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Abstract

Binary classi cationis a well studiedspecialcaseof the classi cationproblem. Statisticalproper

tiesof binaryclassi ers,suchasconsisteng, have beeninvesticatedin avariety of settings.Binary

classi cation methodscan be generalizedn mary waysto handlemultiple classes.It turnsout

thatonecanloseconsisteng in generalizinga binary classi cation methodto dealwith multiple

classesWe studyarich family of multiclassmethodsandprovide a necessarandsufcient con-

dition for their consisteng. We illustrateour approachby applyingit to somemulticlassmethods
proposedn theliterature.

Keywords: multiclassclassi cation,consistenyg, Bayesrisk

1. Intr oduction

We considetthe problemof classi cationin a probabilisticsetting:ni.i.d. pairsaregeneratedby a
probability distributionon X Y. We think of y; in apair (x;y;) asbeingthelabel or classof the
examplex. ThejYj = 2 casds referredto ashinaryclassi cation. A numberof methoddor binary
classi cationinvolve nding arealvaluedfunction f which minimizesanempiricalaverageof the
form

LAYy (1) ¢ ®

In addition,somesortof regularizationmaybeusedto avoid over tting. Typically, thesignof f(x)

is usedto classifyan unseerexamplex. We interpretY y( f(x)) asbeingthe lossassociateavith

predictingthe label of x using f(X) whenthe true labelis y. An importantspecialcaseof these
methodsds that of large magin methodswhich usef +1; 1g asthe setof labelsandf (yf(x)) as
theloss. Heref is somefunction choserby taking into accountboth computationahndstatistical
issues. Bayesconsisteng of thesemethodshasbeenanalyzedin the literature(seeJiang,2004;
LugosiandVayatis,2004;Zhang,2004c;Steinvart, 2005; Bartlettet al., 2004). In this paper we

investigatethe consisteng of multiclass(jYj 2) methodswvhichtry to generaliz€1) by replacing
f with avectorfunctionf. This cateyoryincludesthe method<f BredensteineandBennet{(1999);
Lee et al. (2004); Westonand Watkins (1998) and Zhang(2004a). Zhang(2004a,b)hasalready
initiated the studyof thesemethods.
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TEWARI AND BARTLETT

Under suitableconditions,minimizing (1) over a sequencef function classesalso approxi-

mately minimizesthe “Y -risk” Ry (f) = Exy[Yy(f(x)) ]. However, our aim in classi cationis to

nd afunctionf whoseprobability of misclassi cationR(f) (oftencalledthe“risk” of f) is closeto

theminimumpossible(the socalledBayesrisk R ). Thus,it is naturalto investigatethe conditions
which guaranteghatif the -risk of f getscloseto the optimalthentherisk of f alsoapproachethe
Bayesrisk. If this happenswe saythatthe classi cationmethodbasedon Y is Bayesconsistent
Bartlettet al. (2004)de ned the notion of “classi cation calibration”to obtainsuchconditionsfor

binary classi cation. The authorsalsogave a simple characterizatiorf classi cation calibration
for corvex lossfunctions. In Sectionl.1 below, we provide a differentpoint of view for looking

atclassi cationcalibrationfor binary classi cationin orderto motivateour geometricapproacho

multiclassclassi cation.

The rest of the paperis organizedas follows. Section2 de nes classi cation calibrationin
the settingof multiclassclassi cationand providesa justi cation, in the form of Theorem2, for
studyingit: classi cation calibrationis equivalentto Bayesconsisteng. The mainresultin Sec-
tion 3 is Theorem?7 which characterizeslassi cationcalibrationin termsof geometricproperties
of somesetsassociatedavith thelossfunctionY . In Section4, we provide certainsufcient con-
ditions for classi cation calibration. Theseare provided with the hopethat, in practice,someof
theseconditionswill hold and checkingthe full conditionof Theorem7 canbe avoided. Section
5 appliestheresultsobtainedin the paperto examinethe consisteng of a few multiclassmethods.
Interestingly mary seeminglynaturalgeneralization®f binary methodsdo not leadto consistent
multiclassmethods Section6 providesthe conclusion.

1.1 Consistencyof Binary Classi cation Methods

If we have acorvex lossfunctionf : R 7! [0;¥) whichis differentiableat 0 andf 40) < 0, thenit is
known (Bartlettetal., 2004)thatary minimizer f of

Exy [f (yf(X) ]= Ex[Eyjlf(yf(x)) 1] (2)

yieldsaBayesconsistentlassi er, thatis, P(Y = + 1jX=x) > 1=2) f (X)> 0andP(Y= 1jX=
X) < 1=2) f (X) < 0. In orderto motivatethe approacthof the next sectionlet uswork with afew
examples.Letus x anx anddenotethetwo conditionalprobabilitiesby p. andp . We alsoomit
theagumentin f(x). We canthenwrite theinnerconditionalexpectationin (2) as

p:f(f)+p f( f):
Wewishto nd an f which minimizesthe expressiorabove. If we de ne thesetR 2 R? as
R=f(f(f):f( ) : f2Rg; 3
thentheabove minimizationcanbe written as
min Fp; zi (4)
wherep = (p+;p ).

ThesetR is shavn in Figure1(a)for the squarechingelossfunctionf (t) = (1 t)+)?. Ge-
ometrically the solutionto (4) is obtainedby taking a line whoseequationis hp;zi = ¢ andthen
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CONSISTENCY OF MULTICLASS CLASSIFICATION

(b)
Figurel: (a) SquaredHinge Loss(b) InconsistenCase(thethick curve is thesetR in bothplots)

slidingit (by varyingc) until it justtouchesR. It is intuitively clearfrom the gure thatif p. > p
thentheline is inclined moretowardsthe vertical axis andthe point of contactis above the angle
bisectorof theaxes.Similarly, if p. < p thenthelineisinclinedmoretowardsthe horizontalaxis
andthepointis belaw thebisector Thismeanghatsign(f (  f) f(f)) isaconsistentlassi cation
rule which, becausé is a decreasindunction,is equialentto sign(f ( f)) = sign(f). In fact,
theconditionf {0) < 0is notnecessarjor the existenceof a consistentlassi cationrule basen
f. For example,if we hadthe functionf (t) = ((1+ t)+)?, we would still getthe samesetR but
will needto changetheclassi cationruleto sign( f) in orderto presere consisteng.

Why do we needdifferentiability of f at 0? Figure 1(b) shows the setR for a corvex loss
functionwhich is not differentiableat 0. In this casepothlinesL; andL» touchR atP but L; has
p+ > p while L, hasp: < p . Thuswe cannotcreatea consistentlassi er basedon this loss
function. Thecrux of the problemseemgo lie in thefactthattherearetwo distinctsupportingines
to thesetR atP andthatthesetwo linesareinclinedtowardsdifferentaxes.

It seemdrom the gures thataslongasR is symmetricaboutthe anglebisectorof the axes,all
supportinginesat a given point areinclined towardsthe sameaxis exceptwhenthe point happens
to lie on the anglebisector To checkfor consisteng, we needto examinethe setof supporting
lines only at that point. In casethe setR is generatedasin (3), this boils down to checkingthe
differentiability of f at 0. In the following sections,we will dealwith caseswhenthe setR is
generatedh amoregeneralway andthe situationpossiblyinvolvesmorethantwo dimensionsThe
intuition developedfor the binarycasewill be provencorrectby Proposition® and10in Sectioré.

2. Classi cation Calibration and its Relation to Consistency

Supposeve have K 2 classes.Fory2 f1;:::;Kg, let Y be a continuousfunction from RK to
R: = [0:¥). Let F beaclassof vectorfunctionsf : X 7! RX. Let f F,g bea sequencef function
classesuchthateachF, F. Supposefn is aclassi erlearnedirom data.For example,we might
obtainf,, by minimizing theempiricalY -risk Ry overtheclassF,

n
fn= amgmin Ry (f) = agmin 1 a Yy (f(x)) :
2Fn 2F, Ni=1
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Theremight be someconstraintson the setof vector functionsin the classF . For example,a
commonconstraints to have the componentsf f sumto zero.More generallylet usassumehere
is somesetC 2 RX suchthat

F=1f:8x f(x) 2 Cg: (5)

Ry (f) = Exy[Yy(f(¥))];
andwe denotetheleastpossibleY -risk by
Ry = f|2n[£ Ry (f) :
In aclassi cationtask,we aremoreinterestedn therisk of afunctionf,
R(f) = Exy[1[predY (f(x))) 6 Y]];

whichis the probabilitythatf leadsto anincorrectpredictionon alabeledexampledravn from the
underlyingprobability distribution. The leastpossiblerisk is

R = Ex[1 maxp,(9];

wherepy(x) = P(Y = yj X = x). If f, is the empirical Y -risk minimizerthen,undersuitablecon-
ditions, onewould expectRy (fn) to cornvergeto R, (in probability). It would be niceif thatmade
R(fn) convergeto R (in probability). Theoren? below stateghatclassi cationcalibration,anotion
thatwe will soonde ne, is bothnecessarandsufcient for thisto happen.

In orderto understandhe behaior of approximatey -risk minimizers,let uswrite Ry (f) as

Exy[Yy(f(X) 1= EX[Evx[ Yy (f(x) ]]:

Theabove minimizationproblemis equivalentto minimizing theinner conditionalexpectationfor
eachx2 X. Letus x anarbitraryx for now, sowe canwrite f insteadof f(x), py insteadof py(x),
etc. Theminimummight not beachieredandsowe considetthein mum ! infs, ¢ ay pyYy(f) of the
conditionalexpectationabove. De ne thesubsetd®R andSof RK as

S= conv(R) = convf (Y 1(f);::1;Yk(f) : 2 Cg; (6)

wherecorv(R) denoteghe corvex hull of R. We thenhave

Inf hp;Y (f)i

int. & Yy

ZiQFf{ hp; zi (7)

L

1. Sincepy andY y(f) areboth non-n@ative, the objective functionis boundedbelov by 0 andhencethe existenceof
anin mum is guaranteed.
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linearfunctionandhencewe do not changethein mum by takingthe corvex hull? of R.

Let usde ne a symmetricsetto be onewith the following property: if a point z is in the set
thensois ary point obtainedby interchangingary two coordinatesof z. We assumehat R is
symmetric. This assumptiorholdswhenever the lossfunctiontreatsall classesquialently Note
thatour assumptioraboutR impliesthatStoois symmetric.

We now de ne classi cation calibrationof S. The de nition intendsto capturethe property
that,for ary p, minimizing hp; zi over Sleadsoneto z's which enableusto gure outtheindex of
(oneof the) maximumcoordinate(spf p.

De nition 1 AsetS RKX is classi cation calibrated if ther existsa predictor function pred:

. 1 . H > H . HE
8p 2 B¢ 728S: pp,el‘gt max, pyrp’ 2 ing I’p, 2 (8)

wheee Dk is the probability simplecin RX.

The following theoremtells us that classi cation calibrationis indeedthe right propertyto
study asit is bothnecessargndsufcient for corvergenceof Y -risk to theoptimal Y -risk to imply
convergenceof risk to the Bayesrisk. The corvergenceof therisk of aclassi erto theBayesrisk is
oftenreferredto asits consisteny.

Theorem?2 LetY bea (vectorvalued)lossfunctionand C be a subseiof RK. LetF and S be
asde nedin (5) and (6) respectively ThenS is classi cation calibratediff the following holds.
Wheneerf Fng is a sequencef functionclassefwhee F, F and[ F,= F) such thatf, 2 F,
andP is thedatagenemting probability distribution,

Ry(f) ¥ Ry
implies
RE) PR :

Proof SeeAppendixA. [ |

The de nition of classi cation calibrationasstatedabore is not concreteenoughto be of ary
usein checkingthe consisteng of a multiclassmethodcorrespondingo a givenlossfunction. We
now studythe propertyof classi cation calibrationwith the aim of arriving at a characterization
expressedn termsof concretelyeri able propertiesof thelossfunction. Beforewe do that,let us
obsere thatit is easyto reformulatethe de nition in termsof sequencesThe exact statemenbf
thereformulationis provided by the following lemmawhoseproof, beingentirely straightforvard,
is omitted.

Lemma3 S RK is classi cation calibrated iff there exists a predictor function pred: RX 7!

hp;Zi 1 inf hp;zi ; 9)

2. If zis acorvex combinatiorof (Y andz(?, thentp;zi  minfhp;z(Vi; hp; z?ig.

1011



TEWARI AND BARTLETT

we have
pprec{z(”>) = m;’lXpy (10)

ultimately®

This makesit easierto seethatif Sis classi cationcalibratedthenwe can nd a predictorfunction
suchthat ary sequencechiezing the in mum in (7) ultimately predictsthe right label (the one
having maximumprobability). Thefollowing lemmashawvs thatsymmetryof our setS allows usto
reducethe searchspaceof predictorfunctions(namelyto thosefunctionswhich mapz to theindex
of aminimumcoordinate).

Lemma4 Supposé&S RK is symmetric.If there existsa predictor function predsatisfyingcon-
dition (8) in the de nition of classi cation calibration (De nition 1), thenany predictor function
pred satisfying

822 S, Zyred(y) = myin z (12)

alsosatis es(8).

Proof Considersomep 2 Dk anda sequencd z("g suchthat (9) holds. We have Poredzm) =
max, py ultimately In orderto derive a contradiction,assumethat p,gq,my < max, py in nitely

often. Sincethereare nitely mary labels thisimpliesthatthereis a subsequendez(™ g andlabels
M andm suchthatthefollowing hold,

predz™) = M 2 fy°: pyo= maxp,g ;
pred(zZ™) = m2 fy°: pp< maxp,g ;

(MK | H f R
hp; z""i ! ;r;srp,m.

Becauseof (11), we alsohave zﬁﬂk) zﬁﬂk). Let p andZ denotethe vectorsobtainedfrom p andz
respectiely by interchangingheM andm coordinatesSinceSis symmetricz2 S, Z2 S. There
aretwo caseslependingnwhethertheinequalityin

lim inf AW A0

is strictor not.
If it is strict, denotethe value of the liminf by e> 0. Thenzfvrl'k) zﬁﬂk) > e=2 ultimately and
hencewe have

;Z™i i E™i= (py pm)(ZY ZA)> (P pme=2

for k largeenough.Thisimpliesliminfi v hp; 2™ < inf,shp; zi, whichis a contradiction.
Otherwise choosea subsequendd 2™ g suchthatlim(Z®¥  zn) = 0. Multiplying this with
(Pm  Pm), we have

lim o 7 wj 5: 2 =0:
lim ;2% iz

3. Throughouthe paper useof “ultimately” in the context of asequencéz(™ g meansfor all sufciently largevalues
ofn".
4. We do notintroduceadditionalsubscriptgor simplicity.

1012



CONSISTENCY OF MULTICLASS CLASSIFICATION

We alsohave
lim Hp; 2™i = lim hp; Z™i = infhp;zi = infhp;%i = infhp;zi ;
Kl ¥m’ Kl ¥m’ zzsm’ zzsm’ zzsrp’ '
wherethelastequalityfollows becaus®f symmetry This means
~ (nk)'l . f ~ -
2™l infhp;zi
I’D, zZSrp’
ask! ¥ andtherefore
r)prec(z("k)) = Pwm
ultimately Thisis acontradictionsinceﬁpredz(nk)) = Pv = Pm- |

Having identi ed theclassof potentiallyusefulpredictorfunctions,we will henceforthassumehat
predis de ned asin (11).

3. A Characterization of Classi cation Calibration

We give a characterizatiorof classi cation calibrationin termsof normalsto the corvex setS
andits projectionsonto lower dimensions.For a point z 2 S, we sayp is anormalto S at z if ®
te® zpi  Oforall z2°2 S. De ne thesetof positive normalsatz as

N (z) = fp : pisanormalto Satzg\ Dy :
De nition 5 AcorvexsetS RX isadmissibleif 822 1S;8p 2 N (2), wehave
agmin(z) amgmaxp) (12)
whee argmin(z) = fy°: zp= minyz,g andargmaxp) = fyo: Pyo= max, pyg.

Lemma6 If S RK isadmissiblehenfor all p 2 Dk andall boundedsequencesz(" g sud that
hp; ZMWi | infos hp;zi, wehavepy eq,my = max, py ultimately

Proof LetZ(p) = fz2 1S:p 2 N (2)g. Takingthelimit of a convergentsubsequencef thegiven
boundedsequencgivesusa pointin 1S which achiezesthein mum of the inner productwith p.
Thus,Z(p) is notempty It is easyto seethatZ(p) is closed.For apointz andasetZ, de ne

dist(z2) = igfz kz z%k;
z

to bethedistanceof z from Z. We claimthatfor all e> 0, dist(z("™; Z(p)) < e ultimately. For if we
assumehe contrary boundednesenpliesthatwe can nd a corvergentsubsequencéz(™ g such
that8k, dist(z(™);Z(p)) e Letz = limy yvz™. Thenhp;z i = infrshp;zi andsoz 2 Z(p).
Ontheotherhanddist(z ;Z(p)) ewhichgivesusa contradictiorandour claimis proved.

Now we claim thatthereexists€®> 0 suchthatdist(z("; Z(p)) < e®implies®

argmin(zZ™)  amgmin(Z(p)) :

5. Our sign conventionis oppositeto the usualone (Rockafellar,1970,see for example,)becausave aredealingwith
minimum (insteadof maximum)problems.
6. For asetZ, agmin(Z) denoteg 22z argmin(z):
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Assumefor sale of a contradictionthatthereis a cornvergentsubsequence™) suchthat
dis(z(™;Z(p)) ! Oask! ¥;
and
8k; argmin(z™) 6 amgmin(Z(p)) : (13)

Denotethe limit by z . Sincedist( ;Z(p)) is continuous,dist(z ;Z(p)) = 0 which implies that
z 2 Z(p) asZ(p) is closed.Moreover, for large enoughk,

agmin(z™) amgmin(z) agmin(Z(p)) ;
wherethelastinclusionholdsbecause 2 Z(p). This contradictq13). Hencetheclaimis proved.

Finally, by admissibility of S, agmin(Z(p)) amgmaxp) andso agmin(zW) amgmaxp)
ultimately. u

Thenext theoremprovidesa characterizatiowf classi cationcalibrationin termsof normalsto S.

Theorem7 LetS RX beasymmetriccorvex set.De ne the projections

SO =f(z;:::2)" 122 Sg

Proof We provetheeasieronlyif' direction rst. SupposesomeS() is notadmissible Thenthere
exist 22 1SM andp 2 N (2) anda labely® suchthaty®2 agmin(z) andy’2 argmaxp). Choose
asequencé z("g converging to z. Modify the sequenc®y replacing,in eachz(", the coordinates
speci ed by agmin(z) by their average. The resultingsequencs still in SO (by symmetryand
convexity) andhasamgmin(z(") = argmin(z) ultimately Therefore,if we setpredz() = y° we
have pyreqm) < Max, py ultimately To getasequencen Slook atthe pointswhoseprojectionsare
thez(W'sandpadp with K i zeros.

To prove the otherdirection,assumeeachS() is admissible.Considera sequencé z(" g with
tp:zZMi | infupshp:zi = L. Withoutlossof generalityassumehatfor somej;1  j K wehave
p1;::: pj > 0andpj+1;:::; pk = 0. WeclaimthatthereexistsanM < ¥ suchthat8y j;z§,”) M

ultimately Sincepjzﬁn) L+ 1ultimately M = max y jf(L+ 1)=pyg works. Considera setof

labelsT fj+ 1;:::;Kg. Considetthe subsequenceonsistingof thosez(" forwhichz§,”) M for

into nitely mary suchsubsequencesorrespondingo the 2 1 choicesof thesetT. Fix T and
convert the correspondingsubsequenceto a sequencen SU*IT) by droppingthe coordinates

We have aboundedsequencavith
..,_,..(n). | . ~ e
hp; 2\"Vi | izé(r}fm) hp;Zi :
Thus,by Lemmag, we have e qzm) = Max, Py = max, py ultimately. Sincewe droppecbnly those

coordinatesvhich were greaterthanM, pred ™) picks the samecoordinateaspredz(W) where
2" is the elementrom which 2" wasobtained Thuswe have p,eq,m) = Mmax, py ultimatelyand
thetheoremis proved. |

1014



CONSISTENCY OF MULTICLASS CLASSIFICATION

4. Suf cient Conditions for Classi cation Calibration

In this sectionwe prove somepropositionghatreducethework involvedin checkingclassi cation

calibrationof sets.Wewill seethattheassumptionsadein the propositionsareoftensatis ed. Our

rst propositionstateghatin thepresencef symmetrypointshaving auniqueminimumcoordinate
cannever destry admissibility Beforethat,we needthefollowing lemma.

Lemma8 LetS RX beasymmetriccorvex set,z a pointin the boundaryof Sandp 2 N (2).

(70 2z)(py pp) O

Proof Wehavetz® zpi 0forall 222 S. Takinglimits, this inequalityalsoholdsfor z°2 S,
Setz%to bez with its y; y° coordinatesnterchangedBy symmetryz®2 {S. Thereforez® zpi 0
whichimplies, sincez; z°agreeon all but they; y° coordinates,

(z0 Z)py+(zy z0)pp O

Proposition9 LetS RX beasymmetriccorvex set,z a pointin theboundaryof Sandp 2 N (2).
Thenagmin(z) amgmaxp) wheneerjargmin(z)j = 1.

Proof Forary y;y° Lemma8givesus(zp 2z)(py pyw) O0.Thusz < zpimpliesp, py. There-
fore,if jagmin(z)j = 1 andz, = minyzpethenpy, pyofor ally® andsoagmin(z) amgmaxp). W

If the setS possessea uniquenormal at every point on its boundarythenthe next proposition
guaranteeadmissibility

Proposition 10 LetS RX bea symmetriccorvex set,z a pointin theboundaryof SandN (2) =
f pgisasingleton.Thenagmin(z) argmaxp). Thus,Sis admissibléf jN (z)j = 1forall z2 §S.

Proof We will assuméhatthereexistsay;y 2 argmin(z);y 2 agmaxp) anddeducethatthereare
at least2 elementsn jN (2)j to geta contradiction. Let y°2 agmaxp). By Lemma8 we have
(zo 2z)(py Ppyw Owhichimplieszo 2z sincepy pyo< 0.Butwealreadyknow thatz, zpe
andsoz, = zp. Symmetryof S now impliesthatp 2 N (z) wheref is obtainedfrom p by inter-
changingheyﬁyocoordinatesSincepy 6 py, p6& pwhichmeangN (2)] 2. |

Theorem7 provides a characterizatiorof classi cation calibrationin termsof admissibility
of the projectionsS¥. As we will seein the exampleslater, proving that a certainsetis not
classi cationcalibratedsimply involves nding aprojectionS®¥ anda“bad” pointin S® violating
theconditionof admissibility Ontheotherhand the characterizatioiis not soeasyto usewhenwe
wish to assertratherthandery, classi cation calibration. The following lemmashaows thatunder
certainassumptionsve canignorethe projectionsS® andonly checkthe admissibilityof S. That
we cannotalways ignore projectionswill becomeclearwhenwe considerexamplesin the next
section.

R® in thesamewayasS. Sincetheoperationf takingprojectionsandcorvex hulls commute,
it is easyto seethatcorv(R®) = SK,
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Theorem 11 Supposehe setR is symmetricandthe setS de nedin (6) is admissible Thenthe
following holdsfor anyk: if R® is closedthenS® is admissible Furthermoke, if R® is closed

Proof We only needto prove that R® closedand S admissibleéimplies S¥ is admissiblesince
the lastclaim of the theoremfollows from this and Theorem?7. SupposeR ¥ is closedandS® is
notadmissible Thereforethereexists positive normalp to S¥ atapointz%in theboundaryof S®
with

agmin(z 6 agmaxp) : (14)

closureof R® suchthatp 2 N (z(") for all i, and
|
2= §1,z2"
i=1

forsomel; 0Oanda;l;= 1.Itiseasyto seethat

|
argmin(z9 [ argmin(z) :
i=1

From(14), it now follows that
argmin(z) 6 agmaxp) (15)

paddedwith Kk zeros.Thisis because
;2% 7 = hp;proj(2% z O;

for all 22 S. We now claim thatargmin(z) 6 argmax), which will give us a contradictionas
S wasassumedo be admissible.Sincep is p paddedwith zeros,agmaxp) = amgmaxp). Also,
agmin(Z) argmin(z) for otherwiseapplyinga suitablepermutationto the coordinatesof Z will
give apointz with hp; proj(2)i < hp;zi. Theclaim now follows from (15). |

We will now provide asufcient conditionfor R (¥ to beclosed.To stateit, we needthe following
de nition.

De nition 12 LetC RKX bea setandY : C 7! RX be a loss function. Further let Y® =

ible iff for all M > 0, thereis an M%> 0 such thatkzk M, z2 R® impliesthereis g2 C with
kgk MPandY®(g) = z

Y K boundedlyinvertibleroughlymeanghatit hasaninversecarryingboundedpointsin its range
to boundedpointsin thedomain.

Lemma 13 Suppos¢hatCis closedandY is continuouslf Y (¥ is boundedlyinvertiblethenR
is closed.

1016



CONSISTENCY OF MULTICLASS CLASSIFICATION

(@) (b)

Figure2: (a) CrammerandSinger(b) WestonandWatkins

Proof Suppose(™ 2 R® andz™ | z ThentheseisanM > 0 suchthatkzWk M for all n.
Boundedinvertibility impliesthereis a sequencé g(™g suchthat, for all n, g 2 C, kgWk < M°

(Ya(9):::::Yi(@ ) = Jim (Y 1(g™):::::¥i(g™)) (Y is continuous)
= lim Z(™
nl ¥
=z
andsoz2 R®, [ |
5. Examples

We applytheresultsof the previous sectionto examinethe consisteng of severalmulticlassmeth-
ods. In all theseexamples,the functionsY y(f) are obtainedfrom a single real valuedfunction
y :RK 7! R asfollows

Moreover, thefunctiony is symmetricin its lastK 1 argumentsthatis, interchangingary two of
thelastK 1 agumentsdoesnot changethe valueof the function. This ensureghatthe setSis
symmetric.We assumehatwe predictthelabelof x to beargminy Y y(f).

5.1 Example 1
Themethodof CrammerandSinger(2001)correspondso

Y (f) = maxf (f, fw); C= RX
y() Yoy ( y M9
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withf (t) = (1 t).+.ForK = 3,theboundaryof Sis shavnin Figure2(a). At thepointz= (1;1;1),
all of thesearenormals:(0;1;1), (1;0;1), (1;1;0). Thus,thereis no yosuchthatpyoz max, py for
all p2 N (z). Themethodis thereforeinconsistent.

Evenif we chooseaneverywheredifferentiablecorvex f with f {0) < 0, thethreenormalsmen-
tionedabove arestill therein N (z) for z= (f (0);f (0);f (0)). Thereforethe methodstill remains
inconsistent.

5.2 Example 2
Themethodof WestonandWatkins(1998)correspond$o

Yyf= & f(fy fp; C=RK (16)
Y8y

with f (t) = (1 t)+. For K = 3, theboundaryof Sis shavn in Figure2(b). The centralhexagon
hasvertices(in clockwiseorder) (1;1;4), (0;3;3), (1;4;1), (3;3;0), (4;1;1) and (3;0;3). At
z= (1;1;4), we have the following normals: (1;1;0), (1;1;1), (2;3;1), (3;2;1) andthereis no
coordinatewhichis maximumin all positive normals.The methodis thereforeinconsistent.

Now assumehatf is a positive corvex classi cationcalibratedossfunction (i.e., f {0) exists
andis negative). Note thatif f doesnot satisfythis assumptiorthenwe do not geta consistent
methodeven in the binary classi cation case. Furtherassumehatf achiezesits minimum. The
following propositionthenguaranteethatY ( is boundedlyinvertiblefor k> 1 andwe canignore
projections.In particular if we choosef differentiablesothat S possessea uniqguenormalevery-
whereon its boundarythen, by Proposition9, S is admissibleand henceclassi cation calibrated.
Suchis the caseif, for example,we choosef (t) = ((1 t)+)>2.

Proposition 14 Supposé : R 7! [0;¥) is a corvex functionwith f {0) < 0. Further, supposehat
thereis at sud thatf (t) = infiprf (19. ThenY () (for Y givenby (16)) is boundedlyinvertible

Proof Sincef is apositive corvex functionwith f §0) < 0 which achiesesits minimumonthereal
line, only two behaiors arepossiblefor f. Eitherf(t) ! ¥ ast! ¥ orthereexiststy > 0 such
thatf (t) is constantfort tp. In the rst caseboundednessf (Y 1(f);:::; Yk(f)); k> 1 implies
boundednessf all pairwisedifferencesfy fyo. Letm = miny fy andsetg, = f; m . Thevalueof
Yy remainghe sameasit depend®nly ondifferencesvhile all componentsf g arenow bounded.
In thesecondcasewhenwe only know thatf (t) ! ¥ ast! ¥ andthatf (t) is constanfor
t  to, boundednessf (Y 1(f);:::; Yk(f)) (k> 1), only impliesthatdifferencesf theform fy,  fyo
areboundedrom below fory 2 f1;:::;kg, y°2 f1,:::;Kg. Thisimpliesthatfy, fyois boundedor
vy k Letm = miny « fy. Sethy= f, m (this doesnt changethe valueof Y asit depends
only on differences).Now hy Ofory k with (atleast)oneof themexactly zero. Sincepair-
wisedifferencesamongtheseareboundedthehy'sthemselesareboundedory k. Thisimplies

seethatwe don't changearything by this update potethatwhenhyp < tp, bothhy hypandhy + to

aregreaterthantp (abore which f is constantin the casewe're considering)fory k. Thus,we
have managedo make all g,'s boundedwvithout changingthevalueof Y for all y. |
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(@) (b)

Figure3: (a) Lee,Lin andWahba(b) Lossof consisteng in multiclasssetting

5.3 Example 3
Themethodof Leeetal. (2004)correspond$o

Yy(f)= & f( fp); C=1f:34 fy=0g (17)
Y%y y

with f (t) = (1 t).. Figure3(a)shavstheboundaryof Sfor K = 3. In thegeneraK dimensional
case Sis apolyhedronwith K verticeswhereeachvertex hasa 0 in oneof the positionsandK'sin
therest. It is obviousthenwhenwe minimizehp;zi over S, we will pick thevertex whichhasa0in
the samepositionwherep hasits maximumcoordinate But we canalsoapplyourresulthere.The
setof normalsis notasingletononly atthevertices.Thus,by Propositionl0, we only needto check
thevertices.Sincethereis a unigueminimum coordinateat the vertices,Propositiond impliesthat
themethodis consistent.

The questionwhich naturally arisesis: for which corvex loss functionsf does(17) leadto
a consistenimulticlassclassi cation method? Corvex lossfunctionswhich are classi cation cal-
ibratedfor the two classcase thatis, differentiableat O with f(KO) < 0, canleadto inconsistent
classi ers of this kind in the multiclasssetting. An exampleis provided by the loss function
f(t)= maxf1l 2t;2 t;0g. Figure3(b) shavs the boundaryof S for K = 3. The verticesare
(0;3;3), (9;0;0) andtheir permutations At (9;0;0), the setof normalsincludes(0; 1;0), (1;2;2)
and(0; 0; 1) andthereforecondition(12)is violated.

A nice thing aboutthis exampleis thatif we assumé is a positive classi cation calibrated
binary lossfunctionthenY () is boundedlyinvertible for k > 1. As in the previous example,this
implies that differentiability of f is then sufcient to guaranteeconsisteng. In fact, as Zhang
(2004b)shaws, a corvex functionf differentiableon (¥ ;0] with f {0) < 0 will yield a consistent
method.

Proposition 15 Supposé : R 7! [0;¥) is a corvex lossfunctionwith f {0) < 0. ThenY @ (for'Y
givenby (17)) is boundedlyinvertible
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Proof We have ( ! )
RO= Jf( fnaf( f) :§f=0
Y8k y

Weclaimthatf (t)! ¥ ast!  ¥. Toseethis, notethatf 40) < 0 sothelinearfunctiontangento
f atOtendsto ¥ ast! ¥. Sincef is alwaysabore thetangentthe sameit truefor f. Thistellsus
thateachfy is boundedrom above. Since fy = &,y fyo, fy is alsoboundedrom above. This

meanghateachf is boundecandY (¥ is boundednvertible (justtake g = f in De nition 12). MW

5.4 Example 4

Thisis aninterestingexamplebecauseventhoughwe usea differentiabldossfunction,we still do
not have consisteng. Let

Yy(f) = f(fy); C=ff: § f,= Og
y

with f (t) = exp( bt) for someb > 0. Onecaneasilycheckthat
R =f(z;2:23)" 2R} i 212523 = 1g;

S=f(z;z32) 2R} 12123 1g

andsothe projectionS®? is the positive quadrant,
S = f(z;2)" 1 z1;22> 0g:

This setis inadmissibleandthereforethe methodis inconsistent.
One canfurther shav that changingf is not of muchhelp. Supposef is a positive corvex,
classi cationcalibratedbinarylossfunctionandK 3. Then,

S@ = f(f(fy);f(f2): Q fy=0g:
y

SinceK 3, (fq; f,) isfreeto assumeary valuein RZandhenceS@ = T T whereT = ff(t):t2
Rgistherangeof f. Letm=infff (t) :t 2 Rg. ThesetT is of theform (m;¥) or [m;¥) depending
onwhetheror notf achiesesits minimum. Clearly, S is atranslatiorof the positive quadranand
is notadmissible(m; m) beinga pointviolating the admissibilitycondition.

5.5 Summary of Examples

Table1l summarizediow consisteng of the four examplestreatedabore dependsn the choiceof
the underlyingbinarylossfunctionf. Thelastcolumngivesa conditionon f which is sufcient
to ensureconsisteng in caseof a corvex, positive, classi cation calibratedf. Note that, for all
the exampleswe consideredmereclassi cation calibrationand positiity of f do not sufce to
guaranteeonsisteng of thederived multiclassmethod.
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Example| Hinge Squareddinge Exponential Conditiononf
(1 0. (1 )2 exp(_t)

1 Never consistent

2 X X7 f differentiable& achiezesits minimum
3 X X X f differentiable

4

Never consistent

Tablel: Dependencef consisteng ontheunderlyinglossfunctionf .

6. Conclusion

We considerednulticlassgeneralizationsf classi cationmethodsasedon convex risk minimiza-
tion and gave a necessaryand sufcient conditionfor their Bayesconsisteng. Someexamples
shavedthatquite often straightforvard generalizationsf consistenbinary classi cationmethods
leadto inconsistentnulticlassclassi ers. This is especiallythe caseif the original binary method
wasbasedn anon-differentiabldossfunction. Example4 shovsthatevendifferentiabldossfunc-
tions do not guaranteenulticlassconsisteng. We alsoshavedthatin certaincasespnecanavoid
checkingthe full setof conditionsmentionedn the theoremcharacterizinglassi cation calibra-
tion. The questionof consisteng thenreducego checkingpropertiesof a singlecorvex set. This
wasillustratedby consideringvariantsof somemulticlassmethodsproposedn the literatureand
proving their consisteng.
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Appendix A.

We will needthefollowing lemmato prove Theoren2.
Lemma 16 Thefunctionp 7! inf,shp;zi is continuouson Dk .

Proof Letfp(Mgbeasequenceonvemingto p. If B is aboundedsubsebf RX, thentp(™: zi |
hp; zi uniformly overz 2 B andtherefore

. (n). O . o
gt gfrpiai:
Let B, beaball of radiusr in RX. Thenwe have
infrp™:zi  inf p™;zi ! inf hp;z:
izsho ) Zi g\Brm  Zi é\Brm,ZI

Therefore
lim supinfhp(™: zi inf hp:zi :
m Upizsrp 248 B,m’ZI

7. This entrydoesnot follow from theresultspresentedn the paperbut is includedherefor completeness.
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Lettingr! ¥,weget
Ilmnsupigfsho ) Zi igfsho,m : (18)

Withoutlossof generalityassuméhatforsomej;1 ] Kwehavepy;:::;p;> Oandpj+1;:::;pk =

0. For all sufciently large integersn we canboundthe componentspi(”) away from O for i 2
f1;:::;j0. So,for asufciently largeballBy R! wehave

j i

nfpizi = inf & pzy=_ inf & pa;

zZS(J)y=1 228(1)\ BMy:]_

j j
inflp™:zi  inf & "z = inf § pVz:
Zzsm ZZS(j)yélpy Zy 22 SN\ By yélpy Zy

andthus
Ilmnlnfigfsho 1Zi igfsho,m : (29)

Combining(18) and(19), we get
. ny.; I . o
|

Theorem 2. LetY bea (vectorvalued)lossfunctionand C be a subsebf RK. LetF and S be
asde nedin (5) and (6) respectively ThenS is classi cation calibratediff the following holds.
Wheneerf F,g is a sequencef functionclasseqwhee F, F and[ F,= F) such thatf, 2 F,
andP is thedatagenemting probability distribution,

Ry (f) I° Ry
implies
RE) PR :
Proof (‘onlyif") Supposeve couldprovethat8e> 0;9d > 0 suchthat8p 2 Dy,
m;’;lxpy Poredz €) hpizi ;Qfs hp;zi d: (20)
Usingthis it immediatelyfollows that8e;H(e) > 0 where
H(e) = pzcl{g;fzzsfhp;Z' igfs hp;zi : myaxpy Poredz) €9

A resultof Zhang(2004b,Corollary 26) thenguaranteethereexistsa concae functionx on[0; ¥)
suchthatx(0) = Oandx(d)! Oasd! 0" and

Rf) R x(Rv(f) Ry):
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Thisinequalitycombinedwith Ry (fn) " Ry easilygivesR(fn) I” R . Wenow provetheimplication
in (20) by contradiction.SupposéSis classi cationcalibratedout thereexistse> 0 andasequence
(zM; p(M) suchthat

Q!

pprec(z(”)) € (2 1)

max
¢ Py
and
p™:zWi inf p™:zi 1 0:
2S

Sincep™ comefrom acompacset,we canchoose convergentsubsequendgvhichwesstill denote
asf p(Mg) with limit p. UsingLemmal6, we get

(n). () infho: zi -
hp'"V; z2'"i 1 ;gsl“p,m.

As before,we assumethat preciselythe rst j coordinatesof p are non-zero. Thenthe rst |
coordinate®f z(" areboundedor sufciently largen. Hence

j
lim sughp; 20 = limsupd p{"Z”  lim p™;z2"Vi = infhp;zi :
n n y=1 nl ¥ 2S

Now (10) and(21) contradicteachothersincep™ ! p.

Cif") If Sis notclassi cationcalibratedthenby Theorem7 andProposition® and10, we have
apointin the boundaryof someS(") wherethereareat leasttwo normalsandwhich doesnot have
a uniqueminimum coordinate.Sucha point shouldbe therein the projectionof R even without
takingthe corvex hull. Thereforewe musthave asequence™ in R suchthat

do= hp;Z™i  infhp;zi! 0 (22)
22S

andfor all n,
Poreqzy < myaxpy : (23)

Withoutlossof generalityassumeéhatd, is amonotonicallydecreasingequenceFurther assume
thatd, > O for all n. This lastassumptiormight be violated but the following proof then goes
throughfor d, replacedoy max(d,; 1=n). Let g, be the function that mapsevery x to one of the
pre-image®f z" underY . De ne F, as

Fn=fang [ (F\ ff:8xhp;Y (f(X)i ir21fSrp;zi > 4d.g
Z
\ £1:8%8]:)Y j(f(X)] < Mng)

whereM, " ¥ is asequencavhichwe will x later Fix a probability distribution P with arbitrary
maiginal distribution over x andlet theconditionaldistribution of labelsbep for all x. Our choiceof
F. guaranteethatthe -risk of g, is lessthanthatof otherelementof F,, by atleast3d,. Suppose,
we male surethat

P" Ry(gn) Rv(gn) > dh !IO; (24)
P"  sup Ry(f) Ry(f) >d, ! O: (25)
f2Faf ong
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Then,with probabilitytendingto 1, f, = gn. By (22), Ry (gn)! R, whichimpliesthatRy (f,)! R,
in probability Similarly, (23)imp|iesthatR(fn) 9 R in probability

We only needto shav that we canhave (24) and (25) hold. For (24), we apply Chebyshe
inequalityandusea unionboundover theK labelsto get

ngZ( ") k¥

p" IQY(gn) Ry (gn) > dn And2

The right handside canbe madeto go to zeroby repeatingtermsin the sequencé z(Wg to slow
down therateof growth of kz(Mky andtherateof decreasef d,. For (24), we usestandaraovering
numberbounds(e.g.,seePollard,1984,Sectionll.6).

!

. 64M2log(2n+ 1)  nd?
P"  sup Ry(f) Ry(f) >d 8exp L L
2Fnf gug " @2 128V12

ThusMp=d, needgo grow slowly enoughsuchthat

nd?
Malog(2n+ 1)
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