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Abstract
Binary classi�cationis a well studiedspecialcaseof theclassi�cationproblem.Statisticalproper-
tiesof binaryclassi�ers,suchasconsistency, havebeeninvestigatedin avarietyof settings.Binary
classi�cation methodscanbe generalizedin many ways to handlemultiple classes.It turnsout
thatonecanloseconsistency in generalizinga binaryclassi�cationmethodto dealwith multiple
classes.We studya rich family of multiclassmethodsandprovide a necessaryandsuf�cient con-
dition for their consistency. We illustrateour approachby applyingit to somemulticlassmethods
proposedin theliterature.
Keywords: multiclassclassi�cation,consistency, Bayesrisk

1. Intr oduction

We considertheproblemof classi�cationin a probabilisticsetting:n i.i.d. pairsaregeneratedby a
probabilitydistribution on X � Y . We think of yi in a pair (xi ;yi) asbeingthelabel or classof the
examplexi . ThejY j = 2 caseis referredto asbinaryclassi�cation.A numberof methodsfor binary
classi�cationinvolve �nding a realvaluedfunction f which minimizesanempiricalaverageof the
form

1
nå

i
Y yi ( f (xi)) : (1)

In addition,somesortof regularizationmaybeusedto avoid over�tting. Typically, thesignof f (x)
is usedto classifyan unseenexamplex. We interpretY y( f (x)) asbeingthe lossassociatedwith
predictingthe label of x using f (x) whenthe true label is y. An importantspecialcaseof these
methodsis thatof largemargin methodswhich usef + 1; � 1g asthesetof labelsandf (yf (x)) as
the loss. Heref is somefunctionchosenby taking into accountbothcomputationalandstatistical
issues.Bayesconsistency of thesemethodshasbeenanalyzedin the literature(seeJiang,2004;
LugosiandVayatis,2004;Zhang,2004c;Steinwart, 2005;Bartlettet al., 2004). In this paper, we
investigatetheconsistency of multiclass(jY j � 2) methodswhich try to generalize(1) by replacing
f with avectorfunctionf. Thiscategory includesthemethodsof BredensteinerandBennett(1999);
Lee et al. (2004);WestonandWatkins(1998)andZhang(2004a). Zhang(2004a,b)hasalready
initiatedthestudyof thesemethods.
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TEWARI AND BARTLETT

Under suitableconditions,minimizing (1) over a sequenceof function classesalso approxi-
matelyminimizesthe “Y-risk” RY (f) = EXY [Y y(f(x)) ]. However, our aim in classi�cation is to
�nd a functionf whoseprobabilityof misclassi�cationR(f) (oftencalledthe“risk” of f) is closeto
theminimumpossible(thesocalledBayesrisk R� ). Thus,it is naturalto investigatetheconditions
whichguaranteethatif theY-risk of f getscloseto theoptimalthentherisk of f alsoapproachesthe
Bayesrisk. If this happens,we saythat theclassi�cationmethodbasedon Y is Bayesconsistent.
Bartlettet al. (2004)de�ned thenotionof “classi�cation calibration”to obtainsuchconditionsfor
binary classi�cation. The authorsalsogave a simplecharacterizationof classi�cationcalibration
for convex lossfunctions. In Section1.1 below, we provide a differentpoint of view for looking
at classi�cationcalibrationfor binaryclassi�cationin orderto motivateour geometricapproachto
multiclassclassi�cation.

The rest of the paperis organizedas follows. Section2 de�nes classi�cation calibrationin
the settingof multiclassclassi�cationandprovidesa justi�cation, in the form of Theorem2, for
studyingit: classi�cationcalibrationis equivalent to Bayesconsistency. The main result in Sec-
tion 3 is Theorem7 which characterizesclassi�cationcalibrationin termsof geometricproperties
of somesetsassociatedwith the lossfunctionY. In Section4, we provide certainsuf�cient con-
ditions for classi�cationcalibration. Theseareprovided with the hopethat, in practice,someof
theseconditionswill hold andcheckingthe full conditionof Theorem7 canbe avoided. Section
5 appliestheresultsobtainedin thepaperto examinetheconsistency of a few multiclassmethods.
Interestingly, many seeminglynaturalgeneralizationsof binarymethodsdo not leadto consistent
multiclassmethods.Section6 providestheconclusion.

1.1 Consistencyof Binary Classi�cation Methods

If wehaveaconvex lossfunctionf : R 7! [0;¥ ) which is differentiableat0 andf 0(0) < 0, thenit is
known (Bartlettet al., 2004)thatany minimizer f � of

EXY [ f (yf (x)) ] = EX[EY jx[ f (yf (x)) ] ] (2)

yieldsaBayesconsistentclassi�er, thatis,P(Y = + 1jX = x) > 1=2) f � (x) > 0 andP(Y = � 1jX =
x) < 1=2 ) f � (x) < 0. In orderto motivatetheapproachof thenext sectionlet uswork with a few
examples.Let us�x anx anddenotethetwo conditionalprobabilitiesby p+ andp� . We alsoomit
theargumentin f (x). Wecanthenwrite theinnerconditionalexpectationin (2) as

p+ f ( f ) + p� f (� f ) :

Wewish to �nd an f whichminimizestheexpressionabove. If wede�ne thesetR 2 R2 as

R = f (f ( f ); f (� f )) : f 2 Rg ; (3)

thentheaboveminimizationcanbewrittenas

min
z2R

hp;zi (4)

wherep = (p+ ; p� ).
ThesetR is shown in Figure1(a) for thesquaredhingelossfunction f (t) = ((1� t)+ )2. Ge-

ometrically, the solutionto (4) is obtainedby taking a line whoseequationis hp;zi = c andthen
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Figure1: (a)SquaredHingeLoss(b) InconsistentCase(thethick curve is thesetR in bothplots)

sliding it (by varyingc) until it just touchesR . It is intuitively clearfrom the�gure thatif p+ > p�

thenthe line is inclinedmoretowardstheverticalaxisandthepoint of contactis above theangle
bisectorof theaxes.Similarly, if p+ < p� thentheline is inclinedmoretowardsthehorizontalaxis
andthepoint is below thebisector. Thismeansthatsign(f (� f ) � f ( f )) is aconsistentclassi�cation
rule which, becausef is a decreasingfunction,is equivalentto sign( f � (� f )) = sign( f ). In fact,
theconditionf 0(0) < 0 is notnecessaryfor theexistenceof aconsistentclassi�cationrulebasedon
f . For example,if we hadthe function f (t) = ((1+ t)+ )2, we would still get thesamesetR but
will needto changetheclassi�cationrule to sign(� f ) in orderto preserveconsistency.

Why do we needdifferentiability of f at 0? Figure1(b) shows the setR for a convex loss
functionwhich is not differentiableat 0. In this case,bothlinesL1 andL2 touchR at P but L1 has
p+ > p� while L2 hasp+ < p� . Thuswe cannotcreatea consistentclassi�er basedon this loss
function.Thecruxof theproblemseemsto lie in thefactthattherearetwo distinctsupportinglines
to thesetR atP andthatthesetwo linesareinclinedtowardsdifferentaxes.

It seemsfrom the�gures thataslongasR is symmetricabouttheanglebisectorof theaxes,all
supportinglinesat a givenpoint areinclinedtowardsthesameaxisexceptwhenthepoint happens
to lie on the anglebisector. To checkfor consistency, we needto examinethe setof supporting
lines only at that point. In casethe setR is generatedasin (3), this boils down to checkingthe
differentiability of f at 0. In the following sections,we will dealwith caseswhen the setR is
generatedin amoregeneralwayandthesituationpossiblyinvolvesmorethantwo dimensions.The
intuition developedfor thebinarycasewill beprovencorrectby Propositions9 and10 in Section4.

2. Classi�cation Calibration and its Relation to Consistency

Supposewe have K � 2 classes.For y 2 f 1; : : : ;Kg, let Y y be a continuousfunction from RK to
R+ = [0;¥ ). Let F bea classof vectorfunctionsf : X 7! RK . Let f Fng bea sequenceof function
classessuchthateachFn � F . Supposêfn is aclassi�er learnedfrom data.For example,wemight
obtainf̂n by minimizing theempiricalY -risk R̂Y over theclassFn,

f̂n = argmin
f2Fn

R̂Y (f) = argmin
f2Fn

1
n

n

å
i= 1

Y yi (f(xi)) :
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Theremight be someconstraintson the set of vector functionsin the classF . For example,a
commonconstraintis to have thecomponentsof f sumto zero.Moregenerally, let usassumethere
is somesetC2 RK suchthat

F = f f : 8x; f(x) 2 Cg: (5)

Let Y(f(x)) denotethevector(Y 1(f(x)) ; : : : ;Y K(f(x))) T . We predictthe labelof a new examplex
to bepred(Y(f(x))) for somefunctionpred: RK 7! f 1; : : : ;Kg. TheY-risk of a functionf is

RY (f) = EXY [Y y(f(x)) ] ;

andwedenotetheleastpossibleY-risk by

R�
Y = inf

f2F
RY (f) :

In aclassi�cationtask,wearemoreinterestedin therisk of a functionf,

R(f) = EXY [ 1[pred(Y(f(x))) 6= Y] ] ;

which is theprobabilitythatf leadsto anincorrectpredictionon a labeledexampledrawn from the
underlyingprobabilitydistribution. Theleastpossiblerisk is

R� = EX[ 1� max
y

py(x) ] ;

wherepy(x) = P(Y = y j X = x). If f̂n is theempiricalY -risk minimizer then,undersuitablecon-
ditions,onewould expectRY (f̂n) to convergeto R�

Y (in probability). It would benice if thatmade
R(f̂n) convergeto R� (in probability).Theorem2 below statesthatclassi�cationcalibration,anotion
thatwewill soonde�ne, is bothnecessaryandsuf�cient for this to happen.

In orderto understandthebehavior of approximateY-risk minimizers,let uswrite RY (f) as

EXY [Y y(f(x)) ] = EX[EY jx[Y y(f(x)) ] ] :

Theabove minimizationproblemis equivalentto minimizing theinnerconditionalexpectationfor
eachx 2 X. Let us�x anarbitraryx for now, sowe canwrite f insteadof f(x), py insteadof py(x),
etc.Theminimummightnotbeachievedandsoweconsiderthein�mum 1 inff2C å y pyY y(f) of the
conditionalexpectationabove. De�ne thesubsetsR andSof RK

+ as

R = f (Y 1(f); : : : ;Y K(f)) : f 2 Cg ;

S= conv(R) = convf (Y 1(f); : : : ;Y K(f)) : f 2 Cg ; (6)

whereconv(R) denotestheconvex hull of R . We thenhave

inf
f2C å

y
pyY y(f) = inf

f2C
hp;Y(f)i

= inf
z2R

hp;zi

= inf
z2S

hp;zi ;

(7)

1. Sincepy andY y(f) arebothnon-negative, theobjective function is boundedbelow by 0 andhencetheexistenceof
anin�mum is guaranteed.
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wherep = (p1; : : : ; pK). The lastequalityholdsbecausefor a �x edp, the functionz 7! hp;zi is a
linearfunctionandhencewedonotchangethein�mum by takingtheconvex hull2 of R .

Let us de�ne a symmetricset to be onewith the following property: if a point z is in the set
then so is any point obtainedby interchangingany two coordinatesof z. We assumethat R is
symmetric.This assumptionholdswhenever the lossfunctiontreatsall classesequivalently. Note
thatourassumptionaboutR impliesthatS too is symmetric.

We now de�ne classi�cation calibrationof S. The de�nition intendsto capturethe property
that,for any p, minimizing hp;zi over S leadsoneto z's which enableusto �gure out theindex of
(oneof the)maximumcoordinate(s)of p.

De�nition 1 A setS � RK
+ is classi�cation calibrated if there existsa predictor functionpred:

RK 7! f 1; : : : ;Kg such that

8p 2 DK ; inf
z2S: ppred(z)< maxy py

hp;zi > inf
z2S

hp;zi ; (8)

whereDK is theprobability simplex in RK .

The following theoremtells us that classi�cation calibration is indeedthe right property to
study, asit is bothnecessaryandsuf�cient for convergenceof Y-risk to theoptimalY-risk to imply
convergenceof risk to theBayesrisk. Theconvergenceof therisk of aclassi�er to theBayesrisk is
oftenreferredto asits consistency.

Theorem2 Let Y be a (vector-valued)lossfunctionand C be a subsetof RK . Let F and S be
as de�ned in (5) and (6) respectively. ThenS is classi�cation calibrated iff the following holds.
Whenever f Fng is a sequenceof functionclasses(where Fn � F and[ Fn = F ) such that f̂n 2 Fn

andP is thedatageneratingprobabilitydistribution,

RY (f̂n) P! R�
Y

implies
R(f̂n) P! R� :

Proof SeeAppendixA.

Thede�nition of classi�cationcalibrationasstatedabove is not concreteenoughto beof any
usein checkingtheconsistency of a multiclassmethodcorrespondingto a givenlossfunction. We
now studythe propertyof classi�cationcalibrationwith the aim of arriving at a characterization
expressedin termsof concretelyveri�able propertiesof thelossfunction.Beforewe do that,let us
observe that it is easyto reformulatethede�nition in termsof sequences.Theexactstatementof
thereformulationis providedby thefollowing lemmawhoseproof,beingentirelystraightforward,
is omitted.

Lemma 3 S � RK
+ is classi�cation calibrated iff there exists a predictor function pred: RK 7!

f 1; : : : ;Kg such that thefollowingholds:8p 2 DK andall sequencesf z(n)g in Ssuch that

hp;z(n) i ! inf
z2S

hp;zi ; (9)

2. If z is aconvex combinationof z(1) andz(2) , thenhp;zi � minfhp;z(1) i ;hp;z(2) ig .
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wehave
ppred(z(n) ) = max

y
py (10)

ultimately.3

This makesit easierto seethatif S is classi�cationcalibratedthenwecan�nd a predictorfunction
suchthat any sequenceachieving the in�mum in (7) ultimately predictsthe right label (the one
having maximumprobability).Thefollowing lemmashowsthatsymmetryof oursetSallowsusto
reducethesearchspaceof predictorfunctions(namelyto thosefunctionswhichmapz to theindex
of aminimumcoordinate).

Lemma 4 SupposeS � RK
+ is symmetric.If there existsa predictor functionpredsatisfyingcon-

dition (8) in the de�nition of classi�cation calibration (De�nition 1), thenany predictor function
pred0satisfying

8z 2 S; zpred0(z) = min
y

zy (11)

alsosatis�es(8).

Proof Considersomep 2 DK and a sequencef z(n)g suchthat (9) holds. We have ppred(z(n) ) =
maxy py ultimately. In orderto derive a contradiction,assumethat ppred0(z(n) ) < maxy py in�nitely

often.Sincethereare�nitely many labels,this impliesthatthereis asubsequencef z(nk)g andlabels
M andmsuchthatthefollowing hold,

pred(z(nk)) = M 2 f y0: py0 = max
y

pyg ;

pred0(z(nk)) = m2 f y0: py0 < max
y

pyg ;

hp;z(nk) i ! inf
z2S

hp;zi :

Becauseof (11), we alsohave z(nk)
M � z(nk)

m . Let p̃ andz̃ denotethevectorsobtainedfrom p andz
respectively by interchangingtheM andmcoordinates.SinceS is symmetric,z2 S, z̃ 2 S. There
aretwo casesdependingonwhethertheinequalityin

lim inf
k

�
z(nk)
M � z(nk)

m

�
� 0

is strict or not.
If it is strict, denotethe valueof the lim inf by e > 0. Thenz(nk)

M � z(nk)
m > e=2 ultimately and

hencewehave

hp;z(nk) i � hp; z̃(nk) i = (pM � pm)(z(nk)
M � z(nk)

m ) > (pM � pm)e=2

for k largeenough.This implieslim infk! ¥ hp; z̃(nk) i < infz2Shp;zi , which is acontradiction.
Otherwise,chooseasubsequence4 f z(nk)g suchthatlim(z(nk)

M � z(nk)
m ) = 0. Multiplying thiswith

(pM � pm), wehave

lim
k! ¥

�
hp̃; z̃(nk) i � hp̃;z(nk) i

�
= 0 :

3. Throughoutthepaper, useof “ultimately” in thecontext of asequencef z(n)g means“for all suf�ciently largevalues
of n”.

4. Wedonot introduceadditionalsubscriptsfor simplicity.
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Wealsohave

lim
k! ¥

hp̃; z̃(nk) i = lim
k! ¥

hp;z(nk) i = inf
z2S

hp;zi = inf
z2S

hp̃; z̃i = inf
z2S

hp̃;zi ;

wherethelastequalityfollowsbecauseof symmetry. Thismeans

hp̃;z(nk) i ! inf
z2S

hp̃;zi

ask ! ¥ andtherefore
p̃pred(z(nk) ) = pM

ultimately. This is acontradictionsincep̃pred(z(nk) ) = p̃M = pm.

Having identi�ed theclassof potentiallyusefulpredictorfunctions,wewill henceforthassumethat
predis de�ned asin (11).

3. A Characterization of Classi�cation Calibration

We give a characterizationof classi�cation calibrationin termsof normalsto the convex set S
andits projectionsonto lower dimensions.For a point z 2 ¶S, we sayp is a normalto S at z if 5

hz0� z;pi � 0 for all z02 S. De�ne thesetof positivenormalsat z as

N (z) = f p : p is anormalto Satzg\ DK :

De�nition 5 A convex setS � RK
+ is admissibleif 8z 2 ¶S;8p 2 N (z), wehave

argmin(z) � argmax(p) (12)

whereargmin(z) = f y0: zy0 = minyzyg andargmax(p) = f y0: py0 = maxy pyg.

Lemma 6 If S � RK
+ is admissiblethenfor all p 2 DK andall boundedsequencesf z(n)g such that

hp;z(n) i ! infz2S hp;zi , wehaveppred(z(n) ) = maxy py ultimately.

Proof Let Z(p) = f z 2 ¶S : p 2 N (z)g. Takingthelimit of a convergentsubsequenceof thegiven
boundedsequencegivesusa point in ¶S which achievesthe in�mum of the innerproductwith p.
Thus,Z(p) is notempty. It is easyto seethatZ(p) is closed.For apoint z andasetZ, de�ne

dist(z;Z) = inf
z02Z

kz� z0k ;

to bethedistanceof z from Z. We claim thatfor all e> 0, dist(z(n) ;Z(p)) < eultimately. For if we
assumethecontrary, boundednessimplies thatwe can�nd a convergentsubsequencef z(nk)g such
that8k, dist(z(nk) ;Z(p)) � e. Let z� = limk! ¥ z(nk) . Thenhp;z� i = infz2Shp;zi andsoz� 2 Z(p).
On theotherhand,dist(z� ;Z(p)) � ewhichgivesusacontradictionandourclaim is proved.

Now weclaim thatthereexistse0> 0 suchthatdist(z(n) ;Z(p)) < e0 implies6

argmin(z(n)) � argmin(Z(p)) :

5. Our signconventionis oppositeto theusualone(Rockafellar,1970,see,for example,)becausewe aredealingwith
minimum(insteadof maximum)problems.

6. For asetZ, argmin(Z) denotes[ z2Z argmin(z):
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Assume,for sakeof acontradiction,thatthereis aconvergentsubsequencez(nk) suchthat

dist(z(nk) ;Z(p)) ! 0 ask ! ¥ ;

and
8k; argmin(z(nk)) 6� argmin(Z(p)) : (13)

Denotethe limit by z� . Sincedist(�;Z(p)) is continuous,dist(z� ;Z(p)) = 0 which implies that
z� 2 Z(p) asZ(p) is closed.Moreover, for largeenoughk,

argmin(z(nk)) � argmin(z� ) � argmin(Z(p)) ;

wherethelastinclusionholdsbecausez� 2 Z(p). Thiscontradicts(13). Hencetheclaim is proved.
Finally, by admissibilityof S, argmin(Z(p)) � argmax(p) andso argmin(z(n)) � argmax(p)

ultimately.

Thenext theoremprovidesacharacterizationof classi�cationcalibrationin termsof normalsto S.

Theorem7 LetS � RK
+ bea symmetricconvex set.De�ne theprojections

S(i) = f (z1; : : : ;zi)T : z 2 Sg

for i 2 f 2; : : : ;Kg. ThenS is classi�cationcalibratediff each S(i) is admissible.

Proof Weprove theeasier̀ only if ' direction�rst. SupposesomeS(i) is notadmissible.Thenthere
exist z 2 ¶S(i) andp 2 N (z) anda label y0 suchthat y02 argmin(z) andy0 =2 argmax(p). Choose
a sequencef z(n)g converging to z. Modify thesequenceby replacing,in eachz(n) , thecoordinates
speci�ed by argmin(z) by their average.The resultingsequenceis still in S(i) (by symmetryand
convexity) andhasargmin(z(n)) = argmin(z) ultimately. Therefore,if we setpred(z(n)) = y0, we
have ppred(z(n) ) < maxy py ultimately. To getasequencein S look at thepointswhoseprojectionsare

thez(n) 's andpadp with K � i zeros.
To prove theotherdirection,assumeeachS(i) is admissible.Considera sequencef z(n)g with

hp;z(n) i ! infz2S hp;zi = L. Without lossof generality, assumethatfor somej;1 � j � K wehave
p1; : : : ; p j > 0 andp j+ 1; : : : ; pK = 0. WeclaimthatthereexistsanM < ¥ suchthat8y � j;z(n)

y � M

ultimately. Sincep jz
(n)
j � L + 1 ultimately, M = max1� y� j f (L + 1)=pyg works. Considera setof

labelsT � f j + 1; : : : ;Kg. Considerthesubsequenceconsistingof thosez(n) for whichz(n)
y � M for

y2 f 1; : : : ; jg[ T andz(n)
y > M for y2 f j + 1; : : : ;Kg� T. Theoriginalsequencecanbedecomposed

into �nitely many suchsubsequencescorrespondingto the2(K� j) choicesof thesetT. Fix T and
convert the correspondingsubsequenceinto a sequencein S( j+ jTj) by droppingthe coordinates
belongingto thesetf j + 1; : : : ;Kg� T. Call this sequencẽz(n) andlet p̃ be(p1; : : : ; p j ;0; : : : ;0)T .
Wehaveaboundedsequencewith

hp̃; z̃(n) i ! inf
z̃2S( j+ jTj)

hp̃; z̃i :

Thus,by Lemma6,wehave p̃pred(z̃(n) ) = maxy p̃y = maxy py ultimately. Sincewedroppedonly those

coordinateswhich weregreaterthanM, pred(z̃(n)) picks the samecoordinateaspred(z(n)) where
z(n) is theelementfrom which z̃(n) wasobtained.Thuswe have ppred(z(n) ) = maxy py ultimatelyand
thetheoremis proved.
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4. Suf�cient Conditions for Classi�cation Calibration

In thissection,weprovesomepropositionsthatreducethework involvedin checkingclassi�cation
calibrationof sets.Wewill seethattheassumptionsmadein thepropositionsareoftensatis�ed.Our
�rst propositionstatesthatin thepresenceof symmetry, pointshaving auniqueminimumcoordinate
canneverdestroy admissibility. Beforethat,weneedthefollowing lemma.

Lemma 8 Let S � RK
+ bea symmetricconvex set,z a point in theboundaryof S andp 2 N (z).

Let y;y02 f 1; : : : ;Kg. Then
(zy0� zy)( py � py0) � 0 :

Proof We have hz0� z;pi � 0 for all z02 S. Taking limits, this inequalityalsoholdsfor z02 ¶S.
Setz0to bez with its y;y0coordinatesinterchanged.By symmetryz02 ¶S. Thereforehz0� z;pi � 0
which implies,sincez;z0agreeonall but they;y0coordinates,

(zy0 � zy)py + (zy � zy0)py0 � 0 :

Proposition9 LetS� RK
+ bea symmetricconvex set,z a point in theboundaryof Sandp 2 N (z).

Thenargmin(z) � argmax(p) whenever j argmin(z)j = 1.

Proof For any y;y0, Lemma8 givesus(zy0� zy)( py � py0) � 0. Thuszy < zy0 impliespy � py0. There-
fore, if j argmin(z)j = 1 andzy = miny0zy0 thenpy � py0 for all y0, andsoargmin(z) � argmax(p).

If the setS possessesa uniquenormal at every point on its boundarythen the next proposition
guaranteesadmissibility.

Proposition10 LetS � RK
+ bea symmetricconvex set,z a point in theboundaryof SandN (z) =

f pg is a singleton.Thenargmin(z) � argmax(p). Thus,S is admissibleif jN (z)j = 1 for all z 2 ¶S.

Proof We will assumethatthereexistsa y;y 2 argmin(z);y =2 argmax(p) anddeducethatthereare
at least2 elementsin jN (z)j to get a contradiction. Let y02 argmax(p). By Lemma8 we have
(zy0� zy)( py � py0) � 0 which implieszy0 � zy sincepy � py0 < 0. But wealreadyknow thatzy � zy0

andso zy = zy0. Symmetryof S now implies that p̃ 2 N (z) wherep̃ is obtainedfrom p by inter-
changingthey;y0coordinates.Sincepy 6= py0, p̃ 6= p whichmeansjN (z)j � 2.

Theorem7 provides a characterizationof classi�cation calibration in termsof admissibility
of the projectionsS(k) . As we will seein the exampleslater, proving that a certainset is not
classi�cationcalibratedsimply involves�nding aprojectionS(k) anda“bad” point in S(k) violating
theconditionof admissibility. Ontheotherhand,thecharacterizationis notsoeasyto usewhenwe
wish to assert,ratherthandeny, classi�cationcalibration. The following lemmashows thatunder
certainassumptionswe canignoretheprojectionsS(k) andonly checktheadmissibilityof S. That
we cannotalways ignore projectionswill becomeclear when we considerexamplesin the next
section.

RecallthatR is thesetof points(Y 1(f); : : : ;Y K(f)) asf rangesover C. De�ne theprojections
R (k) in thesamewayasS(k) . Sincetheoperationsof takingprojectionsandconvex hullscommute,
it is easyto seethatconv(R (k)) = S(k) .
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Theorem11 SupposethesetR is symmetricand thesetS de�ned in (6) is admissible. Thenthe
following holdsfor anyk: if R (k) is closedthenS(k) is admissible. Furthermore, if R (k) is closed
for all k 2 f 2; : : : ;Kg thenS is classi�cationcalibrated.

Proof We only needto prove that R (k) closedandS admissibleimplies S(k) is admissiblesince
thelastclaim of thetheoremfollows from this andTheorem7. SupposeR (k) is closedandS(k) is
notadmissible.Therefore,thereexistspositivenormalp to S(k) atapointz0 in theboundaryof S(k)

with
argmin(z0) 6� argmax(p) : (14)

Sincez0 is in the boundaryof S(k) and conv(R (k)) = S(k) , thereexist points z(1) ; : : : ;z(l ) in the
closureof R (k) suchthatp 2 N (z(i)) for all i, and

z0=
l

å
i= 1

l iz(i)

for somel i � 0 andå i l i = 1. It is easyto seethat

argmin(z0) �
l[

i= 1

argmin(z(i)) :

From(14), it now follows that
argmin(z) 6� argmax(p) (15)

holdsfor somez 2 f z(1) ; : : : ;z(l )g. Now z is a limit point of R (k) . SinceR (k) is closed,z 2 R (k) .
Let z̃ bethepoint in R suchthatz = proj(z̃) whereproj is projectionoperatormapping(z1; : : : ;zK)
to (z1; : : : ;zk). SinceR � S, this givesus z̃ 2 S. Moreover, p̃ is a normalto S at z̃ wherep̃ is p
paddedwith K � k zeros.This is because

hp̃;z0� z̃i = hp;proj(z0) � zi � 0 ;

for all z02 S. We now claim that argmin(z̃) 6� argmax(p̃), which will give us a contradictionas
S wasassumedto beadmissible.Sincep̃ is p paddedwith zeros,argmax(p̃) = argmax(p). Also,
argmin(z̃) � argmin(z) for otherwiseapplyinga suitablepermutationto the coordinatesof z̃ will
giveapoint ẑ with hp;proj(ẑ)i < hp;zi . Theclaimnow follows from (15).

We will now provide a suf�cient conditionfor R (k) to beclosed.To stateit, we needthefollowing
de�nition.

De�nition 12 Let C � RK be a set and Y : C 7! RK
+ be a loss function. Further, let Y (k) =

(Y 1; : : : ;Y k) be Y restrictedto the �r st k coordinates. ThemappingY (k) is boundedly invert-
ible iff for all M > 0, there is an M0> 0 such that kzk � M, z 2 R (k) impliesthere is g 2 C with
kgk � M0andY (k)(g) = z.

Y (k) boundedlyinvertibleroughlymeansthatit hasaninversecarryingboundedpointsin its range
to boundedpointsin thedomain.

Lemma 13 SupposethatC is closedandY is continuous.If Y (k) is boundedlyinvertiblethenR (k)

is closed.
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(a) (b)

Figure2: (a)CrammerandSinger(b) WestonandWatkins

Proof Supposez(n) 2 R (k) andz(n) ! z. Thentheseis anM > 0 suchthat kz(n)k � M for all n.
Boundedinvertibility implies thereis a sequencef g(n)g suchthat, for all n, g(n) 2 C, kg(n)k < M0

and(Y 1(g(n)); : : : ;Y k(g(n))) = z(n) . Beingbounded,f g(n)g hasa convergentsubsequencef g(nk)g.
SinceC is closed,thelimit g� 2 C. Now,

(Y 1(g� ); : : : ;Y k(g� )) = lim
n! ¥

(Y 1(g(nk)); : : : ;Y k(g(nk))) (Y is continuous)

= lim
n! ¥

z(nk)

= z

andsoz 2 R (k) .

5. Examples

We applytheresultsof theprevioussectionto examinetheconsistency of severalmulticlassmeth-
ods. In all theseexamples,the functionsY y(f) are obtainedfrom a single real valuedfunction
y : RK

+ 7! R asfollows
Y y(f) = y ( fy; f1; : : : ; fy� 1; fy+ 1; : : : ; fK):

Moreover, thefunctiony is symmetricin its lastK � 1 arguments,thatis, interchangingany two of
the lastK � 1 argumentsdoesnot changethevalueof the function. This ensuresthat thesetS is
symmetric.Weassumethatwepredictthelabelof x to beargminyY y(f).

5.1 Example1

Themethodof CrammerandSinger(2001)correspondsto

Y y(f) = max
y06= y

f ( fy � fy0); C= RK
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with f (t) = (1� t)+ . For K = 3, theboundaryof S is shown in Figure2(a).At thepointz= (1;1;1),
all of thesearenormals:(0;1;1), (1;0;1), (1;1;0). Thus,thereis no y0suchthat py0 = maxy py for
all p 2 N (z). Themethodis thereforeinconsistent.

Evenif wechooseaneverywheredifferentiableconvex f with f 0(0) < 0, thethreenormalsmen-
tionedabove arestill therein N (z) for z = (f (0); f (0); f (0)) . Thereforethemethodstill remains
inconsistent.

5.2 Example2

Themethodof WestonandWatkins(1998)correspondsto

Y y(f) = å
y06= y

f ( fy � fy0); C= RK (16)

with f (t) = (1� t)+ . For K = 3, theboundaryof S is shown in Figure2(b). Thecentralhexagon
hasvertices(in clockwiseorder) (1;1;4), (0;3;3), (1;4;1), (3;3;0), (4;1;1) and (3;0;3). At
z = (1;1;4), we have the following normals: (1;1;0), (1;1;1), (2;3;1), (3;2;1) and thereis no
coordinatewhich is maximumin all positivenormals.Themethodis thereforeinconsistent.

Now assumethat f is a positive convex classi�cationcalibratedlossfunction(i.e., f 0(0) exists
and is negative). Note that if f doesnot satisfy this assumptionthenwe do not get a consistent
methodeven in the binary classi�cationcase.Furtherassumethat f achievesits minimum. The
following propositionthenguaranteesthatY (k) is boundedlyinvertiblefor k > 1 andwecanignore
projections.In particular, if we choosef differentiablesothatS possessesa uniquenormalevery-
whereon its boundarythen,by Proposition9, S is admissibleandhenceclassi�cationcalibrated.
Suchis thecaseif, for example,wechoosef (t) = ((1� t)+ )2.

Proposition14 Supposef : R 7! [0;¥ ) is a convex functionwith f 0(0) < 0. Further, supposethat
there is a t such that f (t) = inft02R f (t0). ThenY (k) (for Y givenby (16)) is boundedlyinvertible.

Proof Sincef is apositiveconvex functionwith f 0(0) < 0 whichachievesits minimumon thereal
line, only two behaviors arepossiblefor f . Either f (t) ! ¥ ast ! ¥ or thereexists t0 > 0 such
that f (t) is constantfor t � t0. In the �rst case,boundednessof (Y 1(f); : : : ;Y k(f)) ;k > 1 implies
boundednessof all pairwisedifferencesfy � fy0. Let m� = miny fy andsetgy = fy � m� . Thevalueof
Y y remainsthesameasit dependsonly ondifferenceswhile all componentsof g arenow bounded.

In thesecondcase,whenwe only know that f (t) ! ¥ ast ! � ¥ andthat f (t) is constantfor
t � t0, boundednessof (Y 1(f); : : : ;Y k(f)) (k > 1), only impliesthatdifferencesof theform fy � fy0

areboundedfrom below for y 2 f 1; : : : ;kg, y02 f 1; : : : ;Kg. This impliesthat fy � fy0 is boundedfor
y;y0 � k. Let m� = miny� k fy. Sethy = fy � m� (this doesn't changethevalueof Y asit depends
only on differences).Now hy � 0 for y � k with (at least)oneof themexactly zero. Sincepair-
wisedifferencesamongthesearebounded,thehy's themselvesareboundedfor y � k. This implies
hk+ 1; : : : ;hK areboundedfrom above. Now setgy = hy;y � k andgy0 = maxf� t0;hy0g for y0> k. To
seethatwedon't changeanythingby thisupdate,notethatwhenhy0 < � t0, bothhy � hy0 andhy + t0
aregreaterthant0 (above which f is constantin the casewe're considering)for y � k. Thus,we
havemanagedto makeall gy's boundedwithoutchangingthevalueof Y y for all y.
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(a) (b)

Figure3: (a)Lee,Lin andWahba(b) Lossof consistency in multiclasssetting

5.3 Example3

Themethodof Leeetal. (2004)correspondsto

Y y(f) = å
y06= y

f (� fy0); C= f f : å
y

fy = 0g (17)

with f (t) = (1� t)+ . Figure3(a)shows theboundaryof S for K = 3. In thegeneralK dimensional
case,S is apolyhedronwith K verticeswhereeachvertex hasa0 in oneof thepositionsandK's in
therest.It is obviousthenwhenweminimizehp;zi overS, wewill pick thevertex whichhasa0 in
thesamepositionwherep hasits maximumcoordinate.But wecanalsoapplyour resulthere.The
setof normalsis notasingletononly at thevertices.Thus,by Proposition10,weonly needto check
thevertices.Sincethereis a uniqueminimumcoordinateat thevertices,Proposition9 impliesthat
themethodis consistent.

The questionwhich naturally arisesis: for which convex loss functionsf does(17) lead to
a consistentmulticlassclassi�cationmethod?Convex lossfunctionswhich areclassi�cationcal-
ibratedfor the two classcase,that is, differentiableat 0 with f 0(0) < 0, can leadto inconsistent
classi�ers of this kind in the multiclasssetting. An example is provided by the loss function
f (t) = maxf 1 � 2t;2 � t;0g. Figure3(b) shows the boundaryof S for K = 3. The verticesare
(0;3;3), (9;0;0) andtheir permutations.At (9;0;0), thesetof normalsincludes(0;1;0), (1;2;2)
and(0;0;1) andthereforecondition(12) is violated.

A nice thing aboutthis exampleis that if we assumef is a positive classi�cation calibrated
binary lossfunction thenY (k) is boundedlyinvertible for k > 1. As in thepreviousexample,this
implies that differentiability of f is then suf�cient to guaranteeconsistency. In fact, as Zhang
(2004b)shows,a convex functionf differentiableon (� ¥ ;0] with f 0(0) < 0 will yield a consistent
method.

Proposition15 Supposef : R 7! [0;¥ ) is a convex lossfunctionwith f 0(0) < 0. ThenY (k) (for Y
givenby (17)) is boundedlyinvertible.
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Proof Wehave

R (k) =

( 

å
y06= 1

f (� fy0); : : : ; å
y06= k

f (� fy0)

!

: å
y

fy = 0

)

:

Weclaimthatf (t) ! ¥ ast ! � ¥ . To seethis,notethatf 0(0) < 0 sothelinearfunctiontangentto
f at 0 tendsto ¥ ast ! ¥ . Sincef is alwaysabove thetangent,thesameit truefor f . This tells us
thateachfy is boundedfrom above. Since� fy = å y06= y fy0, � fy is alsoboundedfrom above. This
meansthateachfy is boundedandY (k) is boundedinvertible(just takeg = f in De�nition 12).

5.4 Example4

This is aninterestingexamplebecauseeventhoughweuseadifferentiablelossfunction,westill do
nothaveconsistency. Let

Y y(f) = f ( fy); C= f f : å
y

fy = 0g

with f (t) = exp(� bt) for someb > 0. Onecaneasilycheckthat

R = f (z1;z2;z3)T 2 R3
+ : z1z2z3 = 1g;

S= f (z1;z2;z3)T 2 R3
+ : z1z2z3 � 1g

andsotheprojectionS(2) is thepositivequadrant,

S(2) = f (z1;z2)T : z1;z2 > 0g :

Thissetis inadmissibleandthereforethemethodis inconsistent.
Onecanfurther show that changingf is not of muchhelp. Suppose,f is a positive convex,

classi�cationcalibratedbinarylossfunctionandK � 3. Then,

S(2) = f (f ( f1); f ( f2)) : å
y

fy = 0g :

SinceK � 3, ( f1; f2) is freeto assumeany valuein R2 andhenceS(2) = T � T whereT = f f (t) : t 2
Rg is therangeof f . Let m= inff f (t) : t 2 Rg. ThesetT is of theform (m;¥ ) or [m;¥ ) depending
onwhetheror not f achievesits minimum.Clearly, S(2) is a translationof thepositivequadrantand
is notadmissible,(m;m) beingapoint violating theadmissibilitycondition.

5.5 Summary of Examples

Table1 summarizeshow consistency of thefour examplestreatedabove dependson thechoiceof
the underlyingbinary lossfunction f . The last columngivesa conditionon f which is suf�cient
to ensureconsistency in caseof a convex, positive, classi�cation calibratedf . Note that, for all
the exampleswe considered,mereclassi�cation calibrationandpositivity of f do not suf�ce to
guaranteeconsistency of thederivedmulticlassmethod.
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Example Hinge SquaredHinge Exponential Conditionon f
(1� t)+ ((1� t)+ )2 exp(� t)

1 � � � Neverconsistent

2 � X X 7 f differentiable& achievesits minimum

3 X X X f differentiable

4 � � � Neverconsistent

Table1: Dependenceof consistency on theunderlyinglossfunctionf .

6. Conclusion

Weconsideredmulticlassgeneralizationsof classi�cationmethodsbasedonconvex risk minimiza-
tion and gave a necessaryand suf�cient condition for their Bayesconsistency. Someexamples
showedthatquiteoftenstraightforwardgeneralizationsof consistentbinaryclassi�cationmethods
leadto inconsistentmulticlassclassi�ers. This is especiallythecaseif theoriginal binarymethod
wasbasedonanon-differentiablelossfunction.Example4 showsthatevendifferentiablelossfunc-
tionsdo not guaranteemulticlassconsistency. We alsoshowedthat in certaincases,onecanavoid
checkingthe full setof conditionsmentionedin the theoremcharacterizingclassi�cationcalibra-
tion. Thequestionof consistency thenreducesto checkingpropertiesof a singleconvex set. This
wasillustratedby consideringvariantsof somemulticlassmethodsproposedin the literatureand
proving their consistency.
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Appendix A.

Wewill needthefollowing lemmato proveTheorem2.

Lemma 16 Thefunctionp 7! infz2Shp;zi is continuousonDK .

Proof Let f p(n)g bea sequenceconverging to p. If B is a boundedsubsetof RK , thenhp(n) ;zi !
hp;zi uniformly overz 2 B andtherefore

inf
z2B

hp(n) ;zi ! inf
z2B

hp;zi :

Let Br beaball of radiusr in RK . Thenwehave

inf
z2S

hp(n) ;zi � inf
S\ Br

hp(n) ;zi ! inf
S\ Br

hp;zi :

Therefore
lim sup

n
inf
z2S

hp(n) ;zi � inf
z2S\ Br

hp;zi :

7. Thisentrydoesnot follow from theresultspresentedin thepaperbut is includedherefor completeness.
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Letting r ! ¥ , weget
lim sup

n
inf
z2S

hp(n) ;zi � inf
z2S

hp;zi : (18)

Withoutlossof generality, assumethatfor somej;1 � j � K wehave p1; : : : ; p j > 0andp j+ 1; : : : ; pK =

0. For all suf�ciently large integersn we can boundthe componentsp(n)
i away from 0 for i 2

f 1; : : : ; jg. So,for asuf�ciently largeball BM � R j wehave

inf
z2S

hp;zi = inf
z2S( j)

j

å
y= 1

pyzy = inf
z2S( j) \ BM

j

å
y= 1

pyzy ;

inf
z2S

hp(n) ;zi � inf
z2S( j)

j

å
y= 1

p(n)
y zy = inf

z2S( j) \ BM

j

å
y= 1

p(n)
y zy :

andthus
lim inf

n
inf
z2S

hp(n) ;zi � inf
z2S

hp;zi : (19)

Combining(18)and(19),weget

inf
z2S

hp(n) ;zi ! inf
z2S

hp;zi :

Theorem 2. Let Y bea (vector-valued)lossfunctionandC bea subsetof RK . Let F andS be
as de�ned in (5) and (6) respectively. ThenS is classi�cation calibrated iff the following holds.
Whenever f Fng is a sequenceof functionclasses(where Fn � F and[ Fn = F ) such that f̂n 2 Fn

andP is thedatageneratingprobabilitydistribution,

RY (f̂n) P! R�
Y

implies

R(f̂n) P! R� :

Proof (`only if ') Supposewecouldprove that8e> 0;9d > 0 suchthat8p 2 DK ,

max
y

py � ppred(z) � e) hp;zi � inf
z2S

hp;zi � d : (20)

Usingthis it immediatelyfollows that8e;H(e) > 0 where

H(e) = inf
p2DK ;z2S

fhp;zi � inf
z2S

hp;zi : max
y

py � ppred(z) � eg :

A resultof Zhang(2004b,Corollary26) thenguaranteesthereexistsaconcave functionx on [0;¥ )
suchthatx(0) = 0 andx(d) ! 0 asd ! 0+ and

R(f) � R� � x(RY (f) � R�
Y ) :
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Thisinequalitycombinedwith RY (f̂n) P! R�
Y easilygivesR(f̂n) P! R� . Wenow provetheimplication

in (20)by contradiction.SupposeS is classi�cationcalibratedbut thereexistse> 0 andasequence
(z(n) ;p(n)) suchthat

p(n)
pred(z(n) )

� max
y

p(n)
y � e (21)

and �
hp(n) ;z(n) i � inf

z2S
hp(n) ;zi

�
! 0 :

Sincep(n) comefrom acompactset,wecanchooseaconvergentsubsequence(whichwestill denote
asf p(n)g) with limit p. UsingLemma16,weget

hp(n) ;z(n) i ! inf
z2S

hp;zi :

As before,we assumethat preciselythe �rst j coordinatesof p are non-zero. Then the �rst j
coordinatesof z(n) areboundedfor suf�ciently largen. Hence

lim sup
n

hp;z(n) i = lim sup
n

j

å
y= 1

p(n)
y z(n)

y � lim
n! ¥

hp(n) ;z(n) i = inf
z2S

hp;zi :

Now (10)and(21)contradicteachothersincep(n) ! p.
(`if ') If S is notclassi�cationcalibratedthenby Theorem7 andPropositions9 and10,wehave

a point in theboundaryof someS(i) wherethereareat leasttwo normalsandwhich doesnot have
a uniqueminimum coordinate.Sucha point shouldbe therein the projectionof R even without
takingtheconvex hull. Therefore,wemusthaveasequencez(n) in R suchthat

dn = hp;z(n) i � inf
z2S

hp;zi ! 0 (22)

andfor all n,
ppred(z(n) ) < max

y
py : (23)

Without lossof generalityassumethatdn is a monotonicallydecreasingsequence.Further, assume
that dn > 0 for all n. This last assumptionmight be violatedbut the following proof thengoes
throughfor dn replacedby max(dn;1=n). Let gn be the function that mapsevery x to oneof the
pre-imagesof z(n) underY . De�ne Fn as

Fn = f gng [ (F \ f f : 8x;hp;Y(f(x)i � inf
z2S

hp;zi > 4dng

\ f f : 8x;8 j; jY j (f(x)j < Mng)

whereMn " ¥ is a sequencewhich we will �x later. Fix a probabilitydistribution P with arbitrary
marginaldistributionoverx andlet theconditionaldistributionof labelsbep for all x. Ourchoiceof
Fn guaranteesthattheY-risk of gn is lessthanthatof otherelementsof Fn by at least3dn. Suppose,
wemakesurethat

Pn � �
�R̂Y (gn) � RY (gn)

�
� > dn

�
! 0 ; (24)

Pn

 

sup
f2Fn�f gng

�
�R̂Y (f) � RY (f)

�
� > dn

!

! 0 : (25)
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Then,with probabilitytendingto 1, f̂n = gn. By (22), RY (gn) ! R�
Y whichimpliesthatRY (f̂n) ! R�

Y
in probability. Similarly, (23) impliesthatR(f̂n) 9 R� in probability.

We only needto show that we canhave (24) and (25) hold. For (24), we apply Chebyshev
inequalityanduseaunionboundover theK labelsto get

Pn � �
�R̂Y (gn) � RY (gn)

�
� > dn

�
�

K3kz(n)k¥

4nd2
n

The right handsidecanbe madeto go to zeroby repeatingtermsin the sequencef z(n)g to slow
down therateof growth of kz(n)k¥ andtherateof decreaseof dn. For (24), weusestandardcovering
numberbounds(e.g.,seePollard,1984,SectionII.6).

Pn

 

sup
f2Fn�f gng

�
�R̂Y (f) � RY (f)

�
� > dn

!

� 8exp
�

64M2
n log(2n+ 1)

d2
n

�
nd2

n

128M2
n

�

ThusMn=dn needsto grow slowly enoughsuchthat

nd4
n

M4
n log(2n+ 1)

! ¥ :
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