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Abstract
Givena samplefrom a probabilitymeasurewith supporton a submanifoldin Euclideanspaceone
canconstructaneighborhoodgraphwhichcanbeseenasanapproximationof thesubmanifold.The
graphLaplacianof sucha graphis usedin severalmachinelearningmethodslike semi-supervised
learning,dimensionalityreductionandclustering. In this paperwe determinethepointwiselimit
of threedifferentgraphLaplaciansusedin theliteratureasthesamplesizeincreasesandtheneigh-
borhoodsizeapproacheszero. We show that for a uniform measureon thesubmanifoldall graph
Laplacianshave the samelimit up to constants.However in the caseof a non-uniformmeasure
on the submanifoldonly the so called randomwalk graphLaplacianconvergesto the weighted
Laplace-Beltramioperator.
Keywords: graphs,graphLaplacians,semi-supervisedlearning,spectralclustering,dimensional-
ity reduction

1. Intr oduction

In recentyears,methodsbasedon graphLaplacianshave becomeincreasinglypopularin machine
learning.They have beenusedin semi-supervisedlearning(Belkin andNiyogi, 2004;Zhouet al.,
2004;Zhu andGhahramani,2002),spectralclustering(SpielmanandTeng,1996;von Luxburg,
2006)anddimensionalityreduction(Belkin andNiyogi, 2003;CoifmanandLafon, 2006). Their
popularity is mainly dueto the following propertiesof the Laplacianwhich will be discussedin
moredetail in a latersection:
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� theLaplacianis thegeneratorof thediffusionprocess(labelpropagationin semi-supervised
learning),

� theeigenvectorsof theLaplacianhave specialgeometricproperties(motivation for spectral
clustering),

� theLaplacianinducesanadaptive regularizationfunctional,which adaptsto thedensityand
thegeometricstructureof thedata(semi-supervisedlearning,classi�cation).

If thedataliesin Rd theneighborhoodgraphbuilt from therandomsamplecanbeseenasanap-
proximationof thecontinuousstructure.In particular, if thedatahassupporton a low-dimensional
submanifoldthe neighborhoodgraphis a discreteapproximationof the submanifold.In machine
learningwe areinterestedin theintrinsic propertiesandobjectsof this submanifold.Theapproxi-
mationof theLaplace-Beltramioperatorvia thegraphLaplacianis avery importantonesinceit has
numerousapplicationsaswewill discusslater.

Approximationsof theLaplace-Beltramioperatoror relatedobjectshave beenstudiedfor cer-
tain specialdeterministicgraphs. The easiestcaseis a grid in Rd. In numericsit is standardto
approximatetheLaplacianwith �nite-dif ferencesschemeson thegrid. Thesecanbeseenasa spe-
cial instancesof a graphLaplacian.Thereconvergencefor decreasinggrid-sizefollows easilyby
anargumentusingTaylor expansions.Anothermoreinvolvedexampleis thework of Varopoulos
(1984),wherefor agraphgeneratedby ane-packingof amanifold,theequivalenceof certainprop-
ertiesof randomwalkson thegraphandBrownianmotionon themanifoldhave beenestablished.
The connectionbetweenrandomwalks andthe graphLaplacianbecomesobvious by noting that
the graphLaplacianaswell as the Laplace-Beltramioperatorare the generatorsof the diffusion
processon thegraphandthemanifold,respectively. In Xu (2004)theconvergenceof adiscreteap-
proximationof theLaplaceBeltramioperatorfor a triangulationof a 2D-surfacein R3 wasshown.
However, it is unclearwhethertheapproximationdescribedtherecanbewritten asa graphLapla-
cianandwhetherthis resultcanbegeneralizedto higherdimensions.

In the casewherethe graphis generatedrandomly, only �rst resultshave beenproved so far.
The �rst work on the large samplelimit of graphLaplacianshasbeendoneby Bousquetet al.
(2004). Theretheauthorsstudiedtheconvergenceof the regularizationfunctionalinducedby the
graphLaplacianusingthelaw of largenumbersfor U-statistics.In asecondsteptakingthelimit of
theneighborhoodsizeh ! 0, they got 1

p2 Ñ(p2Ñ) astheeffective limit operatorin Rd. Their result
hasrecentlybeengeneralizedto thesubmanifoldcaseanduniform convergenceover thespaceof
Hölder-functionsby Hein (2005,2006). In von Luxburg et al. (2007),theneighborhoodsizeh was
kept �x edwhile the largesamplelimit of thegraphLaplacianwasconsidered.In this setting,the
authorsshowedstrongconvergenceresultsof graphLaplaciansto certainintegral operators,which
imply theconvergenceof theeigenvaluesandeigenfunctions.Therebyshowing theconsistency of
spectralclusteringfor a �x edneighborhoodsize.

In contrastto the previous work in this paperwe will considerthe large samplelimit andthe
limit astheneighborhoodsizeapproacheszerosimultaneouslyfor acertainclassof neighbhorhood
graphs.The main emphasislies on the casewherethe datageneratingmeasurehassupporton a
submanifoldof Rd. Thebiasterm,that is thedifferencebetweenthecontinuouscounterpartof the
graphLaplacianandthe Laplacianitself hasbeenstudied�rst for compactsubmanifoldswithout
boundaryby Smolyanov, von Weizs̈acker, andWittich (2000)andBelkin (2003)for theGaussian
kernelandauniformdatageneratingmeasureandwasthengeneralizedby Lafon (2004)to general
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isotropicweightsandgeneralprobabilitymeasures.Additionally Lafonshowedthattheuseof data-
dependentweightsfor thegraphallowsto controlthein�uenceof thedensity. They all show thatthe
biastermconvergespointwiseif theneighborhoodsizegoesto zero.Theconvergenceof thegraph
Laplaciantowardsthesecontinuousaveragingoperatorswasleft open.Thispartwas�rst studiedby
Heinetal. (2005)andBelkin andNiyogi (2005).In Belkin andNiyogi (2005)theconvergencewas
shown for thesocalledunnormalizedgraphLaplacianin thecaseof auniformprobabilitymeasure
on a compactmanifoldwithout boundaryandusingtheGaussiankernelfor theweights,whereas
in Hein et al. (2005)the pointwiseconvergencewasshown for the randomwalk graphLaplacian
in thecaseof generalprobabilitymeasuresonnon-compactmanifoldswith boundaryusinggeneral
isotropicdata-dependentweights. More recentlyGiné andKoltchinskii (2006)have extendedthe
pointwiseconvergencefor theunnormalizedgraphLaplacianshown by Belkin andNiyogi (2005)
to uniformconvergenceoncompactsubmanifoldswithoutboundarygiving explicit rates.In Singer
(2006),seealsoGiné andKoltchinskii (2006),therateof convergencegivenby Hein et al. (2005)
hasbeenimprovedin thesettingof theuniformmeasure.In thispaperwewill studythethreemost
oftenusedgraphLaplaciansin themachinelearningliteratureandshow theirpointwiseconvergence
in thegeneralsettingof Lafon (2004)andHein et al. (2005),that is we will in particularconsider
thecasewhereby usingdata-dependentweightsfor thegraphwe cancontrol the in�uence of the
densityon thelimit operator.

In Section2 we introducethebasicframework necessaryto de�ne graphLaplaciansfor general
directedweightedgraphsandthensimplify thegeneralcaseto undirectedgraphs.In particular, we
de�ne the threegraphLaplaciansusedin machinelearningso far, which we call the normalized,
the unnormalizedand the randomwalk Laplacian. In Section3 we introducethe neighborhood
graphsstudiedin thispaper, followedby anintroductionto thesocalledweightedLaplace-Beltrami
operator, which will turn out to be the limit operatorin general.We alsostudypropertiesof this
limit operatorand provide insightswhy and how this operatorcan be usedfor semi-supervised
learning,clusteringand regression. Then �nally we presentthe main convergenceresult for all
threegraphLaplaciansandgivetheconditionsontheneighborhoodsizeasafunctionof thesample
sizenecessaryfor convergence.In Section4 we illustratethemainresultby studyingthedifference
betweenthethreegraphLaplaciansandtheeffectsof differentdata-dependentweightson thelimit
operator. In Section5 we prove the main result. We introducea framework for studyingnon-
compactmanifoldswith boundaryandprovide the necessaryassumptionson the submanifoldM,
the datageneratingmeasureP and the kernel k usedfor de�ning the weightsof the edges. We
would like to note that the theoremsgiven in Section5 containslightly strongerresultsthanthe
onespresentedin Section3. The readerwho is not familiar with differentialgeometrywill �nd a
brief introductionto thebasicmaterialusedin thispaperin AppendixA.

2. Abstract De�nition of the Graph Structur e

In this sectionwe de�ne the structureon a graphwhich is requiredin order to de�ne the graph
Laplacian.To this endonehasto introduceHilbert spacesHV andHE of functionson thevertices
V andedgesE, de�ne a differenceoperatord, andthensetthe graphLaplacianasD = d� d. We
�rst do this in full generalityfor directedgraphsandthenspecializeit to undirectedgraphs.This
approachis well-known for undirectedgraphsin discretepotentialtheoryandspectralgraphtheory,
seefor exampleDodziuk(1984),Chung(1997),Woess(2000)andMcDonaldandMeyers(2002),
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andwasgeneralizedto directedgraphsby Zhouet al. (2005)for a specialchoiceof HV ;HE andd.
To ourknowledgetheverygeneralsettingintroducedherehasnotbeendiscussedelsewhere.

In many articlesgraphLaplaciansareusedwithout explicitly mentioningd, HV andHE. This
canbemisleadingsince,aswe will show, therealwaysexistsa whole family of choicesfor d, HV

andHE whichall yield thesamegraphLaplacian.

2.1 Hilbert Spacesof Functionson the VerticesV and the EdgesE

Let (V;W) be a graphwhereV denotesthe set of verticeswith jVj = n andW a positive n � n
similarity matrix,thatis wi j � 0; i; j = 1; : : : ;n. W neednotto besymmetric,thatmeansweconsider
thecaseof adirectedgraph.Thespecialcaseof anundirectedgraphwill bediscussedin afollowing
section.Let E � V � V bethesetof edgesei j = (i; j) with wi j > 0. ei j is saidto bea directededge
from thevertex i to thevertex j with weightwi j . Moreover, wede�ne theoutgoingandingoingsum
of weightsof avertex i as

dout
i =

1
n

n

å
j= 1

wi j ; din
i =

1
n

n

å
j= 1

w j i :

Weassumethatdout
i + din

i > 0; i = 1; : : : ;n, meaningthateachvertex hasat leastonein- or outgoing
edge.Let R+ = f x 2 Rj x � 0g andR�

+ = f x 2 Rj x > 0g. Theinnerproducton thefunctionspace
RV is de�ned as

hf ;gi V =
1
n

n

å
i= 1

fi gi ci ;

wherec i = (cout(dout
i ) + c in(din

i )) with cout : R+ ! R+ andc in : R+ ! R+ , cout(0) = c in(0) = 0
andfurthercout andc in strictly positiveonR�

+ .
Wealsode�ne aninnerproducton thespaceof functionsRE on theedges:

hF;Gi E =
1

2n2

n

å
i; j= 1

Fi j Gi j f (wi j );

wheref : R+ ! R+ , f (0) = 0 and f strictly positive on R�
+ . Note that with theseassumptions

on f the sumis taken only over the setof edgesE. Onecancheckthat both inner productsare
well-de�ned. We denoteby H (V;c) = (RV ;h�; �i V) andH (E; f ) = (RE;h�; �i E) thecorresponding
Hilbert spaces.As a last remarklet us clarify the rolesof RV andRE. The �rst oneis the space
of functionson the verticesandthereforecanbe regardedasa normalfunction space.However,
elementsof RE canbe interpretedasa �o w on theedgesso that the functionvalueon anedgeei j

correspondsto the”mass”�o wing from onevertex i to thevertex j (perunit time).

2.2 The Differ enceOperator d and its Adjoint d�

De�nition 1 Thedifferenceoperatord : H (V;c) ! H (E; f ) is de�nedasfollows:

8 ei j 2 E; (d f )(ei j ) = g(wi j ) ( f ( j) � f (i)) ;

whereg: R�
+ ! R�

+ .
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Remark 2 Notethat d is zero on theconstantfunctionsasonewouldexpectit froma derivative.
In Zhouetal. (2004)anotherdifferenceoperator d is used:

(d f )(ei j ) = g(wi j )
�

f ( j)p
d( j)

� f (i)p
d(i)

�
: (1)

Note that in Zhouet al. (2004) they haveg(wi j ) � 1. This differenceoperator is in general not
zero on theconstantfunctions.Thisin turn leadsto theeffectthat theassociatedLaplacianis also
not zero on theconstantfunctions.For general graphswithoutanygeometricinterpretationthis is
just a matterof choice. However, thechoiceof d matters if onewantsa consistentcontinuumlimit
of thegraph. Onecannotexpectconvergenceof thegraphLaplacianassociatedto thedifference
operator d of Equation(1) towards a Laplacian, sinceas each of the graph Laplaciansin the
sequenceis notzero ontheconstantfunctions,alsothelimit operator will sharethispropertyunless
limn! ¥ d(Xi) = c;8i = 1; : : : ;n, where c is a constant. We derive also the limit operator of the
graph Laplacianinducedby the differenceoperator of Equation(1) introducedby Zhouet al. in
themachinelearningliterature andusuallydenotedasthenormalizedgraphLaplacianin spectral
graphtheory(Chung,1997).

Obviously, in the�nite cased isalwaysaboundedoperator. Theadjointoperatord� : H (E; f ) !
H (V;c) is de�ned by

hd f ;ui E = hf ;d� ui V ; 8 f 2 H(V;c); u 2 H (E; f ):

Lemma 3 Theadjointd� : H (E; f ) ! H (V;c) of thedifferenceoperator d is explicitly givenby:

(d� u)( l ) =
1

2c l

�
1
n

n

å
i= 1

g(wil ) uil f (wil ) �
1
n

n

å
i= 1

g(wl i) ul i f (wl i)
�

: (2)

Proof Usingtheindicatorfunction f ( j) =
�

j= l it is straightforwardto derive:

1
n

cl (d� u)( l ) = hd
�

�= l ;ui E =
1

2n2

n

å
i= 1

�
g(wil )uil f (wil ) � g(wl i)ul i f (wl i)

�
;

wherewehaveusedhd
�

�= l ;ui E = 1
2n2 å n

i; j= 1(d
�

�= l ) i jui j f (wi j ).

The�rst termof therhsof (2) canbeinterpretedastheoutgoing�o w, whereasthesecondterm
canbeseenasthe ingoing �o w. Thecorrespondingcontinuouscounterpartof d is thegradientof
a function andfor d� it is the divergenceof a vector-�eld, measuringthe in�nitesimal difference
betweenin- andoutgoing�o w.

2.3 The GeneralGraph Laplacian

De�nition 4 (graph Laplacian for a dir ectedgraph) GivenHilbert spacesH (V;c)
andH (E; f ) andthedifferenceoperator d : H (V;c) ! H (E; f ) thegraphLaplacianD: H (V;c) !
H (V;c) is de�nedas

D= d� d:
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Lemma 5 Explicitly, D: H (V;c) ! H (V;c) is givenas:

(Df )( l ) =
1

2c l

�
1
n

n

å
i= 1

�
g(wil )2f (wil ) + g(wl i)2f (wl i)

� �
f (l ) � f (i)

�
�
:

Proof The explicit expressionD can be easily derived by plugging the expressionof d� and d
together:

(d� d f )( l ) =
1

2c l

�
1
n

n

å
i= 1

g(wil )2[ f (l ) � f (i)]f (wil ) �
1
n

n

å
i= 1

g(wl i)2[ f (i) � f (l )]f (wl i)
�

=
1

2c l

h
f (l )

1
n

n

å
i= 1

bwi j �
1
n

n

å
i= 1

f (i) bwi j

i
;

wherewehave introducedbwi j =
�
g(wil )2f (wil ) + g(wl i)2f (wl i)

�
.

Proposition6 D is self-adjointandpositivesemi-de�nite.

Proof By de�nition, hf ;Dgi V = hd f ;dgi E = hDf ;gi V , andhf ;Df i V = hd f ;d f i E � 0:

2.4 The SpecialCaseof an Undir ectedGraph

In the caseof an undirectedgraphwe have wi j = w j i , that is whenever thereis an edgefrom i
to j thereis an edgewith the samevalue from j to i. This implies that thereis no difference
betweenin- andoutgoingedges.Therefore,dout

i � din
i , so thatwe will denotethedegreefunction

by d with di = 1
n å n

j= 1wi j . The samefor the weightsin HV , cout � c in, so that we have only one
functionc. If onelikesto interpretfunctionson E as�o ws, it is reasonableto restrictthespaceHE

to antisymmetricfunctionssincesymmetricfunctionsareassociatedto �o ws which transportthe
samemassfrom vertex i to vertex j andback. Therefore,asa neteffect, no massis transportedat
all sothatfrom aphysicalpointof view thesefunctionscannotbeobservedatall. Sinceanywaywe
consideronly functionson theedgesof theform d f (where f is in HV) which areby construction
antisymmetric,wewill notdo this restrictionexplicitly.

Theadjointd� simpli�es in theundirectedcaseto

(d� u)( l ) =
1

2c(dl )
1
n

n

å
i= 1

g(wil )f (wil )(uil � ul i);

andthegeneralgraphLaplacianonanundirectedgraphhasthefollowing form:

De�nition 7 (graph Laplacian for an undir ectedgraph) GivenHilbert spaces
H (V;c) andH (E; f ) andthedifferenceoperator d : H (V;c) ! H (E; f ) thegraphLaplacianD:
H (V;c) ! H (V;c) is de�nedas

D= d� d:

Explicitly, for anyvertex l , wehave

(Df )( l ) = (d� d f )( l ) =
1

c(dl )

�
f (l )

1
n

n

å
i= 1

g2(wil )f (wil ) �
1
n

n

å
i= 1

f (i)g2(wil )f (wil )
�
:
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In the literatureone�nds thefollowing specialcasesof thegeneralgraphLaplacian.Unfortu-
natelythereexist no uniquenamesfor the threegraphLaplacianswe introducehere,mostof the
time all of themarejust calledgraphLaplacians.Only theterm'unnormalized'or 'combinatorial'
graphLaplacianseemsto beestablishednow. However, theothertwo couldbothbecallednormal-
izedgraphLaplacian.Sincethe�rst oneis closelyrelatedto a randomwalk on thegraphwe call it
randomwalk graphLaplacianandtheotheronenormalizedgraphLaplacian.

The'randomwalk' graphLaplacianis de�ned as:

(D(rw) f )( i) = f (i) �
1
di

1
n

n

å
j= 1

wi j f ( j); D(rw) f = (
�

� D� 1W) f ;

wherethe matrix D is de�ned as Di j = di di j . Note that P = D� 1W is a stochasticmatrix and
thereforecanbeusedto de�ne a Markov randomwalk onV, seefor exampleWoess(2000). The
'unnormalized'(or 'combinatorial') graphLaplacianis de�ned as

(D(u) f )( i) = di f (i) �
1
n

n

å
j= 1

wi j f ( j); D(u) f = (D � W) f :

Wehave thefollowing conditionsonc;gandf in orderto gettheseLaplacians:

8ei j 2 E : rw :
g2(wi j )f (wi j )

c(di)
=

wi j

di
; unnorm:

g2(wi j )f (wi j )
c(di)

= wi j :

We observe that by choosingD(rw) or D(u) the functionsf and g are not �x ed. Thereforeit can
causeconfusionif one speaksof the 'randomwalk' or 'unnormalized' graphLaplacianwithout
explicitly de�ning thecorrespondingHilbert spacesandthedifferenceoperator. We alsoconsider
the normalizedgraphLaplacianD(n) introducedby Chung(1997); Zhou et al. (2004) using the
differenceoperatorof Equation(1) and the generalspacesH(V;c) andH (E; f ). Following the
schemeastraightforwardcalculationshows thefollowing:

Lemma 8 ThegraphLaplacianDnorm = d� d with thedifferenceoperator d fromEquation(1) can
beexplicitly writtenas

(D(n) f )( l ) =
1

nc(dl )
p

dl

�
f (l )
p

dl

1
n

n

å
i= 1

g2(wil )f (wil ) �
1
n

n

å
i= 1

f (i)
p

di
g2(wil )f (wil )

�
:

Thechoicec(dl ) = 1 andg2(wil )f (wil ) = wil leadsthento thegraphLaplacianproposedin Chung
andLanglands(1996);Zhouetal. (2004),

(D(n) f )( l ) =
1

n
p

dl

�
f (l )
p

dl
dl �

1
n

n

å
i= 1

f (i)
p

di
wl i

�
=

1
n

�
f (l ) �

1
n

n

å
i= 1

f (i)
wilp
dl di

�
;

or equivalently
D(n) f = D� 1

2 (D � W)D� 1
2 f = (

�

� D� 1
2WD� 1

2 ) f :

NotethatD(u) = DD(rw) andD(n) = D� 1
2 D(u)D� 1

2 .
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3. Limit of the Graph Laplacian for RandomNeighborhoodGraphs

Beforewe statethe convergenceresultsfor the threegraphLaplacianson randomneighborhood
graphs,we �rst have to de�ne the limit operator. Maybenot surprisingly, in generaltheLaplace-
Beltramioperatorwill not bethe limit operatorof thegraphLaplacian.Insteadit will convergeto
theweightedLaplace-Beltramioperatorwhich is thenaturalgeneralizationof theLaplace-Beltrami
operatorfor a Riemannianmanifold equippedwith a non-uniformprobability measure.The def-
inition of this limit operatorand a discussionof its usefor different applicationsin clustering,
semi-supervisedlearningandregressionis thetopicof thenext section,followedby asketchof the
convergenceresults.

3.1 Construction of the NeighborhoodGraph

We assumeto have a sampleXi ; i = 1; : : : ;n drawn i.i.d. from a probabilitymeasureP which has
supporton a submanifoldM. For theexactassumptionsregardingP, M andthekernelfunctionk
usedto de�ne theweightswereferto Section5.2.Thesamplethendeterminesthesetof verticesV
of thegraph.Additionally wearegivenacertainkernelfunctionk : R+ ! R+ andtheneighborhood
parameterh 2 R�

+ . As proposedby Lafon(2004)andCoifmanandLafon(2006),weusethiskernel
functionk to de�ne thefollowing family of data-dependentkernelfunctionsk̃l ;h parameterizedby
l 2 R as:

k̃l ;h(Xi ;Xj ) =
1

hm

k(

 Xi � Xj


 2=h2)

[dh;n(Xi)dh;n(Xj )] l
;

wheredh;n(Xi) = 1
n å n

i= 1
1

hmk(

 Xi � Xj


 2=h2) is the degreefunction introducedin Section2 with

respectto the edge-weights1
hmk(


 Xi � Xj


 2=h2). Finally we usek̃l ;h to de�ne the weight wi j =

w(Xi ;Xj ) of theedgebetweenthepointsXi andXj as

wl ;h(Xi ;Xj ) = k̃l ;h(Xi ;Xj ):

Notethatthecasel = 0correspondstoweightswith nodata-dependentmodi�cation. Theparameter
h 2 R�

+ determinestheneighborhoodof a point sincewe will assumethatk hascompactsupport,
that is Xi andXj have anedgeif


 Xi � Xj


 � hRk whereRk is thesupportof kernelfunction. Note

thatwewill havek(0) = 0, sothatthereareno loopsin thegraph.Thisassumptionis notnecessary,
but it simpli�es theproofsandmakessomeof theestimatorsunbiased.

In Section2.4 we introducedthe randomwalk, the unnormalizedand the normalizedgraph
Laplacian.Fromnow on we considerthesegraphLaplaciansfor therandomneighborhoodgraph,
that is theweightsof thegraphwi j have the form wi j = w(Xi ;Xj ) = k̃l ;h(Xi ;Xj ). Using thekernel
functionwe caneasilyextendthegraphLaplaciansto thewholesubmanifoldM. Theseextensions
canbeseenasestimatorsfor theLaplacianon M. We introducealsotheextendeddegreefunction
d̃l ;h;n andtheaverageoperatorÃl ;h;n,

d̃l ;h;n(x) =
1
n

n

å
j= 1

k̃l ;h(x;Xj ); (Ãl ;h;n f )(x) =
1
n

n

å
j= 1

k̃l ;h(x;Xj ) f (Xj ):
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Notethatd̃l ;h;n = Ãl ;h;n1. TheextendedgraphLaplaciansarede�ned asfollows:

randomwalk (D(rw)
l ;h;n f )(x) =

1
h2

�
f � 1

d̃l ;h;n
Ãl ;h;n f

�
(x) =

1
h2

 
Ãl ;h;ng

d̃l ;h;n

!

(x); (3)

unnormalized (D(u)
l ;h;n f )(x) =

1
h2

�
d̃l ;h;n f � Ãl ;h;n f

�
(x) =

1
h2 (Ãl ;h;ng)(x);

normalized (D(n)
l ;h;n f )(x) = 1

h2
p

d̃l ;h;n(x)

�
d̃l ;h;n

fp
d̃l ;h;n

�
�

Ãl ;h;n
fp

d̃l ;h;n

� �
(x)

= 1
h2

p
d̃l ;h;n(x)

(Ãl ;h;ng0)(x);

wherewe have introducedg(y) := f (x) � f (y) and g0(y) := f (x)p
d̃l ;h;n(x)

� f (y)p
d̃l ;h;n(y)

. Note that all

extensionsreproducethegraphLaplacianon thesample:

(Df )( i) = (Df )(Xi) = (Dl ;h;n f )(Xi); 8i = 1; : : : ;n:

The factor1=h2 arisesby introducinga factor1=h in the weight g of the derivative operatord of
thegraph.This is necessarysinced is supposedto approximatea derivative. SincetheLaplacian
correspondsto asecondderivativewegetfrom thede�nition of thegraphLaplaciana factor1=h2.

Wewould like to notethatin thecaseof therandomwalk andandthenormalizedgraphLapla-
cian the normalizationwith 1=hm in the weightscancelsout, whereasit doesnot cancelfor the
unnormalizedgraphLaplacianexcept in the casel = 1=2. The problemhereis that in general
the intrinsic dimensionm of themanifold is unknown. Thereforea normalizationwith thecorrect
factor 1

hm is not possible,andin the limit h ! 0 theestimateof theunnormalizedgraphLaplacian
will generallyeithervanishor blow up. Theeasyway to circumventthis is just to rescalethewhole
estimatesuchthat 1

n å n
i= 1 d̃l ;h;n(Xi) equalsa �x edconstantfor everyn. Thedisadvantageis thatthis

methodof rescalingintroducesaglobalfactorin thelimit. A moreelegantwaymightbeto simulta-
neouslyestimatethedimensionm of thesubmanifoldandusetheestimateddimensionto calculate
thecorrectnormalizationfactor, see,for example,HeinandAudibert(2005).However, in thiswork
we assumefor simplicity that for the unnormalizedgraphLaplacianthe intrinsic dimensionm of
thesubmanifoldis known. It mightbeinterestingto considerbothestimatessimultaneously, but we
leave thisasanopenproblem.

We will considerin the following the limit h ! 0, that is the neighborhoodof eachpoint Xi

shrinksto zero. However, sincen ! ¥ andh asa functionof n approacheszerosuf�ciently slow,
thenumberof pointsin eachneighborhoodapproaches¥ , sothatroughlyspokensumsapproximate
the correspondingintegrals. This is the basicprinciple behindour convergenceresultandis well
known in theframework of nonparametricregression(seeGyör� et al., 2004).

3.2 The WeightedLaplacian and the ContinuousSmoothnessFunctional

TheLaplacianis oneof themostprominentoperatorsin mathematics.Thefollowing generalprop-
ertiesaretaken from thebooksof Rosenberg (1997)andBérard(1986). It occursin many partial
differentialequationsgoverningphysics,mainly becausein Euclideanspaceit is the only linear
second-orderdifferentialoperatorwhich is translationandrotationinvariant.In EuclideanspaceRd

it is de�ned asDRd f = div(gradf ) = å d
i= 1¶2

i f : Moreover, for any domainW� Rd it is a negative-
semide�nitesymmetricoperatoronC¥

c (W), whichis adensesubsetof L2(W) (formallyself-adjoint),
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andsatis�es Z

W
f Dhdx = �

Z

W
hÑ f ;Ñhi dx:

It canbe extendedto a self-adjointoperatoron L2(W) in several ways dependingon the choice
of boundaryconditions.For any compactdomainW(with suitableboundaryconditions)it canbe
shown that D hasa purepoint spectrumandthe eigenfunctionsaresmoothandform a complete
orthonormalbasisof L2(W), see,for example,Bérard(1986).

The Laplace-Beltramioperatoron a Riemannianmanifold M is the naturalequivalentof the
Laplacianin Rd, de�ned as

DM f = div(gradf ) = ÑaÑa f :

However, themorenaturalde�nition is thefollowing. For any f ;g 2 C¥
c (M), wehave

Z

M
f DhdV(x) = �

Z

M
hÑ f ;Ñhi dV(x);

wheredV =
p

detgdx is thenaturalvolumeelementof M. Thisde�nition allowseasilyanextension
to thecasewherewe have a RiemannianmanifoldM with a measureP . In this paperP will bethe
probabilitymeasuregeneratingthedata.Weassumein thefollowing thatP is absolutelycontinuous
wrt thenaturalvolumeelementdV of themanifold. Its densityis denotedby p. Notethatthecase
whentheprobabilitymeasureis absolutelycontinuouswrt theLebesguemeasureonRd is aspecial
caseof oursetting.

A recentreview articleabouttheweightedLaplace-Beltramioperatoris Grigoryan(2006).

De�nition 9 (WeightedLaplacian) Let (M;gab) bea Riemannianmanifoldwith measureP where
P has a differentiableand positivedensityp with respectto the natural volumeelementdV =p

detgdx, andlet DM betheLaplace-Beltramioperator onM. For s2 R, wede�nethes-thweighted
LaplacianDs as

Ds := DM +
s
p

gab(Ñap)Ñb =
1
psgabÑa(psÑb) =

1
ps div(ps grad):

Thisde�nition is motivatedby thefollowing equality, for f ;g 2 C¥
c (M),

Z

M
f (Dsg) psdV =

Z

M
f
�
Dg+

s
p

hÑp;Ñgi
�
psdV = �

Z

M
hÑ f ;Ñgi psdV; (4)

The family of weightedLaplacianscontainstwo caseswhich are particularly interesting. The
�rst one, s = 0, correspondsto the standardLaplace-Beltramioperator. This caseis interesting
if oneonly wantsto usepropertiesof the geometryof the manifold but not of the datagenerat-
ing probabilitymeasure.Thesecondcase,s = 1, correspondsto thestandardweightedLaplacian
D1 = 1

pÑa(pÑa).
In thenext sectionit will turn out that througha data-dependentchangeof theweightsof the

graphwecangetthejustde�ned weightedLaplaciansasthelimit operatorsof thegraphLaplacian.
The restof this sectionwill be usedto motivatethe importanceof the understandingof this limit
in differentapplications.Threedifferentbut closelyrelatedpropertiesof theLaplacianareusedin
machinelearning
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� TheLaplaciangeneratesthediffusionprocess.In semi-supervisedlearningalgorithmswith a
smallnumberof labeledpointsonewould like to propagatethelabelsalongregionsof high-
density, seeZhu andGhahramani(2002);Zhu et al. (2003).Thelimit operatorDs shows the
in�uence of a non-uniformdensityp. Thesecondterm s

p hÑp;Ñ f i leadsto ananisotropy in
thediffusion.If s< 0 this termenforcesdiffusionin thedirectionof themaximumof theden-
sity whereasdiffusion in thedirectionaway from themaximumof thedensityis weakened.
If s< 0 this is just theotherway round.

� Thesmoothnessfunctionalinducedby theweightedLaplacianDs, seeEquation(4), is given
by

S( f ) =
Z

M
kÑ f k2 psdV:

For s> 0 this smoothnessfunctionalprefersfunctionswhich aresmoothin high-densityre-
gionswhereasunsmoothbehavior in low-densityis penalizedless. This propertycanalso
beinterestingin semi-supervisedlearningwhereoneassumesespeciallywhenonly a few la-
beledpointsareknown thattheclassi�er shouldbeconstantin high-densityregionswhereas
changesof the classi�er areallowed in low-densityregions,seeBousquetet al. (2004)for
somediscussionof thispointandHein(2005,2006)for aproofof convergenceof theregular-
izer inducedby thegraphLaplaciantowardsthesmoothnessfunctionalS( f ). In Figure1 this
is illustratedby mappinga densitypro�le in R2 ontoa two-dimensionalmanifold. However,

Figure1: A densitypro�le mappedontoa two-dim. submanifoldin R3 with two clusters.

alsothe cases < 0 canbe interesting.Minimizing the smoothnessfunctionalS( f ) implies
thatoneenforcessmoothnessof thefunction f whereonehaslittle data,andoneallows the
function to vary morewhereonehassampleda lot of datapoints. Sucha penalizationhas
beenconsideredby CanuandElisseeff (1999)for regression.

� The eigenfunctionsof the LaplacianDs canbe seenasthe limit partioningof spectralclus-
tering for the normalizedgraphLaplacian(however, a rigorousmathematicalproof hasnot
beengivenyet, seevon Luxburg et al., 2007,for a convergenceresultfor �x edh). If s = 0
onegetsjustageometricclusteringin thesensethatirrespectively of theprobabilitymeasure
generatingthedatatheclusteringis determinedby thegeometryof thesubmanifold.If s> 0
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theeigenfunctioncorrespondingto the�rst non-zeroeigenvalueis likely to changeits signin
a low-densityregion. Thisargumentfollows from thepreviousdiscussionon thesmoothness
functionalS( f ) andtheRayleigh-Ritzprinciple.Let usassumefor a momentthatM is com-
pactwithout boundaryandthat p(x) > 0;8x 2 M, thentheeigenspacecorrespondingto the
�rst eigenvaluel 0 = 0 is givenby theconstantfunctions.The�rst non-zeroeigenvaluecan
thenbedeterminedby theRayleigh-Ritzvariationalprinciple

l 1 = inf
u2C¥ (M)

� R
M kÑuk2 p(x)sdV(x)
R

M u2(x)p(x)sdV(x)

�
�
�

Z

M
u(x) p(x)sdV(x) = 0

�
:

Sincethe �rst eigenfunctionhasto beorthogonalto theconstantfunctions,it hasto change
its sign.However, sincekÑuk2 is weightedby a powerof thedensityps it is obviousthatfor
s> 0 thefunctionwill changeits signin a regionof low density.

3.3 Limit of the Graph Laplacians

The following theoremsummarizesandslightly weakensthe resultsof Theorem30 andTheorem
31of Section5.

Main Result Let M bea m-dimensionalsubmanifoldin Rd, f Xign
i= 1 a samplefroma probability

measure P on M with densityp. Let x 2 Mn¶M and de�ne s = 2(1 � l ). Thenunder technical
conditionson thesubmanifoldM, thekernelk and thedensityp introducedin Section5, if h ! 0
andnhm+ 2=logn ! ¥ ,

randomwalk: lim
n! ¥

(D(rw)
l ;h;n f )(x) � � (Ds f )(x) almostsurely;

unnormalized: lim
n! ¥

(D(u)
l ;h;n f )(x) � � p(x)1� 2l (Ds f )(x) almostsurely:

Theoptimalrateis obtainedfor h(n) = O
�

(logn=n)
1

m+ 4

�
. If h ! 0 andnhm+ 4=logn ! ¥ ,

normalized: lim
n! ¥

(D(n)
l ;h;n f )(x) � � p(x)

1
2 � l Ds

�
f

p
1
2 � l

�
(x) almostsurely:

where � meansthat thereexistsa constantonlydependingon thekernelk andl such thatequality
holds.

The �rst observation is that the conjecturethat the graphLaplacianapproximatesthe Laplace-
Beltramioperatoris only true for theuniform measure,wherep is constant.In this caseall limits
agreeup to constants.However, big differencesarisewhenonehasa non-uniformmeasureon the
submanifold,which is thegenericcasein machinelearningapplications.In this caseall limits dis-
agreeandonly therandomwalk graphLaplacianconvergestowardstheweightedLaplace-Beltrami
operatorwhich is the naturalgeneralizationof the Laplace-Beltramioperatorwhenthe manifold
is equippedwith a non-uniformprobability measure.The unnormalizedgraphLaplacianhasthe
additionalfactor p1� 2l . However, this limit is actuallyquite useful,whenonethinks of applica-
tionsof socalledlabelpropagationalgorithmsin semi-supervisedlearning. If oneusesthis graph
Laplacianas the diffusion operatorto propagate the labeleddata,it meansthat the diffusion for
l < 1=2 is fasterin regionswherethedensityis high. Theconsequenceis that labelsin regionsof
highdensityarepropagatedfasterthanlabelsin low-densityregions.Thismakessensesinceunder
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theclusterassumptionlabelsin regionsof low densityarelessinformative thanlabelsin regionsof
high density. In general,from theviewpoint of a diffusionprocesstheweightedLaplace-Beltrami
operatorDs = DM + s

pÑpÑ canbe seenasinducingan anisotropicdiffusiondueto the extra term
s
pÑpÑ, which is directedtowardsor awayfrom increasingdensitydependingons. This is adesired
propertyin semi-supervisedlearning,whereoneactuallywantsthat the diffusion is mainly along
regionsof thesamedensitylevel in orderto ful�ll theclusterassumption.

Thesecondobservationis thatthedata-dependentmodi�cation of edgeweightsallowstocontrol
thein�uence of thedensityon thelimit operatorasobservedby CoifmanandLafon (2006).In fact
onecaneveneliminateit for s= 0 resp.l = 1 in thecaseof therandomwalk graphLaplacian.This
couldbeinterestingin computergraphicswheretherandomwalk graphLaplacianis usedfor mesh
andpointcloudprocessing,see,for example,Sorkine(2006).If onehasgatheredpointsof acurved
objectwith a laserscannerit is likely thatthepointshave a non-uniformdistribution on theobject.
Its surfaceis a two-dimensionalsubmanifoldin R3. In computergraphicsthenon-uniformmeasure
is only an artefact of the samplingprocedureandone is only interestedin the Laplace-Beltrami
operatorto infer geometricproperties.Thereforetheeliminationof thein�uence of a non-uniform
measureon thesubmanifoldis of high interestthere. We notethatup to a multiplicationwith the
inverseof thedensitytheeliminationof densityeffectsis alsopossiblefor theunnormalizedgraph
Laplacian,but not for thenormalizedgraphLaplacian.All previousobservationsarenaturallyalso
trueif thedatadoesnot lie onasubmanifoldbut hasd-dimensionalsupportin Rd.

Theinterpretationof the limit of thenormalizedgraphLaplacianis moreinvolved. An expan-
sionof thelimit operatorshows thecomplex dependency on thedensityp:

p
1
2 � l Ds

�
f

p
1
2 � l

�
= DM f +

1
p

ÑpÑ f � (l �
1
2

)2 f
p

kÑpk2 + (l �
1
2

)
f
p

DM p:

We leave it to thereaderto think of possibleapplicationsof thisLaplacian.
Thediscussionshows that thechoiceof thegraphLaplaciandependson whatkind of problem

onewantsto solve. Therefore,in our opinionthereis no universalbestchoicebetweentherandom
walk andtheunnormalizedgraphLaplacianfrom amachinelearningpointof view. However, from
a mathematicalpoint of view only the randomwalk graphLaplacianhasthe correct(pointwise)
limit to theweightedLaplace-Beltramioperator.

4. Illustration of the Results

In this sectionwe want to illustrate the differencesbetweenthe threegraphLaplaciansand the
controlof thein�uence of thedata-generatingmeasurevia theparameterl .

4.1 Flat SpaceR2

In the�rst examplethedatalies in EuclideanspaceR2. Herewewantto show two things.First, the
sketchof themainresultshows that if thedatageneratingmeasureis uniform all graphLaplacians
converge for all valuesof the reweighting parameterl up to constantsto the Laplace-Beltrami
operator, which is in the caseof R2 just the standardLaplacian. In Figure2 the estimatesof the
threegraphLaplaciansareshown for theuniformmeasure[� 3;3]2 andl = 0. It canbeseenthatup
to ascalingall estimatesagreeverywell. In asecondexamplewestudytheeffectof anon-uniform
data-generatingmeasure.In generalall estimatesdisagreein this case. We illustrate this effect
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Figure2: For the uniform distribution all graphLaplacians,D(rw)
l ;h;n, D(u)

l ;h;n andD(n)
l ;h;n (from left to

right) agreeup to constantsfor all l . In the �gure the estimatesof the Laplacianare
shown for the uniform measureon [� 3;3]2 and the function f (x) = sin( 1

2 kxk2)=kxk2

with 2500samplesandh = 1:4.

in thecaseof R2 with a Gaussiandistribution N (0;1) asdata-generatingmeasureandthesimple
function f (x) = å i xi � 4. NotethatDf = 0 sothatfor therandomwalk andtheunnormalizedgraph
Laplacianonly theanisotropicpartof the limit operator, 1

pÑpÑ f is non-zero.Explicitly the limits
aregivenas

D(rw) � Ds f = Df +
s
p

ÑpÑ f = � så i xi ;

D(u) � p1� 2l Ds f = � se� 1� 2l
2 kxk2

å i xi ;

D(n) � p
1
2 � l Ds

f

p
1
2 � l

= � å i xi �
�
å i xi � 4

� h
(l �

1
2

)(
3
2

� l ) kxk2 � 2(l �
1
2

)
i
:

Thisshowsthatevenappliedto simplefunctionstherecanbelargedifferencesbetweenthedifferent
limit operatorsprovidedthesamplescomefrom a non-uniformprobabilitymeasure.Notethatlike
in nonparametrickernel regressionthe estimateis quite bad at the boundary. This well known
boundaryeffect arisessinceat the boundaryonedoesnot averageover a full ball but only over
somepartof aball. Thusthe�rst derivativeÑ f of orderO(h) doesnotcanceloutsothatmultiplied
with the factor1=h2 we have a termof orderO(1=h) which blows up. Roughlyspokenthis effect
takesplaceatall pointsof orderO(h) awayfrom theboundary, seealsoCoifmanandLafon(2006).

4.2 The SphereS2

In our next examplewe considerthe casewherethe datalies on a submanifoldM in Rd. Here
we want to illustrate in the caseof a sphereS2 in R3 the control of the in�uence of the density
via the parameterl . In this casewe samplefrom the probability measurewith densityp(f ;q) =
1
8p + 3

8p cos2(q) in sphericalcoordinateswith respectto thevolumeelementdV = sin(q)dqdf . This
densityhasa two-clusterstructureon thesphere,wherethenorthernandsouthernhemisphererep-
resentonecluster. An estimateof thedensityp is shown in theFigure4. Weshow theresultsof the
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Figure3: Illustrationof thedifferencesof thethreegraphLaplacians,randomwalk, unnormalized
andnormalized(from thetop) for l = 0. Thefunction f is f = å 2

i= 1xi � 4 andthe2500
samplescomefrom a standardGaussiandistribution on R2. Theneighborhoodsizeh is
setto 1:2.
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randomwalk graphLaplaciantogetherwith the resultof the weightedLaplace-Beltramioperator
andanerrorplot for l = 0;1;2 resultingin s= � 2;0;2 for thefunction f (f ;q) = cos(q). First one
canseethat for a non-uniformprobabilitymeasuretheresultsfor differentvaluesof l differ quite
a lot. Notethatthefunction f is adaptedto theclusterstructurein thesensethatit doesnot change
muchin eachclusterbut changesvery muchin region of low density. In thecaseof s= 2 we can
seethatDs f would leadto a diffusionwhich would leadroughly to a kind of stepfunctionwhich
changesat theequator. Thesameis truefor s= 0 but theeffect is muchsmallerthanfor s= 2. In
thecaseof s= � 2 wehaveacompletelydifferentbehavior. Ds f hasnow �ipped its signnearto the
equatorso that the induceddiffusion processwould try to smooththe function in the low density
region.

5. Proof of the Main Result

In thissectionwewill presentthemainresultswhichweresketchedin Section3.3togetherwith the
proofs.In Section5.1we �rst introducesomenon-standardtoolsfrom differentialgeometrywhich
wewill uselateron. In particular, it turnsoutthatthesocalledmanifoldswith boundaryof bounded
geometryare the natural framework whereone can still deal with non-compactmanifolds in a
settingcomparableto thecompactcase.After a properstatementof theassumptionsunderwhich
weprovetheconvergenceresultsof thegraphLaplacianandapreliminaryresultaboutconvolutions
on submanifoldswhich is of intereston its own, we thenstartwith the �nal proofs. The proof is
basicallydividedinto two parts,thebiasandthevariance,wherethesetermsareonly approximately
valid. Thereadernot familiarwith differentialgeometryis encouragedto �rst readtheappendixon
basicsof differentialgeometryin orderto beequippedwith thenecessarybackground.

5.1 Non-compactSubmanifolds in Rd with Boundary

We prove thepointwiseconvergencefor non-compactsubmanifolds.Thereforewe have to restrict
theclassof submanifoldssincemanifoldswith unboundedcurvaturedo not allow reasonablefunc-
tion spaces.

Remark 10 In therestof this paperweusetheEinsteinsummationconventionthat is over indices
occurringtwicehasto besummed.Notethat thede�nition of thecurvature tensordiffers between
textbooks.Weusehere theconventionsregarding thede�nitions of curvatureetc.of Lee(1997).

5.1.1 MANIFOLDS WITH BOUNDARY OF BOUNDED GEOMETRY

Wewill considerin generalnon-compactsubmanifoldswith boundary. In textbooksonRiemannian
geometryoneusuallyonly �nds materialfor the casewherethe manifold hasno boundary. Also
theanalysis,for examplethede�nition of Sobolev spaceson non-compactRiemannianmanifolds,
seemsto benon-standard.Wepro�t hereverymuchfrom thethesisandanaccompanying paperof
Schick(1996,2001)which introducesmanifoldswith boundaryof boundedgeometry. All material
of this sectionis takenfrom thesearticles.Naturally this plusof generalityleadsalsoto a slightly
larger technicaloverload.Neverthelesswe think that it is worth this effort sincetheclassof mani-
foldswith boundaryof boundedgeometryincludesalmostany kind of submanifoldonecouldhave
in mind. Moreover, to our knowledge,it is themostgeneralsettingwhereonecanstill introducea
notionof Sobolev spaceswith theusualproperties.
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Figure4: Illustrationof theeffect of l = 0;1;2 (row 2� 4) resultingin s= � 2;0;2 for thesphere
with anon-uniformdata-generatingprobabilitymeasureandthefunction f (q; f ) = cos(q)
(row 1) for therandomwalk Laplacianwith n = 2500andh = 0:6
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Notethattheboundary¶M is anisometricsubmanifoldof M of dimensionm� 1. Thereforeit
hasasecondfundamentalform P whichshouldnotbemixedupwith thesecondfundamentalform
P of M which is with respectto theambientspaceRd. Wedenoteby Ñ theconnectionandby Rthe
curvatureof ¶M. Moreover, let n bethenormalinwardvector�eld at¶M.

De�nition 11 (Manif old with boundary of boundedgeometry) LetM bea manifoldwith bound-
ary ¶M (possiblyempty).It is of boundedgeometryif thefollowingholds:

� (N) NormalCollar: thereexistsrC > 0 sothat thenormalgeodesic�ow,

K : (x;t) ! expx(tnx);

is de�ned on ¶M � [0; rC) and is a diffeomorphismonto its image (nx is the inward normal
vector).LetN(s) := K(¶M � [0;s]) bethecollar setfor 0 � s � rC.

� (IC) Theinjectivity radiusinj¶M of ¶M is positive.

� (I) Injectivityradiusof M: Thereis r i > 0 sothat if r � r i thenfor x2 MnN(r) theexponential
mapis a diffeomorphismonBM(0; r) � TxM sothatnormalcoordinatesarede�nedonevery
ball BM(x; r) for x 2 MnN(r).

� (B) Curvature bounds: For every k 2 N there is Ck so that jÑiRj � Ck and Ñ
i
P � Ck for

0 � i � k, whereÑi denotesthecovariantderivativeof order i.

Notethat(B) imposesboundson all ordersof thederivativesof thecurvatures.Onecouldalso
restrictthede�nition to theorderof derivativesneededfor thegoalsonepursues.But this would
requireeven more notationaleffort, thereforewe skip this. In particular, in Schick (1996) it is
arguedthatboundednessof all derivativesof thecurvatureis very closeto theboundednessof the
curvaturealone.

The lower boundon the injectivity radiusof M andthe boundon the curvaturearestandard
to de�ne manifoldsof boundedgeometrywithout boundary. Now the problemof the injectivity
radiusof M is that at the boundaryit somehow makesonly partially sensesinceinjM(x) ! 0 as
d(x;¶M) ! 0. Thereforeonereplacesnext to theboundarystandardnormalcoordinateswith normal
collar coordinates.

De�nition 12 (normal collar coordinates) LetM bea Riemannianmanifoldwith
boundary¶M. Fix x02 ¶M and an orthonormalbasisof Tx0¶M to identify Tx0¶M with Rm� 1. For
r1; r2 > 0 suf�ciently small (such that the following mapis injective)de�ne normalcollar coordi-
nates,

nx0 : BRm� 1(0; r1) � [0; r2] ! M : (v;t) ! expM
exp¶M

x0 (v)
(tn):

Thepair (r1; r2) is calledthewidthof thenormalcollar chart nx0.

Thenext propositionshowswhy manifoldsof boundedgeometryareespeciallyinteresting.

Proposition13 (Schick2001) Assumethat conditions(N); (IC); (I ) of De�nition 11hold.
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� (B1) There exist 0 < R1 � r inj(¶M), 0 < R2 � rC and0 < R3 � r i andconstantsCK > 0 for
each K 2 N such that whenever wehavenormalboundarycoordinatesof width (r1; r2) with
r1 � R1 andr2 � R2 or normalcoordinatesof radiusr3 � r i thenin thesecoordinates,

jDagi j j � CK and jDagi j j � CK for all jaj � K:

Thecondition(B) in De�nition 11 holdsif andonly if (B1) holds.TheconstantsCK canbechosen
to dependonlyon r i ; rC; inj¶M andCk.

Note thatdueto gi jg jk = di
k onegetsupperandlower boundson theoperatornormsof g and

g� 1, respectively, which result in upperandlower boundsfor
p

detg. This implies that we have
upperandlowerboundson thevolumeform dV(x) =

p
detgdx.

Lemma 14(Schick2001) Let (M;g) bea Riemannianmanifoldwith boundaryof
boundedgeometryof dimensionm. Thenthere existsR0 > 0 andconstantsS1 > 0 andS2 such that
for all x 2 M andr � R0 onehas

S1rm � vol(BM(x; r)) � S2rm:

Anotherimportanttool for analysison manifoldsareappropriatefunctionspaces.In orderto
de�ne a Sobolev norm one �rst hasto �x a family of chartsUi with M � [ iUi and then de�ne
the Sobolev norm with respectto thesecharts. The resultingnorm will dependon the choiceof
thechartsUi . Sincein differentialgeometrythechoiceof thechartsshouldnot matter, thenatural
questionariseshow theSobolev normcorrespondingto a differentchoiceof chartsVi is relatedto
thatfor thechoiceUi . In general,theSobolev normswill notbethesame.However, if oneassumes
that the transitionmapsaresmoothandthe manifold M is compactthenthe resultingnormswill
beequivalentandthereforede�ne thesametopology. Now if onehasa non-compactmanifoldthis
argumentationdoesnotwork anymore.Thisproblemis solvedin generalby de�ning thenormwith
respectto a covering of M by normalcoordinatecharts.Thenit canbe shown that the changeof
coordinatesbetweenthesenormalcoordinatechartsis well-behaveddueto theboundedgeometry
of M. In thatway it is possibleto establisha well-de�ned notionof Sobolev spaceson manifolds
with boundaryof boundedgeometryin thesensethatany normde�ned with respectto a different
coveringof M by normalcoordinatechartsis equivalent.Let (Ui ; f i) i2 I bea countablecoveringof
thesubmanifoldM with normalcoordinatechartsof M, thatis M � [ i2 IUi , then:

k f kCk(M) = max
m� k

sup
i2 I

sup
x2f i (Ui )

�
�Dm( f � f � 1

i )(x)
�
�:

In thefollowing wewill denotewith Ck(M) thespaceof Ck-functionsonM togetherwith thenorm
k�kCk(M) .

5.1.2 INTRINSIC VERSUS EXTRINSIC PROPERTIES

Mostof theproofsfor thecontinuouspartwill work with Taylorexpansionsin normalcoordinates.
It is thenof specialinterestto haveaconnectionbetweenintrinsicandextrinsicdistances.Sincethe
distanceon M is inducedfrom Rd, it is obvious thatonehaskx� ykRd � dM(x;y) for all x;y 2 M
which are suf�ciently close. The next propositionproven by Smolyanov, von Weizs̈acker, and
Wittich (2000)providesanasymptoticexpressionof geometricquantitiesof thesubmanifoldM in
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theneighborhoodof apointx 2 M. Particularly, it givesa third-orderapproximationof theintrinsic
distancedM(x;y) in M in termsof theextrinsicdistancein theambientspaceX which is in ourcase
just theEuclideandistancein Rd.

Proposition15 Let i : M ! Rd bean isometricembeddingof thesmoothm-dimensionalRieman-
nianmanifoldM into Rd. Letx 2 M andV bea neighborhoodof 0 in Rm andlet Y : V ! U provide
normalcoordinatesof a neighborhoodU of x, that is Y(0) = x. Thenfor all y 2 V:

kyk2
Rm = d2

M(x;Y (y)) = k(i � Y )(y) � i(x)k2 +
1
12

kP(�g; �g)k2
TxRd + O(kyk5

Rm);

where P is thesecondfundamentalform of M andg theuniquegeodesicfromx to Y(y) such that
�g= yi¶yi . ThevolumeformdV =

p
detgi j (y) dy of M satis�esin normalcoordinates,

dV =
�

1+
1
6

Riuvi yuyv + O(kyk3
Rm)

�
dy;

In particular,

(D
p

detgi j )(0) = �
1
3

R;

whereR is thescalarcurvature (i.e., R= gikg j l Ri jkl ).

We would like to notethat in Smolyanov, von Weizs̈acker, andWittich (2007)this proposition
wasformulatedfor generalambientspacesX, that is arbitraryRiemannianmanifoldsX. Usingthe
moregeneralform of this propositiononecould extendthe resultsin this paperto submanifolds
of otherambientspacesX. However, in orderto usethe schemeoneneedsto know the geodesic
distancesin X, whichareusuallynotavailablefor generalRiemannianmanifolds.Nevertheless,for
somespecialcaseslike thesphere,oneknows thegeodesicdistances.Submanifoldsof thesphere
couldbeof interest,for examplein geophysicsor astronomy.

Thepreviouspropositionis veryhelpful sinceit givesanasymptoticexpressionof thegeodesic
distancedM(x;y) on M in termsof theextrinsicEuclideandistance.Thefollowing lemmais a non-
asymptoticstatementtaken from Bernsteinet al. (2001)which we presentin a slightly different
form. But �rst weestablishaconnectionbetweenwhatthey call the'minimum radiusof curvature'
andupperboundson theextrinsiccurvaturesof M and¶M. Let

Pmax = sup
x2M

sup
v2TxM;kvk= 1

kP(v;v)k ; Pmax = sup
x2¶M

sup
v2Tx¶M;kvk= 1


 P(v;v)


 ;

whereP is the secondfundamentalform of ¶M asa submanifoldof M. We setP max = 0 if the
boundary¶M is empty.

Using the relationbetweenthe accelerationin the ambientspaceandthe secondfundamental
form for unit-speedcurvesgwith noaccelerationin M (Dt �g= 0) establishedin SectionA.3, weget
for theEuclideanaccelerationof suchacurvegin Rd,

kg̈k = kP(�g; �g)k :

Now if onehasa non-emptyboundary¶M it canhappenthata length-minimizingcurve goes(par-
tially) alongtheboundary(imagineRd with a ball at theorigin cut out). Thenthesegmentc along
theboundarywill bea geodesicof thesubmanifold¶M, seeAlexanderandAlexander(1981),that
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is Dt �c = Ñ �c �c = 0 whereÑ is theconnectionof ¶M inducedby M. However, c will notbeageodesic
in M (in thesenseof acurvewith noacceleration)sinceby theGauss-Formulain Theorem41,

Dt �c = Dt �c+ P( �c; �c) = P( �c; �c):

Therefore,in generaltheupperboundontheEuclideanaccelerationof a length-minimizingcurveg
in M is givenby,

kg̈k =

 P(�g; �g) + P(�g; �g)


 � Pmax+ Pmax:

Usingthis inequality, onecanderivea lowerboundonthe'minimum radiusof curvature'r de�ned
in Bernsteinet al. (2001) as r = inff 1=kg̈kRdg wherethe in�mum is taken over all unit-speed
geodesicsgof M (in thesenseof length-minimizingcurves):

r �
1

Pmax+ Pmax
:

Finally wecanformulatetheLemmafrom Bernsteinetal. (2001).

Lemma 16 Letx;y 2 M with dM(x;y) � pr . Then

2r sin(dM(x;y)=(2r )) � kx� ykRd � dM(x;y):

Noting thatsin(x) � x=2 for 0 � x � p=2, wegetasaneasierto handlecorollary:

Corollary 17 Letx;y 2 M with dM(x;y) � pr . Then

1
2

dM(x;y) � kx� ykRd � dM(x;y):

In the given form this corollary is quite uselesssincewe only have the Euclideandistances
betweenpointsandthereforewehavenopossibilityto checktheconditiondM(x;y) � pr . In general
smallEuclideandistancedoesnot imply smallintrinsicdistance.Imagineacirclewhereonehascut
outaverysmallsegment.ThentheEuclideandistancebetweenthetwo endsis verysmallhowever
the geodesicdistanceis very large. We show now that underan additionalassumptiononecan
transformtheabove corollarysothatonecanuseit whenonehasonly knowledgeaboutEuclidean
distances.

Lemma 18 LetM havea �nite radiusof curvature r > 0. We furtherassumethat,

k := inf
x2M

inf
y2MnBM(x;pr )

kx� yk;

is non-zero. ThenBRd(x;k=2) \ M � BM(x;k) � BM(x;pr ). Particularly, if x;y 2 M andkx� yk �
k=2, then

1
2

dM(x;y) � kx� ykRd � dM(x;y) � k:

Proof By de�nition k is at mostthein�mum of kx� yk wherey satis�esdM(x;y) = pr . Therefore
thesetBRd(x;k=2) \ M is a subsetof BM(x;pr ). Therestof the lemmathenfollows by Corollary
17. Figure5 illustratesthisconstruction.
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Figure5: k is theEuclideandistanceof x 2 M to MnBM(x;pr ).

5.2 Notationsand Assumptions

In generalwe work on completenon-compactmanifoldswith boundary. Comparedto a setting
whereoneconsidersonly compactmanifoldsoneneedsa slightly largertechnicaloverhead.How-
ever, we will indicatehow the technicalassumptionssimplify if onehasa compactsubmanifold
with boundaryor evenacompactmanifoldwithoutboundary.

We imposethefollowing assumptionson themanifoldM:

Assumption19 (i) Themapi : M ! Rd is a smoothembedding,

(ii) The manifold M with the metric inducedfrom Rd is a smoothmanifold with boundaryof
boundedgeometry(possibly¶M = /0),

(iii) M hasboundedsecondfundamentalform,

(iv) It holdsk := infx2M infy2MnBM(x;pr ) ki(x) � i(y)k > 0, wherer is theradiusof curvaturede�ned
in Section5.1.2,

(v) For any x 2 Mn¶M, d(x) := inf
y2MnBM(x; 1

3 minf inj(x);pr g)
ki(x) � i(y)kRd > 0; where inj(x) is the

injectivity radius1 at x andr > 0 is theradiusof curvature.

The�rst conditionensuresthat i(M) is a smoothsubmanifoldof Rd. Usuallywe do not distin-
guishbetweeni(M) andM. Theuseof theabstractmanifoldM asa startingpoint emphasizesthat
thereexistsanm-dimensionalsmoothmanifoldM or roughlyequivalentanm-dimensionalsmooth
parameterspaceunderlyingthedata.Thechoiceof thed featuresdeterminesthentherepresenta-
tion in Rd. Thechoiceof featurescorrespondsthereforeto a speci�c choiceof theinclusionmapi
sincei determineshow M is embeddedinto Rd. Thismeansthatanotherchoiceof featuresleadsin
generalto adifferentmappingi but theinitial abstractmanifoldM is alwaysthesame.However, in
thesecondconditionweassumethatthemetricstructureof M is inducedby Rd (which impliesthat
i is trivially anisometricembedding).Thereforethemetricstructuredependsontheembeddingi or
equivalentlyonourchoiceof features.

ThesecondconditionensuresthatM is anisometricsubmanifoldof Rd which is well-behaved.
Asdiscussedin Section5.1.1,manifoldsof boundedgeometryarein generalnon-compact,complete
Riemannianmanifoldswith boundarywhereonehasuniform controlover all intrinsic curvatures.
The uniform boundson the curvatureallow to do reasonableanalysisin this generalsetting. In

1. Notethattheinjectivity radiusinj(x) is alwayspositive.
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particular, it allows usto introducethefunctionspacesCk(M) with their associatednorm. It might
bepossibleto prove pointwiseresultsevenwithout theassumptionof boundedgeometry. But we
think that thesettingstudiedhereis alreadygeneralenoughto encompassall casesencounteredin
practice.

The third conditionensuresthat M alsohaswell-behaved extrinsic geometryandimplies that
theradiusof curvaturer is lower bounded.Togetherwith thefourth conditionit enablesusto get
globalupperandlower boundsof the intrinsic distanceon M in termsof theextrinsic distancein
Rd andviceversa,seeLemma18.

Thefourthconditionis only necessaryin thecaseof non-compactsubmanifolds.It preventsthe
manifoldfrom self-approaching.More preciselyit ensuresthatif partsof M arefar away from x in
thegeometryof M they do not cometoo closeto x in thegeometryof Rd. Assumingthat i(M) is
a submanifold,this assumptionis alreadyincludedimplicitly. However, for non-compactsubman-
ifolds theself-approachingcouldhappenat in�nity . Thereforewe excludeit explicitly. Moreover,
notethat for submanifoldswith boundaryonehasinj(x) ! 0 asx approachesthe boundary2 ¶M.
Thereforealsod(x) ! 0 asd(x;¶M) ! 0. However, this behavior of d(x) at theboundarydoesnot
matterfor theproofof pointwiseconvergencein theinteriorof M.

Notethatif M is asmoothandcompactmanifoldconditions(ii)-(v) holdautomatically.
In orderto emphasizethedistinctionbetweenextrinsic andintrinsic propertiesof themanifold

we alwaysusetheslightly cumbersomenotationsx 2 M (intrinsic) andi(x) 2 Rd (extrinsic). The
readerwho is not familiar with Riemanniangeometryshouldkeepin mind that locally, a subman-
ifold of dimensionm looks like Rm. This becomesapparentif oneusesnormalcoordinates.Also
thefollowing dictionarybetweentermsof themanifoldM andthecasewhenonehasonly anopen
setin Rd (i is thentheidentitymapping)mightbeuseful.

Manifold M opensetin Rd

gi j ,
p

detg di j , 1
naturalvolumeelement Lebesguemeasure

Ds Ds = å d
i= 1

¶2

¶(zi )2 + s
p å d

i= 1
¶p
¶zi

¶
¶zi

Thekernelfunctionswhich areusedto de�ne theweightsof thegrapharealwaysfunctionsof the
squarednormin Rd. Furthermore,wemake thefollowing assumptionson thekernelfunctionk:

Assumption20 (i) k : R+ ! R is measurable, non-negativeandnon-increasingonR�
+ ,

(ii) k 2 C2(R�
+ ), that is in particular k, ¶k

¶x and ¶2k
¶x2 arebounded,

(iii) k, j ¶k
¶x j andj ¶2k

¶x2 j haveexponentialdecay:9c;a;A 2 R+ such that for anyt � A, f (t) � ce� at ,

where f (t) = maxf k(t); j ¶k
¶x j(t); j ¶2k

¶x2 j(t)g,

(iv) k(0) = 0.

Theassumptionthatthekernelis non-increasingcouldbedropped,however it makestheproof
andthepresentationeasier. Moreover, in practicetheweightsof theneighborhoodgraphwhichare
determinedby k areinterpretedassimilarities.Thereforetheusualchoiceis to take weightswhich

2. This is the reasonwhy onereplacesnormalcoordinatesin the neighborhoodof the boundarywith normalcollar
coordinates.
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decreasewith increasingdistance.The fourth conditionimplies that the graphhasno loops.3 In
particular, the kernel is not continuousat the origin. All resultshold alsowithout this condition.
Theadvantageof this conditionis thatsomeestimatorsbecomeunbiased.Also let usintroducethe
helpfulnotation,kh(t) = 1

hmk
� t

h2

�
wherewecall h thebandwidthof thekernel.Moreover, wede�ne

thefollowing two constantsrelatedto thekernelfunctionk,

C1 =
Z

Rm
k(kyk2)dy < ¥ ; C2 =

Z

Rm
k(kyk2)y2

1dy < ¥ :

Wealsohavesomeassumptionson theprobabilitymeasureP.

Assumption21 (i) P is absolutelycontinuouswith respectto thenatural volumeelementdV on
M,

(ii) thedensityp ful�lls: p 2 C3(M) and p(x) > 0;8 x 2 Mn¶M,

(iii) thesampleXi ; i = 1; : : : ;n is drawni.i.d. fromP,

Note that condition(i) implies P(¶M) = 0, that is the boundary¶M is a setof measurezero.
We will call theAssumptions19 on thesubmanifold,Assumptions20 on thekernelfunction,and
Assumptions21on theprobabilitymeasureP togetherthestandard assumptions.

In thefollowing tablewesummarizethenotationusedin theproofs:

k : R+ ! R+ kernelfunction
h > 0 neighborhood/bandwidthparameter
m2 N dimensionof thesubmanifoldM

kh(t) = 1
hmk

� t
h2

�
scaledkernelfunction

l 2 R reweightingparameter

dh;n(x) = 1
n å n

i= 1kh(kx� Xik
2) degreefunctionassociatedwith k

k̃l ;h(x;Xi) = kh(kx� Xik2)
[dh;n(Xi )dh;n(Xj )] l reweightedkernel

d̃l ;h;n(x) = 1
n å n

i= 1 k̃l ;h(x;Xi) degreefunctionassociatedwith k̃l ;h

(Ãl ;h;n f )(x) = 1
n å n

i= 1 k̃l ;h(x;Xi) f (Xi) empiricalaverageoperatorÃl ;h;n

D(rw)
l ;h;n f = 1

h2

�
f � 1

d̃l ;h;n
Ãl ;h;n f

�
randomwalk graphLaplacian

D(u)
l ;h;n f = 1

h2

�
d̃l ;h;n f � Ãl ;h;n f

�
unnormalizedgraphLaplacian

D(n)
l ;h;n f = 1

h2

�
f � 1p

d̃l ;h;n
Ãl ;h;n

�
fp

d̃l ;h;n

��
normalizedgraphLaplacian

C1 =
R

Rm k(kyk2
Rm)dy, C2 =

R
Rm k(kyk2

Rm)y2
1dy characteristicconstantsof thekernel

ph(x) = EZ kh(kx� Zk2) convolutionof p with kh

(Ãl ;h f )(x) = EZ k̃l ;h(x;Z) f (Z) averageoperatorÃl ;h

D(rw)
l ;h , D(u)

l ;h, D(n)
l ;h Laplaciansassociatedwith Ãl ;h

Ds = 1
ps div(ps grad) = 1

psgabÑa(psÑb) s-th weightedLaplacianonM

3. An edgefrom avertex to itself is calleda loop.
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5.3 Asymptoticsof EuclideanConvolutions on the Submanifold M

The following propositiondescribesthe asymptoticexpressionof the convolution of a function f
on thesubmanifoldM with akernelfunctionhaving theEuclideandistancekx� yk asits argument
with respectto theprobabilitymeasureP onM. This resultis interestingsinceit showshow theuse
of theEuclideandistanceintroducesa curvatureeffect if oneaveragesa functionlocally. A similar
resulthasbeenpresentedin CoifmanandLafon (2006). We de�ne the densityp invariantlywith
respectto thenaturalvolumeelementandalsoexplicitly givethesecondordercurvatureterms.Our
proof is similar to that of Smolyanov, von Weizs̈acker, andWittich (2007)whereunderstronger
conditionsa similar resultwasproven for the Gaussiankernel. The moregeneralsettingandthe
useof generalkernelfunctionsmake the proof slightly morecomplicated.In orderto emphasize
the distinctionbetweenextrinsic andintrinsic propertiesof the manifold we will usethe slightly
cumbersomenotationsx 2 M (intrinsic)andi(x) 2 Rd (extrinsic).

Proposition22 Let M andk satisfyAssumptions19 and20. Furthermore, let P havea densityp
with respectto thenatural volumeelementand p 2 C3(M). Then,for anyx 2 Mn¶M, there exists
anh0(x) > 0 such that for all h < h0(x) andany f 2 C3(M),

Z

M
kh

�
ki(x) � i(y)k2

Rd

�
f (y)p(y)

p
detgdy

= C1p(x) f (x) +
h2

2
C2

�
p(x) f (x)S(x) + (DM(pf ))( x)

�
+ O(h3);

whereO(h3) is a functiondependingonx, k f kC3(M) andkpkC3(M) and

S(x) =
1
2

h
� R

�
�
x +

1
2


 å aP(¶a;¶a)


 2

Ti(x)Rd

i
;

whereR is thescalarcurvatureandP thesecondfundamentalformof M .

The following Lemmais an applicationof Bernstein's inequality. Togetherwith the previous
propositionit will bethemainingredientfor proving consistency statementsfor thegraphstructure.

Lemma 23 Supposethestandard assumptionshold and let thekernelk havecompactsupporton
[0;R2

k]. De�ne b1 = kkk¥ k f k¥ ; b2 = K k f k2
¥ where K is a constantdependingon kpk¥ , kkk¥ and

Rk. Let x 2 Mn¶M andVi := kh(ki(x) � i(Xi)k
2) f (Xi). Thenfor anyboundedfunction f ,

P
� �

�
�
1
n

n

å
i= 1

Vi � EV
�
�
� > e

�
� 2exp

�
�

nhme2

2b2 + 2b1e=3

�
:

LetWi = kh(ki(x) � i(Xi)k
2)( f (x) � f (Xi)) . Thenfor hRk � k=2 and f 2 C1(M),

P
� �

�
�
1
n

n

å
i= 1

Wi � EW
�
�
� > he

�
� 2exp

�
�

nhme2

2b2 + 2b1e=3

�
:

Proof Sinceby assumptionk > 0, by Lemma18, for any x;y 2 M with ki(x) � i(y)k � k=2, we
havedM(x;y) � 2ki(x) � i(y)k. This implies8a � k=2, BRd(x;a) \ M � BM(x;2a).
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Let Wi := kh(ki(x) � i(Xi)k
2) f (Xi). Wehave

jWi j �
kkk¥

hm sup
y2BRd (x;hRk)\ M

j f (y)j �
kkk¥

hm k f k¥ :=
b1

hm:

For thevarianceof W wehave two cases.First let hRk < s:= minf k=2;R0=2g. Thenweget,

VarW � EZ k2
h(ki(x) � i(Z)k2) f 2(Z) �

kkk¥

hm k f k2
¥ ph(x) � D2

kkk¥

hm k f k2
¥ ;

wherewehaveusedLemma46 in thelaststep.Now considerhRk � s, then

VarW �
kkk2

¥

h2m k f k2
¥ �

Rm
k kkk2

¥

smhm k f k2
¥ :

Thereforewede�ne b2 = K k f k2
¥ with K = Rm

k kkk2
¥ maxf 2mS2kpk¥ ;s� mg. By Bernstein's inequal-

ity we �nally get

P
� �

� 1
n å n

i= 1Wi � EW
�
� > e

�
� 2e� nhme2

2b2+ 2b1e=3 :

Both constantsb2 andb1 are independentof x. For the secondpart note that by Lemma18 for
hRk � k=2, we have that kx� yk � hRk impliesdM(x;y) � 2kx� yk � 2hRk. In particular, for all
x;y 2 M with kx� yk � hRk,

j f (x) � f (y)j � sup
y2M

kÑ f kTyM dM(x;y) � 2hRk sup
y2M

kÑ f kTyM :

A similar reasoningasabove leadsthento thesecondstatement.

NotethatEZ kh(ki(x) � i(Z)k2) f (Z) =
R

M
kh(ki(x) � i(y)k2) f (y)p(y)

p
detgdy.

5.4 PointwiseConsistencyof the RandomWalk, Unnormalized and Normalized Graph
Laplacian

Theproofof theconvergenceresultfor thethreegraphLaplaciansis organizedasfollows. Firstwe
introducethecontinuousoperatorsD(rw)

l ;h ; D(n)
l ;h andD(u)

l ;h. Thenwe derive thelimit of thecontinuous
operatorsash ! 0. This partof theproof is concernedwith thebiaspartsinceroughly(Dl ;h f )(x)
canbeseenastheexpectationof Dl ;h;n f (x). Secondweshow thatwith highprobabilityall extended
graphLaplaciansarecloseto the correspondingcontinuousoperators.This is the variancepart.
Combiningbothresultswearrive �nally at thedesiredconsistency results.

5.4.1 THE BIAS PART - DEVIATION OF Dl ;h FROM ITS L IMIT

The following continuousapproximationof D(rw)
l ;h was similarly introducedin Lafon (2004) and

CoifmanandLafon (2006).

De�nition 24 (Kernel-basedapproximation of the Laplacian) We introducethe
followingaveragingoperator Ãl ;h basedon thereweightedkernel k̃l ;h,

(Ãl ;h f )(x) =
Z

M
k̃l ;h(x;y) f (y)p(y)

p
detgdy;
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andwith d̃l ;h = (Ãl ;h1) thefollowingcontinuousoperators,

randomwalk : D(rw)
l ;h f :=

1
h2

�
f �

1
d̃l ;h

Ãl ;h f
�

=
1
h2

�
Ãl ;hg

d̃l ;h

�
(x);

unnormalized: D(u)
l ;h f :=

1
h2

�
d̃l ;h f � Ãl ;h f

�
=

1
h2 (Ãl ;hg)(x);

normalized: D(n)
l ;h f :=

1

h2
q

d̃l ;h

�
dl ;h

f
q

d̃l ;h

� Ãl ;h
f

q
d̃l ;h

�
= 1

h2
p

d̃l ;h(x)
(Ãl ;hg0)(x);

wherewehave introducedagaing(y) := f (x) � f (y) andg0(y) := f (x)p
d̃l ;h(x)

� f (y)p
d̃l ;h(y)

. Thede�nition

of thenormalizedapproximationD(rw)
l ;h canbejusti�ed by thealternativede�nition of theLaplacian

in Rd sometimesmadein physicstextbooks:

(Df )(x) = lim
r! 0

�
1

Cd r2

�
f (x) �

1
vol(B(x; r))

Z

B(x;r)
f (y)dy

�
;

whereCd is aconstantdependingon thedimensiond.
Approximationsof theLaplace-Beltramioperatorbasedon averagingwith theGaussiankernel

in thecaseof a uniform probabilitymeasurehave beenstudiedfor compactsubmanifoldswithout
boundaryby Smolyanov, vonWeizs̈acker, andWittich (2000,2007)andBelkin (2003).Their result
wasthengeneralizedby Lafon (2004)to generaldensitiesandto a wider classof isotropic,pos-
itive de�nite kernelsfor compactsubmanifoldswith boundary. The proof given in Lafon (2004)
appliesonly to compacthypersurfaces4 in Rd, aproof for thegeneralcaseof compactsubmanifolds
with boundaryusingboundaryconditionshasbeenpresentedin CoifmanandLafon (2006). In
this sectionwe will prove thepointwiseconvergenceof thecontinuousapproximationfor general
submanifoldsM with boundaryof boundedgeometrywith the additionalAssumptions19. This
includesthecasewhereM is notcompact.Moreover, noassumptionsof positivede�nitenessof the
kernelaremadenorany boundaryconditiononthefunction f is imposed.Almostany submanifold
occurringin practiceshouldbecoveredin thisverygeneralsetting.

For pointwiseconvergencein the interior of themanifoldM boundaryconditionson f arenot
necessary. However, for uniform convergencethereis no way aroundthem. Then the problem
lies not in the proof that the continuousapproximationstill convergesin the right way but in the
transferof theboundaryconditionto thediscretegraph.Themainproblemis thatsincewehaveno
informationaboutM apartfrom therandomsamplestheboundarywill behardto locate.Moreover,
sincetheboundaryis a setof measurezero,we will actuallyalmostsurelynever sampleany point
from theboundary. The rigoroustreatmentof theapproximationof theboundaryrespectively the
boundaryconditionsof a functionona randomlysampledgraphremainsasanopenproblem.

Especiallyfor dimensionalityreductionthecaseof low-dimensionalsubmanifoldsin Rd is im-
portant. Notably, the analysisbelow also includesthe casewheredue to noisethe datais only
concentratedaroundasubmanifold.

Theorem25 Supposethestandard assumptionshold. Furthermore, let k bea kernelwith compact
supporton [0;R2

k]. Let l 2 R, and x 2 Mn¶M. Thenthere existsan h1(x) > 0 such that for all

4. A hypersurfaceis asubmanifoldof codimension1.
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h < h1(x) andany f 2 C3(M),

(D(rw)
l ;h f )(x) = �

C2

2C1

�
(DM f )(x) +

s
p(x)

hÑp;Ñ f i TxM

�
+ O(h) = �

C2

2C1
(Ds f )(x) + O(h);

whereDM is theLaplace-Beltramioperator of M ands= 2(1� l ).

Proof For suf�ciently small h we have BRd(x;2hRk) \ M \ ¶M = /0. Moreover, it canbe directly
seenfrom theproof of Proposition22 that theupperboundof the interval [0;h0(y)] for which the
expansionholdsdependscontinuouslyond(x) ande(y), wheree(y) = 1

3 minf pr ; inj(y)g. Now h0(x)
is continuoussinceinj(x) is continuouson compactsubsets,seeKlingenberg (1982)[Prop.2.1.10],
andd(x) is continuoussincethe injectivity radiusis continuous.Thereforewe concludethatsince
h0(y) is continuousonB(x;2hRk) \ M andh0(y) > 0, h1(x) = infy2BRd (x;2hRk)\ M h0(y) > 0. Thenfor

the interval (0;h1(x)) the expansionof ph(y) holdsuniformly over the whole setB(x;2hRk) \ M.
Thatis, usingthede�nition of k̃ aswell asProposition22andtheexpansion 1

(a+ h2b) l = 1
al � l h2b

al + 1 +

O(h4), wegetfor h 2 (0;h1(x)) that
Z

M
k̃l ;h

�
ki(x) � i(y)k2�

f (y)p(y)
p

detgdy

=
Z

BRd (x;hRk)\ M

kh
�
ki(x) � i(y)k2�

pl
h(x)

f (y)
�

C1p(y) � l =2C2h2(p(y)S+ Dp)

Cl + 1
1 p(y) l

+ O(h3)
� p

detgdy;

wherethe O(h3)-term is continuouson BRd(x;hRk) andwe have introducedthe abbreviation S=
1
2[� R+ 1

2 kå aP(¶a;¶a)k2
Ti(x)Rd ]. Using f (y) = 1 weget,

d̃l ;h(x) =
Z

BRd (x;hRk)\ M

kh
�
ki(x) � i(y)k2�

pl
h(x)

�
C1p(y) � l =2C2h2(p(y)S+ Dp)

Cl + 1
1 p(y) l

+ O(h3)
� p

detgdy;

asanestimatefor d̃l ;h(x). Now usingProposition22again,wearriveat:

D(rw)
l ;h f =

1
h2

d̃l ;h f � Ãl ;h f

d̃l ;h
= �

C2

2C1

�
DM f +

2(1� l )
p

hÑp;Ñ f i
�

+ O(h);

whereall O(h)-termsare�nite onBRd(x;hRk) \ M sincep is strictly positive.

Notethatthelimit of D(rw)
l ;h hastheoppositesignof Ds. This is dueto thefact that theLaplace-

Beltramioperatoron manifoldsis usuallyde�ned asa negative de�nite operator(in analogyto the
Laplaceoperatorin Rd), whereasthegraphLaplacianis positive de�nite. But this variesthrough
theliterature,thusthereadershouldbeawareof thesignconvention.

Remark 26 Theassumptionof compactsupportof the kernel k is only necessaryin the caseof
non-compactmanifoldsM. For compactmanifoldsa kernelwith non-compactsupport,such asa
Gaussiankernel,would work, too. Thereasonfor compactsupportof the kernel comesfrom the
fact that for non-compactmanifoldsthere existsno lower boundon a strictly positivedensity. This
in turn impliesthat onecannotupperboundtheconvolutionwith thereweightedkernelif onedoes
not imposeadditionalassumptionson thedensity. In practicethesolutionof graph-basedmethods
for large-scaleproblemsis usuallyonly possiblefor sparseneighborhoodgraphs. Therefore the
compactnessassumptionof thekernelis quiterealisticanddoesnotexcluderelevantcases.
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With therelations,

(D(u)
l ;h;n f )(x) = d̃l ;h;n(x)(D(rw)

l ;h;n f )(x);

(D(n)
l ;h;n f )(x) = 1=

q
d̃l ;h;n(x)

�
D(u)

l ;h;n

�
f =

q
d̃l ;h;n

� �
(x);

onecaneasilyadaptthelastlinesof thepreviousproof to derive thefollowing corollary.

Corollary 27 Undertheassumptionsof Theorem25. Let l 2 R andx 2 Mn¶M. Thenthere exists
anh1(x) > 0 such that for all h < h1(x) andany f 2 C3(M),

(D(u)
l ;h f )(x) = �

C2

2C2l
1

p(x)1� 2l (Ds f )(x) + O(h); where s= 2(1� l );

(D(n)
l ;h f )(x) = �

C2

2C1
p(x)

1
2 � l Ds

�
f

p
1
2 � l

�
(x) + O(h):

5.4.2 THE VARIANCE PART - DEVIATION OF Dl ;h;n FROM Dl ;h

Beforewe statetheresultsfor thegeneralcasewith data-dependentweightswe now treatthecase
l = 0, that is we have non-data-dependentweights. Therethe proof is considerablysimplerand
mucheasierto follow. Moreover, asopposedto thegeneralcaseherewe getconvergencein prob-
ability underslightly weaker conditionsthanalmostsureconvergence.Sincethis doesnot hold for
thenormalizedgraphLaplacianin thatcasewewill only provide thegeneralproof.

Theorem28(Weakand strongpointwiseconsistencyfor l = 0) Supposethe standard assump-
tions hold. Furthermore, let k be a kernel with compactsupporton [0;R2

k]. Let x 2 Mn¶M and
f 2 C3(M). Thenif h ! 0 andnhm+ 2 ! ¥ ,

lim
n! ¥

(D(rw)
0;h;n f )(x) = �

C2

2C1
(D2 f )(x) in probability;

lim
n! ¥

(D(u)
0;h;n f )(x) = �

C2

2
p(x)(D2 f )(x) in probability:

If evennhm+ 2=logn ! ¥ , thenalmostsureconvergenceholds.

Proof We give the proof for D(rw)
0;h;n. The proof for D(u)

0;h;n canbe directly derived with the second
statementof Lemma23 for thevariancetermtogetherwith Corollary27 for thebiasterm. Similar
to theproof for theNadaraya-Watsonregressionestimateof Greblicki et al. (1984),we rewrite the
estimatorD(rw)

0;h;n f in thefollowing form

(D(rw)
0;h;n f )(x) =

1
h2

�
(C0;h f )(x) + B1n

1+ B2n

�
;

where

(C0;h f )(x) =
EZ kh(ki(x) � i(Z)k2)g(Z)

EZ kh(ki(x) � i(Z)k2)
;

B1n =
1
n å n

j= 1kh(

 i(x) � i(Xj )


 2)g(Xj ) � EZ kh(ki(x) � i(Z)k2)g(Z)

EZ kh(ki(x) � i(Z)k2)
;

B2n =
1
n å n

j= 1kh(

 i(x) � i(Xj )


 2) � EZ kh(ki(x) � i(Z)k2)

EZ kh(ki(x) � i(Z)k2)
;
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with g(y) := f (x) � f (y). In Theorem25wehaveshown thatfor x 2 Mn¶M,

lim
h! 0

(D(rw)
0;h f )(x) = lim

h! 0

1
h2 (C0;hg)(x) = �

C2

2C1
(D2 f )(x):

Usingthelowerboundof ph(x) = EZ kh(ki(x) � i(Z)k2) derivedin Lemma46wecanfor hRk � k=2
directlyapplyLemma23. Thusthereexist constantsd1 andd2 suchthat

P( jB1nj � h2t ) � 2 exp
�

�
nhm+ 2 t2

2kkk¥ (d2 + t hd1=3)

�
:

Thesameanalysiscanbedonefor B2n. This shows convergencein probability. Completeconver-
gence(which impliesalmostsureconvergence)canbeshown by proving for all t > 0 theconver-
genceof theserieså ¥

n= 0P
�
jB1nj � h2t

�
< ¥ . A suf�cient conditionfor thatis nhm+ 2=logn ! ¥ as

n ! ¥ .

The weakpointwiseconsistency of the unnormalizedgraphLaplacianfor compactsubmani-
folds with the uniform probability measureusingthe Gaussiankernel for the weightsand l = 0
wasproven by Belkin andNiyogi (2005). A moregeneralresultappearedindependentlyin Hein
et al. (2005).We prove herethelimits of all threegraphLaplaciansfor generalsubmanifoldswith
boundaryof boundedgeometry, generalprobabilitymeasuresP, andgeneralkernelfunctionsk as
statedin ourstandardassumptions.

Therestof thissectionis devotedto thegeneralcasel 6= 0. Weshow thatwith highprobability
the extendedgraphLaplaciansDl ;h;n are pointwisecloseto the continuousoperatorsDl ;h when
appliedto a function f 2 C3(M). Thefollowing propositionis helpful.

Proposition29 Supposethestandard assumptionshold. Furthermore, let k bea kernelwith com-
pactsupporton [0;R2

k]. Fix l 2 R and let x 2 Mn¶M, f 2 C3(M) andde�ne g(y) := f (x) � f (y).

Thenthereexistsa constantC such that for any 2kkk¥
nhm < e< 1=C, 0 < h < k

2Rk
, thefollowingevents

holdwith probabilityat least1� Cne
� nhme2

C ,

j(Ãl ;h;ng)(x) � (Ãl ;hg)(x)j � eh; jd̃l ;h;n(x) � d̃l ;h(x)j � e:

Proof The ideaof this proof is to show that several empiricalquantitieswhich canbe expressed
asa sumof i.i.d. randomvariablesarecloseto their expectation.Thenonecandeducethat also
(Ãl ;h;ng)(x) will be closeto (Ãl ;hg)(x). The proof for d̃l ;h;n canthenbe easilyadaptedfrom the
following. We considerhereonly l � 0, theproof for l < 0 is evensimpler. ConsidertheeventE
for whichonehas

8
>><

>>:

for any j 2 f 1; : : : ;ng;
�
�dh;n(Xj ) � ph(Xj )

�
� � e;�

�dh;n(x) � ph(x)
�
� � e;

�
�
� 1

n

n
å
j= 1

kh(ki(x)� i(Xj )k
2
)jg(Xj )j

[ph(x) ph(Xj )] l �
R

M
kh(ki(x) � i(y)k2)jg(y)j p(y)

[ph(x) ph(y)] l

p
detgdy

�
�
� � he:

We will now prove that for suf�ciently large C the event E holds with probability at least1 �

Cne� nhme2
C . For thesecondassertionde�ning E, weuseLemma23

P( jdh;n(x) � ph(x)j > e) � 2 exp
�

�
nhme2

2b2 + 2b1e=3

�
;
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whereb1 andb2 areconstantsdependingon the kernelk and p. For the �rst term in the eventE
rememberthatk(0) = 0. Wegetfor kkk¥

nhm < e=2 and1 � j � n,

P
� �

� 1
n å n

i= 1kh(

 i(Xj ) � i(Xi)


 2) � ph(x)

�
� > e

�
�
�Xj

�
� 2exp

�
� (n� 1)hme2

8b2+ 4b1e=3

�
:

This followsby

�
�
�
1
n

n

å
i= 1

kh(

 i(Xj ) � i(Xi)


 2) � ph(Xj )

�
�
� �

�
�
�

1
n(n� 1)

n

å
i= 1

kh(

 i(Xj ) � i(Xi)


 2)

�
�
�

+
�
�
�

1
n� 1 å

i6= j
kh(


 i(Xj ) � i(Xi)


 2) � ph(Xj )

�
�
� ;

wherethe�rst termis upperboundedby kkk¥
nhm . First integratingwrt to thelaw of Xj (theright hand

sideof theboundis independentof X j ) andthenusingaunionbound,weget

P
�

for any j 2 f 1; : : : ;ng;
�
�dh;n(Xj ) � ph(Xj )

�
� � e

�
> 1� 2nexp

�
� (n� 1)hme2

8b2+ 4b1e=3

�
:

Notingthat 1
ph(x)ph(y) is upperboundedbyLemma46wegetbyLemma23for hRk � k=2 aBernstein

typeboundfor theprobabilityof thethird eventin E. Finally, combiningall theseresults,weobtain
that thereexists a constantC suchthat for h � k

2Rk
and 2kkk¥

nhm � e � 1, the event5 E holdswith

probabilityat least1� Cne� nhme2
C . Let usde�ne

(
B :=

R
M kh(ki(x) � i(y)k2)( f (x) � f (y))[ ph(x) ph(y)] � l p(y)

p
detgdy;

B̂ := 1
n å n

j= 1kh(

 i(x) � i(Xj )


 2)( f (x) � f (Xj ))

�
dh;n(x) dh;n(Xj )

� � l ;

then(Ãl ;h;ng)(x) = B̂ and(Ãl ;hg)(x) = B. Let usnow work only on theeventE. By Lemma46
for any y 2 BRd(x;hRk) \ M thereexist constantsD1;D2 suchthat0 < D1 � ph(y) � D2. Usingthe
�rst orderTaylor formulaof [x 7! x� l ], we obtainthat for any l � 0 anda;b > b,

�
�a� l � b� l

�
� �

lb � l � 1ja� bj. Sowecanwrite for e< D1=2,
�
�
� 1�

dh;n(x) dh;n(Xj )
� l � 1�

ph(x) ph(Xj )
� l

�
�
� � l (D1 � e) � 2l � 2jdh;n(x)dh;n(Xj ) � ph(x)ph(Xj )j

� 2l (D1 � e) � 2l � 2(D2 + e)e:= Ce:

Noting thatfor hRk � k=2 by Lemma18,dM(x;y) � 2hRk, 8y 2 BRd(x;hRk) \ M,

�
�B̂ � B

�
� �

�
�
� 1

n å n
j= 1kh(


 i(x) � i(Xj )


 2)j f (x) � f (Xj )jCe

+
�
�
� 1

n å n
j= 1kh(


 i(x) � i(Xj )


 2)( f (x) � f (Xj ))[ ph(x) ph(Xj )] � l � B

�
�
�

� 2Ckkk¥ Rk supy2M kÑ f kTyM he+ he:

WehaveproventhatthereexistsaconstantC > 1 suchthatfor any 0< h< k
2Rk

and2kkk¥
nhm < e< 1=C,

�
�(Ãl ;h;ng)(x) � (Ãl ;hg)(x)

�
� � C000he;

5. Theupperboundone is herenotnecessarybut allows to write theboundmorecompactly.
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with probabilityat least1� Cne� nhme2
C .

This leadsusto our�rst mainresultfor therandomwalk andtheunnormalizedgraphLaplacian.

Theorem30(Pointwiseconsistencyof D(rw)
l ;h;n and D(u)

l ;h;n) Supposethestandard assumptionshold.
Furthermore, let k be a kernel with compactsupporton [0;R2

k]. Let x 2 Mn¶M, l 2 R. Thenfor

any f 2 C3(M) there existsa constantC such that for any 2kkk¥
nhm+ 1 < e < 1=C, 0 < h < hmax with

probabilityat least1� Cne
� nhm+ 2e2

C ,

j(D(rw)
l ;h;n f )(x) � (D(rw)

l ;h f )(x)j � e;

j(D(u)
l ;h;n f )(x) � (D(u)

l ;h f )(x)j � e:

De�ne s= 2(1� l ). Thenif h ! 0 andnhm+ 2=logn ! ¥ ,

lim
n! ¥

(D(rw)
l ;h;n f )(x) = �

C2

2C1
(Ds f )(x) almostsurely;

lim
n! ¥

(D(u)
l ;h;n f )(x) = �

C2

2C2l
1

p(x)1� 2l (Ds f )(x) almostsurely:

In particular, undertheaboveconditions,

�
�
�(D(rw)

l ;h;n f )(x) �
�
�

C2

2C1
(Ds f )(x)

� ��
� = O(h) + O

� q
logn

nhm+ 2

�
a.s.;

�
�
�(D(u)

l ;h;n f )(x) �
�
�

C2

2C2l
1

p(x)1� 2l (Ds f )(x)
� ��
� = O(h) + O

� q
logn

nhm+ 2

�
a.s.:

Theoptimalratefor h(n) is h = O(( logn=n)
1

m+ 4 ).

Proof In Equation(3) it wasshown that

(D(rw)
l ;h;n f )(x) =

1
h2

�
Ãl ;h;ng
d̃l ;h;n

�
(x); (D(u)

l ;h;n f )(x) =
1
h2 (Ãl ;h;ng)(x);

whereg(y) := f (x) � f (y). Sincef is LipschitzwecandirectlyapplyProposition29sothatfor the

unnormalizedLaplacianwegetwith probability1� Cne
� nhm+ 2e2

C ,

j(D(u)
l ;h;n f )(x) � (D(u)

l ;h f )(x)j � e:

For the randomwalk LaplacianD(rw)
l ;h;n we work on theeventwherejd̃l ;h;n � d̃l ;hj � he, wheree �

1
2hd̃l ;h. This holds by Proposition29 with probability 1 � Cne

� nhm+ 2e2
C . Moreover, note that by

Lemmas18and14 for hRk � minf k=2;R0g, wehave

�
�Ãl ;hg

�
� �

2mRm
k S2

D2l
1

kpk¥ kkk¥ 2L( f ) hRk:
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UsingProposition29 for Ãl ;h;ng andtheboundsof ph(x) from Lemma46,

�
�(D(rw)

l ;h;n f )(x) � (D(rw)
l ;h f )(x)

�
� =

1
h2

�
�
�

(Ãl ;h;ng)(x)
d̃l ;h;n(x)

� (Ãl ;hg)(x)
d̃l ;h(x)

�
�
�

�
1
h2

�
j(Ãl ;h;ng)(x) � (Ãl ;hg)(x)j

d̃l ;h;n(x)
+ (Ãl ;hg)(x)

jd̃l ;h;n(x) � d̃l ;h(x)j

d̃l ;h;n(x)d̃l ;h(x)

�

�
2D2l

2

D1
e+

2mRm
k S2

D2l
1

kpk¥ kkk¥ 2L( f ) Rk e:= Ce;

with probability1� Cne
� nhm+ 2e2

C . By Theorem25and27wehave for s= 2(1� l ),
�
�
�(D(rw)

l ;h f )(x) �
h

�
C2

2C1
(Ds f )(x)

i �
�
� � Ch;

�
�
�(D(u)

l ;h f )(x) �
h

�
C2

2C2l
1

p(x)1� 2l (Ds f )(x)
i �
�
� � Ch:

Combiningboth resultstogetherwith the Borel-Cantelli-Lemmayields almostsureconvergence.
Theoptimalratefor h(n) followsby equatingbothorderterms.

Using the relationshipbetweenthe unnormalizedandthe normalizedLaplacianthe pointwise
consistency canbe easilyderived. However, the conditionsfor convergenceareslightly stronger

sincetheLaplacianis appliedto thefunction f =
q

d̃l ;h;n.

Theorem31(Pointwiseconsistencyof D(n)
l ;h;n) Supposethat thestandard assumptionshold. Fur-

thermore, let k bea kernelwith compactsupporton [0;R2
k]. Let x 2 Mn¶M, l 2 R. Thenfor any

f 2 C3(M) thereexistsa constantC such thatfor any 2kkk¥
nhm+ 2 < e< 1=C, 0< h< hmax with probability

at least1� Cn2e
� nhm+ 4e2

C , �
�
�(D(n)

l ;h;n f )(x) � (D(n)
l ;h f )(x)

�
�
� � e:

De�ne s= 2(1� l ). Thenif h ! 0 andnhm+ 4=logn ! ¥ ,

lim
n! ¥

(D(n)
l ;h;n f )(x) = � p(x)

1
2 � l C2

2C1
Ds

�
f

p
1
2 � l

�
(x) almostsurely:

Proof Wereducethecaseof D(n)
l ;h;n to thecaseof D(u)

l ;h;n. Wework on theeventwhere

jd̃l ;h;n(x) � d̃l ;h(x)j � h2e; jd̃l ;h;n(Xi) � d̃l ;h(Xi)j � h2e; 8 i = 1; : : : ;n:

FromProposition29 we know that this holdswith probabilityat least1� Cn2e
� nhm+ 4e2

C . Working
on this event we get by a similar argumentationasin the proof of Theorem30 that thereexists a
constantC0suchthat

�
�
�(D(n)

l ;h;n f )(x) � 1
d̃l ;h(x)

�
D(u)

l ;h;n
fp
d̃l ;h

�
(x)

�
�
� =

1
h2

�
�
� d̃l ;h;n(x) f (x)

h
1

d̃l ;h(x)
� 1

d̃l ;h;n(x)

i

+
n

å
i= 1

k̃l ;h(x;Xi) f (Xi)
�

1p
d̃l ;h(x)d̃l ;h(Xi )

� 1p
d̃l ;h;n(x)d̃l ;h;n(Xi )

� �
�
� � C0e:
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Noting that f
d̃l ;h

is Lipschitz since f and d̃l ;h are Lipschitz and upper and lower bounded,on

M \ BRd(x;hRk) onecanapply Theorem30 to derive the �rst statement.The secondstatement
followsby Corollary27.
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Appendix A. BasicConceptsof Differ ential Geometry

In this sectionwe introducethenecessarybasicsof differentialgeometry, in particularnormalco-
ordinatesand submanifoldsin Rd, usedin this paper. Note that the de�nition of the Riemann
curvaturetensorvariesacrosstextbookswhich canresultin sign-errors.Throughoutthepaperwe
usetheconventionof Lee(1997).

A.1 Basics

De�nition 32 A d-dimensionalmanifold X with boundaryis a topological (Hausdorff) spacesuch
that every point has a neighborhoodhomeomorphicto an opensubsetof Hd = f (x1; : : : ;xd) 2
Rd

�
�x1 � 0g. A chart (or local coordinatesystem)(U; f ) of a manifoldX is an opensetU � X

togetherwith a homeomorphismf : U ! V of U onto an opensubsetV � Hd. Thecoordinates
(x1; : : : ;xd) of f (x) are calledthecoordinatesof x in thechart (U; f ). A Cr -atlasA is a collection
of charts,

A , [f (Ua ; f a);a 2 Ig;

where I is an index set,such that X = [ a2IUa and for any a;b 2 I the correspondingtransition
map,

f b � f � 1
a

�
�
f a (Ua \ Ub) : f (Ua \ Ub) ! Hd;

is r-timescontinuouslydifferentiable. A smoothmanifold with boundaryis a manifoldwith bound-
ary with a C¥ -atlas.

For moretechnicaldetailsbehindthe de�nition of a manifold with boundarywe refer to Lee
(2003). Note that theboundary¶M of M is a (d � 1)-dimensionalmanifoldwithout boundary. In
textbooksoneoftenonly �nds thede�nition of a manifoldwithout boundarywhich canbeeasily
recoveredfrom theabove de�nition by replacingHd with Rd. Theinterior Mn¶M of themanifold
M is amanifoldwithoutboundary.

De�nition 33 A subsetM of a d-dimensionalmanifoldX is a m-dimensionalsubmanifold M with
boundaryif everypoint x 2 M is in thedomainof a chart (U; f ) of X such that

f : U \ M ! Hm � a; f (x) = (x1; : : : ;xm;a1; : : : ;ad� m);

wherea is a �xed elementin Rd� m. X is calledtheambientspaceof M.
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This de�nition excludesirregularcaseslike intersectingsubmanifoldsor self-approachingsub-
manifolds.In thefollowing it is moreappropriateto take thefollowing point of view. Let M bean
m-dimensionalmanifold.Thesmoothmappingi : M ! X is saidto beanimmersionif i is differen-
tiableandthedifferentialof i hasrankm everywhere.An injective immersionis calledembedding
if it is anhomeomorphismontoits image.In this casei(M) is a submanifoldof X. If M is compact
andi is an injective immersion,theni is an embedding.This is not the caseif M is not compact
sincei(M) canbeself-approaching.

De�nition 34 A Riemannianmanifold (M;g) is a smoothmanifoldM togetherwith a tensor6 of
type(0;2), called themetric tensorg, at each p 2 M, such that g de�nesan inner producton the
tangentspaceTpM which variessmoothlyover M. Thevolumeform inducedby g is givenin local
coordinatesasdV =

p
detgdx1 ^ : : : ^ dxm. dV is uniquelydeterminedby dV(e1; : : : ;em) = 1 for

anyorientedorthonormalbasise1; : : : ;em in TxM.

Themetrictensorinducesfor every p 2 M anisometricisomorphismbetweenthetangentspace
TpM andits dualT �

p M. A submanifoldM of aRiemannianmanifold(X;g) hasanaturalRiemannian
metric h inducedfrom X in the following way. Let i : M ! X be an embeddingso that M is a
submanifoldof X. Thenonecan inducea metric h on M using the mappingi, namelyh = i � g,
wherei � : T �

i(x)X ! T �
x M is thepull-back7 of thedifferentiablemappingi. In this casei trivially is

anisometricembeddingof (M;h) into (X;g). In thepaperwealwaysuseonthesubmanifoldM the
metricinducedfrom Rd.

De�nition 35 TheLaplace-BeltramioperatorDM of a Riemannianmanifold is de�ned as DM =
div(grad). For a twicedifferentiablefunction f : M ! R it is explicitly givenas

DM f =
1

p
detg

¶
¶x j

� p
detggi j ¶f

¶xi

�
;

wheregi j are thecomponentsof theinverseof themetrictensorg = gi j dxi 
 dx j .

A.2 Normal Coordinates

Sincein theproofsweusenormalcoordinates,wegivehereashortintroduction.Intuitively, normal
coordinatesarounda point p of anm-dimensionalRiemannianmanifoldM arecoordinateschosen
suchthat M looks aroundp like Rm in the bestpossibleway. This is achieved by adaptingthe
coordinatelines to geodesicsthroughthe point p. The referencefor the following materialis the
bookof Jost(2002). We denoteby cv theuniquegeodesicstartingat c(0) = x with tangentvector
�c(0) = v (cv dependssmoothlyon p andv).

De�nition 36 Let M bea Riemannianmanifold,p 2 M, andVp = f v 2 TpM; cv de�ned on[0;1]g,
then,expp : Vp ! M, v 7! cv(1), is calledtheexponentialmapof M at p.

It canbeshown thatexpp mapsaneighborhoodof 0 2 TpM diffeomorphicallyontoaneighbor-
hoodU of p 2 M. This justi�es thede�nition of normalcoordinates.

6. A tensorT of type(m;n) is amultilinearform TpM � : : :TpM � T �
p M � : : : � T �

p M ! R (n-timesTpM, m-timesT �
p M).

7. T �
x M is thedualof thetangentspaceTxM. Everydifferentiablemappingi : M ! X inducesapull-backi � : T �

i(x)X !

T �
x M. Let u 2 TxM, w 2 T �

i(x)X anddenoteby i0 thedifferentialof i. Theni � is de�ned by (i � w)(u) = w(i0u).
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De�nition 37 Let U bea neighborhoodof p in M such that expp is a diffeomorphism.Thelocal
coordinatesde�nedby thechart (U;exp� 1

p ) arecallednormal coordinatesat p.

Notethatin TpM ' Rm � exp� 1
p (U) weusealwaysanorthonormalbasis.Theinjectivity radius

describesthelargestball aroundp suchthatnormalcoordinatescanbeintroduced.

De�nition 38 LetM bea Riemannianmanifold.Theinjectivity radiusof p 2 M is

inj(p) = supf r > 0; expp is de�nedonBRm(0; r ) andinjectiveg:

It canbeshown thatinj(p) > 0;8p 2 Mn¶M. Moreover, for compactmanifoldswithoutbound-
ary thereexistsa lowerboundinjmin > 0 suchthatinj(p) � injmin;8p 2 M. However, for manifolds
with boundaryonehasinj(pn) ! 0 for any sequenceof pointspn with limit on theboundary. The
motivation for introducingnormalcoordinatesis that the geometryis particularlysimplein these
coordinates.Thefollowing theoremmakesthismoreprecise.

Theorem39 In normalcoordinatesaroundp onehasfor theRiemannianmetricg andtheLaplace-
Beltramioperator DM appliedto a function f at p = exp� 1

p (0),

gi j (0) = di j ;
¶

¶xk gi j (0) = 0; (DM f )(0) =
m

å
i= 1

¶2 f
¶(xi)2 (0):

Thesecondderivativesof themetric tensorcannotbemadeto vanishin general.Therecurvature
effects comeinto play which cannotbe deletedby a coordinatetransformation.To summarize,
normalcoordinateswith centerp achieve that,up to �rst order, thegeometryof M at point p looks
like thatof Rm.

A.3 The SecondFundamentalForm

In this sectionwe assumethat M is an isometricallyembeddedsubmanifoldof a manifold X. At
eachpoint p 2 M onecandecomposethe tangentspaceTpX into a subspaceTpM, which is the
tangentspaceto M, and the orthogonalnormal spaceNpM. In the sameway one can split the
covariantderivativeof X at p, Ñ̃UV into acomponenttangent(Ñ̃UV)> andnormal(Ñ̃UV)? to M.

De�nition 40 Thesecondfundamentalform P of an isometricallyembeddedsubmanifoldM of X
is de�nedas

P : TpM 
 TpM ! NpM; P(U;V) = (Ñ̃UV)? :

The following theorem,seeLee (1997),thenshows that the covariantderivative of M at p is
nothingelsethantheprojectionof thecovariantderivativeof X at p ontoTpM.

Theorem41(GaussFormula) LetU;V bevector�elds onM which arearbitrarily extendedto X,
thenthefollowingholdsalongM

Ñ̃UV = ÑUV + P(U;V);

where Ñ̃ is thecovariantderivativeof X andÑ thecovariantderivativeof M.

Thesecondfundamentalform connectsalsothecurvaturetensorsof X andM.

1360



L IMIT OF GRAPH LAPLACIANS ON RANDOM NEIGHBORHOOD GRAPHS

Theorem42(Gaussequation) For anyU;V;W;Z 2 TpM thefollowingequationholds

R̃(U;V;W;Z) = R(U;V;W;Z) � hP(U;Z);P(V;W)i + hP(U;W);P(V;Z)i ;

where R̃andRare theRiemanncurvature8 tensorsof X andM.

In this paperwe derive a relationshipbetweendistancesin M andthe correspondingdistancesin
X. SinceRiemannianmanifoldsarelengthspacesandthereforethedistanceis inducedby length
minimizingcurves(locally thegeodesics),it is of specialinterestto connectpropertiesof curvesof
M with respectto X. Applying theGaussFormulato acurvec(t) : (t0; t1) ! M yieldsthefollowing

D̃tV = DtV + P(V; �c);

whereD̃t = �caÑ̃a and �c is the tangentvector �eld to the curve c(t). Now let c(t) be a geodesic
parameterizedby arc-length,that is with unit-speed,thenits accelerationful�lls Dt �c = �caÑa �cb = 0
(however thatis only truelocally in theinteriorof M, globally if M hasboundarylengthminimizing
curvesmaybehave differentlyespeciallyif a lengthminimizing curve goesalongtheboundaryits
accelerationcanbenon-zero),andonegetsfor theaccelerationin theambientspace

D̃t �c = P( �c; �c):

In our settingwhereX = Rd the term D̃t �c is just the ordinaryaccelerationc̈ in Rd. Remember
that thenormof theaccelerationvectoris inverseto thecurvatureof thecurve at thatpoint (if c is
parameterizedby arc-length).9 Due to this connectionit becomesmoreapparentwhy the second
fundamentalform is oftencalledtheextrinsiccurvature(with respectto X).

Thefollowing Lemmashowsthatthesecondfundamentalform P of anisometricallyembedded
submanifoldM of Rd is in normalcoordinatesjust theHessianof i.

Lemma 43 Letea ; a = 1; : : : ;d denoteanorthonormalbasisof Ti(x)Rd thenthesecondfundamen-
tal formof M in normalcoordinatesat y is givenas:

P(¶yi ;¶y j )
�
�
�
0

=
¶2ia

¶yi¶y j ea :

Proof Let Ñ̃ be the �at connectionof Rd and Ñ the connectionof M. Then by Theorem41,

P(¶yi ;¶y j ) = Ñ̃i� ¶yi (i
� ¶y j ) � Ñ¶yi ¶y j = ¶yi

�
¶ia
¶yj

�
ea = ¶2ia

¶yi¶y j ea ; wherethesecondequalityfollowsfrom

the�atnessof Ñ̃ andGi
jk

�
�
�
0

= 0 in normalcoordinates.

8. TheRiemanncurvaturetensorof aRiemannianmanifoldM is de�ned asR: TpM 
 TpM 
 TpM ! T �
p M,

R(X;Y)Z = ÑXÑYZ � ÑYÑXZ � Ñ[X;Y]Z:

In local coordinatesxi , Ri jk
l ¶l = R(¶i ;¶ j )¶k andRi jkm = glmRi jk

l .
9. Notethatif c is parameterizedby arc-length,�c is tangentto M, thatis in particulark �ckTxX = k �ckTxM
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Appendix B. Proofsand Lemmas

Thefollowing lemmasareneededin theproofof Proposition22.

Lemma 44 If thekernelk : R+ ! R+ satis�esAssumptions20, then

Z

Rm

¶k
¶x

(kuk2)uiu jukul du = �
1
2

C2

h
di jdkl + dikdj l + dil djk

i
:

Proof Note �rst that for a function f (kuk2) onehas ¶f
¶kuk2 = ¶f

¶u2
i
. The rest follows from partial

integration.

¥Z

� ¥

¶k
¶u2 (u2) u2du =

¥Z

0

¶k
¶v

(v)
p

vdv =
�
k(v)

p
v
� ¥

0 �

¥Z

0

k(v)
1

2
p

v
dv = �

1
2

¥Z

� ¥

k(u2)du;

where[k(v)
p

v]¥0 = 0 dueto theboundednessandexponentialdecayof k.
In thesameway onecanderive,

R¥
� ¥

¶k
¶u2 (u2) u4du = � 3

2

R¥
� ¥ k(u2)u2du. Theresultfollows by

noting that sincek is an even function only integrationover even powersof coordinateswill be
non-zero.

Lemma 45 Let k satisfyAssumption20 andlet Vi jkl bea giventensor. Assumenowkzk2 � kzk2 +
Vi jkl zizjzkzl + b(z) kzk5 � 1

4 kzk2 on B(0; rmin) � Rm, where b(z) is continuousandb(z) � O(1) as
z! 0. Thenthereexistsa constantC anda h0 > 0 such thatfor all h< h0 andall f 2 C3(B(0; rmin)) ,

�
�
�
Z

B(0;rmin)
kh

 
kzk2 + Vi jkl zizjzkzl + b(z) kzk5)

h2

!

f (z)dz

�
�
C1 f (0) + C2

h2

2

h
(Df )(0) � f (0)

m

å
i;k

Viikk + Vikik + Vikki

i� �
�
� � Ch3;

whereC is a constantdependingonk, rmin, Vi jkl andk f kC3.

Proof As a �rst stepwedoaTaylorexpansionof thekernelaroundkzk2=h2:

kh

�
kzk2 + h

h2

�
= kh

�
kzk2

h2

�
+

¶kh

¶x

�
�
� kzk2

h2

h
h2 +

¶2kh(x)
¶x2

�
�
� kzk2(1� q)+ qh

h2

h2

h4 ;

wherein thelastterm0 � q(z) � 1. We thendecomposetheintegral:

Z

B(0;rmin)
kh

�
kzk2 + Vi jkl zizjzkzl + b(z) kzk5

h2

�
f (z)dz

=
Z

Rm

�
kh

�
kzk2

h2

�
+

¶kh

¶x

�
�
� kzk2

h2

Vi jkl zizjzkzl

h2

� �
f (0) +



Ñ f

�
�
0;z

�
+

1
2

¶2 f
¶zi¶zj

�
�
�
0
zizj

�
dz+

4

å
i= 0

a i ;
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wherewede�ne the� veerrortermsa i as:

a0 =
Z

B(0;rmin)

¶kh

¶x

�
�
� kzk2

h2

b(z) kzk5

h2 f (z) dz;

a1 =
Z

B(0;rmin)

¶2kh

¶x2

�
�
� kzk2(1� q)+ qh

h2

�
Vi jkl zizjzkzl + b(z) kzk5

� 2

h4 f (z)dz;

a2 =
Z

B(0;rmin)
kh

�
kzk2 + Vi jkl zizjzkzl + b(z) kzk5

h2

�
1
6

¶3 f
¶zi¶zj¶zk (qz)zizjzkdz;

a3 =
Z

RmnB(0;rmin)
kh

�
kzk2

h2

��
f (0) +



Ñ f

�
�
0;z

�
+

1
2

¶2 f
¶zi¶zj

�
�
�
0
zizj

�
dz;

a4 =
Z

RmnB(0;rmin)

¶kh

¶x

�
�
� kzk2

h2

Vi jkl zizjzkzl

h2

�
f (0) +



Ñ f

�
�
0;z

�
+

1
2

¶2 f
¶zi¶zj

�
�
�
0
zizj

�
dz;

wherein a1, h = Vi jkl zizjzkzl + b(z) kzk5. With
R

Rm k(kzk2) zi dz= 0; 8 i, and
R

Rm k(kzk2) zi zjdz= 0 if i 6= j, andLemma44 themaintermsimpli�es to:

Z

Rm

�
kh

�
kzk2

h2

�
+

¶kh(x)
¶x

�
�
� kzk2

h2

Vi jkl zizjzkzl

h2

� �
f (0) +

1
2

¶2 f
¶zi¶zj

�
�
�
0
zizj

�
dz

=
Z

Rm

�
k
�

kuk2 �
+ h2¶k(x)

¶x

�
�
�
kuk2

Vi jkl uiu jukul
��

f (0) +
h2

2
¶2 f

¶zi¶zj

�
�
�
0
uiu j

�
du

= C1 f (0) �
h2

2
C2 f (0)Vi jkl

h
di jdkl + dikdj l + dil djk

i
+

h2

2
C2

m

å
i= 1

¶2 f
¶(zi)2

�
�
�
0
+ O(h4);

wheretheO(h4) term is �nite dueto theexponentialdecayof k anddependson k, rmin, Vi jkl and
k f kC3. Now wecanupperboundtheremainingerrortermsa i ; i = 0; : : : ;4. For theargumentof the
kernelin a1 anda2 wehaveby ourassumptionsonB(0; rmin):

kzk2

h2 �
kzk2 + Vi jkl zizjzkzl + b(z) kzk5

h2 �
kzk2

4h2 :

Notethatthis inequalityimpliesthatb is uniformly boundedonB(0; rmin) in termsof rmin andVi jkl .
Moreover, for small enoughh we have rmin

h �
p

A (seeAssumptions20 for thede�nition of A) so
thatwecanusetheexponentialdecayof k for a3 anda4,

ja0j � h3k f kC3

Z

B(0; rmin
h )

¶kh

¶x

�
�
�
�
kuk2

jb(hu)j kuk5 du:

Since¶kh
¶x is boundedandhasexponentialdecay, onehasja0j � K0h3 whereK0 dependson k, rmin

andk f kC3.

ja1j �
Z

B(0;rmin)

�
�
�
�
¶2kh

¶x2

�
kzk2 (1� q) + qh

h2

� �
�
�
�

�
Vi jkl zizjzkzl + b(z) kzk5 � 2

h4 f (z)dz

� h4k f kC3

Z

B(0; rmin
h )

�
�
�
�
¶2k
¶x2

�
kuk2 (1� q) + qh

�
�
�
�
�

�
m2max

i; j ;k;l
jVi jkl j kuk4 + hkbk¥ kuk5

� 2
du:
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Firstsupposermin
h � 2

p
A thentheintegral is boundedsincetheintegrandsareboundedonB(0; rmin

h ).
Now supposermin

h � 2
p

AanddecomposeB(0; rmin
h ) asB(0; rmin

h ) = B(0;2
p

A) [ B(0; rmin
h )nB(0;2

p
A).

OnB(0;2
p

A) theintegral is �nite since
�
� ¶2k

¶x2

�
� is boundedandonthecomplementtheintegral is also

�nite since
�
� ¶2k

¶x2

�
� hasexponentialdecaysinceby assumption

kuk2 (1� q(hu)) + q(hu)h(hu) �
1
4

kuk2 � A:

ThereforethereexistsaconstantK1 suchthatja1j � K1h4. Moreover,

ja2j �
Z

B(0;rmin)

kh

�
kzk2

4h2

�
1
6

¶3 f
¶zi¶zj¶zk (qz)zizjzkdz�

m3=2k f kC3 h3

6

Z

Rm

k
�

kuk2

4

�
kuk3du � K2h3;

ja3j �
Z

RmnB(0;rmin)
kh

�
kzk2

h2

� �
f (0) +



Ñ f

�
�
0;z

�
+

1
2

¶2 f
¶zi¶zj

�
�
�
0
zizj

�
dz

� ck f kC3

Z

RmnB(0;rmin)

e� akzk2

h2 (1+ mh2kzk2) dz � ce� a
r2min
2h2

�
2p
a

� m
2 �

1+ mh2m
a

�
;

ja4j � K4

Z

RmnB(0;rmin)

�
�
�
¶kh

¶x

� kzk2

h2

� �
�
�
kzk4 + kzk6

h2 dz� cK4h2e� a
r2min
2h2

Z

Rm

e� akuk2
(kuk4 + h2kuk6)du;

whereK4 is a constantdependingon maxi; j ;k;l jVi jkl j andk f kC3. Now onehas10: e� x2

h2 � hs=xs for

h � x=s. In particular, it holdsh3 � e� a
r2min
2h2 for h � 1

3

p a
2 rmin, sothatfor h< minf 1

3

p a
2 rmin; rminp

A
g=

h0 all error termsaresmallerthana constanttimesh3 wheretheconstantdependson k, rmin, Vi jkl

andk f kC3. This �nishes theproof.

Now wearereadyto proveProposition22,
Proof Let e = 1

3 minf inj(x);pr g11 wheree is positive by the assumptionson M. Then we de-
composeM as M = B(x;e) [ (MnB(x;e)) and integrateseparately. The integral over MnB(x;e)
canbe upperboundedby using the de�nition of d(x) (seeAssumption19) andthe fact that k is
non-increasing:

Z

M

kh
�

ki(x) � i(y)k2
Rd

�
f (y)p(y)

p
detgdy =

Z

B(x;e)

kh
�

ki(x) � i(y)k2
Rd

�
f (y)p(y)

p
detgdy

+
Z

MnB(x;e)

kh
�

ki(x) � i(y)k2
Rd

�
f (y)p(y)

p
detgdy:

Sincek is non-increasing,wehave thefollowing inequalityfor theintegraloverMnB(x;e):
Z

MnB(x;e)
kh

�
ki(x) � i(y)k2

Rd

�
f (y)p(y)

p
detgdy �

1
hmk

�
d(x)2

h2

�
k f k¥ :

10. This inequalitycanbededucedfrom ex � xn for all x � 4n2.
11. Thefactor1=3 is neededin Theorem25.
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Sinced(x) is positive by assumptionandk decaysexponentially, we canmake the upperbound
smallerthanh3 for smallenoughh. Now we dealwith the integral over B(x;e). Sincee is smaller
thanthe injectivity radiusinj(x), we canintroducenormalcoordinatesz= exp� 1

x (y) on B(x;e), so
thatwecanrewrite theintegralusingProposition15as:

Z

B(0;e)
kh

� kzk2 � 1
12 å d

a= 1
¶2ia

¶za¶zb
¶2ia

¶zu¶zv zazbzuzv + O(kzk5)

h2

�
p(z) f (z)

p
detgdz: (5)

Usingour assumptions,we seethat pf
p

detg is in C3(B(0;e)) . Moreover, by Corollary17 onehas
for dM(x;y) � pr , 1

2dM(x;y) � kx� yk � dM(x;y). ThereforewecanapplyLemma45andcompute
theintegral in (5) which resultsin:

p(0) f (0)
�
C1 +

h2C2

24

d

å
a= 1

¶2ia

¶za¶zb

¶2ia

¶zc¶zd

h
dabdcd + dacdbd + daddbc

i�

+
h2C2

2
DM(pf

p
detg)

�
�
�
0
+ O(h3); (6)

wherewe have usedthat in normalcoordinateszi at 0 the Laplace-BeltramioperatorDM is given

asDM f
�
�
�
x

= å m
i= 1

¶2 f
¶(zi )2

�
�
�
0
. Thesecondtermin theabove equationcanbeevaluatedusingtheGauss

equations,seeSmolyanov, vonWeizs̈acker, andWittich (2007,Proposition6).

m

å
a;b= 1

d

å
a= 1

¶2ia

¶za¶zb

¶2ia

¶zc¶zd

h
dabdcd + dacdbd + daddbc

i
=

m

å
a;b= 1

d

å
a= 1

¶2ia

¶(za)2

¶2ia

¶(zb)2 + 2
¶2ia

¶za¶zb

¶2ia

¶za¶zb

= 2
m

å
a;b= 1

d

å
a= 1

�
¶2ia

¶za¶zb

¶2ia

¶za¶zb �
¶2ia

¶(za)2

¶2ia

¶(zb)2

�
+ 3

m

å
a;b= 1

d

å
a= 1

¶2ia

¶(za)2

¶2ia

¶(zb)2

= 2
m

å
a;b= 1

hP(¶za;¶zb);P(¶za;¶zb)i � hP(¶za;¶za);P(¶zb;¶zb)i + 3






m

å
a= 1

P(¶za;¶za)






2

Ti(x)Rd

= � 2R+ 3






m

å
j= 1

P(¶zj ;¶zj )






2

Ti(x)Rd
;

whereR is the scalarcurvatureandwe usedLemma43 in the third equality. Pluggingthis result
into (6) andusingfrom Proposition15,DM

p
detg

�
�
0 = � 1

3R, wearedone.

Lemma 46 Let k havecompactsupporton [0;R2
k] andlet 0 < h � hmax. Thenfor anyx 2 M there

exist constantsD1;D2 > 0 independentof h such that for anyy 2 BRd(x;hRk) \ M,

0 < D1 � ph(y) � D2:

Proof First supposethat hRk < s := minf k=2;R0=2g. Sinceky� zk � hRk � k=2 we have by
Lemma18: 1

2dM(y;z) � ky� zk � dM(y;z). Moreover, sincep(x) > 0 on M andp is boundedand
continuous,thereexist lower andupperboundspmin andpmax on thedensityon BM(x;4hRk). That
implies

ph(y) �
kkk¥

hm pmax

Z

BM(y;2hRk)

p
detgdz� kkk¥ pmaxS22mRm

k ;
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wherethelastinequalityfollows from Lemma14. NotefurtherthatdM(x;y) � 2hRk anddM(y;z) �
2hRk impliesdM(x;z) � 4hRk. Sincethekernelfunction is continuousthereexistsan rk suchthat
k(x) � kkk¥ =2 for 0 < x � rk. Weget

ph(y) �
kkk¥

2hm

Z

BRd (x;hrk)\ M

p(z)
p

detgdz�
kkk¥

2hm pminvolM(BM(x;hrk)) �
kkk¥

2
pminS1 rm

k :

Now supposes� hRk andh � hmax. Thenph(y) � kkk¥
hm � kkk¥

� Rk
s

� m
. For thelowerboundweget

ph(y) �
Z

M
kh(dM(y;z)) p(z)

p
detgdz�

Z

BM(y;hrk)
kh(dM(y;z)) p(z)

p
detgdz

�
kkk¥

2hm P
�

BM(y;hrk)
�

�
kkk¥

2hm
max

P
�

BM(y;s
rk

Rk
)
�

:

Sincep is continuousand p > 0, the functiony ! P
�

BM(y;s rk
Rk

)
�

is continuousandpositive and

thereforehasa lowerboundgreaterzeroon theball BRd(x;hRk) \ M.
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