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Abstract
We introducea computationallyfeasible,“constructive” active learningmethodfor binaryclassi-
�cation. The learningalgorithmis initially formulatedfor separableclassi�cationproblems,for
a hypersphericaldataspacewith constantdatadensity, andfor greatspheresasclassi�ers. In or-
der to reducecomputationalcomplexity the versionspaceis restrictedto sphericalsimplicesand
learningprocedesby subdividing the edgesof maximallength. We show that this procedureop-
timally reducesa tight upperboundon the generalizationerror. The methodis thenextendedto
otherseparableclassi�cationproblemsusingproductsof spheresasdataspacesandisometriesin-
ducedby chartsof the sphere.An upperboundis provided for the probability of disagreement
betweenclassi�ers(hencethegeneralizationerror) for non-constantdatadensitieson thesphere.
Theemphasisof thiswork liesonproviding mathematicallyexactperformanceestimatesfor active
learningstrategies.

Keywords: active learning,sphericalsubdivision,errorbounds,simplex halving

1. Intr oduction

Active learningmethodsseeka solutionto inductive learningproblemsby incorporatingtheselec-
tion of trainingdatainto thelearningprocess.In theseschemes,thelabelingof a datapoint occurs
only afterthealgorithmhasexplicitly askedfor thecorrespondinglabel,andthegoalof the“active”
dataselectionis to reachthesameaccuracy asstandard“passive” algorithms—but with lesslabeled
datapoints. In many practicaltasks,the acquisitionof unlabeleddatacan be automated,while
theactuallabelingmustoftenbedoneby humansandis thereforetime consumingandcostly. In
thesecases,active learningmethods—whichusuallytradelabelingcostsagainstthecomputational
burdenrequiredfor optimaldataselection—canbeavaluablealternative.

Therearetwo approachesto active learning. So-calledquery�ltering methods(Freundet al.,
1997;Opperet al., 1992)operateon a givenpool of unlabeleddataandselect—atevery learning
step—a“most informative” datapoint for subsequentlabeling.So-calledconstructive methodslit-
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erally “construct”anunlabeleddatumandasktheuserto providea label.Thereis strongempirical
evidencefor many learningscenariosand for differentselectionprocedures,that active learning
methodscanreducethe numberof labeledtraining datawhich areneededto reacha prede�ned
generalizationperformance(seeBalcanetal.,2006;Fineetal.,2002;Freundetal.,1997;Tongand
Koller, 2001;Warmuthet al., 2002). In addition,theoreticalwork hasshown that active learning
strategiescanachieveanexponentialreductionof thegeneralizationerrorwith highprobability(see
Balcanet al., 2006;Freundet al., 1997). In this contribution, we put the emphasison a mathe-
matically rigorousderivationof hard upperboundsfor thegeneralizationerror. This is in contrast
to otherstudieswhich give boundsin probability (seeFreundet al., 1997)or discussasymptotic
behavior (seeBach,2007).

We usea geometricalapproachto active learningwhich is basedon the conceptof a version
space(seeMitchell, 1982;Tong andKoller, 2001). Looselyspeaking,given a set of predictors
and a set of labeledtraining data,“versionspace”denotesthe set of modelswhosepredictions
areconsistentwith the training data. If a versionspacecanbe de�ned, active learningstrategies
shouldevaluatedatapointswhich allow thelearningmachineto maximallyreducethe“size” of its
versionspaceatevery learningstep.Someactive learningalgorithmstry to halve thevolumeof the
versionspace(seeTongandKoller,2001).In contrastto this,ourapproachis to reducethemaximal
distancebetweenpairsof pointsthatbelongto theversionspace.We preferdistanceover volume
simply becauseit is impossibleto computetheexactvolumeof versionspacein high dimensions.
A detaileddiscussionof thisproblemcanbefoundat theendof Section7. For specialtypesof data
spaces,our methodof maximallengthreductioncoincideswith volumereduction.In this case,we
observe a rapid (that is, exponential)progressin learning,asis explicitly shown in Section4 and
Proposition9 of Section6 for datawhich is arbitrarilydistributedonann-dimensionaltorus.

In thefollowing we will considerthesimplecaseof a separable,binaryclassi�cationproblem.
Assumingthe knowledgeof the datadensityµ on the dataspaceM, the generalizationdistance
dG(c1;c2) of two classi�ersc1;c2 : M !

�
2 := f 0;1g is givenby theintegral

dG(c1;c2) :=
1

Vol(M)

Z

D(c1,c2)
w;

whereD(c1;c2) := f x 2 M j c1(x) 6= c2(x)g is the setof pointswhich areclassi�ed differentlyby
thetwo classi�ers,andw denotesthevolumeform of M (seeSection2). If we furtherassumethe
labelingof thedatato begeneratedby anunknown classi�erc� : M !

�
2, theimportantquestionis:

Canwegivetight upperboundson thegeneralizationerror dG(c;c� ) of someclassi�er c, andcan
wereducethis boundduring learningin an optimalway?Inspiredby this question,we introducea
constructiveactivelearningalgorithmwhichreducessuchaboundby successivesubdivisionsof the
versionspaceonahypersphere.This thenallowsusto computeexactandtight generalizationerror
boundsfor several classesof datadensities.After deriving theboundsfor thecaseof anuniform
distributiononthehypersphere,weusethenotionof Riemannianisometriesto extendthealgorithm
andtheerrorboundsto asetof selecteddatadensitiesonotherdataspacesincluding � n. In asecond
step,we extendour resultsto productmanifoldsin orderto obtainsharperrorboundsfor a larger
setof datadensities.Finally, we provide boundsfor arbitrarydensitieson � n, hyperspheresand
productsthereof.

The article is organizedas follows: After introducingthe geometricsetupof active learning
for binary classi�cation (Section2), we formulatea learningmethodfor datadistributedon the
unit sphereSn � � n+ 1 (Section3). Thereafter, we extendthe basicalgorithmto a broaderclass
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of separable,binary classi�cationproblemsusingisometriesinducedby chartsof the sphereand
productsof hyperspheres(Sections4, 5). This will includeperceptrons(that is, linear classi�ers
with biason � n) asa specialcase.Upperboundsareprovidedfor thegeneralizationerrorfor non-
constantdatadensitiesfor binary classi�cationproblemson the sphere(Section6) andfor linear
classi�erswithout bias in � n (Section7). Finally, Section8 providesan empiricalevaluationof
the geometricmethod. As our focus lies on a theoreticalanalysisof active learningalgorithms,
applicationsof theproposedalgorithmto concreteproblemshave to beof secondimportance.

2. A GeometricSetupfor ActiveLearning

In the sequel,we will apply somestandardconstructionsfrom differentialgeometry. We refer to
AppendixB for aquick introductionto theterminology.

Let M be an n-dimensionalcompactmanifold, the data space, equippedwith a Riemannian
metricg. Onemight objectto this typeof dataspace,sincethecompactnessassumptionseemsto
rule out the mostimportantinstanceof dataspace,the Euclideanspace� n. However, this is not
the case,because� n, or any submanifoldtherein,canbe embeddedinto Sn, the n-sphere,by the
inverseof stereographicprojection(seeSection4). Recently, sphericaldataspaceshave received
someattentionin machinelearning(seeLebanonand Lafferty, 2004; Belkin and Niyogi, 2004;
Minh etal., 2006).

Weassumetheexistenceof anunknownbinaryclassi�er c� : M !
�

2 := f 0;1g andagivenset
of labeleddatapointsf (x1;y1); : : : ;(xI ;yI ))g, (xi ;yi) 2 M �

�
2, with correctlabels,thatis, c� (xi) =

yi . Now, thebinary classi�cationproblemasksfor anapproximationc : M !
�

2 which minimizes
the generalization error, that is, the probability of misclassi�cationof datapoints. This can be
formalizedasfollows.

The Riemannianvolumeform w which belongsto the metric g is given in local coordinates
x : M � U ! � n by

w =
p

det(g)dx1 ^ : : : ^ dxn; (1)

whereU is someopenchartdomainin M. We assumethat the Riemannianvolumeform w (see
Equation1) representsup to a scalingfactorVol(M) :=

R
M w the p.d.f. of the datapointsx 2 M.

Thisallowsusto interprettheprobabilityof disagreementbetweentwo classi�ersc1;c2 asadistance
measure1 on thesetof all classi�ers:

dG(c1;c2) :=
1

Vol(M)

Z

D(c1,c2)
w; (2)

whereD(c1;c2) := f x 2 M j c1(x) 6= c2(x)g is called the disagreementarea. In theseterms,the
generalizationerrorof c is givenby dG(c;c� ).

3. Subdivisionsof the Sphere

In orderto beableto computeupperboundsondG, weneedto imposerestrictionsonthedataspace
M aswell ason thesetof classi�ers.

1. Dependingon theregularityconditionsimposedon theclassi�ers,it mighthappenthatdG(c1;c2) = 0 while c1 6= c2
onasetof measurezero.
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We startwith the following simplesetup:Let M = Sn = f x 2 � n+ 1 j hx;xi = 1g, then-sphere
with its canonicalRiemannianmetricanddenoteby C thesetof hemisphereclassi�ers

c : Sn !
�

2; c(x) :=
�

1 : hx; pi � 0
0 : hx; pi < 0

:

Here, p 2 Sn is the centerof the hemisphere,and h:; :i denotesthe Euclideanscalarproduct in
� n+ 1. This setupimplies that thedataareuniformly distributedon thesphere.Theuseof closed
hemispheresasclassi�ersis appropriatefor sphericaldata,sincehemispheresarethedirectanalog
to half spacesin Euclideangeometry. A simple, yet crucial, observation is the duality C = Sn.
By a slight abuseof notation,we usethesymbolc to denoteboth, theclassi�er andthecenterof
the hemisphere.Concerningthe generalizationdistanceof two classi�ers we have the following
proposition.

Proposition 1 For hemispheresc1;c2 2 C

dG(c1;c2) =
1
p

d(c1;c2);

whered(c1;c2) := arccos(hc1;c2i ) is thegeodesicdistanceonSn.

Proof ThedisagreementareaD(c1;c2) consistsof two congruentluneson thesphere.Theareaof
a lune is proportionalto its openinganglea = d(c1;c2). Sincethetotal volumeof theunit sphere
V :=

R
Sn w with respectto its canonicalRiemannianmetricandvolumeform is notequalto one,we

have to normalize:

dG(c1;c2) =
1
V

Z

D(c1,c2)
w =

1
V

� a
p

V
�

=
1
p

d(c1;c2):

We assumethe true classi�er c� to be someunknown hemisphere. If (x;1) is a labeleddata
point, it follows that c� is containedin the closedhemispherearoundx. Thus, given a labeled
setf (x1;y1); : : : ;(xI ;yI ))g, c� is containedin the intersectionV of thecorrespondinghemispheres.
Theversionspaceof a labeledset(seeMitchell, 1982;TongandKoller, 2001)is de�ned astheset
of classi�erswhich areconsistentwith thegivenlabeleddata.In our case,theversionspacecoin-
cideswith theintersectionV. Geometrically, V is a convex sphericalpolytope,a high-dimensional
generalizationof asphericalpolygonwhoseedgesaresegmentsof greatcirclesandwhose(n� 1)-
dimensionalfacetsaresegmentsof (n� 1)-dimensionalgreatsphereswithin Sn.

In theory, onecancomputetheverticesof theversionspaceof any �nite labeledset.An iterative
algorithmwould reducethis polytopeby taking intersectionswith hemispherescorrespondingto
new datapoints. Unfortunately, during this process,thenumberof verticesof thepolytopegrows
exponentially. Thus, the computationalcostsrenderits explicit computationimpossibleeven for
low dimensions.

Onepossibility to reducethe immensecomputationalcomplexity of polytopesis to work with
sphericalsimplices. Thismotivatesthefollowing active learningalgorithm:
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Definition 2 (Simplex algorithm)

1. Specifysomemaximaledge lengthe> 0 asterminationcriterion. Choosea randomorthog-
onalmatrix. Askfor thelabelsof then+1 columnvectors. Thisresultsin a setof admissible
classi�ersS� Sn which is anequilateral simplex onSn.

2. Selectoneof theedgesof maximallengthof thecurrentsimplex S. If its lengthis lessthane,
go to step7. Otherwise, computeits midpointm.

3. Computea unit normalu of theplanein � n+ 1 spannedby m togetherwith all verticesof S
which donotbelongto theedge throughm.

4. Askfor thelabel l of u. If l = 0, replaceu by � u.

5. Replacethe old simplex S by the part in direction of u, that is, the simplex which has as
verticesm aswell asall verticesof Swith exceptionof that endpoint e of thechosenlongest
edge for which hu;ei < 0.

6. Repeatwith step2.

7. Returnthesimplex' centerof massc 2 Sasthelearnedclassi�er.

Figure1 illustratesoneiterationof thesimplex algorithmonthesphereS2. The“randomorthogonal

b

m

a

o

u

c
longestedge

Figure1: Thedrawing aboveshowsoneiterationof thesimplex algorithmfor thetwo-dimensional
case,that is, for sphericaltriangleson the unit sphereS2. The currentversionspaceis
thesphericaltriangle(a;b;c). The longestedge(b;c) is aboutto becut at its midpoint
m. Togetherwith theorigin o, thevertex a andthepoint m de�ne a planein � 3 oneof
whoseunit normalvectorsis u 2 S2. Dependingon the labelof u, thenew trianglewill
beeither(a;b;m) or (a;m;c).

matrix” thatoccursin steponeof thealgorithmis meantto bedrawn from theuniform distribution
on theLie group

O(n) = f A 2 GL(n) j AAt = Ig

of orthogonalrealmatrices.A practicalapproachto theproblemof generatingsuchmatricescanbe
found in Stewart (1980). Theworstcasegeneralizationerroraftereachiterationcanbecomputed
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by evaluatingthemaximumsphericaldistanceof thechosenclassi�er to theverticesof thespherical
simplex. To beexplicit, thefollowing statementholds:

Proposition 3 If Sis thecurrentsimplex fromthesimplex algorithm(seeDe�nition 2) with vertices
v1; : : : ;vn+ 1 2 Sn, andc 2 Ssomeclassi�er,

dG(c� ;c) � max
i, j

d(vi ;v j) = max
i, j

arccoshvi ;v j i :

This boundis tight and attainableif we allow any elementof the version spaceto be the learned
classi�er. Moreover, if c 2 Sdenotesthecenterof mass,then

dG(c� ;c) � max
i

d(c;vi) = max
i

arccoshc;vi i

is a tight andattainableupperboundfor thegeneralizationerror.

Proof Within asimplex, themaximaldistanceof two pointsis realizedby pairsof vertices.Now the
�rst inequalityfollows from proposition1. If all elementsof thesimplex areadmissibleclassi�ers,
theboundis tight. Thesecondinequalityfollows from theconvexity of thesimplex.

Clearly, the maximaledgelengthof the simplex S convergesto zero. In AppendixA, we derive
O((n+1)3) asaroughcomplexity estimatefor oneiterationof thesimplex algorithm(seeDe�nition
2).

Another questionconcerningthe convergenceof the algorithm is: How many iterationsare
neededuntil themaximumedgelengthof the initial simplex startsto drop? To this end,we have
thefollowing propositionwhoseproof is givenin AppendixA.

Proposition 4 LetSbetheinitial equilateral simplex fromthesimplex algorithm(seeDe�nition 2).
Let k 2 � bethenumberof stepsneededuntil themaximumof theedge lengthsdrops.Then

n � k �
n(n+1)

2
;

andtheseboundsare tight andattainable.

4. Extensionsby Isometries

We will now extendour resultsto otherdataspacesby applyingthe conceptof isometries.The
easiestmethodto obtainisometriesfrom then-sphereto otherdataspacesis to considerchartsof
the spheretogetherwith the inducedmetric. Being isometries,they preserve the geometry, and
any generalizationboundsderivedfor thespherecanbeappliedwithout modi�cations. Combining
isometrieswith theproductconstructionof Section5,weendupwith alargefamily of datadensities
on � n to which our resultsaredirectly applicable.In Section6, we will loosenour preconditions
evenfurtherandconsiderthegeneralcaseof arbitrarydatadensities.

Webegin with thediscussionof thestereographicchartof then-sphere.

Stereographic chart. Thestereographicprojection

sN : Sn nf Ng ! � n;

(x1; : : : ;xn+ 1) 7!
(x1; : : : ;xn)

1� xn+ 1
;
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whereN = (0; : : : ;0;1) denotesthe north pole, is an isometryof Sn nf Ng to ( � n;g), wherethe
Riemannianmetricg is givenby

gx(v;w) =
4

(1+kxk2)2
hv;wi :

SeeFigure2 for anillustrationof thetwo-dimensionalcase.Hence,we canidentifySn nf Ng with

northpoleN of thesphere

pointon thesphere

planeof projection( � 2)

imageunderprojection

Figure2: ThestereographicprojectionS2 nf Ng! � 2 is adiffeomorphismfrom thespherewith the
northpoleremovedto theplane.It distortslengthsbut preservesangles.If oneconsiders
a ray from the north pole to somepoint on the plane,the stereographicprojectionwill
maptheintersectionpoint of this ray with thesphereonto its intersectionpoint with the
plane.

( � n;g), andtheinducedRiemannianvolumeform is

wx =
2n

(1+kxk2)n
dx1 ^ : : : ^ dxn;

wheredx1 ^ : : : ^ dxn denotesthe Euclideanvolume on � n (the determinant). If the given data
densityon � n is (up to a constantfactor)equalto w, thedatacanbeconsideredto lie on Sn with
constantdensity, and our error boundshold. When viewed understereographicprojection,our
sphericalclassi�ers fall in threecategories: If the boundaryof the hemisphere,which is a great
(n� 1)-spherewithin Sn, containsthenorthpole, its projectionis a hyperplanethroughtheorigin
in � n. Theequatorialgreatspheref x 2 Sn � � n+ 1 j xn+ 1 = 0g is projectedontoSn� 1 � � n. All
othergreatspheresbecomespheresintersectingSn� 1 � � n orthogonally. Hence,any datawhich is
separableby theseclassesof hypersurfacesin � n is separableby greatspheresonSn andviceversa.

Gnomonic chart. Thegnomonicprojection

j : Sn � f xn+ 1 > 0g ! � n;

(x1; : : : ;xn+ 1) 7!
(x1; : : : ;xn)

xn+ 1
;

generateson � n themetric

g =
1

(1+x2
1 + : : :+x2

n)
2

0

B
@

s1 � xix j
...

� xix j sn

1

C
A ;
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pointon thesphere

imageunderprojection

planeof projection( � 2)

northpoleN of thesphere

Figure3: Illustration of the gnomonicprojectionfor the caseS2 � f x3 > 0g ! � 2. In this case,
we embed� 2 at heightone into � 3, suchthat it touchesthe sphereat the north pole.
Raysaresentfrom thecenterof thesphere.Their intersectionpointswith thesphereare
mappedto thecorrespondingintersectionpointswith theplane.Thegnomonicprojection
distortslengthsaswell asangles,but mapsgreatcirclesto straightlines.

wherewe have usedtheabbreviation si := 1+x2
1 + : : :+x2

n � x2
i . Figure3 illustratesthegnomonic

projectionin two dimensions.As wasthecasewith thestereographicchart,gnomonicprojectionis
anisometryfrom theupperhalf-sphereto ( � n;g). UsingEquation1, wehave for x2 = : : : = xn = 0

p
det(g) =

1

(1+x2
1)

n+ 1
2

:

Sincethescalingfunctionof thevolumeform w hasto berotationallysymmetric,it follows that

wx =
1

(1+kxk2)
n+ 1

2

dx1 ^ : : : ^ dxn: (3)

Note that our separatinggreatspheresareprojectedto af�ne hyperplanesin � n. Therefore,the
classicalapproachto the binary classi�cation problemusing linear classi�ers with bias can be
considereda specialcaseof our sphericalsetup.More precisely, thestrict errorboundsderivedfor
our algorithmapply to linear classi�erswith biason � n if andonly if the datadensityon � n is
givenby Equation3. For ananalysisthatappliesto agreatervarietyof densitieswereferto Section
6.

As abyproduct,formula3 alsoclari�es theargumentsgivenin theproofof Theorem4 of Freund
et al. (1997)which estimatesthe informationgain of queriesmadeby the Queryby Committee
algorithm. In theproof, thescalingfactorof thevolumeform of thegnomonicchartis estimated
usingin�nitesimals. Theexplicit formulafor thevolumeform givenabovemakesthismorelucid.

5. Productsof Spheres

We now extend the simplex algorithm (seeDe�nition 2) to other datamanifoldsand other sets
of classi�ers usinga simpleproductconstruction.The main purposeof this sectionis to obtain
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building blocksfor datamanifoldsanddatadensitieswhich latercanbecombinedto producemore
sophisticatedexamples.Weconsiderproductdatamanifoldsof thetype

(M;g) = (Sn1;g1) � : : : � (Snk;gk); (4)

whereeachfactor(Sn j ;g j) is a unit sphereof dimensionn j with its standardmetricg j . For a point
x = (x1; : : : ;xk) 2 M andtangentvectorsX = (X1; : : : ;Xk);Y = (Y1; : : : ;Yk) 2 TxM wehave

gx(X;Y) =
k

å
j= 1

g j
x j
(Xj ;Yj):

TheRiemannianvolumeform of theproductis givenin local coordinatesby

w =
k

Õ
j= 1

q
det(g j) =

k̂

j= 1

w j ;

wherew j denotesthe volume form of the jth factor. On the productmanifold M, we consider
classi�erswhichareproductsof hemispheres,thatis,C = C1 � : : : � Ck, wheretheC j = Sn j arethe
individual setsof hemispheresde�ned in Section3 andaclassi�er c 2 C is givenby

c : M !
�

2; c(x) :=
�

1 : hx;c j i � 08 j
0 : otherwise

:

Dueto thesimplicity of theproductstructure,wearriveat thefollowing formulafor thegeneraliza-
tion metric:

Proposition 5 For productsof hemispheresc1;c2 2 C,

dG(c1;c2) =
1

2k� 1

 

1�
1
pk

k

Õ
j= 1

(p � d j(c1
j ;c

2
j ));

!

whered j is thegeodesicdistanceonSn j .

Proof Sinceeachcomponentof aclassi�er is ahemisphere,

Vol(c1
j \ c2

j ) = Vol(Sn j )
p � d j(c1

j ;c
2
j )

2p
:

Furthermore,thevolumeof aproductof suchhemispheresis givenby

Vol(c1) =
k

Õ
j= 1

Vol(c1
j ) =

k

Õ
j= 1

Vol(Sn j )

2
=

Vol(M)

2k :

Insertingthis into
Vol(D(c1;c2)) = Vol(c1)+Vol(c2) � 2Vol(c1 \ c2)

whereD(c1;c2) denotesthedisagreementarea,yieldstheproposition.

This leadsto theextendedsphericalsimplex algorithm:
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Definition 6 (Extended simplex algorithm)

1. Specifysomemaximaledge lengthe> 0 asterminationcriterion. For each factorSn j , create
aninitial simplex usinga randomorthogonalmatrixwhosecolumnsareinterpretedasa basis
for � n j + 1. Thisresultsin a productSof equilateral simplices.

2. Find oneof theedgesof maximallengthof each factor of thecurrent simplex productS. If
all the respectivelengthsare lessthan e, go to step7. Otherwise, computethe midpoints
m1; : : : ;mk.

3. Computethecorrespondingunit normalsu j .

4. Askfor thelabelsl j of u j . If l j = 0, replaceu j by � u j .

5. Replacetheold simplex productSby theproductof thepartsin directionof u j .

6. Repeatwith step2.

7. For each factor, computeits centerof massc j , and return (c1; : : : ;ck) 2 S as the learned
classi�er.

In parallel to the caseof a single sphere,the minimization of maximal edgelengthsforces
convergence.Note,thatif k denotesthenumberof factorsin theproductof spheres,thenk training
pointsareneededto carry out oneiterationof the algorithm. The worst casegeneralizationerror
aftereachstepis boundedasfollows.

Proposition 7 If S is thecurrentproductsimplex fromtheextendedsimplex algorithm(seeDe�ni-
tion 6) with maximaledge lengthsd1; : : : ;dk of its factors,andc 2 Ssomeclassi�er,

dG(c� ;c) �
1

2k� 1

 

1�
1
pk

k

Õ
j= 1

(p � d j)

!

:

This boundis tight and attainableif we allow any elementof the version spaceto be the learned
classi�er.

Proof In analogyto thecaseof asinglesphere,this follows from proposition5.

Thecomplexity estimatefor oneiterationof theextendedsimplex algorithmis

O((n1 +1)3 + : : :+(nk +1)3):

Here,n1; : : : ;nk denotethe dimensionsof the k individual factorsof the productdataspace.This
estimatecanbe deduceddirectly from the complexity analysisof the simplex algorithmgiven in
AppendixA.
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Products combined with isometries. We now apply the isometriesdiscussedin Section4 to
productmanifolds.For eachfactorin Equation4, wemaychooseoneof stereographicor gnomonic
projection.

Mn1+ ...+ nk = Sn1 � : : : � Snk;
f1 # : : : # fk

� n1+ ...+ nk = � n1 � : : : � � nk:

This resultsin productdensitieson � n = � n1+ ...+ nk, representedby thevolumeform

w =
k

Õ
j= 1

w j

with factorsw j givenby either

w j
x =

2n j

(1+kxk2)n j
dx1 ^ : : : ^ dxn j

(stereographicprojection)or

w j
x =

1

(1+kxk2)
nj + 1

2

dx1 ^ : : : ^ dxn j

(gnomonicprojection). Similarly, theprojectedseparatinghypersurfacesareproductsof the indi-
vidualprojections.Onecouldnow goonto producemanymorefamiliesof compatibledensitiesby
workingwith differentcharts,but insteadwe turnourattentionto animportantspecialcase.

The n-torus. A particularcaseis thegnomonicprojectionof then-torus

Tn = S1 � : : : � S1
| {z }

n factors

;

whichyieldsascaledversionof theCauchy distributionon � n:

wx =
n

Õ
i= 1

1
1+x2

i
dx1 ^ : : : ^ dxn:

Here,we take S1 to be the unit circle which resultsin Tn having total mass(2p)n. Sincethereis
onecircle S1 peraxis,theprojectedclassi�ersareaxisparallel corners in � n. Oneiterationof the
algorithmconsumesn labeleddatapoints,becauseTn is madeup of n individual factors.At each
stepof the extendedsimplex algorithm,the versionspaceis a hypercubeof equaledgelength l .
Therefore,we do not needto compareedgelengths.Onestepresultsin halvingall theedges,and
thevolumeis dividedby 2n. Hence,if Vi denotesthevolumeafteri iterations,wehave

Vi =
p

2in :

In analogy, themaximalgeneralizationerrorGi of thecenterof massclassi�er afteri stepsis given
by

Gi =

p
np
2i :

Thus,weobservean exponentialdecreasein volumeandin thetight upperboundfor thegeneral-
izationerror.
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6. Aspherical Data Manif olds

Up to now, our methodsapply only to suchdatamanifoldswhich are isometric to productsof
subsetsof unit spheres.We now loosenthis assumptionby lookingat all orientedRiemanniandata
manifoldsM whichadmitanorientationpreserving2 diffeomorphism

F : M ! Sn;

that is, F is a smoothbijective mapwhich hasa smoothinverse. The Riemannianvolumeform
belongingto themetricg onM inducesavolumeform ew onSn which,in general,is notequalto the
sphericalvolumew. Moreprecisely,

ew = f w

with somesmoothpositive scalingfunction f : Sn ! � + . Note thatall volumeforms(or smooth
positivedensities)onSn canbewritten in this form. This resultsin theformula

dG(c1;c2) :=
1

fVol(Sn)

Z

D(c1,c2)
f w

for the generalizationmetric. An illustation of a non-uniformdensityon the sphereis given in
Figure4 in Section8 wherethereaderalso�nds empiricalresultsfor this case.

Concerningthesetof admissibleclassi�ers,let uskeeptheassumptionthattheF -imageof the
datais separableby hemisphereclassi�ers.If weknow thatthetrueclassi�er c� lies in somesubset
S� Sn theworstcasegeneralizationerrorof someclassi�er c 2 Sis boundedfrom aboveby

dG(c;c� ) � sup
ec2S

dG(ec;c� ):

Therefore,thesimplex algorithm(seeDe�nition 2) will still converge,asit reducesanupperbound
of thegeneralizationerror. Its rateof convergencewill dependon thepropertiesof thedensity.

Nevertheless,we can force a simple upperboundby assumingthe deviation of the induced
volumeform from sphericalvolumeto besmall:

sup
x2Sn

j1� f (x)j < e:

This implies

Proposition 8 Letw bethecanonicalvolumeformof Sn. Denotebyd eG thegeneralizationdistance
inducedby the scaledvolumeform ew = f w where f : Sn ! � + is somepositivesmoothscaling
function.If supx2Sn j1� f (x)j < e for somee> 0 then

d
eG(c1;c2) �

(1+e)Vol(Sn)

p fVol(Sn)
d(c1;c2);

where d is thecanonicalgeodesicdistanceof Sn. In this formula,Vol(Sn) :=
R

Sn w and fVol(Sn) :=R
Sn ew denotethevoluminaof Sn with respectto w and ew := f w.

2. A mapbetweenorientedRiemannianmanifoldsis orientationpreservingif its functionaldeterminantis positive.
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Proof Usingthede�nition of thegeneralizationdistancein Equation2 andapplyingproposition1,
wecompute

d
eG(c1;c2) =

1
fVol(Sn)

Z

D(c1,c2)
f w

�
1

fVol(Sn)

Z

D(c1,c2)
(1+e)w

=
(1+e)Vol(Sn)

fVol(Sn)
dG(c1;c2)

=
(1+e)Vol(Sn)

p fVol(Sn)
d(c1;c2):

Insertingtheaboveupperboundinto proposition3 weobtain

Proposition 9 Let Sbethecurrentsimplex fromthesimplex algorithm(seeDe�nition 2) with ver-
ticesv1; : : : ;vn+ 1 2 Sn, andc 2 S� Sn an arbitrary classi�er, not necessarilythecenterof mass.If
c� 2 Sn denotestheunknowntrueclassi�er, thegeneralizationerror of c is boundedby

d
eG(c;c� ) �

(1+e)Vol(Sn)

p fVol(Sn)
max

i, j
d(vi ;v j);

whered(vi ;v j) denotesthesphericaldistanceof thevertices.

Theusefulnessof theabovepropositiondependsonhow muchthescaledvolumeform f w deviates
from thecanonicalsphericalvolumew. In thecaseof then-torus,thesameargumentsasgivenat
theendof Section4 yield anexponentialdecreaseof thevolumeof theversionspaceaswell asof
the upperboundfor the generalizationerror—regardlessof the data densityunderconsideration.
Theonly differenceis thenewly introducedconstante which mayaffect theabsoluteratebut not
thefunctionalform of convergence.

7. Linear Classi�ers without Bias

We now returnto thecaseof linearclassi�erson theEuclideanspace� n which commonlyappear
in themachinelearningliterature.Thecorrespondingseparatinghypersurfacesarelinearsubspaces,
thatis, hyperplanesthroughtheorigin, of � n.

ConsiderthedataspaceM = � n. Then,thesetC of linear classi�ers withoutbiasconsistsof
maps

c : � n !
�

2; c(x) :=
�

1 : hx; pi � 0
0 : hx; pi < 0

;

wherep 2 Sn is theunit normalvectorof anoriented(n� 1)-dimensionalplanethroughtheorigin.
Therefore,we canidentify C with theunit n-sphere,C = Sn. In the following, we usec to denote
both,theclassi�er andits correspondingunit normal.
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Considersomedatadensity f : � n ! � . Sincethe origin is alwaysclassi�ed as+1 by all
classi�erswemayremove it from thedataspace,andtheremainingdataspaceis givenby

M = � n nf 0g:

Usingpolarcoordinates(s; r), wecanwrite M astheproduct3

M = Sn� 1 � � + ; s=
x

kxk
; r = kxk:

For a givens 2 Sn� 1, we will call thesubsetFs := f (s; r) j r > 0g the �ber over s. Sincethedata
is assumedto beseparableby at leastoneelementof C any two pointsbelongingto thesame�ber
have thesamelabel.

TheareaD(c1;c2) of disagreementbetweentwo classi�ersc1;c2 is givenby

D(c1;c2) = f (s; r) 2 M j hc1; rsihc2; rsi < 0g = f (s; r) 2 M j hc1;sihc2;si < 0g:

Thegeneralizationdistanceis givenby

dG(c1;c2) =
Z

D(c1,c2)
f dx =

Z

f s2Sn� 1 j Fs� D(c1,c2)g

� Z

Fs

f (s; :)dr
�

ds; (5)

wheredx, dr, ds denotethe canonicalvolume forms on � n, Fs, and Sn� 1. It may happenthat
different�bers Fs havedifferentmassin thesensethat

Sn� 1 ! � ; s7!
Z

Fs

f (s; :)dr

is anon-constantfunction. If we ruleout thiscaseweendupwith thefollowing proposition:

Proposition 10 Thegeneralizationdistanceof anytwo linear classi�ersc1;c2 is givenby

dG(c1;c2) =
l
p

d(c1;c2);

whered(c1;c2) = arccoshc1;c2i is thegeodesicdistanceonSn, if andonly if the�ber massis equal
to a positiveconstant, Z

Fs

f (s; :)dr = l > 0 8s2 Sn:

Proof This followsby applyingproposition1 to Equation5.

Thepreconditionof proposition10 doesnot assumethat thedensity f is rotationallyinvariant
on � n+ 1. Instead,it assumestheaccumulateddensityto beinvarianton thesphere.Linearclassi�-
cationproblemsonnon-constantdensitieswhichful�ll thisconditionmapto classi�cationproblems
with hemisphereclassi�ersfor theuniform densityon thesphere.Consequently, all resultsderived
for thesphericalsimplex algorithm(seeDe�nition 2) apply, includingthehardupperboundsonthe
generalizationerror. In particular, wededucethefollowing resultfrom Proposition3

3. Weusetheconvention � + := f r 2 � j r > 0g.
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Proposition 11 If S is thecurrentsimplex fromthesimplex algorithm(seeDe�nition 2) with ver-
ticesv1; : : : ;vn+ 1 2 Sn, c� denotestheunknowntrueclassi�er andc 2 Sanarbitrary classi�er,

dG(c� ;c) � l max
i, j

d(vi ;v j) = l max
i, j

arccoshvi ;v j i :

As in Proposition10, l > 0 denotesthe �ber mass.Thisboundis tight andattainableif weallow
anyelementof theversionspaceto bethe learnedclassi�er. Moreover, if c 2 Sdenotesthecenter
of mass,then

dG(c� ;c) � l max
i

d(c;vi) = l max
i

arccoshc;vi i :

is a tight andattainableupperboundfor thegeneralizationerror.

Relation to SVM methods. Proposition10alsoshedsnew light onsomeactivelearningstrategies
thatuseSupportVectorMachines(SVM). A SVM classi�er canbeinterpretedasanapproximation
of the centerof the largest inscribablehypersphereof the versionspaceon Sn� 1 (seeHerbrich,
2002).Let usdenotethiscenterby p� 2 V � Sn� 1, whereV � Sn� 1 is theversionspace(aspherical
polytope,seeSection3) on thehypersphere.

TongandKoller (2001)arguethat,despiteits dependenceon theparticularshapeof theversion
space,thecenterof themaximalinscribablehypersphereoftenliescloseto “the centerof theversion
space”.Motivatedby theseinsights,they proposethe following pool-basedstrategy for selecting
anunlabeleddatapoint x 2 Sn� 1 to belabeled:Choosex suchthatthe(spherical)distancefrom the
(n� 2)-dimensionalgreatsphere

X := f s2 Sn� 1 j hx;si = 0g

to p� is minimal. After thedatapointx is labeled,theversionspacewill becut into two piecesalong
thegreatsphereX � Sn� 1. Thegoalof thisstrategy is to reducethevolumeof thesphericalpolytope
V asquickly aspossible.Similar strategiescanbe found in Warmuthet al. (2002). Up to now, a
closedformula for the volumeof a n-sphericalsimplex is not known, not to speakof polytopes,
hence,thereis nowayof computingtheexactvolumeof aversionspaceonahypersphere.Werefer
to Milnor (1994)for a detaileddiscussionof this topic. Nevertheless,Monte-Carlomethodscanbe
appliedto obtainvolumeestimates.

Proposition10cannow beapplied.TheSVM algorithmworkswith theEuclideanscalarproduct
on � n, andthereforeimplicitly assumesthecanonicalRiemannianmetricandvolumeform on the
unit sphere.Proposition10tellsusthattheSVM approximationis theoreticallyjusti�ed if andonly
if thegivendatadensityinduces(up to aconstantfactor)theuniformdensityon thesphere.

8. Experimental Results

The following resultswere obtainedfrom a C++ implementationof the simplex algorithm (see
De�nition 2). The numericallymostsensitive operationof the algorithmis the computationof a
normalvectoru 2 Sn to thehyperplaneH � � n+ 1 whoseintersectionI = H \ Sn with Sn cutsthe
currentsimplex Sinto two pieces.In higherdimensions,sayn > 50,

Z

Snnf x2Sn j d(x,I )<dg
w
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becomesvery smallevenfor smallvaluesd > 0.4 This means,nearlyall themassof Sn is concen-
tratedwithin a thin tubeof radiusd aroundI , which makesit hardto computenormalvectors.We
avoid numericalproblemsby usingthefollowing procedure:

1. Selectthebasisof H givenby themidpointof thelongestedgeandall verticesof thesimplex
excluding the endpointsof the longestedge. Constructa correspondingorthonormalbasis
usingthemodi�ed Gram-Schmidtalgorithm(seeMeyer,2000).

2. Chooserandompointsx 2 Sn until theprojectedlength
p

å ihx;hi i , wherehi aretheorthonor-
malbasisvectorsof H, is lessthanagivenconstante< 1.

3. Usex to constructaunit vectorwhich is orthogonalto all basisvectorshi .

In orderto testtheperformanceof thesimplex algorithmon spheresof differentdimensionsa
seriesof numericalexperimentswasconducted,wherethefollowing quantitiesweremeasured.

Maximal edge length: If (v1; : : : ;vn+ 1) denotetheverticesof thecurrentsimplex Sof thesimplex
algorithm,themaximaledgelength

max
i, j

d(v1;v j)

is anupperboundonthegeneralizationerror, regardlesswhichpointof thesimplex is chosen
asthelearnedclassi�er.

Maximal distance from center of mass: Let c 2 Sdenotethecenterof massof S. Thenthemaxi-
maldistancebetweenc andany otherclassi�er from Sis givenby

max
i

d(c;vi):

Thisyieldsa tight upperboundon thegeneralizationerrorif wechoosethecenterof massas
thelearnedclassi�er.

Approximate generalization error for the center of mass classifier c: Weestimatedthegeneral-
izationerrorof c usingtheempiricalaverageof theindividualerrorsfor 50,000randomlyse-
lected“test” datapoints.Testdataweresampled(i) from auniformdensityonthesphereand
(ii) from anasphericaldensitywith two distinct “clusters”at oppositepoles.Theaspherical
densitywasconstructedby mappingtheuniformdistribution from anopenparametercuboid
ontothesphereusingn-sphericalcoordinates.

Figure4 illustratesthe relationbetweena sampledrawn from this densityon the sphereS2

and its stereographicprojectiononto the plane � 2. Densitiesof this kind are typical for
binaryclassi�cationproblems.Any densitywith two peaksat p1; p2 2 � n canbe identi�ed
with a densityon Sn with peaksat oppositepoles: Firstly, we apply a translationto move
themidpointof theline p1 p2 to theorigin. Thenwe usea rotationto placep1; p2 on thex1-
axis. After a scaling,p1 = (� 1;0; : : : ;0) andp2 = (+1;0; : : : ;0). Now inversestereographic
projectionwill mapthepeaksontooppositepoles.

4. For acomprehensivediscussionof theseeffectswe referto Gromov (1999).
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Figure4: A datasamplefrom adensitywith two peakson � 2 (left) andS2 (right). Thedatapoints
on theplanearethestereographicprojectionsof thepointson thesphere.On S2, thetwo
peaksarelocatedatoppositepoles.

Theabovequantitieswerecomputedfor eachstepof thesimplex algorithm.Averagesandvariances
werecalculatedfor 1,000simulations,andaverageswerenormalizedto lie within theinterval [0;1].
For every simulation,a trueclassi�er wasdrawn from theuniform distribution on thesphere.Fig-
ures5 and6 show theresultinglearningcurvesfor thespheresS9 � � 10, S29 � � 30;S49 � � 50, and
S79 � � 80. Theaveragemaximaledgelengthasa functionof thenumberof selectedtrainingdata
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Figure5: LearningcurvesonS9 � � 10 (left) andonS29 � � 30 (right). The�gures show theaverage
maximaledgelength(uppersolid line), theaveragemaximaldistancefrom thesimplex's
centerof mass(upperdashedline), and the averageapproximategeneralizationerrors
for the uniform (lower dashedline) and aspherical(lower solid line) datadensitiesas
a function of the numberof selectedtraining examples. Error barsindicatevariances,
however, only theapproximategeneralizationerrorfor theasphericaldatadensityshows
large�uctuationsbetweensimulationruns.Proposition4 yieldsthebounds9 � k9 � 45
and29 � k29 � 435 for the numberk of stepsneededbeforethe maximaledgelength
startsto droponS9 andS29.
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Figure6: Learningcurves on S49 � � 50 (left) and S79 � � 80 (right). For detailsseelegendof
Figure5. Proposition4 yieldsthebounds49 � k49 � 1225and79 � k79 � 3160for the
numberk of stepsneededbeforethemaximaledgelengthstartsto droponS49 andS79.

showsaninitial plateau,until thevaluesbegin to decreasein anapproximatelyexponentialfashion.
The lengthof the plateauincreaseswith the dimensionalityof the sphereandis a direct resultof
Proposition4. Theaveragemaximaldistancefrom thecenterof massrisesinitially (seeFigure7
for a magni�ed versionof the initial segmentof the learningcurve), until a suddendrop occurs,
again followedby a roughlyexponentialdecrease.This canbeexplainedasfollows. Thesimplex
algorithmis initialized with an equilateralsimplex. During the �rst learningsteps,the centerof
massmovestowardsthoseverticeswhoseadjacentedgesarecut already. This resultsin a slight
increaseof themaximaldistanceof theverticesfrom thecenterof mass.Thesimplex becomesa
“thin pyramid” with smallbase,andthe following drop in theplots thencorrespondsto a cut of a
line connectingtheapex to thebase.Theratio betweentheedgesconnectingtheapex to thebase
andtheedgeswhich arecontainedwithin thebaseis givenby 2

n� 1 , wheren is thedimensionality
of the sphere. Sincethis numbertendsto zero for n ! ¥ the suddendrop disappearsin higher
dimensions.
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Figure7: Initial learningcurvesonS9 � � 10 (seeFigure5, left), now plottedona linearscale.For
detailsseelegendof Figure5.
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If thedatais drawn from thesphericaldistribution,theapproximategeneralizationerrorchanges
smoothlywith the numberof selectedtraining data,andits varianceis very small. For datadis-
tributedaccordingto the aspherical(two cluster)density, the averageapproximategeneralization
error is similar, but the varianceincreasesdramatically. Nevertheless,the numericalexperiments
show thatthesphericalsimplex algorithmperformswell evenin thecaseof non-uniformdensities.

Experimental results on product manifolds. So far, we restrictedthe experimentsto single
spheresinsteadof products,becausethesimulationof theextendedsimplex algorithmon

M = Sn1 � : : : � Snk;

is equivalentto theparallelexecutionof severalcopiesof thebasicalgorithm.Nevertheless,it might
beinterestingto considerthespecialcaseof then-torusTn (seeSection5):

Tn = S1 � : : : � S1
| {z }

n factors

:

The productstructureof the torus re�ects the fact that datais distributed independentlyon each
factor. For thestandardproductdensityon Tn, volumeanddistancescanbecomputedexplicitly.
Therefore,we consideronly thenon-uniformcase.We considera von Misesdensity(seeDevroye,
1986)on theunit circle:

f : S1 = � =2p ! � ; f (x) =
exp(k cos(x� µ))

2pI0(k)
:

with centerµ 2 [0;2p] andwidth k � 0. ThesymbolI0 in theequationabove denotesthemodi�ed
Besselfunctionof the�rst kind of orderzero.A techniquefor simulatingthevonMisesdistribution
canbe found in BestandFisher(1979). In orderto obtaina densitywith two peakson opposite
polesof the circle, we superimposetwo copiesof f with µ = 0 andµ = p. This constructionis
appliedto every factorS1 of thetorusTn = S1 � : : : � S1.

We implementedtheextendedsimplex algorithmon then-torus. Dueto theproductstructure,
numericalproblemslike thosedescribedat the beginning of Section8 do not arise. For the case
n = 2, thetoruscanbeembeddedinto � 3 using

S1 � S1 ! � 3; (s;t) 7!

0

@
(2+cost)coss
(2+cost)sins

sint

1

A :

Usingthismapping,wecanvisualizetheiterationsof theextendedsimplex algorithmonvonMises
distributeddata. Figure8 shows a datasampleaswell asseveral iterationsof the algorithmon
theembeddedtorus.Figure9 depictsthestereographicprojectionof a sampledrawn from thevon
Misesdistribution togetherwith theprojectedclassi�er in � 2.

Finally, we conductedexperimentson then-torusin orderto obtainlearningcurvesanalogous
to thoseon the n-sphere.As wasshown in Section5 distancesandvoluminaon the n-toruscan
becomputedexplicitly provided thedatadensityis uniform. Therefore,we focuson theapproxi-
mal generalizationerrorfor datadistributedaccordingto themodi�ed von Misesdensitydescribed
above. Theapproximationwasdoneby evaluatingtheperformanceof theclassi�er on a datasam-
ple of 50,000testpointsafter eachtraining step. The resultingvalueswereaveragedover 1,000
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Figure8: The extendedsimplex algorithmon the 2-torus. The large dot on the upperpart of the
torusrepresentsthetrueclassi�er. Smalldotsdepictpositively (light gray)andnegatively
(dark)classi�edpointsdrawn from themodi�ed vonMisesdistribution. Themeaningof
the nestedregionsis the following (light to dark): positively classi�ed areaof the true
classi�er, versionspaceafter initialization (steponeof theextendedsimplex algorithm),
versionspaceafter�rst iteration,versionspaceafterseconditeration.

Figure9: The imageof a datasamplefrom two superposedvon Misesdistributionson the two-
dimensionaltorusunderthe stereographicprojection(de�ned in Section4) to � 2. The
blacksquarerepresentstheprojectedclassi�er. Light dotsareclassi�ed positively, dark
dotsnegatively.
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Figure10: Learning curves on the 5-dimensionaltorus (left) and on the 10-dimensionaltorus
(right). The �gures show the averageapproximategeneralizationerrorsfor the mod-
i�ed vonMisesdensityasafunctionof thenumberof selectedtrainingexamples.Since
thevariancesarealmostzero,they arenot includedin thediagram.

simulations.For every simulation,a trueclassi�er wasdrawn from theuniform distribution on the
torus.Theresultinglearningcurvesfor dimensionsn = 5 andn = 10areshown in Figure10.

Dueto theproductstructureof thetorus,voluminaof rectangularsubsetsaregivenby theprod-
uctsof their sidelengths.For higherdimensions,thevolumeof the initial versionspacebecomes
verysmall.Therefore,theinitializationof theextendedsimplex algorithmyieldsaclassi�er whose
error is by far smallerthanthe averagegeneralizationerror of its sphericalcounterpart.This ef-
fect re�ects thestatisticalindependenceof thedatawhich makesthelearningtaska lot easier. For
dimensionsn > 15, the initialization of thealgorithmaloneprovidesa classi�er with almostvan-
ishingaveragegeneralizationerror. As thecurvesdepictedin Figure10 show theerrordecreases
exponentially.

9. Conclusion

In this contribution we provided exact upperboundsfor the generalizationperformaceof binary
classi�ers. In orderto do so,we usedan active learningschemefor modelselection,andwe de-
signeda constructive methodwhich reducessucha boundby successive subdivisionsof a version
space.

The algorithm was �rst formulatedfor the genericcaseof a binary classi�cation problem,
wheredataliesonan-dimensionalhypersphereandwherebothclassesareseparableusing(n� 1)-
dimensionalgreatspheresasclassi�ers.Wederivedtight upperboundsfor thecasethatthedensity
of datais constant(cf. Proposition3) aswell asfor cases,whereat leastan upperboundof the
deviation from theconstantdensityis known (cf. Proposition9).

Wethenshowed,usingtheconceptof isometries,thatabovementionedresultsarenot restricted
to hypersphericaldataspaces.We showedthat if a dataspacecanbemappedonto (a subsetof) a
hypersphereusingan isometry, theconstructive active learningmethodcanbeappliedandPropo-
sitions3 and9 remainvalid andcanbeusedto calculatethebound.In particular, theconstructive
algorithmcanbe appliedto linear classi�cation in the widely usedEuclideandataspace� n, and
thecorrespondingboundshold. A furtherextensionto binaryclassi�cationon productsof spheres
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is straightforward. As a simpleexample,we consideredbinaryclassi�cationon productsof circles
andprovedtheexponentialdecreaseof theupperboundfor arbitrarydensities.Usingisometrieswe
showedthat this problemcanbemapped,for example,ontoa binaryclassi�cationproblemin � n

with axis-parallelhypercubeclassi�ersfor which thesameexponentialdecreaseholds.
Thetheoreticalresultswereillustratedusinga numberof classi�cationtasksusing�at aswell

asnon-constantdensities,andthederivedboundswerecomparedwith theclassi�cationerroron a
testsetasa standardmethodfor assessingpredictionquality. Sinceour focuslies on a theoretical
analysisof active learningmethods(the constructive methodsbeing a vehicle of this analysis),
an empiricalevaluationandapplicationsof the proposedalgorithmto real world problemsareof
secondimportancehere. Still, a few commentscanbe made. The computationalcomplexity of
the methodis O((n+ 1)3) wheren is the dimensionof the hypersphere,hencethe methodworks
in practice.Empirically, it alsoprovidesgoodresultsfor non-constantdensities.Themaincurrent
limitation, however, is therestrictionof themethodto separableclassi�cationproblems.
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Appendix A.

Thepurposeof this appendixis to give a moredetailedanalysisof thecomplexity of thesimplex
algorithm(seeDe�nition 2) aswell asaproofof Proposition4.

Complexity analysis. We�rst considersteptwo. Theedgelengths

d(vi ;v j) := arccos(hvi ;v j i );

betweenverticesvi ;v j of thesimplex mustbecomputedin orderto determinewhich edgeis to be
cut next. To reducethe numberof scalarproductsthat actuallyneedto be evaluatedwe keepa
recordof all edgelengthsof thecurrentsimplex. After step2, thecurrentsimplex is cut by a plane
throughthemidpointm of someedge(a;b). Assumeb getsthrown out. Thenall n(n� 1)

2 edgesof
thefacetoppositeto b stayuntouched.Further, thelengthof thenew edge(a;m) is onehalf of the
lengthof (a;b). It is left to computethe lengthsof all otheredgesthat containm. Therefore,we
needto compute

n(n+1)

2
�

n(n� 1)

2
� 1 = n� 1

scalarproductsof vectorsin � n+ 1 whichgivesusanadditive termof orderO(n� 1). In stepthree,
one hasto apply an orthonormalizationprocedure.The modi�ed Gram-Schmidtalgorithm (see
Meyer, 2000)givesusanothersummandO((n+ 1)3). Sincethecomputationalcomplexity of the
otherstepsis negligible we obtainO((n+ 1)3) asa roughcomplexity estimatefor one iteration
of the simplex algorithm(seeDe�nition 2). Stepsoneandseven areperformedonly once. The
initialization by choosinga randomorthogonalmatrix canbe implementedby usinganalgorithm
of Stewart (1980). Thecomplexity of this algorithmis O(n2) plus the time neededfor generating
n pseudo-randomvectorsaccordingto the standardnormaldistribution. The computationof the
centerof massin stepseven amountsto addingup all vertex vectorsof the currentsimplex and
normalizingtheir sumto lengthone.Hence,O((n+1)3) is acomplexity estimatefor the�nal step.
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Wenow restateandproveProposition4 from Section3:

Proposition 12 Let Sbethe initial equilateral simplex fromthesimplex algorithm(seeDe�nition
2). Let k 2 � bethenumberof stepsneededuntil themaximumof theedge lengthsdrops.Then

n � k �
n(n+1)

2
;

andtheseboundsare tight andattainable.

Proof Theproofconsistsof four steps:
1. n is a lowerbound:Assumek � n� 1 anddo k iterationsof thealgorithm.Sincethedegree

of eachvertex is n, eachvertex of theinitial simplex is endpoint of anedgeof full length.Thus,if
oneof theseinitial verticesis containedin thenew subsimplex, thesubsimplex containstheadjacent
edgeof full length,too. Thek � n� 1 subdivisionshave createdat mostn� 1 new vertices.Thus,
thenew subsimplex containsat leasttwo verticesof the initial simplex. Hence,its maximaledge
lengthis still p

2 .
2. Thelowerboundis tight: Choosesomevertex e. Subdivideall n edgesadjacentto eandkeep

the subsimplex containingthe vertex e. All edgesstartingfrom e now have length p
4 . The angle

enclosedby any two edgesat e is p
2 . Now the sphericallaw of cosinestells us that all edgesnot

adjacentto ehave length p
3 . This impliesthattheconstructedsubsimplex realizesthelowerbound.

3. n(n+ 1)
2 is anupperbound:This is clearsincen(n+ 1)

2 is thenumberof edgesof thesimplex.
4. Theupperboundis tight: This is clearfor n = 1.

Theinductionstep(n� 1) ! n goesasfollows: Use n(n� 1)
2 stepsto subdivide a facetF of the

simplex. Thenall edgescontainedin F areshortened,while the n edgesconnectingF with the
oppositevertex e still have full length. Now subdivide the connectingedges,andalwayschoose
thesubsimplex which containse. In this case,e is theonly commonvertex belongingto thenewly
subdividededgeandtherestof theedgesof full length. Hence,in eachof theselastn steps,only
oneedgelengthis reduced.An illustrationof thiscaseis shown in Figure11.

Appendix B.

Thepurposeof this appendixis to introducesomedifferentialgeometricnotionsusedin themain
text. For acomprehensive treatiseof Riemannianmanifoldswereferto Gallotetal. (1990).

A manifoldM is a generalizationof Euclideanspace� n. It is coveredby coordinatecharts,
that is, bijective mapsu : U ! � n, whereU � M is an opensubset.The inverseof u is calleda
parametrization. For ourwork, themostimportantexampleof amanifoldis then-sphereSn = f p 2

� n+ 1 j kpk = 1g. It canbecoveredby two charts,stereographicprojectionfrom thenorthandsouth
pole. Anothersystemof chartsis givenby thegnomonicprojections.Both arediscussedin detail
in Section4.

At eachpoint p 2 M, themanifoldis approximatedby its tangentspaceTpM, whichgeneralizes
the tangentof a smoothcurve. In the caseof Sn, the spaceTpSn canbe identi�ed with the linear
subspace

TpSn = f X 2 � n+ 1 j hp;Xi = 0g:
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1

3

2

e

a

c

b

Figure11: The�gure shows a subdivision of a sphericalsimplex on S3 � � 4 understereographic
projection(seeSection4). The initial simplex, a tetrahedron,is (a;b;c;e). All of its
edgeshavesphericallengthp

2 . After threeiterations,indicatedby theirmidpoints1;2;3,
thesubsimplex with edgesdrawn in bold facestill containsthreeedges(thosestarting
from vertex e) of full length.

A Riemannianmetric is a choiceof a scalarproductgp for eachtangentspaceTpM. Thepair
(M;g) is calleda Riemannianmanifold. ThecanonicalRiemannianmetricof Sn is givenby there-
strictionof theEuclideanscalarproducton � n+ 1 to thesubspaceTpSn. Givensomeparametrization
f : � n ! U � Sn � � n+ 1 of asubsetU of thesphere,thematrix representationof g is computedby

gi j = h
¶f
¶xi

;
¶ f
¶x j

i ;

whereh; i denotesthe Euclideanscalarproducton � n+ 1. We usethis equality in Section4 to
computethemetricin stereographicandgnomoniccoordinates.

Let M;N bemanifoldsof dimensionsdimM = manddimN = n. Let p2 M besomepoint in M.
A map f : M ! N is calledsmoothat p if therearechartsu : M � U ! � m, v : N � V ! � n with
p 2 U, f (p) 2 V suchthat the compositionef = v� f � u� 1 : � m ! � n is in�nitely differentiable
in theusualsense.We denoteby d f : TpM ! Tf ( p)N thetotal differentialof f at p. Themap f is
calledsmoothif it is smoothatall pointsof M.

A smoothbijective map f : (M;g) ! (N;h) with smoothinverseis calleda diffeomorphism. If
f additionallypreservesthemetric,

gp(X;Y) = hf ( p)(d f (X);d f (Y));

wecall f anisometry.
Givenametricg wecanmeasurethelengthof acurveg: [a;b] ! M by integratingthenormof

its tangentvector:

L(g) =
Z b

a
k�g(t)kdt =

Z b

a

q
gg(t)(�g(t); �g(t))dt:

Thegeodesicdistanced(p;q) of two pointsp;q 2 M is de�ned to bethein�mum of lengthsof all
curvesjoining p with q. Theminimizingcurvesarecalledgeodesics. In themajorityof cases,there
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is noexplicit formulafor d(p;q). Nevertheless,in thecaseof Sn with its canonicalmetricit is given
by d(p;q) = arccos(hp;qi ). Here,thegeodesicdistanceis realizedby segmentsof greatcircles.

For eachRiemannianmetricg, thereexistsa correspondingRiemannianvolumeform w given
in local coordinatesu = (u1; : : : ;um) : M � U ! � m by

w =
p

det(g)du1 ^ : : : ^ dun:

This canbeviewedasa scaledversionof thedeterminantthatdependson thebasepoint. Usinga
coordinatechartu, thevolumeof asubsetA of M is givenby

Volg(A) =
Z

A
w =

Z

u(A)

p
det(g)du;

wheretheintegrationon theright handsideis performedin � n.
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