g. Weareinterestedin thebestgeneralization
errorestop

g thatcouldbeachieved,in principle,by anidealizedearlystoppingmethod. In contrast
to (a ! ¥ )-asymptoticproperties,the dynamicsfor intermediatea will dependon initialization,
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asdiscussedbelow. This concernsalsothedepthof theminimum,which canoccurat rathersmall
a. For theclustergeometryconsideredhereandinitialization asgivenin Eq. (13),we �nd thatthe
lowestvaluesof eg areindeedachievedfor bQ = 0. In thissettingtheeffectof the�rst examplesis a
very fastalignmentof (w+ � w� ) with thesymmetryaxisof themodeldensity(1). Hence,we �rst
considerprototypeswhich areinitialized preciselyin the origin w+ (0) = w� (0) = 0 andwithout
offset from theplanespannedby B+ andB� . We observe furthermorethat therespective valueof
eg in theminimumdecreaseswith decreasingh. For thecomparisonwith otheralgorithmswe will
thereforeresortto thesimultaneouslimit h ! 0;a ! ¥ asfor LVQ1.

In our model,it is straightforward to obtainpreciselytheminimumof the limiting eg(ea) from
the analyticsolution,Eq. (37). The resultestop

g is displayedasa function of p+ in Figure4 for
two differentchoicesof v+ andv� . In the caseof equalvariancesv+ = v� we �nd that LVQ+/-
with earlystoppingis relatively closeto thebestpossibleebld

g . However, it is outperformedby the
asymptoticresultof LVQ1 for all p+ . Note that both algorithmsyield the optimal classi�cation
schemein thesingularcasep+ = p� = 1=2 andv+ = v� .

For datawith v+ 6= v� , we �nd thatestop
g > elvq1

g for smallandlargevaluesof p+ , seeFigure4
(right panel)for anexample.In thecaseof balancedpriors,thelearningcurve of LVQ+/- doesnot
displaya minimum but approachesthe optimal valueebld

g quite rapidly. For clusterweightsin an
interval aroundp+ = 1=2, theresultof theearlystoppingprocedureis superiorto thatof LVQ1.

It is importantto notethatouranalysisrefersto anidealizedearlystoppingprocedurebasedon
perfectknowledgeof the currenteg. On the contrary, the basicLVQ1 givescloseto optimal per-
formanceindependentof initial conditions,without adjustmentof parametersandwithout explicit
estimationof thegeneralizationerror.

Our resultsshow that LVQ+/- with favorableinitialization outperformsotheralgorithmswith
respectto behavior for smalla, that is, with respectto learningfrom small trainingsets.Note,for
instance,thattheminimain thelearningcurveeg(a) asdisplayedin Fig.5 canoccuratverysmalla,
already. While LVQ1, for example,achievesbettera ! ¥ asymptoticgeneralization,acomparison
of the learningcurves shows that it is often inferior for small and intermediatevaluesof a. A
systematiccomparisonis dif�cult, however, sincetheeffectwill dependstronglyon theconsidered
initialization. Nevertheless,the useof LVQ+/- type updatesin the early stagesof training or for
limited availability of exampledataappearspromising.

The crucial in�uence of the initialization is illustratedin Fig. 6. As an example,we consider
theinitializationof prototypeswith anoffsetfrom theorigin and,moreimportantly, from theplane
spannedby theclustercenters.Again, learningcurvesdisplaya minimumin thegeneralizationer-
ror. However, theobtainedbestvalueof estop

g is farfrom optimal,asdisplayedin Fig.6 (right panel).
Asymptoticpropertiesof theconsideredalgorithmsareindependentof initial settingsand,hence,
representgenericbehavior in theframeof ourmodelsituation.Onthecontrary, theabovediscussed
resultsfor earlystoppingarehighly sensitivewith respectto initializationanddemonstrate,atbest,
thepotentialusefulnessof thestrategy.

4.3 Learning fr om Mistakes

In thefollowing, resultsarepresentedfor theLFM trainingalgorithmwith andwithout a selective
window.
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Figure8: Learningfrom mistakeswith window (LFM-W)
Left panel: Learningfrom equalvarianceclusterswith v+ = v= � 1, l = 1, andlearning
rateh = 1. Achieved(a ! ¥ ) asymptoticgeneralizationerrorel f m� w

g asafunctionof p+

for differentrescaledwindow sizes;from top to bottom:d ! ¥ (solid line, LFM), d = 6,
d = 5, andd = 0:25 (dottedlines).Thelowest,dashedline marksthebestpossibleebld

g .

Right panel: Asymptoticgeneralizationerrorel f m� w
g asa functionof thewindow sized

for prior weight p+ = 0:6 andlearningrateh = 1. Thedashedline correspondsto data
with v+ = v� = 1 andl = 1, the solid line refersto v+ = v� = 5 andl = 2. Already
in symmetricsettings,the locationof the optimal window sizedependsstronglyon the
propertiesof thedata.Notetheoffseton theeg-axis.

4.3.1 LFM

Thebasicideaof theLFM procedure,cf. Section2.3 (c), is reminiscentof many prescriptionsfor
perceptrontraining(e.g.,Watkin et al., 1993;EngelandvandenBroeck,2001;Biehl andCaticha,
2003).An LVQ+/- typeof updateis performedonly if thecurrentcon�gurationwould misclassify
theexample.Numericalintegrationof thecorrespondingODE,Eq. (36),shows thatLFM doesnot
displaythedivergentbehavior of LVQ+/-.

In contrastto LVQ1 andLVQ+/-, the typical learningcurvesof LFM displaya monotonicde-
creaseof eg(a), seetheright panelof Figure7 for exampleswith threedifferentlearningrates.An
importantfeatureis that the (a ! ¥ )-asymptoticgeneralizationerror of LFM learningdoesnot
dependonh.

Figure7 (left panel)shows exampletrajectoriesof theprototypesin theB� -plane.Thebehav-
ior for small a is similar to that of LVQ+/-: Prototypesmove away from the origin in opposite
directions,initially. However, theattractionto (or repulsionfrom) theclustercentersbecomesless
importantin thecourseof learning.Emphasisis on correctclassi�cationof thedata,theaspectof
clusterrepresentationin thesenseof VQ is essentiallyabsent.

Eventually, theprojectionsof theprototypesassumepositionsalonga line which is parallelto
the symmetryaxis l (B+ � B� ). However, the violation of condition (16) indicatesthat w+ and
w� themselvesdo not lie in the two-dimensionalsubspacespannedby the clustercenters.Here,
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the stationarityof order parametersand generalizationerror doesnot imply convergenceof the
prototypevectorsthemselves. Even in the limit a ! ¥ , they will �uctuate within thesubspaceof
RN � RN thatis compatiblewith theasymptoticvaluesof f RSs ;QSTg.

Clearly, the precisetrajectoryandthe �nal outcomeof LFM dependson the initialization of
prototypes.It will determine,for instance,the relative positionof w+ andw� parallelto thecon-
nectionof clustercenters. Theactualasymptoticcon�gurationof orderparametersandprototypes
dependsfurthermoreon thelearningrateh. However, all thesecon�gurationssharethesamegen-
eralizationerror. Thelearningratemerelycontrolsthemagnitudeof the�uctuationsorthogonalto
f B+ ;B� g andtheasymptoticdistanceof prototypesfrom thedecisionboundary. This corresponds
to theobservationthatthefollowing combinationsof orderparametersbecomeproportionalto h in
thelimit a ! ¥ :

r+ = R++ � R� + ; r � = R�� � R+ � ; q = Q++ � Q�� ; d =
p

Q++ � 2Q+ � + Q�� (17)

which resultsin anh-independentasymptoticgeneralizationerror, Eqs.(14,15). This �nding also

impliesthattheanglebetween(w+ � w� ) and(B+ � B� ) whichisgivenbyarccos
h
(r+ + r � )=(

p
2d)

i

becomesindependentof thelearningratefor a ! ¥ .
The quantityd in (17) measuresthe distancejw+ � w� j andvanishesfor h ! 0. Hence,the

prototypeswill coincideandtheconsiderationof this limit togetherwith a ! ¥ is notusefulin the
caseof LFM.

The mathematicalanalysisof the stationarystaterevealsanotherinterestingfeature:Onecan
show that�x edpoint con�gurationsof thesystemof ODE for LFM, Eq.(36),satisfythenecessary
condition

p+ e+ = p� e� :

That is, the two contributions to the total eg, Eqs.(14,15),becomeequalfor a ! ¥ . As a con-
sequence,LFM updateswill be basedon balanceddata,asymptotically, as they are restrictedto
misclassi�edexamples.

While learningfrom mistakesappearsto beaveryplausibleconceptandcuresthedivergenceof
LVQ+/-, theresultingasymptoticgeneralizationability el f m

g turnsoutratherpoor. Thechainlinesin
Figure4 markel f m

g for two differentmodelscenarios.Not only is LFM outperformedby thebasic
LVQ1 andLVQ+/- with earlystopping,for smallandlargevaluesof p+ its generalizationerrorcan
evenexceedthetrivial valueminf p+ ; p� g.

It is importantto notethat theabove resultsapplyonly to thecrisp (LFM) versionof RSLVQ
(SeoandObermayer,2003). It is very well possiblethat truly soft schemesdisplaya muchbetter
generalizationbehavior in our model situation. In fact, it hasbeendemonstratedthat RSLVQ
performssigni�cantly betterthanthe crisp LFM andotherLVQ algorithmsin practicalsituations
(SeoandObermayer,2003).

4.3.2 LFM-W

Ouranalysisshowsthattheintroductionof awindow for theselectionof data,asde�ned in Sec.2.3
(d),bearsthepotentialto improvethegeneralizationbehavior of LFM drastically. Themathematical
treatmentis to a largeextentanalogousto thatof theunrestrictedLFM procedure,seeAppendixA
for details.
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Qualitatively, thetypical learningcurvesRSt (a);QST(a) of LFM-W andthecorrespondingpro-
jectedtrajectoriesalsoresemblethoseof unrestrictedLFM. Note,however, thatthestationarygen-
eralizationerror el f m� w

g of LFM-W doesdependon the learningrateh, in contrastto the results
displayedin Figure7 (right panel)for LFM withoutwindow.

A detaileddiscussionof LFM-W will be presentedelsewhere. Here,we focuson the role of
thewindow parameterd. Figure8 (right panel)displaysthedependenceof the(a ! ¥ ) asymptotic
el f m� w

g for constantlearningrateh = 1:0 andexamplesettingsof themodelparameters.For very
larged, thesuboptimalresultsof unrestrictedLFM arerecoveredandalsofor d ! 0 theperformance
deteriorates.Evidently, anoptimalchoiceof d existswhich yieldsthebestgeneralizationbehavior,
givenall otherparameters.Note that theprecisepositionof theoptimumandthe robustnesswith
respectto variationof d dependstronglyon thepropertiesof thedata.

We restrictourselves to demonstratingthat the performancecan improve drasticallyin com-
parisonwith unrestrictedLFM. Figure8 (left panel),shows thestationarygeneralizationerrorasa
functionof the prior weight p+ for several (�x ed) window sizesin an examplesetting. Note that
el f m� w

g for properlychosenvaluesof d is signi�cantly lower thanthatfor unrestrictedLFM, thatis,
d ! ¥ .

The evaluationof the truly optimal generalizationerror in the frameof our model is beyond
thescopeof this publication.In a speci�c learningproblem,that is, for a particularchoiceof l ;v�

andp� in our model,thetrainingalgorithmis to beoptimizedwith respectto thetwo-dimensional
parameterspaceof h andd. Suchanoptimizationwouldbedif�cult to achievein practicalsituations
andrequiresophisticatedvalidationtechniques.

5. Summary and Conclusion

WehaverigorouslyinvestigatedseveralbasicLVQ algorithms:theoriginalLVQ1,LVQ+/- with and
without earlystopping,learningfrom mistakes(LFM), andLFM-W which includesanadditional
window rule. The analysisis performedby meansof the theoryof on-line learningin a simple
thoughrelevantmodelsetting.

It canbeseenthatLVQ+/- usuallydisplaysa divergentbehavior whereasLVQ1 andLFM pro-
ceduresconverge towards�x ed positionsof the orderparameters.These�ndings correspondto
observationsin practicalsituations.

Therespective convergencespeeddependson thelearningratein all cases.Thesameholdsfor
thequalityof theresultingclassi�er for LVQ1, LVQ+/- with earlystopping,andLFM-W. For LFM
without a selective window, on the contrary, the generalizationability of the stationarysettingis
independentof the choiceof the learningrate. It shouldbe mentionedthat the trajectoriesof the
prototypesneednot be theshortesttowardsthe �nal positionand,often, initial overshootingasin
LVQ1 canbeobservedif theclassesarenotbalanced.

Even moreinterestingthantheir dynamicalbehavior is the generalizationability achieved by
thealgorithms.LVQ1 turnsout to yield surprisinglygoodresults,not very far from theoptimum
achievableerrorfor thisclassof problems.

The outcomeof LVQ+/- with early stoppingcanbe closeto or even slightly betterthan the
a ! ¥ asymptoticperformanceof LVQ1. However, it dependsstronglyon initialization andthe
detailedpropertiesof thedata. LVQ+/- like strategiesappearparticularlypromisingfor the initial
phaseof trainingor whenonly avery limited trainingsetis available.
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Therobustnessof LFM asa crispversionof RSLVQ is clearlydemonstratedby thefactthatits
asymptoticbehavior is notaffectedby themagnitudeof thelearningrate.However, quiteunexpect-
edly, it shows ratherpoorgeneralizationability, which is eveninferior to a trivial classi�cationfor
highly unbalanceddata.Wedemonstratethataproperselectionof examplescloseto thecurrentde-
cisionboundaryasin LFM-W canimprovethegeneralizationperformancedrastically. Presumably,
similar improvementcouldbeachievedby employing RSLVQ with a soft assignmentassuggested
by SeoandObermayer(2003).In practicalsituations,bothschemeswould requirethecarefultun-
ing of aparameter, thatis, thesoftnessor window size,in orderto achievegoodgeneralization.We
will addressthedetailedanalysisandoptimizationof LFM-W andRSLVQ in forthcomingstudies.

A few of our results,for instancetheinstabilityof LVQ+/-, mayappearplausiblefrom elemen-
taryreasoning.Othersareclearlyfarfrom obviousanddemonstratetheusefulnessof oursystematic
approach.Weshow, in particular, thegoodgeneralizationability of theoriginalLVQ1 learningrule.
It doesnot follow thegradientof awell-de�nedcostfunctionbut outperformsseveralalternativeal-
gorithms.Therelatively poorperformanceof thehighly intuitive LFM trainingconstitutesanother
non-trivial insightobtainedfrom ouranalysis.

Our modelis currentlyrestrictedto two unimodalclassesandtwo prototypes,a casein which
themathematicalanalysisis feasiblebut which is far away from typical settingsin practice.Nev-
ertheless,this investigation yields relevant insightsinto practicalsituations. Onecanexpect that
an algorithmwhich doesnot yield a goodgeneralizationability in this idealizedscenariois also
inappropriatefor morecomplex, practicalapplications.In this sense,the investigation providesa
meaningfultestinggroundfor thesuccessof learningalgorithms.

Frequently, atmosttwo prototypesareupdatedatagiventimestepalsoin largerLVQ networks.
Hence,suchsystemscanbeinterpretedasa superpositionof pairsof prototypeswithin classesand
atclassborders.Within classes,asimplevectorquantizationtakesplace,ascenariowhichhasbeen
investigatedusingthesameframework (Biehl et al., 1997;Ghoshet al., 2004).At clusterborders,
thesituationinvestigatedin thisarticleis relevant.However, theroleof further, complicatingeffects
in thedynamicsof thesuperpositionof thesesimplesubsystemshasto bestudiedin forthcoming
projects.Also, the explicit extensionof the theoreticalframework to multi-class,multi-prototype
problemsis feasibleundersimplifying assumptions.It is currentlyin thefocusof ourefforts.

Basedon theformalismpresentedin thisarticle,avarietyof furtherresearchbecomespossible.
Naturally, the considerationof alternative LVQ schemesis necessary. Learningruleswhich also
changethemetricduringtrainingsuchastheoneproposedby HammerandVillmann (2002)seem
particularly interesting. However, it is not obvious how highly nonlinearadaptationschemesor
algorithmswhich singleout speci�c datacomponentscanbe treatedwithin our theoreticalframe-
work.

Theultimategoalof thiswork is thedesignof robustandreliableLVQ algorithmswhichprovide
optimal generalizationability. Onestepinto this directionwould be the on-line optimizationof
algorithmparameters,for example,thelearningrate,basedon theobservedbehavior in thecourse
of training. Note that this canbedonesystematicallyby meansof anoptimizationof the learning
curve with respectto the learningrate in our setting. Even more promising,one can formally
optimizetheactualupdatefunctionsfS of thelearningrulewith respectto thegeneralizationability
gainedper example. This shouldbe possiblealongthe lines of variationaloptimizationasit has
beenappliedin thetrainingof perceptronsor multilayeredneuralnetworks(e.g.,Saad,1999;Engel
and van den Broeck,2001; Biehl and Caticha,2003). An alternative could be the construction
of on-line prescriptionswithin a Bayesianframework, as it hasbeenemployed in the context of
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perceptrontraining(for furtherreferencesconsult:Saad,1999).Evenif practicalimplementations
turn out to be dif�cult, theseinvestigationswould help to identify the most importantfeaturesof
successfulalgorithms.Hence,this line of researchshouldstrengthenthemathematicalfoundation
of LVQ training.

Appendix A. The Theoretical Framework

Hereweoutlinekey stepsof thecalculationsreferredto in thetext. Importantaspectsof theformal-
ism were�rst usedin thecontext of unsupervisedvectorquantization(Biehl et al., 1997).Someof
thecalculationspresentedherewererecentlydetailedin aTechnicalReport(Ghoshetal., 2004).

Throughoutthis appendixindicesl ;m;k;s;s 2 f� 1g (or � for short)representtheclasslabels
andclustermemberships.Wealsousetheshorthand

Qs = Q(d� s � d+ s)

for theHeavisidefunctionin LVQ1. We furthermoreemploy thenotations

bQo
s = Q(ds � d� s ) and bQd

s = Q(ds � d� s � d) (18)

for thecomplementaryHeavisidefunctionin LFM andthemodi�ed updateof LFM-W, respectively.

A.1 Statisticsof the Projections

To a large extent, our analysisis basedon the observation that the projectionsh� = w� � x and
b� = B� � x arecorrelatedGaussianrandomquantitiesfor avectorx drawn from oneof theclusters
contributing to the density(1). Whereconvenient,we will combinethe projectionsinto a four-
dimensionalvectordenotedasx = (h+ ;h� ;b+ ;b� )T .

Wewill assumeimplicitly thatx is statisticallyindependentfrom theconsideredweightvectors
w� . Thisis obviouslythecasein ouron-lineprescriptionwherethenovel examplexµ is uncorrelated
with all previous dataandhencewith wµ� 1

� . For the sake of readabilitywe omit indicesµ in the
following.

The �rst andsecondconditionalmomentsgiven in Eq. (11) areobtainedfrom the following
elementaryconsiderations.

First Moments
Exploiting theabovementionedstatisticalindependencewecanshow immediatelythat

hhl i k = hwl � xi k = wl � hxi k = wl � (l Bk) = l Rlk: (19)

Similarly wegetfor bl :

hbl i k = hBl � xi k = Bl � hxi k = Bl � (l Bk) = l dlk; (20)

wheredlk is theKronecker deltaandwe exploit thatB+ andB� areorthonormal.Now thecondi-
tionalmeansµ

k
= hxi k canbewrittenas

µ
k=+ 1

= l (R++ ;R� + ;1;0)T and µ
k= � 1

= l (R+ � ;R�� ;0;1)T : (21)
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SecondMoments
In orderto computethe conditionalvarianceor covariancehhl hmi k � hhl i khhmi k we �rst consider
theaverage

hhl hmi k = h(wl � x)(wm � x)i k =

* 
N

å
i= 1

(wl ) i(x) i

!  
N

å
j= 1

(wm) j (x) j

! +

k

=

*
N

å
i= 1

(wl ) i(wm) i(x) i(x) i +
N

å
i= 1

N

å
j= 1; j6= i

(wl ) i(wm) j (x) i(x) j

+

k

=
N

å
i= 1

(wl ) i(wm) ih(x) i(x) i i k +
N

å
i= 1

N

å
j= 1; j6= i

(wl ) i(wm) jh(x) i(x) j i k

=
N

å
i= 1

(wl ) i(wm) i [vk + l 2(Bk) i(Bk) i ] +
N

å
i= 1

N

å
j= 1; j6= i

(wl ) i(wm) j l 2(Bk) i(Bk) j

= vk

N

å
i= 1

(wl ) i(wm) i + l 2
N

å
i= 1

(wl ) i(wm) i(Bk) i(Bk) i

+ l 2
N

å
i= 1

N

å
j= 1; j6= i

(wl ) i(wm) j (Bk) i(Bk) j

= vkwl � wm+ l 2(wl � Bk)(wm � Bk) = vk Qlm+ l 2Rlk Rmk:

Herewe have usedthatcomponentsof x from clusterk have variancevk andareindependent.This
impliesfor all i; j 2 f 1; : : : ;Ng:

h(x) i (x) i i k � h(x) i i k h(x) i i k = vk ) h(x) i (x) i i k = vk + h(x) i i k h(x) i i k ;

and


(x) i (x) j

�
k = h(x) i i k



(x) j

�
k for i 6= j:

Finally, weobtaintheconditionalsecondmoment

hhl hmi k � hhl i khhmi k = vk Qlm+ l 2RlkRmk� l 2RlkRmk = vk Qlm:

In ananalogouswayweget

hbl bmi k � hbl i khbmi k = vk dlm and hhl bmi k � hhl i khbmi k = vk Rlm:

The above resultsare summarizedin Eq. (11). The conditionalcovariancematrix of x can be
expressedexplicitly in termsof theorderparametersasfollows:

Ck = vk

0

B
B
@

Q++ Q+ � R++ R+ �

Q+ � Q�� R� + R��

R++ R� + 1 0
R+ � R�� 0 1

1

C
C
A :

Theconditionaldensityof x for datafrom classk is aGaussianN(µ
k
;Ck) whereµ

k
is theconditional

meanvector, Eq.(21),andCk is givenabove.
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A.2 Form of the Differ ential Equations

Here, the differential equationsfor f Rss ;Qstg aregiven for LVQ1, LVQ+/-, LFM, andLFM-W,
beforeGaussianaveragesareperformed.

A.2.1 LVQ1

In thecaseof theLVQ1 algorithmthegenericform of thecoupledsystemof ODE(Eq.(12))yields
thefollowing system:

dRlm

da
= h

 

l
�

hsbmQl i � hsQ l i Rlm

�
!

;

dQlm

da
= h

 

l
�

hshmQl i � hsQ l i Qlm

�
+ m

�
hshl Qmi � hsQmi Qlm

�

+ h dlm å
s= � 1

vs ps hQl i s

!

: (22)

A.2.2 LVQ+/-

In thecaseof LVQ+/- Eq.(12) resultsin thefollowing systemof coupledODE:

dRlm

da
= h l

 

hsbmi � hs i Rlm

!

;

dQlm

da
= h

 

lhshmi � lhs i Qlm+ mhshl i � mhsi Qlm+ h l m å
s= � 1

ps vs

!

: (23)

A.2.3 LFM

With themodulationfunctionfor LFM, Eq.(12),andusing bQo
s from Eq.(18)weobtain

dRlm

da
= h l

 

hsbmbQo
s i � hs bQo

s i Rlm

!

; (24)

dQlm

da
= h

 

lhshmbQo
s i � (l + m)hs bQo

s i Qlm+ mhshl bQo
s i + l mh å

s= � 1
ps vs hbQo

s i s

!

:

A.2.4 LFM-W

For themodulationfunctionof theLFM-W algorithmin Eq.(12)weobtain

dRlm

da
= h l

 

hsbm( bQo
s � bQd

s )i � hs( bQo
s � bQd

s )i Rlm

!

; (25)

dQlm

da
= h

 

lhshm( bQo
s � bQd

s )i � (l + m)hs( bQo
s � bQd

s )i Qlm+ mhshl ( bQo
s � bQd

s )i
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+ l mh å
s= � 1

ps vs h( bQo
s � bQd

s )i s

!

;

wherebQo
s and bQd

s arede�ned in Eq. (18). Note that for d ! ¥ we recover Eqs.(24) for LFM as
limd! ¥

bQd = 0.

A.3 GaussianAverages

In orderto obtaintheactualODE for a givenmodulationfunction,averagesover the joint density
P(h+ ;h� ;b+ ;b� ) areperformedfor LVQ1, LVQ+/-, andLFM.

A.3.1 LVQ+/-

Theelementaryaveragesin Eq.(23)aredirectlyobtainedfrom Eqs.(19,20)andread:

hsbmi = å
s= � 1

s ps ld m;s ; hshmi = å
s= � 1

s ps l Rm;s ; hs i = å
s= � 1

s ps : (26)

A.3.2 LVQ1

In the systemsof ODE presentedin Eq. (22) we encounterHeaviside functionsof the following
genericform:

Qs = Q(as:x� bs)

whichgivesQs = Q(d� s � d+ s) = Q(as:x� bs) with

as = (+ 2s; � 2s;0;0)T and bs = (Q+ s+ s � Q� s� s) ; (27)

Performingtheaveragesin Eqs.(22) involvesconditionalmeansof theform

h(x)nQsi k and hQsi k

where(x)n is thenth componentof x = (h+ 1;h� 1;b+ 1;b� 1). We �rst addresstheterm

h(x)nQsi k =
(2p) � 2

(det(Ck))
1
2

Z

R4

(x)nQ(as � x� bs) exp
�

�
1
2

�
x� µ

k

� T
C� 1

k

�
x� µ

k

� �
dx

=
(2p) � 2

(det(Ck))
1
2

Z

R4

�
x

0
+ µ

k

�

n
Q

�
as � x

0
+ as � µ

k
� bs

�
exp

�
�

1
2

x
0TC� 1

k x
0
�

dx
0

with thesubstitutionx
0
= x� µ

k
.

Let x
0
= Ck

1
2 y, whereCk

1
2 is de�ned in thefollowing way:Ck = Ck

1
2Ck

1
2 . SinceCk is acovariance

matrix, it is positive semide�niteandCk
1
2 exists. Hencewe have dx

0
= det(C

1
2
k )dy = (det(Ck))

1
2 dy
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and
h(x)nQsi k =

=
1

(2p)2

Z

R4

(C
1
2
k y)nQ

�
as �C

1
2
k y+ as � µ

k
� bs

�
exp

�
�

1
2

y2
�

dy+ (µ
k
)nhQsi k

=
1

(2p)2

Z

R4

4

å
j= 1

�
(C

1
2
k )nj (y) j

�
Q

�
as �C

1
2
k y+ as � µ

k
� bs

�
exp

�
�

1
2

y2
�

dy + (µ
k
)nhQsi k

= I + (µ
k
)nhQsi k (introducingtheabbreviation I). (28)

Now considertheintegralscontributing to I :

I j =
Z

R

(C
1
2
k )nj (y) jQ

�
as �C

1
2
k y+ as � µ

k
� bs

�
exp

�
�

1
2

(y)2
j

�
d(y) j :

Wecanperformanintegrationby parts,
R

udv = uv�
R

vdu, with

u = Q
�

as �C
1
2
k y+ as � µ

k
� bs

�
; v = (C

1
2
k )nj exp

�
�

1
2

(y)2
j

�

du =
¶

¶(y) j
Q

�
as �C

1
2
k y+ as � µ

k
� bs

�
d(y) j

dv = (� )(C
1
2
k )nj (y) j exp

�
�

1
2

(y)2
j

�
d(y) j ; andobtain

I j = �

"

Q
�

as �C
1
2
k y+ as � µ

k
� bs

�
(C

1
2
k )nj exp

�
�

1
2

(y)2
j

� #¥

� ¥| {z }
0

+

" Z

R

(C
1
2
k )nj

¶
¶(y) j

�
Q

�
as �C

1
2
k y+ as � µ

k
� bs

� �
exp

�
�

1
2

(y)2
j

�
d(y) j

#

=
Z

R

(C
1
2
k )nj

¶
¶(y) j

�
Q

�
as �C

1
2
k y+ as � µ

k
� bs

��
exp

�
�

1
2

(y)2
j

�
d(y) j :

In totalweget

I =
1

(2p)2

4

å
j= 1

(C
1
2
k )nj

Z

R4

¶
¶(y) j

�
Q

�
as �C

1
2
k y+ as � µ

k
� bs

��
exp

�
�

1
2

y2
�

dy

=
1

(2p)2

4

å
j= 1

 

(C
1
2
k )nj

4

å
i= 1

(as) i(C
1
2
k ) i; j

! Z

R4

d
�

as
�C

1
2
k y+ as � µ

k
� bs

�
exp

�
�

1
2

y2
�

dy:

=
1

(2p)2 (Ckas)n

Z

R4

�
d

�
as �C

1
2
k y+ as � µ

k
� bs

��
exp

�
�

1
2

y2
�

dy:
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In thelaststepwehaveused

¶
¶(y) j

Q
�

as �C
1
2
k y+ as � µ

k
� bs

�
=

4

å
i= 1

(as) i(C
1
2
k ) i; jd(as �C

1
2
k y+ as � µ

k
� bs)

with theDiracdelta-functiond(:).
Now, notethatexp

�
� 1

2y2
�
dy is a measurewhich is invariantunderrotationof thecoordinate

axes.Werotatethesystemin suchawaythatoneof theaxes,sayey, is alignedwith thevectorC
1
2
k as.

Theremainingthreecoordinatescanbeintegratedoverandweget

I =
1

p
2p

(Ckas)n

Z

R

d
�

kC
1
2
k askey+ as � µ

k
� bs

�
exp

�
�

1
2

ey2
�

dey:

Wede�ne
eask = kC

1
2
k ask =

p
as �Ckas and ebsk = as � µ

k
� bs (29)

andobtain

I =
1

p
2p

(Ckas)n

Z

R

d
�

easkey+ ebsk

�
exp

�
�

1
2

ey2
�

dey

=
(Ckas)np

2peask

Z

R

d
�

z+ ebsk

�
exp

�
�

1
2

� z
eask

� 2
�

dz (with z= askey)

=
(Ckas)np

2peask
exp

"

�
1
2

� ebsk

eask

� 2
#

: (30)

Now wecomputetheremainingaveragein (28) in ananalogouswayandget

hQsi k =
1

p
2p

Z

R

Q
�

easkey+ ebsk

�
exp

�
�

1
2

ey2
�

dey

=
1

p
2p

ebsk
easkZ

� ¥

exp
�
�

1
2

ey2
�

dey = F

 
ebsk

eask

!

with F (z) =

zZ

� ¥

dx
e� x2

2
p

2p
: (31)

Finally weobtaintherequiredaverageusing(30)and(31)asfollows:

h(x)nQsi k =
(Ckas)np

2peask
exp

"

�
1
2

� ebsk

eask

� 2
#

+ (µ
k
)nF

 
ebsk

eask

!

: (32)

Thequantitieseask andebsk arede�ned throughEq.(29)and(27) for LVQ1.

A.3.3 LFM AND LFM-W

In Eqs.(24,25)wehave to evaluateconditionalmeansof theform

h(x)nbQd
si k; hbQd

si k with thespecialcasesh(x)nbQo
si k; hbQo

si k:
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Hereweusethenotation

bQd
s = Q(ds � d� s � d) = Q(bas :x� bbd

s )
bQo

s = Q(ds � d� s ) = Q(bas :x� bbo
s )

with bas = (� 2s;+ 2s;0;0)T , bbd
s = � (Qss � Q� s � s � d), andbbo

s = � (Qss � Q� s � s ).

Themathematicalstructureis completelyanalogousto thecaseof LVQ1 andweobtaintheresults

hbQd
si k = F

 
ebd

sk
bask

!

and h(x)nbQd
si k =

(Ckbas)np
2pbask

exp

"

�
1
2

� ebd
sk

bask

� 2
#

+ (µ
k
)nF

 
ebd

sk
bask

!

; (33)

aswell asthecorrespondingspecialcaseswith d = 0. Here,wehave introduced

ebd
sk = bas � µ

k
� bbd

s; ebo
sk = bas � µ

k
� bbo

s; and bask =
q

bas �Ck bas:

A.4 Final Form of the Differ ential Equations

The full form of the ODE for LVQ1, LVQ+/-, andLFM is obtainedafter insertingthe averages
givenin theprevioussection.

A.4.1 LVQ1

For theLVQ1 algorithm,using(31)and(32), thesystemor ODEreads:

dRlm

da
= h

"

l
�

å
s= � 1

s ps

"
(Ca l )nbmp

2pea ls
exp

h
�

1
2

� ebls

ea ls

� 2i

+( µ
s
)nbmF

� ebls

ea ls

�
#

� å
s= � 1

s ps F
� ebls

ea ls

�
Rlm

�
#

;

dQlm

da
= h

 

l å
s= � 1

s ps

h(Ca l )nhmp
2pea ls

exp
h

�
1
2

� ebls

ea ls

� 2i
+ (µ

s
)nhmF

� ebls

ea ls

� i

� l å
s= � 1

s ps

h
F

� ebls

ea ls

�
Qlm+ m å

s= � 1
s ps

h (Ca l )nhlp
2peams

exp
h

�
1
2

� ebms

eams

� 2i

+( µ
s
)nhl F

� ebms

eams

�i
� m å

s= � 1
s ps F

� ebms

eams

�
Qlm

!

+ dlmh2 å
s= � 1

svs ps F
� ebls

ea ls

�
: (34)

Here,weusethepreviouslyde�ned abbreviations,Eq.(29),

eask =
p

as �Ckas; ebsk = as � µ
k
� bs

with as = (+ 2s; � 2s;0;0)T and bs = (Q+ s+ s � Q� s� s):

Furthermore, nhm =
�

1 if m= 1
2 if m= � 1

and nbm =
�

3 if m= 1
4 if m= � 1

.
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A.4.2 LVQ+/-

Using the averagescomputedin (26) we get the �nal form of the systemof ODE for the LVQ+/-
algorithmasfollows:

dRlm

da
= h l

 

å
s= � 1

s ps ld m;s � å
s= � 1

s ps Rlm

!

;

dQlm

da
= h

 

l å
s= � 1

s ps l Rm;s � l å
s= � 1

s ps Qlm+ m å
s= � 1

s ps l Rl ;s

� m å
s= � 1

s ps Qlm+ h l m å
s= � 1

ps vs

!

: (35)

A.4.3 LFM

The�nal form of thesystemof ODEreadswith Eq.(33)

dRlm

da
= h l

 

å
s= � 1

s ps

h(Cbas )nbmp
2pbass

exp
h

�
1
2

� ebo
ss

bass

� 2i

+( µ
s
)nbmF

� ebo
ss

bass

�i
� å

s= � 1
s ps

h
F

� ebo
ss

bass

�i
Rlm

!

;

dQlm

da
= h

 

l å
s= � 1

s ps

h(Cbas )nhmp
2pbass

exp
h

�
1
2

� ebo
ss

bass

� 2i
+ (µ

s
)nhmF

� ebo
ss

bass

� i

� l å
s= � 1

s ps

h
F

� ebo
ss

bass

�i
Qlm+ m å

s= � 1
s ps

h(Cbas )nhlp
2pbass

exp
h

�
1
2

� ebo
ss

bass

� 2i

+( µ
s
)nhl F

� ebo
ss

bass

� i
� m å

s= � 1
s ps

h
F

� ebo
ss

bass

�i
Qlm+ l mh å

s= � 1
vs ps F

� ebo
ss

bass

�
!

:

(36)

Herewehave to insertbask =
q

bas �Ckbas; ebo
sk = bas � µ

k
� bbo

s

with bas = (� 2s;+ 2s;0;0)T and bbo
s = � (Q+ s+ s � Q� s � s ):

Also, nhm =
�

1 if m= 1
2 if m= � 1

and nbm =
�

3 if m= 1
4 if m= � 1

.

A.4.4 LFM-W

Thesystemof ODEfor LFM-W, usingEq.(33), is givenby

dRlm

da
= h l

 

å
s= � 1

s ps

h(Cbas )nbmp
2pbass

exp
h

�
1
2

� ebo
ss

bass

� 2i
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+( µ
s
)nbmF

� ebo
ss

bass

�i
� å

s= � 1
s ps

h
F

� ebo
ss

bass

�i
Rlm

!

� h l

 

å
s= � 1

s ps

h(Cbas )nbmp
2pbass

exp
h

�
1
2

� ebd
ss

bass

� 2i

+( µ
s
)nbmF

� ebd
ss

bass

�i
� å

s= � 1
s ps

h
F

� ebd
ss

bass

�i
Rlm

!

;

dQlm

da
= h

 

l å
s= � 1

s ps

h(Cbas )nhmp
2pbass

exp
h

�
1
2

� ebo
ss

bass

� 2i
+ (µ

s
)nhmF

� ebo
ss

bass

� i

� l å
s= � 1

s ps

h
F

� ebo
ss

bass

�i
Qlm+ m å

s= � 1
s ps

h(Cbas )nhlp
2pbass

exp
h

�
1
2

� ebo
ss

bass

� 2i

+( µ
s
)nhl F

� ebo
ss

bass

� i
� m å

s= � 1
s ps

h
F

� ebo
ss

bass

�i
Qlm+ l mh å

s= � 1
vs ps F

� ebo
ss

eass

�
!

� h

 

l å
s= � 1

s ps

h(Cbas )nhmp
2pbass

exp
h

�
1
2

� ebd
ss

bass

� 2i
+ (µ

s
)nhmF

� ebd
ss

bass

� i

� l å
s= � 1

s ps

h
F

� ebd
ss

bass

�i
Qlm+ m å

s= � 1
s ps

h(Cbas )nhlp
2pbass

exp
h

�
1
2

� ebd
ss

bass

� 2i

+( µ
s
)nhl F

� ebd
ss

bass

� i
� m å

s= � 1
s ps

h
F

� ebd
ss

bass

�i
Qlm+ l mh å

s= � 1
vs ps F

� ebd
ss

bass

�
!

:

Hereagain,wehave to insert

bask =
q

bas �Ck as; ebd
sk = bas � µ

k
� bbd

s; ebo
sk = bas � µ

k
� bbo

s

with bas = (� 2s;+ 2s;0;0)T ;bbd
s = � (Q+ s+ s � Q� s � s � d), andbbo

s = � (Q+ s+ s � Q� s � s ).

As above, nhm =
�

1 if m= 1
2 if m= � 1

and nbm =
�

3 if m= 1
4 if m= � 1

.

A.5 Analytical Resultsfor LVQ+/-

The systemof ODE (35) canbe integratedanalyticallyandthe solutionsarepresentedbelow for
initializationof prototypesin theorigin, thatis, Rlm(0) = Qlm(0) = 0:
For convenience,weusetheparameterization

p+ =
1+ bp

2
; p� =

1� bp
2

; with thebias bp = (2p+ � 1) 2 [� 1;1]:

In thegenericcaseof unequalpriors bp 6= 0, oneobtains

R++ (a) = �
1

2bp
l (1+ bp) (e� ah bp � 1); R+ � (a) =

1
2bp

l (1� bp) (e� ah bp � 1);

R� + (a) = �
1

2bp
l (1+ bp) (e+ ah bp � 1); R�� (a) =

1
2bp

l (1� bp) (e+ ah bp � 1);
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Q++ (a) =
1

4bp2e� 2ah bp
�

2(eah bp � 1)2 l 2 (1+ bp2) + (e2ah bp � 1) h bp (v+ (1+ bp) + v� (1� bp))
�

;

Q+ � (a) =
1

2bp2e� ah bp
�

� (eah bp � 1)2 l 2 (1+ bp2) � aeah bph2 bp2 (v+ (1+ bp) + v� (1� bp))
�

;

Q�� (a) =
1

4bp2

�
2(eah bp � 1)2 l 2 (1+ bp2) + (e2ah bp � 1) h bp (v+ (1+ bp) + v� (1� bp))

�
:

(37)

Thespecialcaseof equalprior probabilitiesis obtainedin thelimit bp ! 0:

Rlm(a) = l m
l h
2

a Qlm(a) = l m
1
2

h2(al 2 + v+ + v� ) a : (38)

A.6 The GeneralizationErr or

Using(31)wecandirectlycomputethegeneralizationerrorasfollows:

eg = å
k= � 1

p� khQki � k = å
k= � 1

p� kF
� ebk� k

eak� k

�

whichyieldsEqs.(14,15)in thetext afterinserting

eask = kC
1
2
k ask =

p
as �Ckas; ebsk = as � µ

k
� bs:

with as = (+ 2s; � 2s;0;0)T and bs = (Q+ s+ s � Q� s� s):
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