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Abstract

Givena samplefrom a probabilitymeasuravith supporton a submanifoldn Euclideanspaceone
canconstructineighborhoodjraphwhich canbeseerasanapproximatiorof thesubmanifold. The
graphLaplacianof sucha graphis usedin severalmachinelearningmethoddik e semi-supervised
learning,dimensionalityreductionand clustering. In this paperwe determinethe pointwiselimit
of threedifferentgraphLaplacianausedin theliteratureasthe samplesizeincreasesndtheneigh-
borhoodsizeapproachegero. We shaw thatfor a uniform measureon the submanifoldall graph
Laplacianshave the samelimit up to constants.However in the caseof a non-uniformmeasure
on the submanifoldonly the so calledrandomwalk graphLaplaciancorvergesto the weighted
Laplace-Beltramoperator

Keywords: graphsgraphLaplacianssemi-supervisetéarning,spectraklustering,dimensional-
ity reduction

1. Intr oduction

In recentyears,methodshasedon graphLaplacianshave becomencreasinglypopularin machine
learning. They have beenusedin semi-supervisetbarning(Belkin andNiyogi, 2004;Zhouetal.,

2004; Zhu and Ghahramani2002), spectralclustering(Spielmanand Teng, 1996; von Luxburg,

2006) anddimensionalityreduction(Belkin and Niyogi, 2003; Coifmanand Lafon, 2006). Their
popularityis mainly dueto the following propertiesof the Laplacianwhich will be discussedn

moredetailin alatersection:
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HEIN, AUDIBERT AND VON LUXBURG

the Laplacianis the generatoof the diffusion procesglabel propagtionin semi-supervised
learning),

the eigervectorsof the Laplacianhave specialgeometricproperties{motivation for spectral
clustering),

the Laplacianinducesan adaptve regularizationfunctional,which adaptgo the densityand
the geometricstructureof the data(semi-supervisetibarning,classi cation).

If thedataliesin RY theneighborhoodjraphbuilt from therandomsamplecanbeseerasanap-
proximationof the continuousstructure.In particular if the datahassupporton alow-dimensional
submanifoldthe neighborhoodyraphis a discreteapproximationof the submanifold.In machine
learningwe areinterestedn theintrinsic propertiesandobjectsof this submanifold. The approxi-
mationof the Laplace-Beltramoperatowia thegraphLaplacianis avery importantonesinceit has
numerouspplicationsaswe will discusdater.

Approximationsof the Laplace-Beltrambperatoror relatedobjectshave beenstudiedfor cer
tain specialdeterministicgraphs. The easiestaseis a grid in RY. In numericsit is standardo
approximatehe Laplacianwith nite-dif ferencescheme®nthegrid. Thesecanbe seenmasa spe-
cial instanceof a graphLaplacian. Therecorvergencefor decreasingrid-sizefollows easily by
an amgumentusing Taylor expansions.Anothermoreinvolved exampleis the work of Varopoulos
(1984),wherefor agraphgeneratedby ane-packingof a manifold,theequialenceof certainprop-
ertiesof randomwalks on the graphandBrownian motion on the manifold have beenestablished.
The connectionbetweenrandomwalks and the graphLaplacianbecomesbvious by noting that
the graphLaplacianaswell asthe Laplace-Beltramioperatorare the generatorof the diffusion
proces®onthegraphandthe manifold,respectiely. In Xu (2004)the corvergenceof adiscreteap-
proximationof the LaplaceBeltramioperatorfor a triangulationof a 2D-surficein R3 wasshown.
However, it is unclearwhetherthe approximatiordescribedherecanbe written asa graphLapla-
cianandwhetherthis resultcanbe generalizedo higherdimensions.

In the casewherethe graphis generatedandomly only rst resultshave beenproved so far.
The rst work on the large samplelimit of graphLaplacianshasbeendoneby Bousquetet al.
(2004). Therethe authorsstudiedthe corvergenceof the regularizationfunctionalinducedby the
graphLaplacianusingthelaw of large numberdor U -statistics.In asecondsteptakingthelimit of
the neighborhoodsiza! 0, they got éN( p?N) asthe effective limit operatorin RY. Their result
hasrecentlybeengeneralizedo the submanifoldcaseanduniform corvergenceover the spaceof
Holderfunctionsby Hein (2005,2006). In von Luxburg et al. (2007),the neighborhoodsizl was
kept x edwhile the large samplelimit of the graphLaplacianwasconsidered.n this setting,the
authorsshaved strongcornvergenceresultsof graphLaplaciango certainintegral operatorsyhich
imply the corvergenceof the eigervaluesandeigenfunctionsTherebyshaving the consisteng of
spectraklusteringfor a x edneighborhoodize.

In contrastto the previous work in this paperwe will considerthe large samplelimit andthe
limit astheneighborhooizeapproachesgerosimultaneouslyor a certainclassof neighbhorhood
graphs. The main emphasidies on the casewherethe datageneratingneasurehassupporton a
submanifoldof RY. Thebiasterm,thatis the differencebetweerthe continuouscounterparbf the
graphLaplacianandthe Laplacianitself hasbeenstudied rst for compactsubmanifoldswithout
boundaryby Smolyan®, von Weizsacker, andWittich (2000)andBelkin (2003)for the Gaussian
kernelanda uniform datageneratingneasureandwasthengeneralizedy Lafon (2004)to general
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isotropicweightsandgeneraprobabilitymeasuresAdditionally Lafon shavedthattheuseof data-
dependeniveightsfor thegraphallowsto controlthein uence of thedensity They all show thatthe
biastermconvergespointwiseif the neighborhooaizegoesto zero. The convergenceof thegraph
Laplaciantowardsthesecontinuousaveragingoperatorsvasleft open.Thispartwas rst studiedby
Heinetal. (2005)andBelkin andNiyogi (2005).In Belkin andNiyogi (2005)the corvergencewas
shawn for the socalledunnormalizedyraphLaplacianin the caseof a uniform probabilitymeasure
on a compactmanifold without boundaryandusingthe Gaussiarkernelfor the weights,whereas
in Hein et al. (2005)the pointwisecorvergencewas shavn for the randomwalk graphLaplacian
in the caseof generabprobabilitymeasuresn non-compactnanifoldswith boundaryusinggeneral
isotropicdata-dependenteights. More recentlyGiné and Koltchinskii (2006) have extendedthe
pointwisecorvergencefor the unnormalizedyraphLaplacianshovn by Belkin andNiyogi (2005)
to uniform corvergenceon compacisubmanifoldsvithout boundarygiving explicit rates.In Singer
(2006),seealsoGiné andKoltchinskii (2006),the rate of cornvergencegiven by Hein et al. (2005)
hasbeenimprovedin the settingof the uniform measureln this paperwe will studythethreemost
oftenusedgraphLaplaciansn themachindearningliteratureandshaw their pointwisecorvergence
in the generalsettingof Lafon (2004)andHein et al. (2005),thatis we will in particularconsider
the casewhereby usingdata-dependenteightsfor the graphwe cancontrolthein uence of the
densityon thelimit operator

In Section2 we introducethe basicframeavork necessaryo de ne graphLaplaciangor general
directedweightedgraphsandthensimplify the generalcaseto undirectedgraphs.In particular we
de ne the threegraphLaplaciansusedin machinelearningso far, which we call the normalized,
the unnormalizedand the randomwalk Laplacian. In Section3 we introducethe neighborhood
graphsstudiedin this paperfollowedby anintroductionto thesocalledweightedLaplace-Beltrami
operatoy which will turn out to be thelimit operatorin general. We also study propertiesof this
limit operatorand provide insightswhy and how this operatorcan be usedfor semi-supervised
learning, clusteringand regression. Then nally we presentthe main cornvergenceresultfor all
threegraphLaplaciansandgive the conditionson the neighborhoodizeasafunctionof thesample
sizenecessaryor corvergence.ln Sectiord we illustratethe mainresultby studyingthedifference
betweerthethreegraphLaplaciansandthe effectsof differentdata-dependenteightson the limit
operator In Section5 we prove the main result. We introducea framework for studyingnon-
compactmanifoldswith boundaryand provide the necessarnassumption®n the submanifoldM,
the datageneratingmeasureP andthe kernelk usedfor de ning the weightsof the edges. We
would like to note that the theoremsgivenin Section5 containslightly strongerresultsthanthe
onespresentedn Section3. Thereaderwho is not familiar with differentialgeometrywill nd a
brief introductionto the basicmaterialusedin this paperin AppendixA.

2. Abstract De nition of the Graph Structure

In this sectionwe de ne the structureon a graphwhich is requiredin orderto de ne the graph
Laplacian.To this endonehasto introduceHilbert spaceddy, andHg of functionson the vertices
V andedgesE, de ne a differenceoperatord, andthensetthe graphLaplacianasD= d d. We
rst dothisin full generalityfor directedgraphsandthenspecializeit to undirectedgraphs. This
approachs well-known for undirectedgraphsn discretepotentialtheoryandspectragraphtheory
seefor exampleDodziuk (1984),Chung(1997),Woess(2000)andMcDonaldandMeyers(2002),
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andwasgeneralizedo directedgraphsby Zhouetal. (2005)for a specialchoiceof Hy; He andd.
To our knowledgethe very generakettingintroducedherehasnot beendiscussealsavhere.

In mary articlesgraphLaplaciansare usedwithout explicitly mentioningd, Hy andHg. This
canbe misleadingsince,aswe will show, therealwaysexists a whole family of choicesfor d, Hy
andHg which all yield thesamegraphLaplacian.

2.1 Hilbert Spacesf Functions onthe VerticesV and the EdgesE

Let (V;W) be a graphwhereV denotesthe set of verticeswith jVj = n andW a positven n
similarity matrix,thatiswi;  0; i;j = 1;:::;n. W neednotto besymmetric thatmeanswve consider
thecaseof adirectedgraph.Thespecialcaseof anundirectedyraphwill bediscussedh afollowing
sectionLetE V V bethesetof edgessj = (i; j) with wij > 0. g;j is saidto beadirectededge
from thevertexi to thevertex j with weightw;;. Moreover, we de ne theoutgoingandingoingsum
of weightsof avertex i as

edge.LetR; = fx2 Rjx 0OgandR, = fx2 Rjx> 0g. Theinnerproductonthefunctionspace

RY isde ned as .

. 1
hfigiy = =& figici;
Ni=1
wherec; = (cou(df’“‘) + cm(di‘”)) with Coy : R+ ! Ry andcin : R+ ! R4, Cou(0) = ¢in(0) = 0
andfurthercqy andci, strictly positveonR, .
We alsode ne aninnerproducton the spaceof functionsRE ontheedges:

1 ¢

5 a
ani;Fl

FGig = Fij Gij f (wij);

wheref : Ry ! Ry, f(0) = 0 andf strictly positve on R, . Note that with theseassumptions
onf thesumis taken only over the setof edgesE. Onecancheckthat both inner productsare
well-de ned. We denoteby H (V;c) = (Ry;h; i) andH (E;f) = (RE;h; ig) thecorresponding
Hilbert spaces.As a lastremarklet us clarify the rolesof RY andRE. The rst oneis the space
of functionson the verticesandthereforecan be regardedas a normalfunction space. However,
elementof RE canbeinterpretedasa o w on the edgessothatthe function valueon an edges;;
corresponds$o the”mass” o wing from onevertex i to thevertex j (perunit time).

2.2 The DifferenceOperator d and its Adjoint d

De nition 1 Thedifferenceoperatord : H (V;c)! H(E;f) is de nedasfollows:

8e;2E;  (df)(ej) = owi) (f(J)) f(0)):;

wheeg: R, ! R,.

1328



LIMIT OF GRAPH LAPLACIANS ON RANDOM NEIGHBORHOOD GRAPHS

Remark 2 Notethatd is zeio on the constantfunctionsas onewould expectit from a derivative
In Zhouetal. (2004)anotherdifferenceopemator d is used:

(df)(e) = dwi) P P 1)

Qi W Tam A

Notethatin Zhouet al. (2004)they haveg(w;;) 1. This differenceopemator is in geneal not
zeo ontheconstanfunctions.Thisin turn leadsto the effectthat the associated_aplacianis also
not zeo on the constantfunctions.For generl graphswithoutany geometricinterpretationthisis
just a matterof choice However, the choiceof d mattes if onewantsa consistentontinuumlimit
of the graph. One cannotexpectcornvergenceof the graph Laplacianassociatedo the difference

opemtor d of Equation (1) towards a Laplacian, sinceas ead of the graph Laplaciansin the
sequencés notzeo ontheconstanfunctionsalsothelimit opeator will share this propertyunless

graph Laplacianinducedby the differenceopemator of Equation(1) introducedby Zhouet al. in
themadinelearningliterature and usuallydenotedasthe normalizedgraph Laplacianin spectal
graphtheory(Chung,1997).

Obviously, in the nite cased is alwaysaboundedperator Theadjointoperatod :H (E;f)!
H (V;c) isde ned by

hdf;uig = hf;d ui,; 8f2H(V;c); u2H(E;f):

Lemma 3 Theadjointd : H(E;f)! H(V;c) of thedifferenceopemtor d is explicitly givenby:

1 17 1¢
(d ul)= 2 né@ ofwir) Ui f(wi)  —a olwii) i f (Wii) - (2)
c N2 Ni=1
Proof Usingtheindicatorfunction f(j) = ;= it is straightforvardto derive:

%CI (du)=H -juig= 2:]2831 awiuif (wi) — gwii)uif (wii) ;
i=1

wherewe have usedhd =|;UiE: T&@éﬂjzl(d :|)ijuijf(wij). |

The rst termof therhsof (2) canbeinterpretedasthe outgoing o w, whereaghe seconderm
canbe seenastheingoing o w. The correspondingontinuouscounterparbf d is the gradientof
afunctionandfor d it is the divergenceof a vector eld, measuringhe in nitesimal difference
betweerin- andoutgoing o w.

2.3 The General Graph Laplacian

De nition 4 (graph Laplacian for a directedgraph) GivenHilbert spacedH (V;c)
andH (E;f) andthedifferenceopemtord: H (V;c)! H(E;f) thegraphLaplacianD: H (V;c)!
H (V;c) isde nedas

D=d d:
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Lemma5 Explicitly, D: H(V;c)! H(V;c) isgivenas:

(Df)(1) = i Eé o) (i) + owi)2F (w) F() (i)

Proof The explicit expressionD can be easily derived by plugging the expressionof d andd
together:
1 19 2 . 1¢ P
ddih =5 -agw)TrHh)  fOIf(wi) —a gw)Tr0  FOIF (wi)
Ci Nizy _ Ni=y
1 18 1y !
=-— f(h-aw; —-a fliwj;
2¢, ()ngh ij nEh (1) oy

wherewe have introducedlyj = g(wi)f (wi) + g(wii)%f (wii) . [ |

Proposition6 Dis self-adjointand positivesemi-de nite

Proof By de nition, hf;Dgi,, = hdf;dgig = tDf;gi,,, andhf;Dfi,, = hdf;dfig O: [ |

2.4 The SpecialCaseof an UndirectedGraph

In the caseof an undirectedgraphwe have wij = w;j;, thatis wheneer thereis an edgefrom i

to j thereis an edgewith the samevaluefrom j to i. This implies that thereis no difference
betweenin- andoutgoingedges.Therefored®*  d", sothatwe will denotethe degreefunction
by d with d; = %é?:lWij. The samefor the weightsin Hy, coi  Cin, SOthatwe have only one
functionc. If onelikesto interpretfunctionson E as o ws, it is reasonabl¢o restrictthe spaceHg

to antisymmetricfunctionssincesymmetricfunctionsare associatedo o ws which transportthe
samemassfrom vertex i to vertex j andback. Therefore asa neteffect, no massis transportedat
all sothatfrom a physicalpointof view thesefunctionscannotbe obseredatall. Sincearyway we

consideronly functionson the edgesof theform df (wheref is in Hy) which areby construction
antisymmetricwe will notdo this restrictionexplicitly.

Theadjointd simpli es in theundirecteccaseto

ZC;Ld ) i é. qul)f (W||)(U|| u”);

(d u)l) =

andthegeneralgraphLaplacianon anundirectedyraphhasthefollowing form:

De nition 7 (graph Laplacian for an undir ectedgraph) GivenHilbert spaces
H (V;c) andH (E;f) andthedifferenceopemtord : H (V;c) ! H(E;f) thegraphLaplacianD:
H(V;c)! H(V;c)isde nedas

D=d d:

Explicitly, for anyvertex |, wehave

(D)) = (d df)(l) = (ih) f(l) a o (wi)f (wi) %é F() o (wi)f (wi)
i=1
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In theliteratureone nds thefollowing specialcasef the generalgraphLaplacian.Unfortu-
natelythereexist no uniguenamesfor the threegraphLaplacianswve introducehere,mostof the
time all of themarejust calledgraphLaplacians.Only theterm'unnormalized'or ‘combinatorial’
graphLaplacianseemdo beestablisheshow. However, the othertwo couldbothbe callednormal-
izedgraphLaplacian.Sincethe rst oneis closelyrelatedto arandomwalk onthe graphwe call it
randomwalk graphLaplacianandthe otheronenormalizedgraphLaplacian.

The'randomwalk' graphLaplacianis de ned as:

O™N0)= 1) 3 &wif(); D™i=( D W,
iNj=1

wherethe matrix D is de ned as Djj = ddij. NotethatP= D 1w is a stochasticmatrix and
thereforecanbe usedto de ne a Markov randomwalk onV, seefor exampleWoess(2000). The
‘unnormalized'(or 'combinatorial’) graphLaplacianis de ned as

gwuf(j); DWf=(D W)f:

=1

(DW)(i) = dif(i)

Sl

We have thefollowing conditionson c; gandf in orderto gettheselLaplacians:

P(wWij)f (Wij) _ Wij o Pwi)f(wi) _
e C g unnorm: W_W”'

8gj2E: rw:
We obsenre that by choosingD™) or D) the functionsf andg arenot x ed. Thereforeit can
causeconfusionif one speaksof the 'randomwalk’ or 'unnormalized' graphLaplacianwithout
explicitly de ning the correspondingilbert spacesandthe differenceoperator We alsoconsider
the normalizedgraph LaplacianD™ introducedby Chung(1997); Zhou et al. (2004) using the
differenceoperatorof Equation(1) andthe generalspacesH(V;c) andH (E;f). Following the
schemea straightforvard calculationshavs the following:

Lemma 8 ThegraphLaplacianDnorm= d d with the differenceoperator d from Equation(1) can
beexplicitly written as

n) _ 1 f()1g _ R {() _ NS
OV = o3P Pand i) (8 podmnfm) :

Thechoicec(d) = 1 andg?(w;)f (wy) = w; leadsthento thegraphLaplacianproposedn Chung
andLanglandg(1996); Zhouetal. (2004),

. f(I) 18 f()  _1 1c> Wi
(D)) = d| Pgd nd Pgwi = () ~a f(u)pﬁ

or equivalently
DWf=D 3D W)D 2f=( D WD 2)f:

NotethatD = DD™) andD™ = D DD 3
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3. Limit of the Graph Laplacian for Random Neighborhood Graphs

Before we statethe corvergenceresultsfor the threegraphLaplacianson randomneighborhood
graphswe rst have to de ne thelimit operator Maybenot surprisingly in generalthe Laplace-
Beltramioperatomwill not bethelimit operatorof the graphLaplacian.Insteadit will corvergeto
theweightedLaplace-Beltramoperatomwhichis the naturalgeneralizatiorof the Laplace-Beltrami
operatorfor a Riemanniarmanifold equippedwith a non-uniformprobability measure.The def-
inition of this limit operatorand a discussionof its usefor differentapplicationsin clustering,
semi-supervisetbarningandregressioris thetopic of the next section followed by a sketchof the
corvergenceresults.

3.1 Construction of the Neighborhood Graph

supporton a submanifoldM. For the exactassumptionsegardingP, M andthe kernelfunctionk
usedto de ne theweightswe referto Section5.2. The samplethendetermineghe setof verticesv
of thegraph.Additionally we aregivenacertainkernelfunctionk: R+ ! R, andtheneighborhood
parameteh 2 R, . As proposedy Lafon (2004)andCoifmanandLafon (2006),we usethis kernel
functionk to de ne thefollowing family of data-dependerkernelfunctionsk - parameterizethy
| 2Ras:

2402
1 k(X X; “=h)
h™ [dhn(X) drin(X))]'
wheredn.n(X) = %é{‘zlhimk( X X 2=h2) is the degreefunction introducedin Section2 with

respecto the edge—weights,%nk( XX 2=h2). Finally we usek 1 to de ne the weightw;; =
W(X;; X;) of theedgebetweerthe pointsX; andX; as

ki (X X)) =

W ;h(xi;xj) = RI ;h(xi;xj):

Notethatthecasd = 0 correspondto weightswith nodata-dependemiodi cation. Theparameter
h2 R, determineghe neighborhoodf a point sincewe will assumehatk hascompactsupport,
thatis X; andX; have anedgeif X X; hR¢ whereR is the supportof kernelfunction. Note
thatwewill havek(0) = 0, sothattherearenoloopsin thegraph.Thisassumptions notnecessary
but it simpli es the proofsandmakessomeof the estimatorsinbiased.

In Section2.4 we introducedthe randomwalk, the unnormalizedand the normalizedgraph
Laplacian.Fromnow on we considerthesegraphLaplaciangor therandomneighborhoodyraph,
thatis the weightsof the graphw;; have the form wij = w(X;; Xj) = R;h(x,-;xj). Usingthe kernel
functionwe caneasilyextendthe graphLaplaciango thewhole submanifoldV. Theseextensions
canbe seenasestimatordor the Laplacianon M. We introducealsothe extendeddegreefunction
cT| ‘hin andthe averageoperatorA, o

Sl

Qo5
Sl

dnn() = =& kX)) A9 = =@ kin(x X)) F(X)):

=1 =1
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Notethatd; . hin = A nnl. TheextendedgraphLaplaciansarede ned asfollows:
I

(rw) _ 1 1 A, Ahnd _
randomwalk (O in () = 2 f T LA pnf (0= R g - (%), (3)
lized D9 )= = Ganf Agnf (= 2 (A :
unnormalize ( b )(X) = e Yihin A pnf (X) = Q(Al n@)(X);
normalized (O, (¥ = @oﬁ d hniéH A hnpﬁ 69

= hﬁa‘?ﬁ(p\l ;h;ng%(x);

wherewe have introducedg(y) := f(x) f(y) andg¥y) := pdf(x)(x) pdf(y)(y). Note that all
| ;hin 1;hin

extensiongeproducehegraphLaplacianon the sample:
(DF)(i) = (DF)(X) = (D nnF)(X);  8i= Lzizim:

The factor1=h? arisesby introducinga factor 1=h in the weight g of the derivative operatord of
the graph. This is necessarginced is supposedo approximatea derivative. Sincethe Laplacian
correspondso aseconderivative we getfrom thede nition of the graphLaplacianafactor1=h?.

We would lik e to notethatin the caseof therandomwalk andandthe normalizedgraphLapla-
cian the normalizationwith 1=h™ in the weightscancelsout, whereasit doesnot cancelfor the
unnormalizedgraphLaplacianexceptin the casel = 1=2. The problemhereis thatin general
theintrinsic dimensionm of the manifoldis unknavn. Thereforea normalizationwith the correct
factorhlm is not possibleandin thelimit h! 0 the estimateof the unnormalizedgraphLaplacian
will generallyeithervanishor blow up. Theeasyway to circumentthisis justto rescalehewhole
estimatesuchthat 3 S ld| (X)) equalsa x edconstanfor every n. Thedisadwantages thatthis
methodof rescallngntroducesaglobalfactorin thelimit. A moreelegantway mightbeto simulta-
neouslyestimatethe dimensionm of the submanifoldandusethe estimatedlimensionto calculate
thecorrectnormalizatiorfactor see for example,HeinandAudibert(2005).However, in thiswork
we assumdor simplicity that for the unnormalizedgraphLaplacianthe intrinsic dimensionm of
thesubmanifolds known. It mightbeinterestingo consideibothestimatesimultaneouslybut we
leave this asanopenproblem.

We will considerin the following thelimit h! 0, thatis the neighborhoodf eachpoint X;
shrinksto zero. However, sincen! ¥ andh asafunctionof n approachegerosufciently slow,
thenumberof pointsin eachneighborhoodpproache¥, sothatroughlyspolensumsapproximate
the correspondingntegrals. This is the basicprinciple behindour corvergenceresultandis well
known in theframeavork of nonparametricegression(seeGyor etal.,2004).

3.2 The WeightedLaplacian and the Continuous Smoothnesg-unctional

The Laplacianis oneof the mostprominentoperatorsn mathematicsThefollowing generalprop-
ertiesaretaken from the booksof Rosenbeg (1997)andBérard(1986). It occursin mary partial
differential equationsgoverning physics, mainly becausén Euclideanspaceit is the only linear
second-ordedifferentialoperatomwhichis translatiorandrotationinvariant.In EuclidearspaceR®
it is de ned asDga f = div(gradf) = &%, 12f: Moreover, for ary domainW RY it is a negative-
semide nitesymmetricoperatoonCy¥ (W), whichis adensesubsebf Lo(W) (formally self-adjoint),
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andsatis es Z Z
fDhdx = HNf; Nhi dx:
w w

It canbe extendedto a self-adjointoperatoron Lo(W) in several ways dependingon the choice
of boundaryconditions.For ary compactdomainW (with suitableboundaryconditions)it canbe
shawvn that D hasa pure point spectrumandthe eigenfunctionsare smoothandform a complete
orthonormabasisof Lo(W), see for example,Bérard(1986).
The Laplace-Beltramipperatoron a Riemannianmanifold M is the naturalequialentof the
Laplacianin RY, de ned as
Dv f = div(gradf) = N@N,f:

However, the morenaturalde nition is thefollowing. For ary f;g2 C¥ (M), we have
z z
fDhdV(x) = HNf; Nhi dV(X);
M M

wheredV = P detgdx is thenaturalvolumeelemenbf M. Thisde nition allows easilyanextension
to the casewherewe have a RiemanniamrmanifoldM with ameasurd® . In this paperP will bethe
probabilitymeasurgeneratinghedata.We assumeén thefollowing thatP is absolutelycontinuous
wrt the naturalvolumeelementdV of the manifold. Its densityis denotedoy p. Notethatthe case
whenthe probabilitymeasurés absolutelycontinuouswrt the Lebesgueneasuren R is aspecial
caseof our setting.

A recentreview articleabouttheweightedLaplace-Beltramoperatotis Grigoryan(2006).

De nition 9 (WeightedLaplacian) Let(M;gap) bea Riemanniarmanifoldwith measue P whee
has a differentiable and positive density p with respectto the natural volumeelementdV =
detgdx, andlet Dy betheLaplace-BeltamiopematoronM. For s2 R, wede ne thes-thweighted

LaplacianDs as

s A 1 e - 1.
Ds:= D+ g™ (Nap)No = 0™ Na(p*s) = < div(p* grag:

This de nition is motivatedby thefollowing equality for f;g2 C¥ (M),
z z s z
f(Dg) p°dvV =  f Dg+ E)Hilp;Ngi pSdV = hNf: Ngi pSdV; (4)
M M M

The family of weightedLaplacianscontainstwo caseswhich are particularly interesting. The
rst one,s= 0, correspondso the standardLaplace-Beltramoperator This caseis interesting
if oneonly wantsto usepropertiesof the geometryof the manifold but not of the datagenerat-
ing probability measure.The secondcase,s= 1, correspondso the standardveightedLaplacian
D= %Na( pNa).

In the next sectionit will turn out thatthrougha data-dependermhangeof the weightsof the
graphwe cangetthejustde ned weightedLaplaciansasthelimit operatorsof thegraphLaplacian.
Therestof this sectionwill be usedto motivate the importanceof the understandingf this limit
in differentapplications.Threedifferentbut closelyrelatedpropertiesof the Laplacianareusedin
machindearning
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ThelLaplaciangeneratethe diffusionprocessin semi-supervisetkarningalgorithmswith a
smallnumberof labeledpointsonewould lik e to propagtethe labelsalongregionsof high-
density seeZhu andGhahraman(2002);Zhu et al. (2003). Thelimit operatorDs shavs the
in uence of a non-uniformdensityp. Theseconderm £hp;Nfi leadsto ananisotroy in
thediffusion. If s< 0thistermenforcediffusionin thedirectionof themaximumof theden-
sity whereadliffusionin the directionaway from the maximumof the densityis wealened.
If s< Othisisjusttheotherway round.

The smoothnesfunctionalinducedby theweightedLaplacianDs, seeEquation(4), is given
by A
Sf)=  kNfk?psdV:
M

For s> 0 this smoothnesfunctionalprefersfunctionswhich aresmoothin high-densityre-
gionswhereasunsmoothbehaior in low-densityis penalizedess. This propertycanalso
beinterestingn semi-supervisetéarningwhereoneassumesgspeciallywhenonly afew la-
beledpointsareknown thatthe classi er shouldbe constanin high-densityregionswhereas
changeof the classi er areallowed in low-densityregions, seeBousquetet al. (2004) for
somediscussiorof this pointandHein (2005,2006)for a proofof cornvergenceof theregular
izerinducedby thegraphLaplaciantowardsthe smoothnesfunctionalS( f). In Figurel this
is illustratedby mappinga densitypro le in R? ontoa two-dimensionamanifold. However,

Figurel: A densitypro le mappedntoatwo-dim. submanifoldn R2 with two clusters.

alsothe cases < 0 canbe interesting. Minimizing the smoothnes$unctional §(f) implies
thatoneenforcessmoothnessf the function f whereonehaslittle data,andoneallows the
functionto vary morewhereone hassampleda lot of datapoints. Sucha penalizationhas
beenconsideredy CanuandElisseef (1999)for regression.

The eigenfunctionf the LaplacianDs canbe seenasthe limit partioningof spectralclus-
tering for the normalizedgraphLaplacian(however, a rigorousmathematicaproof hasnot
beengivenyet, seevon Luxburg et al., 2007,for a corvergenceresultfor x edh). If s= 0
onegetsjustageometricclusteringin the sensehatirrespectvely of the probabilitymeasure
generatinghe datathe clusteringis determinedy the geometryof the submanifold.If s> 0
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theeigenfunctiorcorrespondingo the rst non-zerceigervalueis likely to changéts signin
alow-densityregion. This agumentfollows from the previousdiscussioron the smoothness
functional§( ) andthe Rayleigh-Ritzprinciple. Let usassumédor amomentthatM is com-
pactwithout boundaryandthat p(x) > 0;8x 2 M, thenthe eigenspaceorrespondingo the
rst eigemvaluel o = 0 is givenby the constanfunctions. The rst non-zeroeigervaluecan
thenbedeterminedy the Rayleigh-Ritzvariationalprinciple

z

R . 2 s
1= inf o NUKROYTVY U9V = O

wRCH(M)  y U2(X) p(X)SdV (X)

Sincethe rst eigenfunctiorhasto be orthogonalto the constanfunctions,it hasto change
its sign. However, sincekNuk? is weightedby a power of thedensityp® it is obviousthatfor
s> 0thefunctionwill changdts signin aregion of low density

3.3 Limit of the Graph Laplacians

Thefollowing theoremsummarizesandslightly wealensthe resultsof Theorem30 andTheorem
31 of Sectionb.

Main Result Let M be a m-dimensionasubmanifoldn R¢, f XigiL ; a samplefroma probability
measue P on M with densityp. Letx2 MnfM anddenes= 2(1 1|). Thenundertecnical
conditionson the submanifoldM, the kernelk and the densityp introducedin Section5, if h! 0
andnh™?2=logn! ¥,

randomwalk: limy (D) £)(%) (Dsf)(X) almostsurely,
unnormalized: rI]irrélé(Dl(‘f%;nf)(x) p(x)?! 2 (Dsf)(X) almostsurely.
Theoptimalrateis obtainedfor h(n) = O (Iogn:n)ﬁ .Ifh! Oandnh™4=logn! ¥,

f

normalized: lim (Dl(r;‘?];n )(X) p(x)Z ' Ds (X) almostsurely.

NI

p

where meanghatthere existsa constanonly dependingnthekernelk andl sud thatequality
holds.

The rst obseration is that the conjecturethat the graph Laplacianapproximateghe Laplace-
Beltramioperatoris only true for the uniform measurewherep is constant.In this caseall limits
agreeup to constantsHowever, big differencesarisewhenonehasa non-uniformmeasureon the
submanifoldwhichis the genericcasein machineearningapplications.n this caseall limits dis-
agreeandonly therandomwalk graphLaplaciancorvergestowardstheweightedLaplace-Beltrami
operatorwhich is the naturalgeneralizatiorof the Laplace-Beltrambperatorwhenthe manifold
is equippedwith a non-uniformprobability measure.The unnormalizedyraphLaplacianhasthe
additionalfactor p 2. However, this limit is actually quite useful, whenonethinks of applica-
tions of so calledlabel propa@tionalgorithmsin semi-supervisetearning. If oneusesthis graph
Laplacianasthe diffusion operatorto propagte the labeleddata,it meansthat the diffusion for
| < 1=2is fasterin regionswherethe densityis high. The consequencks thatlabelsin regionsof
high densityarepropagtedfasterthanlabelsin low-densityregions. This makessensesinceunder
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the clusterassumptionabelsin regionsof low densityarelessinformative thanlabelsin regionsof
high density In generalfrom the viewpoint of a diffusion procesghe weightedLaplace-Beltrami
operatorDs = Dy + SNpN canbe seenasinducingan anisotropicdiffusion dueto the extra term
SNpN whichis dlrectedtovvardsora/vayfrom increasingdensitydependingns. Thisis adesired
propertyln semi-supervisetbarning,whereoneactuallywantsthat the diffusion is mainly along
regionsof thesamedensitylevel in orderto ful Il  theclusterassumption.

Theseconmdbsenationis thatthedata-dependemtodi cation of edgeweightsallowsto control
thein uence of thedensityon thelimit operatorasobseredby CoifmanandLafon (2006).In fact
onecaneveneliminateit for s= Oresp.l = 1in thecaseof therandomwalk graphLaplacian.This
couldbeinterestingn computergraphicswheretherandomwalk graphLaplacianis usedfor mesh
andpointcloudprocessingsee for example,Sorkine(2006).If onehasgatheredhointsof acurved
objectwith alaserscanneit is likely thatthe pointshave a non-uniformdistribution on the object.
Its surfaceis atwo-dimensionasubmanifoldn R3. In computegraphicsthe non-uniformmeasure
is only an artefact of the samplingprocedureand oneis only interestedn the Laplace-Beltrami
operatorto infer geometricproperties.Thereforethe eliminationof thein uence of a non-uniform
measureon the submanifoldis of high interestthere. We notethatup to a multiplication with the
inverseof the densitythe eliminationof densityeffectsis alsopossiblefor the unnormalizedyraph
Laplacian but not for the normalizedgraphLaplacian.All previousobsenationsarenaturallyalso
trueif thedatadoesnot lie on a submanifoldbut hasd-dimensionasupportin RY.

Theinterpretatiorof thelimit of the normalizedgraphLaplacianis moreinvolved. An expan-
sionof thelimit operatorshavs thecomplex dependencon the densityp:

:DMf+F1)Npr (I ;)2;kl§|pk2+(l ;);DMp:

—

3
pz " Ds

Nl

P

We leave it to thereaderto think of possibleapplicationsof this Laplacian.

Thediscussiorshaws thatthe choiceof the graphLaplaciandependn whatkind of problem
onewantsto solve. Thereforejn our opinionthereis no universalbestchoicebetweertherandom
walk andthe unnormalizedyraphLaplacianfrom a machindearningpoint of view. However, from
a mathematicapoint of view only the randomwalk graphLaplacianhasthe correct(pointwise)
limit to theweightedLaplace-Beltramoperator

4. |llustration of the Results

In this sectionwe want to illustrate the differencesbetweenthe three graph Laplaciansand the
controlof thein uence of thedata-generatingieasurevia the parameter .

4.1 Flat SpaceR?

In the rst examplethedataliesin EuclidearspaceR?. Herewe wantto shav two things. First, the
sketchof the mainresultshavs thatif the datageneratingneasurds uniform all graphLaplacians
converge for all valuesof the reweighting parametel up to constantgo the Laplace-Beltrami
operatoy which is in the caseof R? just the standard_aplacian. In Figure 2 the estimatef the
threegraphLaplaciansareshavn for theuniformmeasurg 3;3]% andl = 0. It canbeseerthatup
to ascalingall estimatesagreevery well. In asecondexamplewe studythe effect of anon-uniform
data-generatingneasure.In generalall estimatesdisagreein this case. We illustrate this effect
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Figure2: For the uniform distribution all graphLapIacians,DI(r;‘f]’;)n, DI(L;?];n and DI('?%;” (from left to
right) agreeup to constantdor all I . In the gure the estimatesof the Laplacianare
shawn for the uniform measureon [ 3;3]? and the function f(x) = sin(2 kxk?)=kxk®
with 2500samplesandh = 1:4.

in the caseof R? with a Gaussiardistribution N (0; 1) asdata-generatingneasureandthe simple
functionf(x) = 4;% 4. NotethatDf = 0 sothatfor therandomwalk andtheunnormalizedyraph
Laplacianonly the anisotropicpart of the limit operato,r%Npr is non-zero.Explicitly thelimits
aregivenas

D) Dsf = Df + ;Npﬂf = sA.x;

D pt 2Dsf= se %kxkzéixi; '

D PP D= Ax &x 4 ( })(§ 1) kxk?  2(1 })I:
pz ! i i 2’42 2

Thisshavsthatevenappliedto simplefunctionstherecanbelargedifferencedetweerthedifferent
limit operatorprovidedthe samplessomefrom a non-uniformprobability measureNotethatlike
in nonparametrickernel regressionthe estimateis quite bad at the boundary This well knovn
boundaryeffect arisessinceat the boundaryone doesnot averageover a full ball but only over
somepartof aball. Thusthe rst derivative Nf of orderO(h) doesnotcancelout sothatmultiplied
with the factor1=h? we have a term of orderO(1=h) which blows up. Roughlyspolenthis effect
takesplaceatall pointsof orderO(h) away from theboundaryseealsoCoifmanandLafon (2006).

4.2 The Sphere &

In our next examplewe considerthe casewherethe datalies on a submanifoldM in RY. Here
we wantto illustratein the caseof a sphereS? in R® the control of the in uence of the density
via the parametef . In this casewe samplefrom the probability measurewith density p(f ;q) =

8—1’) + % cog(q) in sphericacoordinatesvith respecto thevolumeelemendV = sin(g)dqdf . This
densityhasa two-clusterstructureon the spherewherethe northernandsoutherrhemisphereep-

resenonecluster An estimateof thedensityp is shovn in the Figure4. We shav theresultsof the
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Figure3: lllustrationof thedifferenceof the threegraphLaplaciansrandomwalk, unnormalized
andnormalized(from thetop) for | = 0. Thefunctionf is f = 82 ,% 4 andthe 2500
samplesomefrom a standardSaussiardistribution on R2. The neighborhoodsizeh is

setto 1:2.
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randomwalk graphLaplaciantogetherwith the resultof the weightedLaplace-Beltrambperator
andanerrorplotfor | = 0;1;2resultingin s=  2;0;2 for thefunction f(f ;q) = coqq). Firstone
canseethatfor a non-uniformprobability measurdghe resultsfor differentvaluesof | differ quite
alot. Notethatthefunction f is adaptedo the clusterstructurein the sensehatit doesnotchange
muchin eachclusterbut changesrery muchin region of low density In the caseof s= 2 we can
seethat Dsf would leadto a diffusionwhich would leadroughly to a kind of stepfunctionwhich

changesatthe equator The sameis true for s= 0 but the effectis muchsmallerthanfor s= 2. In

thecaseof s= 2 we have acompletelydifferentbehaior. Dsf hasnow ipped its signnearto the
equatorso that the induceddiffusion processwvould try to smooththe functionin the low density
region.

5. Proof of the Main Result

In this sectionwe will presenthe mainresultswhichweresketchedn Section3.3togethemwith the

proofs.In Section5.1we rst introducesomenon-standardoolsfrom differentialgeometrywhich

wewill uselateron. In particular it turnsoutthatthesocalledmanifoldswith boundaryof bounded
geometryare the naturalframevork where one canstill deal with hon-compacimanifoldsin a

settingcomparabldo the compactcase.After a properstatementf the assumptionsinderwhich

we provethecornvemgenceesultsof thegraphLaplaciananda preliminaryresultaboutconvolutions
on submanifoldswhich is of intereston its own, we thenstartwith the nal proofs. The proofis

basicallydividedinto two parts thebiasandthevariancewherethesegermsareonly approximately
valid. Thereademotfamiliarwith differentialgeometryis encouragedb rst readtheappendixon

basicsof differentialgeometryin orderto be equippedvith the necessarpackground.

5.1 Non-compactSubmanifoldsin RY with Boundary

We prove the pointwisecorvergencefor non-compacsubmanifolds.Thereforewe have to restrict
the classof submanifoldsincemanifoldswith unboundedurvaturedo not allow reasonabléunc-
tion spaces.

Remark 10 In therestof this paperwe usethe Einsteinsummatiorcorventionthatis overindices
occurringtwice hasto be summedNotethat the de nition of the curvatue tensordiffers between
textbooks We usehere the corventionsregarding the de nitions of curvatue etc. of Lee(1997).

5.1.1 MANIFOLDS WITH BOUNDARY OF BOUNDED GEOMETRY

We will consideiin generahon-compacsubmanifoldsvith boundary In textbookson Riemannian
geometryoneusuallyonly nds materialfor the casewherethe manifold hasno boundary Also

the analysisfor examplethe de nition of Sobole space®n non-compacRiemanniarmanifolds,
seemdo benon-standardWe pro t herevery muchfrom thethesisandanaccompaying paperof

Schick(1996,2001)which introducegmanifoldswith boundaryof boundedyeometry All material
of this sectionis takenfrom thesearticles. Naturally this plus of generalityleadsalsoto a slightly

largertechnicaloverload. Neverthelessve think thatit is worth this effort sincethe classof mani-

folds with boundaryof boundedyeometryincludesalmostary kind of submanifoldonecouldhave

in mind. Moreover, to our knowledge, it is the mostgenerakettingwhereonecanstill introducea

notionof Sobole spacewvith the usualproperties.
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Density

Figure4: lllustrationof theeffectof | = 0;1;2 (row 2 4) resultingin s=
with anon-uniformdata-generatingrobabilitymeasurendthefunction f (g;f ) = cogQq)
(row 1) for therandomwalk Laplacianwith n= 2500andh = 0:6
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NotethattheboundaryfM is anisometricsubmanifoldof M of dimensionm 1. Thereforeit
hasa secondundamentaform P which shouldnot be mixed up with thesecondundamentaform
P of M whichis with respecto theambientspaceRY. We denoteby N the connectiorandby R the
curvatureof M. Moreover, let n bethenormalinwardvector eld at{M.

De nition 11 (Manifold with boundary of boundedgeometry) LetM bea manifoldwith bound-
ary M (possiblyempty).It is of boundedyeometryif thefollowing holds:

(N) NormalCollar: there existsrc > 0 sothatthenormalgeodesicow,
K:(xt) ! expy(tny);

isdenedon M [0;rc) andis a diffeomorphisnontoits image (ny is the inward normal
vector).LetN(s) := K(M [0;g]) bethecollar setfor0 s rc.

(IC) Theinjectivity radiusinjg, of M is positive

(1) Injectivityradiusof M: Therisr; > 0sothatifr rj thenfor x2 MnN(r) theexponential
mapis a diffeomorphisnon By (0;r)  TxM sothat normalcoomdinatesare de ned on every
ball By (x;r) for x2 MnN(r).

(B) Curvatue bounds: For everyk 2 N there is C; sothat jN'Rj  Ci and NP G for
0 i k wheeN' denoteghecovariantderivativeof orderi.

Notethat(B) imposeshoundson all ordersof the derivativesof the curvatures.Onecouldalso
restrictthe de nition to the orderof derivativesneededor the goalsone pursues.But this would
require even more notationaleffort, thereforewe skip this. In particular in Schick (1996)it is
arguedthatboundednessf all derivativesof the curvatureis very closeto the boundednessf the
cunaturealone.

The lower boundon the injectivity radiusof M andthe boundon the curvatureare standard
to de ne manifoldsof boundedgeometrywithout boundary Now the problemof the injectivity
radiusof M is that at the boundaryit someha makesonly partially sensesinceinjy,(x) ! 0 as
d(x; M) ! 0. Thereforeonereplacesext to theboundarystandarahormalcoordinatesvith normal
collar coordinates.

De nition 12 (normal collar coordinates) LetM bea Riemanniammanifoldwith
boundaryM. Fix x°2 IM and an orthonormalbasisof T,eIM to identify T,eIM with R™ 1. For
ry;ro > 0 sufciently small (sudh that the following mapis injective)de ne normal collar coordi-
nates,

no:Bgrm 1(0;r1) [0;r2]! M:(vt)! expg'(pw(v)(tn):

Thepair (r1;r2) is calledthewidth of the normalcollar chart nye.
Thenext propositionshavs why manifoldsof boundedyeometryareespeciallyinteresting.

Proposition 13 (Schick 2001) Assumehat conditions(N); (IC); (1) of De nition 11 hold.
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(B1) TheeexistO< Ry rinj(TM), 0< R>  rc and0< Rz rj andconstantsCx > O for
ead K 2 N sud thatwheneer we havenormal boundarycoorinatesof width (ry;r2) with
ri Rpandr, Ry ornormalcoodinatesofradiusrs rj thenin thesecoodinates,

jD?gijj C« and jDdj C« forall jaj K:

Thecondition(B) in De nition 11 holdsif andonlyif (B1) holds. Theconstant<k canbechosen
to dependonly onrj;rc;injgy andCy.

Notethatdueto g”gjk = d}( onegetsupperandlower bourﬂ)dson the operatomormsof g and
g 1, respectiely, which resultin upperandlower bobmdsfor detg. This impliesthatwe have
upperandlower boundsonthevolumeform dV(x) = = detgdx.

Lemma 14 (Schick2001) Let(M; g) bea Riemanniammanifoldwith boundaryof
boundedyeometryof dimensiomm. Thenthere existsRy > 0 andconstantss; > 0 andS; sud that
forall x2 M andr Ryonehas

Sr™  vol(Bu(x;r))  Sr™

Anotherimportanttool for analysison manifoldsare appropriatdunction spaces.In orderto
de ne a Sobole normone rst hasto x a family of chartsU; with M [ jU; andthende ne
the Sobole normwith respectto thesecharts. The resultingnorm will dependon the choice of
thechartsU;. Sincein differentialgeometrythe choiceof the chartsshouldnot matter the natural
guestionariseshow the Sobole norm correspondingo a differentchoiceof chartsV, is relatedto
thatfor the choiceU;. In generalthe Sobole normswill notbethesame However, if oneassumes
that the transitionmapsare smoothand the manifold M is compactthenthe resultingnormswill
be equialentandthereforede ne the sametopology Now if onehasa hon-compactnanifoldthis
amgumentatiordoesnotwork anymore. This problemis solvedin generaby de ning thenormwith
respecto a covering of M by normalcoordinatecharts. Thenit canbe shavn that the changeof
coordinatedetweerthesenormalcoordinatechartsis well-behaed dueto the boundedyeometry
of M. In thatway it is possibleto establisha well-de ned notion of Sobole spaceson manifolds
with boundaryof boundedgeometryin the sensehatary normde ned with respecto a different
coveringof M by normalcoordinatechartsis equivalent. Let (U;;f)i»; beacountablecovering of
the submanifoldvl with normalcoordinatechartsof M, thatisM [ i2|U;, then:

kfkexy = maxsup sup D™(f f; H)(x)
m K21 sof ()

In thefollowing we will denotewith C¥(M) the spaceof CK-functionson M togethemith thenorm

k ka(M) .

5.1.2 INTRINSIC VERSUS EXTRINSIC PROPERTIES

Most of the proofsfor the continuougpartwill work with Taylor expansionsn normalcoordinates.
It is thenof specialinterestto have a connectiorbetweerintrinsic andextrinsic distancesSincethe
distanceon M is inducedfrom RY, it is obvious that onehaskx Ykga  du(x;y) forall x;y2 M
which are sufciently close. The next propositionproven by Smolyan®, von Weizsacker, and
Wittich (2000)providesan asymptoticexpressiornof geometricquantitiesof the submanifoldM in
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theneighborhooaf apointx2 M. Particularly, it givesathird-orderapproximatiorof theintrinsic
distancedy (x;y) in M in termsof theextrinsic distancan theambientspaceX whichisin ourcase
justthe Euclideardistancen RY.

Proposition15 Leti: M ! RY beanisometricembeddingf the smoothm-dimensionaRieman-
nianmanifoldM into RY. Letx2 M andV bea neighborhoof0in R™andletY :V! U provide
normalcoordinatesof a neighborhoodJ of x, thatis Y (0) = x. Thenfor all y2 V:

fkEn = R 06Y () = K Y)0) GIKE+ kP (G DK g+ O(kykE);

whee P is the secondundamengaform of M and g the uniquegeodesidromx to Y (y) suc that
g= y'Tyi. ThevolumeformdV =~ detg;;(y) dy of M satis esin normalcoorinates,

1
V= 1+ “Ruviy"y'+ O(kykgn) dy,

In particular,
P—— 1
(D detg)(0)= 3R

whee Ris thescalarcurvatue (i.e., R= g¥g!'R ju).

We would like to notethatin Smolyane, von Weizsacker, andWittich (2007)this proposition
wasformulatedfor generalambientspacesX, thatis arbitraryRiemanniarmanifoldsX. Usingthe
more generalform of this propositionone could extendthe resultsin this paperto submanifolds
of otherambientspacesX. However, in orderto usethe schemeoneneedsto know the geodesic
distancesn X, whichareusuallynotavailablefor generaRiemanniarmanifolds.Neverthelessfor
somespecialcasedik e the spherepneknows the geodesidistances Submanifoldsof the sphere
couldbeof interestfor examplein geoplysicsor astronomy

Thepreviouspropositionis very helpful sinceit givesanasymptoticexpressiorof thegeodesic
distancedy (x;y) on M in termsof the extrinsic Euclideandistance The following lemmais a non-
asymptoticstatementaken from Bernsteinet al. (2001) which we presentin a slightly different
form. But rst we establishaconnectiorbetweenvhatthey call the 'minimum radiusof curvature'
andupperboundson the extrinsic curvaturesof M and{M. Let

Pmax=sup sup kP(vV)k; Pmax= sup sup ﬁ(VaV) ;
X2M v2 TuM:kvk= 1 X2 TM V2 T, M kvk=1

whereP is the secondfundamentaform of M asa submanifoldof M. We setP ya = O if the
boundaryiM is empty

Using therelationbetweenthe acceleratiorin the ambientspaceandthe secondfundamental
form for unit-speedcurvesgwith no acceleratiorin M (D;g= 0) establishedh SectionA.3, we get
for the Euclideanacceleratiorof suchacurve gin RY,

kdgk = kP (g gk:

Now if onehasa non-emptyboundaryfM it canhapperthatalength-minimizingcurve goes(par
tially) alongthe boundary(imagineR® with a ball at the origin cut out). Thenthe sggmentc along
theboundarywill be a geodesiof the submanifoldiM, seeAlexanderandAlexander(1981),that
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isDic= Nec= 0whereN is theconnectiorof M inducedby M. However, ¢ will notbeageodesic
in M (in thesenseof a curve with no accelerationyinceby the Gauss-Brmulain Theorend1,

Dic= Dic+ P(c;c) = P(c;0):

Thereforejn generatheupperboundonthe Euclidearacceleratiorof alength-minimizingcurve g
in M is givenby, B B
kik= P(G9+P(G9  Pmax* Pmax

Usingthisinequality onecanderive alower boundon the 'minimum radiusof cunature'r de ned
in Bernsteinet al. (2001) asr = inff 1=ktkgr«g Wherethe in mum is taken over all unit-speed
geodesicg of M (in thesenseof length-minimizingcurves):

.
ﬁmax"' P max-

Finally we canformulatethe Lemmafrom Bernsteiretal. (2001).

Lemmal6 Letx;y2 M withdu(x;y) pr. Then

2r sin(du (X y)=(2r))  kx Ykga  du(xy):
Notingthatsin(x) x=2for0 x p=2,wegetasaneasietto handlecorollary:

Corollary 17 Letx;y2 M withdw(x;y) pr. Then

1
édM(X;Y) KX  Ykga  du(Xy):

In the given form this corollary is quite uselesssincewe only have the Euclideandistances
betweerpointsandthereforeve have no possibilityto checktheconditiondy (X;y)  pr. Ingeneral
smallEuclideardistancedoesnotimply smallintrinsic distancelmagineacircle whereonehascut
outavery smallsggment. Thenthe Euclideandistancebetweerthetwo endsis very smallhowever
the geodesidistanceis very large. We shov now that underan additionalassumptiorone can
transformthe above corollarysothatonecanuseit whenonehasonly knowvledgeaboutEuclidean
distances.

Lemma 18 LetM havea nite radiusof curvatuer > 0. We further assumehat,

k:= inf inf kx ;
X2My2 MnBy (x;pr) 4

isnon-zeo. ThenBra(x;k=2)\ M Bum(x;k) Bm(X;pr). Particularly, if x;y2 M andkx yk
k=2, then

1
idm(x;y) kx ykga du(xy) k:

Proof By de nition k is at mostthein mum of kx yk wherey satis esdy(X;y) = pr. Therefore
thesetBra(x;k=2)\ M is a subsebf By(x; pr). Therestof thelemmathenfollows by Corollary
17. Figure5 illustratesthis construction. |
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Figure5: k is the Euclideandistanceof x 2 M to MnBy (X; pr).

5.2 Notations and Assumptions

In generalwe work on completenon-compacmanifoldswith boundary Comparedo a setting
whereoneconsidersonly compactmanifoldsoneneedsa slightly largertechnicaloverhead How-
ever, we will indicatehow the technicalassumptionsimplify if one hasa compactsubmanifold
with boundaryor evena compactmanifoldwithout boundary

We imposethe following assumptionsn the manifold M:

Assumption19 (i) Themapi:M! RYisasmoothembedding

(i) The manifold M with the metric inducedfrom RY is a smoothmanifold with boundaryof
boundedgeometry(possiblyiM = 0),

(iii) M hasboundedsecondundamentaform,

(iv) It holdsk := infuonm infyomneycpr) KI(X)  i(y)k> O, wheer istheradiusof curvatuede ned
in Sectiorb.1.2,

(v) For any x 2 MnfM, d(x) := inf Ki(X) i(y)kga > 0; whee inj(x) is the
y2MnBu (x; 2 minf inj(x);pr g)

injectivity radius' at x andr > 0 is theradiusof curvatue.

The rst conditionensureshati(M) is a smoothsubmanifoldof RY. Usuallywe do not distin-
guishbetweeri(M) andM. Theuseof the abstracmanifold M asa startingpointemphasizethat
thereexistsanm-dimensionasmoothmanifold M or roughly equivalentan m-dimensionakmooth
parametespaceunderlyingthe data. The choiceof the d featuresdetermineghenthe representa-
tion in RY. The choiceof featurescorrespondshereforeto a speci ¢ choiceof theinclusionmapi
sincei determineiov M is embeddednto RY. This meanghatanotherchoiceof featuredeadsin
generalo adifferentmappingi but theinitial abstracmanifoldM is alwaysthe same However, in
theseconcd:onditionwe assumehatthe metricstructureof M is inducedby RY (whichimpliesthat
i is trivially anisometricembedding) Thereforethe metricstructuredepend®ntheembedding or
equvalentlyon our choiceof features.

ThesecondconditionensureshatM is anisometricsubmanifoldof RY whichis well-behaed.
Asdiscusseth Sections.1.1,manifoldsof boundedyeometryarein generahon-compact;omplete
Riemanniammanifoldswith boundarywhereonehasuniform control over all intrinsic cunvatures.
The uniform boundson the curvatureallow to do reasonablanalysisin this generalsetting. In

1. Notethattheinjectivity radiusinj(x) is alwayspositive.
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particular it allows usto introducethe function space€*(M) with their associatesorm. It might
be possibleto prove pointwiseresultseven without the assumptiorof boundedgeometry But we
think thatthe settingstudiedhereis alreadygeneralenoughto encompasall casesencounteredéh
practice.

The third conditionensureghat M alsohaswell-behaed extrinsic geometryandimplies that
theradiusof cunaturer is lower bounded.Togethemwith the fourth conditionit enablesusto get
global upperandlower boundsof theintrinsic distanceon M in termsof the extrinsic distancen
RY andvice versa,seeLemmals.

Thefourth conditionis only necessarin the caseof non-compacsubmanifoldslit preventsthe
manifoldfrom self-approachingMore preciselyit ensureshatif partsof M arefar away from xin
the geometryof M they do not cometoo closeto x in the geometryof RY. Assumingthati(M) is
a submanifold this assumptioris alreadyincludedimplicitly. However, for non-compacsubman-
ifolds the self-approachingould happerat in nity . Thereforewe excludeit explicitly. Moreover,
notethat for submanifoldswith boundaryonehasinj(x) ! 0 asx approacheshe boundary M.
Thereforealsod(x) ! 0asd(x;fM)! 0. However, this behaior of d(x) attheboundarydoesnot
matterfor the proof of pointwisecornvergencein theinterior of M.

Notethatif M is asmoothandcompactmanifold conditions(ii)-(v) hold automatically

In orderto emphasizehe distinctionbetweenextrinsic andintrinsic propertiesof the manifold
we alwaysusethe slightly cumbersomeotationsx 2 M (intrinsic) andi(x) 2 RY (extrinsic). The
reademwho is not familiar with Riemanniargeometryshouldkeepin mind thatlocally, a subman-
ifold of dimensionm lookslike R™. This becomespparentf oneusesnormalcoordinates Also
thefollowing dictionarybetweerntermsof the manifoldM andthe casewhenonehasonly anopen
setin RY (i is thentheidentity mapping)might be useful.

Manifold M opensetin RY
gij, detg dij, 1
naturalvolumeelement Lebesguemeasure
T o 1
Ds D= &l 1ﬂ(2«)2 a, 19772

The kernelfunctionswhich areusedto de ne the weightsof the graphare alwaysfunctionsof the
squarechormin RY. Furthermoreye malke thefollowing assumptionsn the kernelfunctionk:

Assumption20 (i) k: R+ ! R ismeasuable non-ngativeandnon-inceasingonR,,

K and EX I'% are bounded,

(i) k2 C*(R,), thatisin particular k, {

(i) K, j j andjﬂxzj have@<ponent|aldecay 9c;a;A2 R: sudthatforanyt A, f(t) ce &,
whelef(t) = maxf k(1) j(0):i T (),
(iv) k(0O)=10

Theassumptiorthatthe kernelis non-increasingould be dropped however it makesthe proof
andthe presentatiomasier Moreover, in practicethe weightsof the neighborhoodjyraphwhich are
determinedy k areinterpretedassimilarities. Thereforethe usualchoiceis to take weightswhich

2. This is the reasonwhy one replacesnormal coordinatesn the neighborhoodf the boundarywith normal collar
coordinates.
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decreasavith increasingdistance. The fourth conditionimplies that the graphhasno loops? In
particular the kernelis not continuousat the origin. All resultshold alsowithout this condition.
Theadwantageof this conditionis thatsomeestimatordecomeunbiasedAlso let usintroducethe
helpful notation ky(t) = h}nk rz Wherewe call h thebandwidthof thekernel. Moreover, we de ne
thefollowing two constantselatedto the kernelfunctionk,
Z 4
= . k(kyk?)dy< ¥: Cp= . k(kyk?)y2dy < ¥:

We alsohave someassumptionsn the probability measure.

Assumption21 (i) P is absolutelycontinuouswith respecto the natural volumeelementV on
M,

(i) thedensitypfullls: p2 C3(M) andp(x) > 0;8 x2 MnM,
(iii) thesampleX;; i= 1;:::;nisdrawni.i.d. fromP,

Note that condition (i) implies P(M) = 0, thatis the boundaryfM is a setof measurezero.
We will call the Assumptionsl9 on the submanifold Assumption20 on the kernelfunction, and
Assumption221 on the probability measurd® togetherthe standard assumptions

In thefollowing tablewe summarizehe notationusedin the proofs:

k:iR+! R: kernelfunction
h>0 neighborhood/bandwidtharameter
m2 N dimensionof the submanifoldvi
kn(t) = himk # scaledkernelfunction
| 2R reweightingparameter
dh;n(x)—% iL 1 kn(kx X.kz) degreefunctionassociatedavith k
& ) kn(kx_ Xik?) .
K -n(X %) = () o O reweightedkernel
d n(X) = % k| H(X %) degreefunctionassociatedvith K h
(A pnf)(x) = 240 1k| (%) F (%) empiricalaverageoperatorA, ., ,
Dl(”’r‘]’)nf = h—lz f T LA i f randomwalk graphLaplacian
Dl(“) f= h—lz d~|.h.nf Al.h.nf unnormalizedyraphLaplacian
Dl(”sz- = f pﬁ,&, ‘hin pafﬁ normalizedgraphLaplacian
R
Ci= gm k(kykRm)dy, Co= gm k(kykZRm)yfdy characteristiconstant®f thekernel
ph(X) = Ez kn(kx Zk2) convolution of p with k,
(A nH)(0) = Ezk n(x2)f(2) averageoperatorA
Dl(””) DI(“E], D(”) Laplaciansassociateavith A, .,
Ds = édw(p grad = Egf"bﬂla(psﬁlb) s-th weightedLaplacianon M

3. An edgefrom avertex to itself is calledaloop.
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5.3 Asymptotics of Euclidean Convolutions on the Submanifold M

The following propositiondescribeshe asymptoticexpressionof the corvolution of a function f
onthesubmanifoldM with akernelfunctionhaving the Euclideandistancekx yk asits argument
with respecto the probabilitymeasurd® on M. Thisresultis interestingsinceit shavs how theuse
of the Euclideandistancentroducesa cunatureeffectif oneaveragesafunctionlocally. A similar
resulthasbeenpresentedn CoifmanandLafon (2006). We de ne the density p invariantly with
respecto thenaturalvolumeelemeni@andalsoexplicitly givethesecondrdercurvatureterms.Our
proof is similar to that of Smolyane, von Weizsacker, and Wittich (2007) whereunderstronger
conditionsa similar resultwas proven for the Gaussiarkernel. The more generalsettingandthe
useof generalkernelfunctionsmale the proof slightly more complicated.In orderto emphasize
the distinction betweenextrinsic andintrinsic propertiesof the manifold we will usethe slightly
cumbersomeaotationsx 2 M (intrinsic) andi(x) 2 RY (extrinsic).

Proposition22 Let M andk satisfyAssumptiond9 and 20. Furthermokg, let P havea densityp
with respecto the natural volumeelementand p 2 C3(M). Then,for anyx 2 Mn{M, there exists
anhg(x) > 0 sud thatfor all h< hg(x) andany f 2 C3(M),

Z

) . p—
ki) i(y)kas f(Y)p(y) detgdy
2
=C1p(¥) F(x) + %Cz PO F()S(X) + (Dm(pH)(X) + O(h%);

whee O(h®) is a functiondependingnx, kfkc3(M) andkpkcg(M) and
h i

1 1
Sx) = > R+ > a P (Ta; Ta) %(X)Rd ;

wheee Ris thescalarcurvatue andP thesecondundamentaformofM .

The following Lemmais an applicationof Bernsteins inequality Togetherwith the previous
propositionit will bethemainingredientfor proving consisteng statementfor thegraphstructure.

Lemma 23 Supposéehe standad assumption$old andlet the kernelk havecompactsupporton
[0;R2]. De ne by = kkky kfky ; by = K kfkfé wheeK is a constantdependingn kpky , kkky and
Re. Letx2 MnTM andV; = kn(ki(X) i(X)k?) f(X). Thenfor anyboundedunctionf,

18 nh"e?
P ﬁ_a\/. EV > e 2exp 72b2+2b1e\=3

LetW = kn(ki(x) i(X)KD(F(X) F(X)). ThenforhR, k=2and f 2 C}{(M),

1 nh"e?
_ > e
P ni§_1V\,’. EW >he 2exp 2by + 2D16=3

Proof Sinceby assumptiork > 0, by Lemmals8, for ary x;y 2 M with ki(X) i(y)k k=2, we
haredu(xy) 2ki(x) i(y)k. Thisimplies8a k=2,Brda(x;a)\ M  Bw(X;2a).
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LetW = kn(ki(x) i(Xi)kZ)f(Xi). We have

Kk o kkky
— sup if(Y)j kfky
h™ 2B 4 (xhRO\ M hm

- by
W mi

For thevarianceof W we have two casesFirstlet hR¢ < s:= minf k=2; Ry=2g. Thenwe get,

kkk kikk
hm¥ kfkZ pn(x) Da——* .

wherewe have usedLemma46in thelaststep.Now considehR; s, then

¥ KFkS ;

m

varw  EzIZ(ki(x) i(2)k?)f3(2)

Mckk2
varw kkk¥ kfkS Ric kkky

h2m gnpm

Thereforewede ne by = K kfkZ with K = R'kkks max 2"S,kpk, ;s ™Mg. By Bernsteinsinequal-
ity we nally get

Kk :

nhMe?
P 1an.W EW >e 2e Byt Bies;
Both constants, andb; areindependenof x. For the secondpart note that by Lemma18 for
hR k=2,wehavethatkx yk hR;impliesduy(x;y) 2kx yk 2hR. In particular for all
x;y2 Mwithkx yk hR,

if(0  f(y)j supkNfkyydu(xy) 2hResupkNfky ,:
y2M g y2Mm g

A similar reasoningasabove leadsthento the secondstatement. |
R _
NotethatEzka(ki(x) i(Z)k?)f(Z) = kn(ki(X) i(y)kz)f(y)p(y)pdetgdy.
M

5.4 Pointwise Consistencyof the Random Walk, Unnormalized and Normalized Graph
Laplacian

Theproof of thecorvergenceresultfor thethreegraphLaplaciangs organizedasfollows. Firstwe

introducethecontinuousaperatorle(r;",;’); DI(”% anle(‘f%. Thenwe derive thelimit of the continuous
operatorsash! 0. This partof the proofis concernedvith the biaspartsinceroughly (D; ., f)(X)

canbeseenastheexpectatiorof Dy .., f(X). Secondve shaw thatwith high probabilityall extended
graphLaplaciansare closeto the correspondingontinuousoperators. This is the variancepart.

Combiningbothresultswe arrive nally atthedesiredconsisteng results.

5.4.1 THE BIAS PART - DEVIATION OF D ., FROM ITS LIMIT

The following continuousapproximationof Dl(r;"r‘]’) was similarly introducedin Lafon (2004)and
CoifmanandLafon (2006).

De nition 24 (Kernel- basedapproxmaﬂon of the Laplacian) Weintroducethe
following avelaging opefator A, - h basedontherewelghted<ernelk| o
z

(A nF)(X) = MR 6 T (Y) o) detgdy;
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andwith d, ., = (A ;41) thefollowing continuousoperators,

1 1 . 1 A4g

. (w)g . — - . - = O&h .

randonwalk:  Dj’f: 2 f 3 ;hAl nf P d, (x);
unnormalized DO f = = G Anf = i(,&l )(X):;
1t = 2 G T = 12 (Ang)(X);

. 1 f ~ f ~
normalized Dl(r;‘%f = h—zqdj d ;hqdj A ;hqdj = hﬁgﬁ(ﬁ ng)(9);
I';h I ;h I ;h ’

wherewe have introducedagaing(y) := f(X) f(y) andgdy) := P ;(X)(X) p ;(y)(y). Thede nition
| ;h | ;h

of the normalizechpproximatioerr.‘ﬁ) canbejusti ed by thealternatve de nition of the Laplacian
in RY sometimesnadein physicstextbooks:
z

) — = f(ydy ;

(Df)(x) = !Ilmo vol(B(x;r)) B(xr)

1
Cqr2
whereCy is a constandependingn the dimensiond.

Approximationsof the Laplace-Beltramoperatotbasedn averagingwith the Gaussiarkernel
in the caseof a uniform probability measuréhave beenstudiedfor compactsubmanifoldswvithout
boundaryby Smolyane, von Weizsacker, andWittich (2000,2007)andBelkin (2003). Theirresult
wasthengeneralizedy Lafon (2004)to generaldensitiesandto a wider classof isotropic, pos-
itive de nite kernelsfor compactsubmanifoldswith boundary The proof givenin Lafon (2004)
appliesonly to compacthypersurficed in RY, aprooffor thegeneraktaseof compacsubmanifolds
with boundaryusing boundaryconditionshasbeenpresentedn Coifmanand Lafon (2006). In
this sectionwe will prove the pointwisecorvergenceof the continuousapproximatiorfor general
submanifoldsM with boundaryof boundedgeometrywith the additional Assumptionsl9. This
includesthecasewhereM is notcompactMoreover, no assumptionsf positive de nitenessof the
kernelaremadenorary boundaryconditiononthefunction f is imposed. Almostary submanifold
occurringin practiceshouldbe coveredin this very generaketting.

For pointwisecorvergencein the interior of the manifold M boundaryconditionson f arenot
necessary However, for uniform corvergencethereis no way aroundthem. Thenthe problem
lies not in the proof that the continuousapproximationstill corvergesin the right way but in the
transferof the boundaryconditionto thediscretegraph. The main problemis thatsincewe have no
informationaboutM apartfrom therandomsamplesheboundarywill be hardto locate.Moreover,
sincethe boundaryis a setof measurezero,we will actuallyalmostsurelynever sampleary point
from the boundary The rigoroustreatmeniof the approximationof the boundaryrespectrely the
boundaryconditionsof afunctionon arandomlysampledyraphremainsasanopenproblem.

Especiallyfor dimensionalityreductionthe caseof low-dimensionasubmanifoldsn R is im-
portant. Notably, the analysisbelow alsoincludesthe casewheredueto noisethe datais only
concentrate@rounda submanifold.

Theorem 25 Supposéhestandad assumptionsold. Furthermoe, let k bea kernelwith compact
supporton [0; Rﬁ]. Letl 2 R, andx2 Mn{M. Thenthere existsan h;(x) > 0 sud that for all

4. A hypersurfceis a submanifoldof codimensiort.
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h< hy(x) andany f 2 C3(M),
(w) _ G S R Kifi _ G :
Oy () = 2C; (Dm f)(x) + m“\'QNf'TXM + O(h) = TQ(Dsf)(X)"‘ O(h);

whee Dy is the Laplace-Beltamiopemtor of M ands= 2(1 |).

Proof For sufciently smallh we have Bgrd(X;2hR()\ M\ 1M = 0. Moreover, it canbe directly
seenfrom the proof of Proposition22 thatthe upperboundof theinterval [O; ho(y)] for which the
expansiormoldsdependgontinuouslyond(x) ande(y), wheree(y) = %minf pr;inj(y)g. Now ho(x)
is continuoussinceinj(x) is continuouson compactsubsetsseeKlingenbeg (1982)[Prop.2.1.10],
andd(x) is continuoussincetheinjectivity radiusis continuous.Thereforewe concludethatsince
ho(y) is continuouson B(x; 2hR)\ M andhg(y) > 0, hy(X) = infyzm ho(y) > 0. Thenfor
theinterval (0; h1(X)) the expansionof pn(y) holdsuniformly over the whole setB(x; 2hR)\ M.
Thatis, usingthede nition of k aswell asPropositior22 andtheexpansion—=3— = 1 | Wb

1
(a+ hzb)' a al+1
o(h%, vvzegetfor h2 (0;hy(X)) that
- . p___
Mkl;h ki) i(y)k* f(y)p(y) detgdy
2k Ki(X) i(y)K? Cip(y) | =2C,h?(p(y)S+ Dp)

- f(y)
I I +1 |
Bra (XhRO\ M Pr(X) Ci p(y)

+ O(h%) P detgdy;

wherethe O(h®)-termis continuouson Bra(x; hR¢) andwe have introducedthe abbreviation S=
i R+ %kéaP(ﬂa;ﬂa)k%(x)Rd]. Using f(y) = 1 we get,

2k ki) i()KE Cip(y) | =2Ch(p(y)S+ Dp)

Pp——
R +0(h%)  detgdy;
ph(%) C " p(y)!

d~I h(X) =
Brd (XhR)\ M

asanestimatefor cT, h(X). Now usingProposition22 again, we arrive at:

1dnf A pf C 20 1) o o

(W) ¢ _ | ;h . ht 2 . .

Dy f —hzidl N 2C, Duf+ MNp;Nfi  + O(h);

whereall O(h)-termsare nite onBga(X;hR)\ M sincep is strictly positive. |

Notethatthelimit of Dl(r;"r‘]’) hasthe oppositesignof Ds. Thisis dueto thefactthatthe Laplace-
Beltramioperatoron manifoldsis usuallyde ned asa negative de nite operator(in analogyto the
Laplaceoperatorin RY), whereaghe graphLaplacianis positive de nite. But this variesthrough
theliterature thusthereadershouldbe awareof the signcorvention.

Remark 26 The assumptiorof compactsupportof the kernel k is only necessaryn the caseof
non-compactnanifoldsM. For compactmanifoldsa kernelwith non-compacsupport,sut asa
Gaussiarkernel, would work, too. Thereasonfor compactsupportof the kernel comesfrom the
fact that for non-compactmanifoldsthere existsno lower boundon a strictly positivedensity This
in turn impliesthat onecannotupperboundthe convolutionwith the reweightedckernelif onedoes
notimposeadditionalassumptiongnthe density In practicethe solutionof graph-basednethods
for large-scaleproblemsis usually only possiblefor spaise neighborhoodgraphs. Theefore the
compactnesassumptiorof the kernelis quiterealisticanddoesnot excluderelevantcases.

1352



LIMIT OF GRAPH LAPLACIANS ON RANDOM NEIGHBORHOOD GRAPHS

With therelations,
O, H( = d ;a;n(x)(D.‘?;?nﬂ(x);

- q_—
O D)= 1= dpa( O, = dipn (9

onecaneasilyadaptthelastlinesof the previous proofto derive thefollowing corollary.

Corollary 27 Undertheassumptionsf Theoem25. Letl 2 R andx 2 Mn{M. Thenthere exists
anhy(x) > 0 sud thatfor all h< hy(x) andany f 2 C3(M),

©NM = 5 PR 2 (OH(9+ON); where 5= 21 1);
1

—

(X) + O(h):

ON0= P} D —

1
p?
5.4.2 THE VARIANCE PART - DEVIATION OF Dy .y FROM Dy 4,

Beforewe statethe resultsfor the generalcasewith data-dependenteightswe now treatthe case
| = 0, thatis we have non-data-dependemteights. Therethe proof is considerablysimplerand
mucheasierto follow. Moreover, asopposedo the generalcaseherewe getcorvergencein prob-
ability underslightly wealer conditionsthanalmostsurecorvergence.Sincethis doesnot hold for

thenormalizedgraphLaplacianin thatcasewe will only provide thegenerabproof.

Theorem 28 (Weak and strong pointwise consistencyfor | = 0) Supposéhe standad assump-
tions hold. Furthermoke, let k be a kernel with compactsupporton [0; Rﬁ]. Letx2 MnfM and
f 2 C3(M). Thenif h! Oandnh™?21 ¥,

Im (O5009 = 5= (D19 in probability
i u C - -
lim (02D = = pOY(D2)(¥) in probability

If evennh™ 2=logn! ¥, thenalmostsure corvergenceholds.

Proof We give the proof for Dg‘a’;)n. The proof for D&’%m canbe directly derived with the second
statemenbf Lemma23 for the variancetermtogetherwith Corollary 27 for the biasterm. Similar
to the proof for the Nadaraya-Vatsonregressiorestimateof Greblickiet al. (1984),we rewrite the
estimatng"rf;)nf in thefollowing form

1 (CO;h f)(X) + Bln

O N0 = g
where
Ezkn(ki(x) i(2)k?)g(Z
(Con 9 = SN KOG,
B, - 1an k(10 i(X) HalX) Ezkg(ki(x) i(Z)kz)g(Z);
Ezkn(ki(x) i(Z)k%)
g, = p&T=k( 109 (%) 2 Egkn(ki(¥) i(Z)kZ);

Ezkn(ki(X) i(2)k?)
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with g(y) := f(x) f(y). In Theorem25we have shavn thatfor x2 MnM,
i (W) = li i - = & .
MmO ) = im 5 (Cond(¥ = 52 (DN

Usingthelowerboundof pr(X) = Ez kn(Kki(X) i(Z)kZ) dervedin Lemmad6we canfor hR; k=2
directly applyLemma23. Thusthereexist constantsl; andd, suchthat

nhm 2¢2
2kkky (dp+ thd;=3)

The sameanalysiscanbe donefor B,. This shavs convergencein probability Completecorver
gence(which implies almostsurecorvergence)canbe shavn by proving for all t > 0 the corver
genceof theseriesd f-oP jBij h?t < ¥. A sufcient conditionfor thatis nh™ 2=logn! ¥ as
nt ¥, |

P(jBwj h’t) 2exp

The weak pointwiseconsisteng of the unnormalizedgraph Laplacianfor compactsubmani-
folds with the uniform probability measureusingthe Gaussiarkernelfor the weightsandl = 0
was proven by Belkin andNiyogi (2005). A moregeneralresultappearedndependentlyn Hein
etal. (2005). We prove herethelimits of all threegraphLaplaciangor generalsubmanifoldswith
boundaryof boundedyeometry generalprobability measure®, andgeneralkernelfunctionsk as
statedn our standarcassumptions.

Therestof this sectionis devotedto thegenerakasd 6 0. We shaow thatwith high probability
the extendedgraph LaplaciansD; ., are pointwisecloseto the continuousoperatorsD; ., when
appliedto afunction f 2 C3(M). Thefollowing propositionis helpful.

Proposition29 Supposéhe standad assumptionold. Furthermoe, let k be a kernelwith com-
pactsupporton [0;R2]. Fix | 2 R andletx2 MnfM, f 2 C3(M) andde ne g(y) := f(xX) f(y).
Thenthere existsa constantC suc thatfor any% < e< 1=C,0< h< ;& thefollowing events

IR
hold with probability at leastl Cne—"¢%,

JA () A eh  jdp( da e

Proof Theideaof this proofis to shov that several empirical quantitieswhich canbe expressed
asasumof i.i.d. randomvariablesare closeto their expectation. Thenone candeducethat also
(A nn@)(X) will be closeto (A .1ng)(X). The proof for d, ., canthenbe easily adaptedrom the
following. We considetereonly| 0, theprooffor | < Qis evensimpler Considerthe eventE
for whichonehas

8 .
forary j2 f1;:::5n0; dpn(X))  pr(Xj) €
drn(¥)  Pa(¥) &

2 1 D k(K0 i)KHigX)]

LR XN e]

p

(ki) IO
M

S G detgdy he

We will now prove that for sufciently large C the event E holds with probability at least1
nhMe2 . .
Cne s . For thesecondassertiorde ning E, we useLemma23

nh"e?

Plidin()  Pr(Xi>e) 2ep o
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whereb; andb, areconstantdependingon the kernelk and p. For the rst termin the eventE
remembethatk(0) = 0. We getfor kkk¥ <e2andl | n,

P LAl k( i(X) 10X) D) pu(¥) >eX, 2exp D€

This follows by

1g : . :
a0 100D px) o Damuwn|M)%

+ ﬁa kn( B(X)0(X) %) pn(X)) ;
i6]

wherethe rst termis upperboundeddy Kidey . Firstintegratingwrt to thelaw of X; (theright hand

sideof the boundis independentf X;) andthenusinga unionbound,we get

P forany j2f1::5;ng; dnn(X)) pn(X) e >1 2nexp % :
No'ungthatp Do) isupperboundedy Lemmad6wegetby Lemma23for hRc k=2 aBernstein

typeboundfor the probabilityof thethird eventin E. Finally, combiningall theseresults we obtain

that thereexists a constantC suchthatfor h K- and 2kkk¥ e 1, theevenf E holdswith

2R¢

- nhMe?
probabilityatleastl Cne e Letusde ne

B = RM kn(Ki(X)  i(WK(F) FOIPAX) Pr(y)] 'p(y)pdet?dy,
B = lé? 1ka( 109 (X)) 2)(f(X) f(X)) dnn(¥) drn(Xj) 5

then (A, hn9)(X) = B and (A, h9)(X) = B. Let usnow work only ontheeventE. By Lemma46
for any y 2 Bra(X;hR)\ M thereexist constant®1; D, suchthatO< D;  pp(y) D>. Usingthe
rst orderTaylor formulaof [x 7! x '], we obtainthatfor ary| Oandab>b, a' b

b ' Yja bj. Sowecanwrite for e< D=2,

L T 1 T I (Dl e) 2 2jdh;n(x)dh;n(xj) ph(x) ph(xj)j
dh:n(X) dh;n(xj) Pn(X) ph(xj)

21(D; e 2 %D,+ e)e:=Ce

Notingthatfor hR k=2 by Lemmal8,du(Xxy) 2hR, 8y2 Bra(X;hR)\ M,

B B 130 k(i) i) Dif(0  f(X)ice

n

* %5T=1kh( i) 004) AP TP pa(X))] | B
2Ckkky Rcsuppy kN fkyy he+ he:

We have proventhatthereexistsaconstanC > 1 suchthatforary 0< h< ;- and 2kkk¥ < e< 1=C,

(AI ;h;ng)(x) (Al ;hg)(x) Coqqe;

5. Theupperboundon e is herenot necessarput allows to write the boundmorecompactly
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. - nhme?
with probabilityatleastl Cne e, |

Thisleadsusto our rst mainresultfor therandomwalk andtheunnormalizedyraphLaplacian.

(rw)

Theorem 30 (Pointwise consistencyof D, hin and Df‘?zl;n) Supposehe standad assumptionsold.

Furthermoe, let k be a kernel with compactsupporton [0; Rﬁ]. Letx2 MnfM, | 2 R. Thenfor
any f 2 C3(M) there existsa constantC sud that for any My < o< 1=C, 0 < h < hpax with

o nhm 1
probabilityatleastl Cne"c

o™ He OWHE e

OO0 OYHMi e
Denes=2(1 |).Thenif h! 0andnh™Z2=logn! ¥,
im (O™ £ = 2
r!,nl (D n F)(X) = 2Cl(Dsf)(x) almostsurely;
- . G 12
A!r@‘ (D pn F)(X) = E p(x) (DsT)(X) almostsurely.

In particular, undertheabove conditions,
q

OWNK0  SZONHX =OM+0 2 as;
q
O.NM 2 px' 2 OHX =OM+0 Lo, as:

2c?
Theoptimalratefor h(n) ish= O((log n=n)ﬁ).
Proof In Equation(3) it wasshavn that
1 A, 1 -
O N0 =5 529 000 (9000 = SR g ()

whereg(y) .= f(X) f(y). Sincef is Lipschitzwe candirectly apply Proposition29 sothatfor the

nhmt 2

. : , - @
unnormalized_aplacianwe getwith probabilityl Cne™ ¢

iOM.N0 OUHM; e

For the randomwalk LapIacianDI('.",;’.)n we work on the eventwherejd] “hen d~| -+ he, wheree
R 2

2—1hd~|;h. This holds by Proposition29 with probability1 Cne™ ¢ 82. Moreover, note that by
Lemmasl8andl4for hR¢ minf k=2; Ryg, we have
- 2m ms2
A g [I)?;kpk¥ Kkky 2L(f)hRy:
1
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Using Propositior29 for A, -hnd andthe boundsof pn(x) from Lemma46,

(D(l’W) )(X) (D(TW)f)(X) 1 A @)X (A p9)(%)

| ;hin R dmn® d :h(x)
i J(AI ;h;ng)(x) (AI ;hg)( )J ~ Jdi ;h;n(X) dT ;h(X)j
% & ¥ PRI g0 109
52 mR{(nSQ kpky kkky 2L(f) Rce:= Ce;
1

1

with probabilityl Cne nhngzez. By Theorem25and27 we havefors= 2(1 1),
h [
OYHM o @Ny  Ch
(D(”)f)(x)h WA ON0  ch
I;h zc2l P '

Combiningboth resultstogetherwith the Borel-Cantelli-Lemmayields almostsurecorvergence.
Theoptimalratefor h(n) follows by equatingoothorderterms. |

Using the relationshipbetweenthe unnormalizedand the normalizedLaplacianthe pointwise
consisteng canbe easilyderved. However, th& conditionsfor corvergenceare slightly stronger

sincethe Laplacianis appliedto thefunction f= d hne

Theorem 31 (Pointwise consistencyof DI(”% ) Supposéhat the standad assumptionsold. Fur-
thermoe, let k be a kernelwith compactsupporton [0; RZ]. Letx 2 MnIM, | 2 R. Thenfor any

f 2 C3(M) there existsa constantC sud thatfor any 2kkk¥ < e< 1=C, 0< h< hpaxWwith probability

nhm* 4¢2
atleastl Cnle ,

O,He) OUNK e
Denes=2(1 |).Thenif h! 0Oandnh™“=logn! ¥,

im (0,000 = p0o? ' ==

2C, Ds

p% (x) almostsurely.

Proof We reducethe caseof Dl(’?zl;n to the caseof Dl(‘fz];n. We work ontheeventwhere

jdnn() dai bPe jdma(6) da(X)i hPe 8i= 1L

From Proposition29 we know thatthis holdswith probabilityatleastl Cn?e s . Working
on this eventwe getby a similar agumentatiorasin the proof of Theorem30 thatthereexists a
constanCsuchthat
h [
(n) 1 (U) - 1
(D| ;h;nf)(x) di (¥ D| p; (X) d| hn(x) f(X) dl h(X) m

D
f p 1 C%
.§ k(X)) P h<x)d| 200 G a9 0%
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Noting that BTLh is Lipschitz since f and d . are Lipschitz and upper and lower bounded,on

M\ Bgra(X; hRi<) one canapply Theorem30 to derive the rst statement.The secondstatement
follows by Corollary27. |
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Appendix A. BasicConceptsof Differ ential Geometry

In this sectionwe introducethe necessarypasicsof differentialgeometryin particularnormalco-
ordinatesand submanifoldsin RY, usedin this paper Note that the de nition of the Riemann
cunvaturetensorvariesacrossextbookswhich canresultin sign-errors.Throughouthe paperwe
usethecorventionof Lee (1997).

A.1 Basics

De nition 32 Ad-dimensionamanifold X with boundaryis a topolagical (Hausdorf) spacesud

RY x; 0g. A chart (or local coodinate systemYU:f) of a manifoldX is an opensetU X
togetherwith a homeomorphisnfi : U !V of U ontoan opensubsety  HY. Thecoordinates

of charts,
A, [f (Uaifa)ia2lg;

whee | is anindex set,suc that X = [ 42|U; andfor anya;b 2 | the correspondingransition
map,

fo fa f(Ua\ Up) ! HY;

1
fa(Ua\ Up)

is r-timescontinuouslhdifferentiable A smoothmanifold with boundaryis a manifoldwith bound-
ary with a C¥ -atlas.

For moretechnicaldetailsbehindthe de nition of a manifold with boundarywe referto Lee
(2003). Note thatthe boundaryM of M isa(d 1)-dimensionamanifold without boundary In
textbooksoneoftenonly nds thede nition of a manifold without boundarywhich canbe easily
recoveredfrom the above de nition by replacingH? with RY. Theinterior MnfM of the manifold
M is amanifoldwithoutboundary

De nition 33 A subsetM of a d-dimensionamanifoldX is a m-dimensionasubmanibld M with
boundaryif everypointx2 M is in thedomainof a chart (U;f) of X sud that

foUVM! H™ a f() = (xbnx™al;ad ™:

wheeaisa xed elemenin RY ™. X is calledtheambientspaceof M.
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This de nition excludesirregularcasedik e intersectingsubmanifoldsor self-approachingub-
manifolds.In thefollowing it is moreappropriateto take the following point of view. Let M bean
m-dimensionamanifold. Thesmoothmappingi : M! X is saidto beanimmersionif i is differen-
tiableandthedifferentialof i hasrankm everywhere.An injective immersionis calledembedding
if it is anhomeomorphisnontoits image.In this casei(M) is a submanifoldof X. If M is compact
andi is aninjective immersion,theni is anembedding.This is not the caseif M is not compact
sincei(M) canbeself-approaching.

De nition 34 A Riemannianmanifold (M:g) is a smoothmanifoldM togetherwith a tensof of
type(0;2), calledthe metrictensorg, at each p 2 M, sud that g de nesan inner producton the
tangentspacel,M wIBich variessmoothlyover M. Thevolumeform inducedby g is givenin local
coorinatesasdV =  detgdx'~ :::” dx™. dV is uniquelydeterminecby dV(ey;:::;ey) = 1 for

Themetrictensorinducedfor every p2 M anisometricisomorphisnmbetweerthetangenspace
TpM andits dualT, M. A submanifoldV of aRiemanniammanifold(X; g) hasanaturalRiemannian
metric h inducedfrom X in the following way. Leti:M! X beanembeddingsothatM is a
submanifoldof X. Thenone caninducea metric h on M usingthe mappingi, namelyh= i g,
wherei : Ti(X)X I T, M is thepull-bacK of the differentiablemappingi. In this casei trivially is
anisometricembeddingf (M;h) into (X;g). In the papemwe alwaysuseon the submanifoldM the
metricinducedfrom RY.

De nition 35 TheLaplace-BeltramioperatorDy of a Riemanniarmanifoldis de nedasDy =
div(grag. For atwicedifferentiablefunctionf : M! R it is explicitly givenas

1 T P— . 9f
f= p—-—  detgg'— ;
Du detg Tx! g [

whee @' are thecomponentsf theinverseof the metrictensorg = gi;dx  dx/.

A.2 Normal Coordinates

Sincein the proofswe usenormalcoordinatesywe give hereashortintroduction.Intuitively, normal
coordinatesarounda point p of anm-dimensionaRiemanniarmanifold M arecoordinateshosen
suchthat M looks aroundp like R™ in the bestpossibleway. This is achiezed by adaptingthe
coordinatelines to geodesicshroughthe point p. The referenceor the following materialis the
book of Jost(2002). We denoteby ¢, the uniguegeodesicstartingat ¢c(0) = x with tangentvector
¢(0) = v (¢, dependsmoothlyon p andv).

De nition 36 LetM bea Riemanniammanifold,p 2 M, andVy, = fv2 TyM; ¢, de ned on|[0; 1]g,
then,exp, :Vp! M, v7! ¢, (1), is calledtheexponentialmapof M at p.

It canbe shavn thatexp, mapsa neighborhooaf 02 TpM diffeomorphicallyontoa neighbor
hoodU of p2 M. Thisjusti es thede nition of normalcoordinates.

6. A tensorT of type(m;n) isamultilinearformT,M  :::TpM - TpM it ToM!D R (n-timesTyM, mrtimesT, M).
7. Ty M is thedual of thetangentspacelyM. Every differentiablemappingi : M ! X inducesa pull-backi :Ti(X)X !
Ty M. Letu2 TyM, w2 Ti(X)X anddenoteby i%thedifferentialof i. Theni is de ned by (i w)(u) = w(i%).
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De nition 37 LetU bea neighborhoodf p in M sud that exp,, is a diffeomorphism.Thelocal
coordinatesde nedbythechart (U;exppl) are callednormal coordinatesat p.

Notethatin T,M"' R™ exXpp 1(U) we usealwaysanorthonormabasis.Theinjectivity radius
describeshelargestball aroundp suchthatnormalcoordinatesanbeintroduced.

De nition 38 LetM bea Riemanniammanifold. Theinjectivity radiusof p2 M is
inj(p) = sugr > O; exp, is de ned onBgrm(0;r) andinjectiveg:

It canbeshawvn thatinj(p) > 0;8p 2 MnfM. Moreover, for compacimanifoldswithoutbound-
ary thereexistsalower boundinj,;, > 0 suchthatinj(p) inj,i,;8p2 M. However, for manifolds
with boundaryonehasinj(p,) ! 0 for ary sequencef points p, with limit onthe boundary The
motivation for introducingnormal coordinatess thatthe geometryis particularlysimplein these
coordinatesThefollowing theoremmalkesthis moreprecise.

Theorem 39 In normalcoordinatesaroundp onehasfor theRiemanniammetricg andthelLaplace-
Beltrami opeator Dy, appliedto a functionf atp= exppl(O),

O—d 1-[0—0 fo_gnﬂzf 0
gij(0) = dij; ngj()_ ;  (Dwm )()—E.lw( ):

The secondderiativesof the metric tensorcannotbe madeto vanishin general. Therecurvature
effectscomeinto play which cannotbe deletedby a coordinatetransformation. To summarize,
normalcoordinatesvith centerp achieve that,upto rst order the geometryof M at point p looks
like thatof R™.

A.3 The SecondFundamental Form

In this sectionwe assumeéhat M is anisometricallyembeddedubmanifoldof a manifold X. At
eachpoint p 2 M one candecomposéhe tangentspaceTpX into a subspacé M, which is the
tangentspaceto M, and the orthogonalnormal spaceNpM. In the sameway one can split the
covariantderivative of X at p, NyV into acomponentangentNyV)> andnormal(KyV)? to M.

De nition 40 Thesecondundamentalform P of anisometricallyembeddedubmanifoldM of X

is de nedas N
P:ToM T,M! NyM; P(U;V)= (NUV)?:

The following theorem seelLee (1997),thenshaws thatthe covariantderivative of M at p is
nothingelsethanthe projectionof the covariantdervative of X at p ontoT,M.

Theorem41 (GaussFormula) LetU;V bevector elds on M which are arbitrarily extendedo X,
thenthefollowing holdsalongM

RluV = Nuv+ P(U;V);
whee N is the covariant derivativeof X and N the covariant derivativeof M.

Thesecondundamentaform connectsalsothe curvaturetensorsof X andM.
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Theorem 42 (Gaussequation) For anyU;V;W,Z 2 T,M thefollowing equationholds
RU;V;W:Z) = RU;V;W;Z) P (U;2);P(V;W)i + P (U;W); P(V; 2)i ;
whee R andR are the Riemanrcurvatuie® tensos of X andM.

In this paperwe derive a relationshipbetweendistancesn M andthe correspondinglistancesn
X. SinceRiemanniammanifoldsarelength spacesandthereforethe distanceis inducedby length
minimizing curves(locally the geodesics)i is of specialinterestto connectpropertiesof curvesof
M with respecto X. Applying the Gausg~ormulato acunec(t) : (to;t1) ! M yieldsthefollowing

DV = DV + P(V;0);

whereD; = 2N, andc is the tangentvector eld to the curve c(t). Now let c(t) be a geodesic
parameterizetdy arc-lengththatis with unit-speedthenits acceleratiorful lls Dyc= cNac? = 0
(howeverthatis only truelocally in theinterior of M, globallyif M hasboundaryengthminimizing
curvesmay behae differently especiallyif alengthminimizing curve goesalongthe boundaryits
acceleratiortanbenon-zero) andonegetsfor theaccelerationn theambientspace

Dic= P(c;0):

In our settingwhereX = RY the term Dyc is just the ordinary acceleratiort in R9. Remember
thatthe normof the acceleratiorvectoris inverseto the curvatureof the curve at thatpoint (if ¢ is
parameterizedby arc-length)? Dueto this connectionit becomesnoreapparenthy the second
fundamentaform is oftencalledthe extrinsic curvature(with respecto X).

Thefollowing Lemmashavsthatthesecondundamentatorm P of anisometricallyembedded
submanifoldVl of RY is in normalcoordinategust the Hessiarof i.

tal formof M in normalcoordinatesaty is givenas:

ﬂZia
P (Tyi; i) 0" Ty €a:

Proof Let N bethe at connectionof RY and N the connectionof M. Then by Theorem41l,
ja ﬂZia

P(ﬂyi;ﬂyj) = ﬁli ﬂyi(i ﬂyj) Nﬂyi fyi = Ty '1”1? € = Ty €,; wherethesecondequalityfollowsfrom

the atnessof R andGjk - 0in normalcoordinates. u

8. The Riemanncunaturetensorof a RiemanniammanifoldM is de nedasR: T,M = TpM - T,M! Ty M,
RX;Y)Z= NxNyZ NyNxZ Npx.yZ:

In local coordinatest, Riji' 1 = R(Ti; 1) Tk andRijim = GimRijic'-
9. Notethatif c is parameterizedly arc-lengthg is tangento M, thatis in particularkeky y = kcky
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Appendix B. Proofsand Lemmas

Thefollowing lemmasareneededn the proof of Propositior22.

Lemma 44 If thekernelk: R+ ! R, satis esAssumption20,then

z h i
ﬂ—(kukz)u uukd'du= %Cz didd + d*dl' + d'dlk -
RmM

= It

Proof Note rst thatfor a function f(kukz) onehas ﬂk k2 = @

mtegratlon.

The restfollows from partial

Vs 2 2 -
1;Ll(2(u2) u?du= %(v) PYav= kv v kW jlk\,/dv: % k(W) du:

Where[k(v) 10 = Odueto thebourhdednessndexponentlggdecayofk
In the sameway onecanderive, Yy &% (u?) u*du= 3, k(u¥)u?du. Theresultfollows by

noting that sincek is an even functlon onIy integration over even powers of coordinateswill be
non-zero. |

Lemma45 Letk satisfyAssumptior20 andletV;jy bea giventensor Assumenow kzk®  kzk®+
VijuZ2 27 + b(2 kz&k®> 1kzk® onB(O;rmin) R™ wheeb(2) is continuousandb(z)  O(1) as
z! 0. Thenther existsa constantC andahg> 0 sud thatfor all h< hg andall f 2 C3(B(0;r'min)),

|
z KA+ Vij2 2122 + b(2) kzk®)
B(0:min) h2
h2h cr)n |
C.f(0) + C2§ (Df)(0) f(0) A Vikk + Vikik + Vikki Ch3;
ik

f(2dz

whee C is a constanidependingnk, rmin, Viju andk fkes.

Proof Asa rst stepwe do a Taylor expansionof the kernelaroundkzk®=h?:

2 2
PLLCSE . R L I h?,

h2 h2 x %3 h2 x2 kzk2(1h Q+ah Jd’

wherein thelastterm0 q(2 1. Wethendecompos¢heintegral:

z 5 . :
kzk* + Vi 22 22 kzk
T VijwzZz ’ + b(2 f(2)dz

B(0;rmin) h

z ’ . , \
_ kz” Tk Viju 22122 I 1P i
= ko ™ W g f(o)+ Nf ;z + 5T 0z'z dz+ S_Oa.,
Rm
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wherewe de ne the veerrortermsa; as:
z fky  b(2) k2

ag= — f(2)dz
° B(Ormin) TX %%2 h? @
. 2
z 2 ViinZZ1 22 + b(2) kzk®
a; = T : f(2dz
LT B0 P G ht '
e kdC+ Vig22 22 + b KAC 1 PF i
? B(O;rmin) h? 6 ﬂZ‘ ﬂZJ ﬂzk '
kzk? - 1 P
= - + 7 o+ T J .
A= sy e O NEgiz 22 9z
7 .
Tkn  Viju 2227 - 1 PRf
as= — ————— f(0)+ Nf ;z +=>—— 7Z7Z dz
4 RMNB(O:rmin)  TIX kﬁk—; h2 ©) 0 29292 o

- R
herein a;, h = VijyZz1 27 + b(2) kz&k®. With ' zmk(kzk?) z dz= 0; 8i, and
R k(kzk?) z z;dz= 0if i & j, andLemma44themaintermsimpli es to:

z 2 o ,
kzk Tkn(X)  Viju 22127 1P°f
am kn 2t % @ f(0) + 51272 0z'z dz
z 2 q2
= 2 zﬂk(X) - ikl hi T f i
= k kuk® +h ix I(ukz\/,“duu uu f(O)+ > 1272 ouu du

h2 h _— - | 'ki h2 m ﬂ2f 4
— 2 i ik ~j il 4] 2 _ .
= le(O) fCZf(O)V|Jk| d/d® + d*d" + d"d* + 7C2i§17ﬂ( )2 0+ O(h ),

wherethe O(h%) termis nite dueto the exponentialdecayof k anddepend®n K, rmin, Vijw and

kernelin a; anda, we have by ourassumptionsn B(0; rmin):
kzk?  kzk®+ VijuZZ 22 + b ka®  kzk?.
h2 h? 4h?
Notethatthisinequalityimpliesthatb is uniforénly boundedn B(0; rmin) in termsof rmin andVj ju.

Moreover, for small enoughh we have rmT'“ A (seeAssumption=20 for the de nition of A) so

thatwe canusethe exponentialdecayof k for az anday,
2
jagj h3kf —  jb(hu)j kuk® du:
jaoj Kes 50 X (hu)j

Since% is boundedandhasexponentialdecay onehasjagj  Koh® whereKq dependnk, rmin
andk fKes.

z 2 2 V2222 + b(2) kak®
iaui ﬂk2h kzk* (1 2q)+ gh ijKZZ " (2 f()dz
B(0;min) X h h
Z ﬂzk 2
h*kfkea Z— kuk?’(1 q)+ gh nﬁm;%jvi,-kljkukh hkbky kuk® du:

B(o;mn)  TIx2
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Firstsupposefn 2p Athentheintegralis bou ndedsincetheintegrangsareboundeobn B(0; fmin),
Now supposéiie 2" Aanddecompos®(0; in) asB(0; ‘min) = B(0;2° A)[ B(0; n)nB(0; 2" A).
OnB(0;2" A) theintegralis nite since %2‘ is boundecandonthecomplementheintegralis also

nite since % hasexponentialdecaysinceby assumption

kuk?(1 g(hu) + g(hu)h(hu) %kukz A:

Thereforethereexistsa constan; suchthatjaij Kih*. Moreover,

Z 2 3 = 3Z 2
o kz? 1 P3f i M2k fkes h kuk 3 5
jaz ke é'ﬂziﬂzi‘ﬂzk(qz)zlz Zdz 5 k =7~ kuk’du  Koh®;
B(0;r min) R™M
z 2 2
.y kzk - 1 72f -
a —— f(0+ Nf ;z+-—— 77 dz
a3l RmnB(O;rmin)kh h? ©) 0 29292 o
Z akzk? r2min %
ckfkes e % (1+ mh?kaA?)dz ce 238 % 1+ mhzg :
R™NB(0;rmin)
2 fkn Kz kzk*+ kak® il il ]
jasgj  Kq o = dz cKsh?e 222 e KUK (kuk*+ h?kuk®)du;
R™nB(0;r min) RmM

><2
whereKy is a constanidependingon max; . jVijuj andkfk-s. Now onehad® e ®  hs=xS for
2

h x=s. Inparticularit holdsh® e 22 forh %p 2 I'min, sothatfor h< minf %p S Fmin; Pi2g =
ho all errortermsaresmallerthana constantimesh® wherethe constandependonk, rmin, Vijk
andk fkes. This nishes the proof. [

Now we arereadyto prove Proposition22,
Proof Lete= gminfinj(x);prg'! wheree is positive by the assumptionon M. Thenwe de-
composeM asM = B(x;e) [ (MnB(x;e)) andintegrateseparately The integral over MnB(x; €)
canbe upperboundedby usingthe de nition of d(x) (seeAssumption19) andthe factthatk is
non-increasing:

Z Z
) ) p— ) ) p—
kn Ki(X) i(y)k3s f(Y)p(y) detgdy= ko ki(x) i(y)kas f(y)p(y) detgdy
M %(x;e) o
¥ kn Ki(X) i(y)kas T(y)P(y) detgdy:
MnB(x;e)

Sincek is non-increasingwe have thefollowing inequalityfor theintegral over MnB(x; €):

‘ (92

, . P— 1
kn Ki(9) i(Y)kgs f()PGY) detgdy ok = kfky:

MnB(x;e)

10. Thisinequalitycanbededucedrom e  x"forallx  4n?.
11. Thefactor1=3 is neededn Theoren25.
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Sinced(x) is positive by assumptiorandk decaysexponentially we can make the upperbound
smallerthanh? for smallenoughh. Now we dealwith the integral over B(x; €). Sinceeis smaller
thantheinjectivity radiusinj(x), we canintroducenormalcoordinateg = exp, (y) on B(x;€), S0
thatwe canrewrite theintegral usingPropositionl5 as:

° 2ia 2ia
Z kzk®> Lad, L e 2227 + O(kzk®)

B(0;e) h?

02f@ degdz ()

Usingour assumptionsye seethatpfIO detg is in C3(B(0; €)). Moreover, by Corollary17 onehas
for dy(x;y) pr,%dM(x;y) kx yk dwu(x;y). Thereforewe canapplyLemmad45andcompute
theintegralin (5) whichresultsin:

hZng ﬂZia ﬂzia h
24 al 12920 190

a=

i
p(o) f(O) C]_+ daded+ daCdbd+ daddbC

h?C p—
+—>7Du(pf detg) + O(h); (6)
wherewe have usedthatin normalcoordinates at 0 the Laplace-BeltrambperatorDy is given

asDy f - 5{21% o Thesecondermin the abore equationcanbe evaluatedusingthe Gauss

equationsseeSmolyan®, von Weizsacker, andWittich (2007,Propositiong).

g1 g ‘ITZia ﬂzia hdabdcd+ dacdbd+daddbc|= E,“ c(’j ﬂzia ﬂzia +2ﬂ2ia ﬂzia
R F E P a8 9@ 1) 1212 121

g ﬂZia ﬂZia ﬂZia ﬂZia g\ c(’i ﬂZia ﬂZia

m
=2 & +3 L
a8 wEre @292 2,212 1)

m 2

m
2.8 P(T29);P(T2Tp)i P (T2;92);P(Tp;9)i + 3 & P(12;2)
ab=1 a=1 TiyRY
m 2
2R+3 § P(Ty;%) ;
=1 TiRY

whereR is the scalarcurvatureandwe usBdLemma43 in the third equality Pluggingthis result

into (6) andusingfrom Propositionl5,Dy detg , = %R, we aredone. |

Lemma 46 Letk havecompactsupporton [O; RE] andletO< h  hpax Thenfor anyx2 M there
existconstantd; D, > 0independendf h sud thatfor anyy 2 Bra(X; hR)\ M,

0< D1 pn(y) D2

Proof First supposehat hR < s:= minfk=2;Rp=2g. Sinceky zk hR¢ k=2 we have by
Lemmals: %dM(y 2 ky Z du(y;2. Moreover, sincep(x) > 0 onM andp is boundedand
continuousthereexist lower andupperboundspmin and pmax 0N the densityon By (x; 4hRy). That
implies

Z

kkky P I
()~ Pmax B 2R detgdz  Kkky PmaxS2"RY);
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wherethelastinequalityfollows from Lemmal4. Notefurtherthatdy (x;y)  2hRc anddu(y; 2
2hR¢ impliesdy(x;2)  4hRg. Sincethekernelfunctionis continuoushereexistsanry suchthat
K(X) kkky=2for0< x r¢. Weget
VA
kkk P — kkk kkk
Pn(y) — = p(2) detgdz TnfpminVOIM(BM(X;hrk)) ?¥pminslrlr<n:

2hm
BRd (X;hl’k)\ M

Now supposes hRcandh hpax Thenpn(y) k% KKky % m For thelower boundwe get

z P z
Pn(y) M%memma detgdz

ik,
2hm

Tolcin(:2) o2 detgdz

Bum(y;hrk

KKk r
PBu(h) P Bu(ysg)
max

Sincep is continuousand p > 0, thefunctiony! P Bw(Y; sﬂﬂk is continuousand positive and
thereforehasalower boundgreaterzeroontheball Bga(X;hR)\ M. [ |
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