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Abstract

We introducea computationallyfeasible,“constructive” active learningmethodfor binary classi-
cation. Thelearningalgorithmis initially formulatedfor separablelassi cation problems,for
a hypersphericatlataspacewith constantdatadensity andfor greatspheresasclassi ers. In or-
derto reducecomputationatompleity the versionspaceis restrictedto sphericalsimplicesand
learningprocededy subdviding the edgesof maximallength. We show that this procedureop-
timally reducesa tight upperboundon the generalizatiorerror. The methodis thenextendedto
otherseparablelassi cationproblemsusingproductsof spheressdataspacesandisometriesn-
ducedby chartsof the sphere. An upperboundis provided for the probability of disagreement
betweenclassi ers (hencethe generalizatiorerror) for non-constantlatadensitieson the sphere.
Theemphasi®f thiswork lies on providing mathematicallyexactperformancestimatedor active
learningstrateies.

Keywords: active learning,sphericaksubdvision, errorbounds simplex halving

1. Intr oduction

Active learningmethodsseeka solutionto inductive learningproblemsby incorporatingthe selec-
tion of training datainto thelearningprocessin theseschemesthe labelingof a datapoint occurs
only afterthealgorithmhasexplicitly askedfor thecorrespondindabel,andthegoalof the“active”
dataselectionis to reachthe sameaccurag asstandardpassie” algorithms—Ioit with lesslabeled
datapoints. In mary practicaltasks,the acquisitionof unlabeleddatacan be automatedwhile
the actuallabelingmustoften be doneby humansandis thereforetime consumingandcostly. In
thesecasesactive learningmethods—whichusuallytradelabelingcostsagainstthe computational
burdenrequiredfor optimaldataselection—caibe a valuablealternatve.

Therearetwo approache$o active learning. So-calledquery Itering methodgFreundetal.,
1997;Opperet al., 1992) operateon a given pool of unlabeleddataand select—atevery learning
step—a‘mostinformative” datapoint for subsequentbeling. So-calledconstructve methoddit-
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erally “construct’anunlabeleddatumandaskthe userto provide alabel. Thereis strongempirical
evidencefor mary learningscenariosand for differentselectionproceduresthat active learning
methodscan reducethe numberof labeledtraining datawhich are neededo reacha prede ned
generalizatiorperformancdgseeBalcanetal., 2006;Fineetal.,2002;Freundetal., 1997;Tongand
Koller, 2001; Warmuthet al., 2002). In addition,theoreticalwork hasshavn thatactive learning
stratgiescanachieve anexponentiakreductionof thegeneralizatiorerrorwith high probability (see
Balcanet al., 2006; Freundet al., 1997). In this contritution, we put the emphasison a mathe-
matically rigorousderivation of hard upperboundsfor the generalizatiorerror. Thisis in contrast
to otherstudieswhich give boundsin probability (seeFreundet al., 1997) or discussasymptotic
behaior (seeBach,2007).

We usea geometricalapproachto active learningwhich is basedon the conceptof a version
space(seeMitchell, 1982; Tong and Koller, 2001). Loosely speaking,given a setof predictors
and a setof labeledtraining data, “versionspace”’denotesthe set of modelswhosepredictions
are consistenwith the training data. If a versionspacecanbe de ned, active learningstratgies
shouldevaluatedatapointswhich allow thelearningmachineto maximally reducethe “size” of its
versionspaceat every learningstep.Someactive learningalgorithmstry to halve thevolumeof the
versionspacgseeTongandKoller,2001).In contrasto this, ourapproachs to reducehemaximal
distancebetweerpairsof pointsthatbelongto the versionspace.We preferdistanceover volume
simply becausét is impossibleto computethe exactvolume of versionspacen high dimensions.
A detaileddiscussiorof this problemcanbefoundattheendof Section?. For specialtypesof data
spacespur methodof maximallengthreductioncoincideswith volumereduction.In this casewe
obsere arapid (thatis, exponential)progresdn learning,asis explicitly shovn in Section4 and
Propositior9 of Section6 for datawhich is arbitrarily distributedon ann-dimensionatorus.

In the following we will considerthe simplecaseof a separablebinary classi cationproblem.
Assumingthe knowledgeof the datadensityu on the dataspaceM, the generalizatiordistance
d®(cy;cp) of two classi erscy;c : M ! Zp :=f0;1g is givenby theintegral

z

1
d(cy;cp) =
(c1;c2) Vol(M) D(q,Cz)W

whereD(cs; ;) :=fx2 Mj ci(X) & ca(x)g is the setof pointswhich areclassi ed differently by
thetwo classi ers,andw denoteghe volumeform of M (seeSection2). If we furtherassumehe
labelingof thedatato begeneratedhy anunknovn classierc :M! 7Z,, theimportantquestions:
Canwe givetight upperboundson the genealizationerror d®(c;c ) of someclassi er ¢, andcan
wereducethis boundduring learningin an optimalway? Inspiredby this questionwe introducea
constructve active learningalgorithmwhichreducesuchaboundby successie subdvisionsof the
versionspaceon a hypersphereThis thenallows usto computeexactandtight generalizatiorerror
boundsfor several classeof datadensities.After deriving the boundsfor the caseof an uniform
distribution onthehypersphereywe usethenotionof Riemanniarisometriedo extendthealgorithm
andtheerrorboundso asetof selectediatadensitieon otherdataspacesncludingR". In asecond
step,we extendour resultsto productmanifoldsin orderto obtainsharperrorboundsfor a larger
setof datadensities.Finally, we provide boundsfor arbitrarydensitieson R", hyperspheresnd
productsthereof.

The article is organizedas follows: After introducingthe geometricsetupof active learning
for binary classi cation (Section2), we formulatea learningmethodfor datadistributed on the
unit sphereS”  R™1 (Section3). Thereafterwe extendthe basicalgorithmto a broaderclass
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of separablebinary classi cation problemsusingisometriesnducedby chartsof the sphereand
productsof hypersphereg¢Sections4, 5). This will include perceptrongthatis, linear classi ers
with biason R") asa specialcase.Upperboundsareprovidedfor the generalizatiorerrorfor non-
constantdatadensitiesfor binary classi cation problemson the sphere(Section6) andfor linear
classi erswithout biasin R" (Section7). Finally, Section8 providesan empirical evaluationof
the geometricmethod. As our focuslies on a theoreticalanalysisof active learningalgorithms,
applicationsof the proposedalgorithmto concreteproblemshave to be of secondmportance.

2. A Geometric Setupfor Active Learning

In the sequel,we will apply somestandardconstructiondrom differentialgeometry We refer to
AppendixB for aquick introductionto theterminology

Let M be an n-dimensionalcompactmanifold, the data space equippedwith a Riemannian
metricg. Onemight objectto this type of dataspace sincethe compactnesassumptiorseemso
rule out the mostimportantinstanceof dataspace the EuclideanspaceR". However, this is not
the case becauseR", or ary submanifoldtherein,canbe embeddednto S", the n-sphere by the
inverseof stereographiprojection(seeSectiond). Recently sphericaldataspacesave receved
someattentionin machinelearning (seelLebanonand Lafferty, 2004; Belkin and Niyogi, 2004;
Minh etal., 2006).

We assumehe existenceof anunknowrbinaryclassierc :M! 7Z,:=f0;1gandagivenset

yi. Now, the binary classi cation problemasksfor anapproximatiorc: M ! Z, which minimizes
the genealization error, thatis, the probability of misclassi cationof datapoints. This canbe
formalizedasfollows.

The Riemannianvolume form w which belongsto the metric g is given in local coordinates
x:M U! R"by

w= P det(g)dxs " ::: /N dxp; Q)

whereU is someopenchartdomainin M. We assumdfat the Riemannianvolume form w (see
Equationl) representsip to a scalingfactorVVol(M) := , w the p.d.f. of the datapointsx 2 M.
Thisallowsusto interpretthe probabilityof disagreemerietweertwo classi ersc;; ¢, asadistance
measuréonthesetof all classi ers:

z

1
dS(cy; ) =

= W, 2
VOIM) bescy) @)

whereD(cy;¢2) :=fx2 M j ci(X) & cz(X)g is calledthe disagreementarea In theseterms,the
generalizatiorerrorof ¢ is givenby d®(c;c ).

3. Subdivisionsof the Sphere

In orderto beableto computeupperboundson d®, we needto imposerestrictionsonthedataspace
M aswell asonthesetof classi ers.

1. Dependingpn the regularity conditionsimposedon the classi ers, it mighthapperthatd®(cy; c,) = 0 while ¢; 6 ¢
onasetof measurezero.
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We startwith the following simplesetup:LetM = S"=fx2 R™1j hx;xi = 1g, then-sphere
with its canonicaRiemanniarmetricanddenoteby C the setof hemispheg classi ers

: . : 1 hpi 0,
c:S"! Zy c(x):= 0 : hpi<0
Here, p 2 S is the centerof the hemisphereand h;:i denotesthe Euclideanscalarproductin
R™ 1, This setupimpliesthatthe dataareuniformly distriouted on the sphere.The useof closed
hemisphereasclassi ersis appropriatdor sphericaldata,sincehemispherearethe directanalog
to half spacesn Euclideangeometry A simple, yet crucial, obsenation is the duality C = S".
By a slight abuseof notation,we usethe symbolc to denoteboth, the classi er andthe centerof
the hemisphere.Concerningthe generalizatiordistanceof two classi ers we have the following
proposition.

Proposition 1 For hemisphegsc;;c, 2 C
G/n. . 1 Y
d>(cy;c0) = Bd(Cl,Cz),

whee d(cy; cp) := arccoshey; ¢oi ) is the geodesidistanceon S™.

Proof ThedisagreemerdreaD(cs;Cy) consistsof two congruentuneson the sphere.The areaof
a Iungeis proportionalto its openinganglea = d(c;; ). Sincethetotal volumeof the unit sphere
V= g wwith respecto its canonicaRiemanniarmetricandvolumeform is notequalto one,we
have to normalize:
z
1
d®(ciic) = = w
(i) =y D(c1.c2)

1

a 1

We assumethe true classi er ¢ to be someunknavn hemisphere. If (x;1) is a labeleddata
point, it follows thatc is containedin the closedhemispherearoundx. Thus, given a labeled

Theversionspaceof alabeledset(seeMitchell, 1982; TongandKaoller, 2001)is de ned asthe set
of classi erswhich areconsistentvith the givenlabeleddata. In our case the versionspacecoin-
cideswith theintersectiorlV. GeometricallyV is a corvex sphericapolytope,a high-dimensional
generalizatiorof a sphericapolygonwhoseedgesaresegmentsof greatcirclesandwhose(n  1)-
dimensionafacetsaresegmentsof (n  1)-dimensionabreatspheresvithin S".

In theory onecancomputetheverticesof theversionspaceof ary nite labeledset.An iterative
algorithmwould reducethis polytopeby taking intersectionswith hemispheregorrespondingo
new datapoints. Unfortunately during this processthe numberof verticesof the polytopegrows
exponentially Thus, the computationakostsrenderits explicit computationimpossibleeven for
low dimensions.

Onepossibility to reducethe immensecomputationatompleity of polytopesis to work with
sphericalsimplices This motivatesthe following active learningalgorithm:
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Definition 2 (Simplex algorithm)

1. Specifysomemaximaledge lengthe > 0 asterminationcriterion. Choosea randomorthog-
onal matrix. Askfor thelabelsof then+ 1 columnvectos. Thisresultsin a setof admissible
classiersS S'whichis anequilateal simplecon S".

2. Selecibneof theedgesof maximallengthof the currentsimplex S. If its lengthis lessthane,
goto step?7. Otherwise computdts midpointm.

3. Computea unit normalu of the planein R™ ! spanneddy m togetherwith all verticesof S
which do not belongto the edge throughm.

4. Askfor thelabell of u. If | =0, replaceu by u.

5. Replacethe old simplex S by the part in direction of u, that is, the simplex which hasas
verticesm aswell asall verticesof Swith exceptionof that endpoint e of the chosenlongest
edge for which hu; el < 0.

6. Repeawith step2.

7. Returnthesimple' centerof massc 2 Sasthelearnedclassi er.

Figurel illustratesoneiterationof thesimplex algorithmonthespheres?. The“randomorthogonal

longestedge

Figurel: Thedrawving above shavs oneiterationof the simplex algorithmfor thetwo-dimensional
case thatis, for sphericaltriangleson the unit sphereS?. The currentversionspaceis
the sphericaltriangle (a; b;c). Thelongestedge(b;c) is aboutto be cut at its midpoint
m. Togetherwith the origin o, the vertex a andthe point m de ne a planein R® oneof
whoseunit normalvectorsis u2 S*. Dependingon the label of u, the new trianglewill
beeither(a; b; m) or (a;m;c).

matrix” thatoccursin steponeof thealgorithmis meantto be dravn from the uniform distribution
onthelie group
O(n)=fA2 GL(n)jAA =1Ig

of orthogonakealmatrices A practicalapproacho theproblemof generatingsuchmatricescanbe
foundin Stewart (1980). The worst casegeneralizatiorerror after eachiterationcanbe computed
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by evaluatingthe maximumsphericatistanceof thechosertlassi erto theverticesof thespherical
simplex. To beexplicit, thefollowing statemenholds:

Proposition 3 If Sisthecurrentsimple fromthesimplex algorithm(seeDe nition 2) with vertices

d®(c;c) maxd(vi;vj) = maxarcco$wm;; vji:
i i
This boundis tight and attainableif we allow any elementof the version spaceto bethelearned
classi er. Moreover, if ¢ 2 Sdenoteghe centerof massthen

d®(c;c) maxd(c;V;) = maxarccosc; vii
| |

is a tight andattainableupperboundfor the genealizationerror.

Proof Within asimplex, themaximaldistanceof two pointsis realizedoy pairsof vertices.Now the
rst inequalityfollows from propositionl. If all elementf the simplex areadmissibleclassi ers,
theboundis tight. Thesecondnequalityfollows from the corvexity of the simplex. |

Clearly, the maximaledgelengthof the simplex S corvergesto zero. In AppendixA, we derive
O((n+1)3) asaroughcompleity estimatefor oneiterationof thesimplex algorithm(seeDe nition
2).

Another questionconcerningthe corvergenceof the algorithmis: How mary iterationsare
neededuntil the maximumedgelengthof the initial simplex startsto drop? To this end,we have
thefollowing propositionwhoseproofis givenin AppendixA.

Proposition 4 LetSbetheinitial equilateral simplex fromthesimple algorithm(seeDe nition 2).
Letk 2 N bethe numberof stepsneededintil the maximunof the edge lengthsdrops. Then
n(n+1)

kiz;

andtheseboundsare tight and attainable

4. Extensionsby Isometries

We will now extendour resultsto otherdataspacedy applyingthe conceptof isometries. The
easiesimethodto obtainisometriesrom the n-sphereto otherdataspacess to considerchartsof
the spheretogetherwith the inducedmetric. Beingisometries,they presere the geometry and
ary generalizatiorboundsderivedfor the spherecanbe appliedwithout modi cations. Combining
isometrieswith theproductconstructiorof Sections, we endup with alargefamily of datadensities
on R" to which our resultsaredirectly applicable.In Section6, we will loosenour preconditions
evenfurtherandconsiderthe generakaseof arbitrarydatadensities.
We bggin with the discussiorof the stereographichartof then-sphere.

Stereographic chart. Thestereographiprojection

sn:S'nfNg! R™
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whereN = (0;:::;0;1) denoteshe north pole, is anisometryof S"nfNg to (R";g), wherethe
Riemanniammetricg is givenby

(1+ kxk?)2

SeeFigure?2 for anillustration of the two-dimensionatase.Hence we canidentify S"nf Ng with

(VW) =

northpoleN of thesphere

'\ pointonthesphere

planeof projection(IR?)

imageunderprojection

Figure2: ThestereographiprojectionS’nfNg! RR? is adiffeomorphisnfrom thespherewith the
northpoleremoredto the plane.It distortslengthsbut preseresangles.If oneconsiders
aray from the north pole to somepoint on the plane,the stereographiprojectionwill
maptheintersectiorpoint of this ray with the sphereontoits intersectiorpoint with the
plane.

(R"; g), andtheinducedRiemanniarvolumeform is

zindx A A an

s

wheredx; ” :::” dx, denotesthe Euclideanvolume on R" (the determinant). If the given data
densityon R" is (up to a constantfactor) equalto w, the datacanbe consideredo lie on S" with
constantdensity and our error boundshold. When viewed under stereographigrojection, our
sphericalclassi ersfall in threecateyories: If the boundaryof the hemispherewhich is a great
(n 1)-spherewithin S, containsthe north pole, its projectionis a hyperplanethroughthe origin
in R". The equatorialgreatspherefx2 S R™1!j x..1 = 0g is projectedontoS" 1 R". All

othergreatspheredecomespheresntersectingS” *  R" orthogonally Hence ary datawhichis
separabldy theseclasse®f hypersuracesn R" is separabldy greatsphere®n S" andvice versa.

Gnomonic chart. Thegnomonicprojection

j S fxw1>0g! R

generatesn R" themetric

0 1
S1 XiX;

0= o ® K

14X+ 4x2)2
( 1 2) % s,
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planeof projection(IR?)

northpoleN of thesphere

%//%;ageunderprojection
e

pointonthesphere

Figure3: lllustration of the gnomonicprojectionfor thecaseS® fxz> 0g! R?2. In this case,
we embedR? at heightoneinto IR®, suchthatit touchesthe sphereat the north pole.
Raysaresentfrom the centerof the sphere.Theirintersectiorpointswith the sphereare
mappedo thecorrespondingntersectiorpointswith the plane. Thegnomonicprojection
distortslengthsaswell asanglesput mapsgreatcirclesto straightlines.

wherewe have usedthe abbreviations := 1+x2+:::+x2  x2. Figure3 illustratesthe gnomonic
projectionin two dimensionsAs wasthe casewith the stereographichart,gnomonicprojectionis

anisometryfrom theupperhalf-spheredo (R"; g). UsingEquationl, we havefor x, =::: =X, =0
1
detg) = ————:
O e

Sincethescalingfunctionof the volumeform w hasto berotationallysymmetric,it follows that

sz%dxlf\ A dxn: (3
(14 kekd) ™

Note that our separatinggreatspheresare projectedto af ne hyperplanesn R". Therefore,the
classicalapproachto the binary classi cation problemusing linear classi ers with bias can be
consideredh specialcaseof our sphericalsetup.More precisely the strict errorboundsderivedfor
our algorithmapply to linear classi erswith biason R" if andonly if the datadensityon R" is
givenby Equation3. For ananalysighatappliesto a greatevariety of densitiesve referto Section
6.

As abyproductformula3 alsoclari es theargumentgivenin theproofof Theorem4 of Freund
et al. (1997)which estimateghe information gain of queriesmadeby the Query by Committee
algorithm. In the proof, the scalingfactorof the volumeform of the gnomonicchartis estimated
usingin nitesimals. Theexplicit formulafor the volumeform givenabore makesthis morelucid.

5. Productsof Spheres

We now extend the simplex algorithm (seeDe nition 2) to other datamanifoldsand other sets
of classi ers using a simple productconstruction. The main purposeof this sectionis to obtain
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building blocksfor datamanifoldsanddatadensitiesvhich latercanbe combinedto producemore
sophisticate@xamples.We considemproductdatamanifoldsof thetype

(M;g) = (S™gh) i (S%gY); (4)

whereeachfactor(S";g!) is a unit sphereof dimensiom; with its standardnetricg!. For a point

k .
o(X;Y) = @ g}, (X;Y)):
=1

TheRiemanniarvolumeform of the productis givenin local coordinatedy
K

k d - .
w=_Q detg)= w;
=1 j=1

wherew! denotesthe volume form of the jth factor On the productmanifold M, we consider
classi erswhich areproductsof hemisphereghatis,C=C! ::: CK wheretheCl = SV arethe
individual setsof hemispherede nedin Section3 andaclassi erc 2 C is givenby

1 : hci 08 .

cC:M! Zp;, c(x):= 0 : otherwise

Dueto thesimplicity of the productstructurewe arrive atthefollowing formulafor thegeneraliza-
tion metric:

Proposition 5 For productsof hemisphegsc!;c? 2 C,
1
d(che?) =~ 1

wheee d; is thegeodesidistanceon S™.

Proof Sinceeachcomponentf aclassi eris ahemisphere,

)p dj(c};c?)
2p
Furthermorethevolumeof a productof suchhemispheregs givenby

Vol(ci\ cf) = Vol (S

Vol(ct) = é Vol(c}) = (l(j VOIggj) = VOIZ(kM):
=1 =1

Insertingthisinto
Vol(D(ct; ¢?)) = Vol(ct) + Vol(c?)  2Vol(ct\ ¢?)

whereD(ct; ¢?) denoteshe disagreemendreayieldsthe proposition. |

This leadsto the extendedsphericakimplex algorithm:
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Definition 6 (Extended simplex algorithm)

1. Specifysomemaximaledg lengthe> 0 asterminationcriterion. For ead factor S"i, create
aninitial simplexusinga randomorthogonalmatrixwhosecolumnsareinterpretedasabasis
for R"*1. Thisresultsin a productS of equilateral simplices.

2. Find oneof the edgesof maximallengthof ead factor of the current simplex productS. If
all the respectivdengthsare lessthan e, go to step7. Otherwise computethe midpoints

3. Computethe correspondingunit normalsu;.

4. Askfor thelabelsl; of u;. If I; = O, replaceu; by u;.

5. Replaceheold simple productS by the productof the partsin directionof u;.

6. Repeatwith step2.

classi er.
In parallelto the caseof a single sphere,the minimization of maximal edgelengthsforces
corvergence.Note,thatif k denoteghe numberof factorsin the productof spheresthenk training

pointsare neededo carry out oneiterationof the algorithm. The worst casegeneralizatiorerror
aftereachstepis boundedasfollows.

Proposition 7 If Sis the currentproductsimplex fromthe extendedsimple algorithm (seeDe ni-

|

1 1 X
d°(ci0) 57 1 O d)
p J=l

This boundis tight and attainableif we allow any elemenif the version spaceto be the learned
classier.

Proof In analogyto the caseof a singlespherethis follows from proposition5. |

Thecomplity estimatefor oneiterationof the extendedsimplex algorithmis

O((n +1)3 4.+ (M +1)3):
estimatecan be deduceddirectly from the compleity analysisof the simplex algorithmgivenin
AppendixA.
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Products combined with isometries. We now apply the isometriesdiscussedn Section4 to
productmanifolds.For eachfactorin Equationd, we maychooseoneof stereographior gnomonic
projection.

MMt -He — g o Sx;
fl # T # fi
RM* -+ = RM e R":
Thisresultsin productdensitieson R" = R™* -* ", representedly the volumeform
|
w=0Qw
j=1
with factorsw! givenby either
: on
WJ - mdx:]_/\ A anj
(stereographiprojection)or
wi = %dxy\ LA g,
(1+kxk®) "z~

(gnomonicprojection). Similarly, the projectedseparatindypersurcesare productsof the indi-
vidual projections.Onecouldnow go onto producemanymorefamiliesof compatibledensitiesy
working with differentcharts but insteadwe turn our attentionto animportantspecialcase.

The n-torus. A particularcaseis thegnomonicprojectionof the n-torus

_ ol ... 1.
[
n factors

whichyieldsa scaledversionof the Caucly distributiononIR":

n

WX:O

(0 D CRANSEAN ) N
s11+%

Here,we take S to be the unit circle which resultsin T" having total mass(2p)". Sincethereis
onecircle St peraxis, the projectedclassi ersareaxis parallel corneisin R". Oneiterationof the
algorithmconsumes labeleddatapoints,becausd " is madeup of n individual factors. At each
stepof the extendedsimplex algorithm, the versionspaceis a hypecubeof equaledgelengthl.
Therefore we do not needto compareedgelengths.Onestepresultsin halvingall the edgesand
thevolumeis dividedby 2". Hence|f V; denoteghevolumeatfteri iterations,we have

p.
Vi= ﬁ
In analogythe maximalgeneralizatiorerror G; of the centerof massclassi er afteri stepss given
by
Pip.
G = o

Thus,we observean exponentialdecieasein volumeandin thetight upperboundfor the generl-
izationerror.
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6. Aspherical Data Manifolds

Up to now, our methodsapply only to suchdatamanifoldswhich are isometricto productsof
subset®f unit spheresWe now loosenthis assumptiorby looking at all orientedRiemanniardata
manifoldsM which admitanorientationpreserving diffeomorphism

F:M! S%

thatis, F is a smoothbijective mapwhich hasa smoothinverse. The Riemanniarvolumeform
belongingto themetricg on M inducesa volumeform & on S" which, in generaljs notequalto the
sphericavolumew. More precisely

w=fw

with somesmoothpositive scalingfunction f : S'!  R*. Notethatall volumeforms (or smooth
positive densitieson S' canbewrittenin this form. This resultsin the formula

z
d®(cy; ) = !

= fw
Yol(9") Dlerc2)

for the generalizatiormetric. An illustation of a non-uniformdensity on the sphereis given in
Figure4 in Section8 wherethereaderalso nds empiricalresultsfor this case.

Concerninghe setof admissibleclassi ers,let us keeptheassumptiorthatthe F -imageof the
datais separablédy hemispherelassi ers.If we know thatthetrueclassi erc liesin somesubset
S S'theworstcasegeneralizatiorerrorof someclassi erc 2 Sis boundedrom above by

dS(cc) supd®(gc ):
s
Thereforethe simplex algorithm(seeDe nition 2) will still cornverge,asit reducesanupperbound
of thegeneralizatiorerror. Its rateof corvergencewill dependbn the propertiesof thedensity

Neverthelesswe canforce a simple upperboundby assumingthe deviation of the induced
volumeform from sphericalvolumeto besmall:

supjl f(X)j< e
x2S

Thisimplies

Proposition 8 Letw bethecanonicalvolumeformof . Denoteby d® thegenealizationdistance
inducedby the scaledvolumeform & = fw whee f : ! R* is somepositivesmoothscaling
function.If sup,9j1 f(x)j < efor somee> 0then

(1+e)Vol(S")

€/ .
d™(cric2) pYol(9)

d(cy;c2);

R
hee d is the canonicalgeodesidistanceof S. In this formula,Vol(S") := Sqwand\f/ol(s“) =
o ® denotethevoluminaof S" with respecto w and @ := fw.

2. A mapbetweerorientedRiemanniammanifoldsis orientationpreservingf its functionaldeterminants positive.

116



ACTIVE LEARNING BY SPHERICAL SUBDIVISION

Proof Usingthede nition of thegeneralizatioristancen Equation2 andapplyingpropositionl,
we compute
z
1
d®(cy;c0) = fw
(1ic2) Yol(S") _piever)
z
- (
Yol(S") pevc)
1+e)Vol(S
_ (@+eVolS) o
VYol(9)
1+e)Vol(S
:—( ) ( )d(Cl;Cz)Z
pVol(9)

l1+ew

Insertingthe above upperboundinto proposition3 we obtain

Proposition 9 Let Sbethe currentsimplex fromthe simplex algorithm (seeDe nition 2) with ver-
¢ 2 S'denotegheunknowrtrue classi er, thegenealizationerror of ¢ is boundedoy

€/ (1+e)Vol(SY) v )
d(ec) pYol(9) r?,?Xd(V"VJ)’

whee d(vi;v;j) denoteshe sphericaldistanceof the vertices.

Theusefulnessf theabore propositiondepend®n how muchthe scaledvolumeform fw deviates
from the canonicalsphericalvolumew. In the caseof the n-torus,the sameagumentsasgiven at
theendof Section4 yield anexponentialdecreas®f the volumeof the versionspaceaswell asof

the upperboundfor the generalizatiorerror—regardlessof the data densityunder consideation.

The only differenceis the newly introducedconstante which may affect the absoluterate but not
thefunctionalform of corvergence.

7. Linear Classi ers without Bias

We now returnto the caseof linear classi erson the EuclideanspaceR" which commonlyappear
in themachindearningliterature. Thecorrespondingeparatindgypersuricesarelinearsubspaces,
thatis, hyperplaneshroughtheorigin, of R".

Considerthe dataspaceM = R". Then,the setC of linear classi ers withoutbias consistsof
maps
1 : hkpi O
. n | . [ 1 .
c:R"! Zp c(x): 0 - hepi<o’
wherep 2 S'is theunit normalvectorof anoriented(n 1)-dimensionaplanethroughthe origin.
Therefore we canidentify C with the unit n-sphereC = S". In the following, we usec to denote
both,theclassi er andits correspondinginit normal.
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Considersomedatadensity f : R"! TR. Sincethe origin is alwaysclassi ed as +1 by all
classi erswe mayremove it from the dataspaceandtheremainingdataspacds givenby

M =R"nf Og:

Usingpolarcoordinategs; ), we canwrite M asthe produc®

X

_ 1 +. _
M=8 R"; S_kxk

or = kxk:
Foragivens2 S' 1, we will call the subsetFs:=f(s;r)jr > Og the ber overs. Sincethedata
is assumedo be separabldy atleastoneelementof C ary two pointsbelongingto the same ber
have thesamedabel.

TheareaD(cy; c2) of disagreemerthetweertwo classi erscy; ¢; is givenby

D(cy;cp) =f(sr)2 Mjheg;rsiheg;rsi < 0g=1(s;r) 2 Mj heg;sihey; si < Og:

Thegeneralizatiordistancds givenby

z z z
dS(cy;c0) = fdx = f(s;:)dr ds (5)
D(c1,¢2) f29 1jF D(c,c2)g  Fs

wheredx, dr, ds denotethe canonicalvolume forms on R", Fs, andS" L. It may happenthat

different bers Fs have differentmassin the sensehat

z

SR, s7t f(s:)dr
Fs

is anon-constantunction. If we rule outthis casewe endup with thefollowing proposition:

Proposition 10 Thegenealizationdistanceof anytwo linear classi ers c;; c; is givenby
G, | Ca)-
d>(c;c2) = Bd(Cl,Cz),

whee d(c;; cz) = arcco$ey; ¢oi is thegeodesidistanceon S, if andonlyif the ber massis equal
to a positiveconstant, 7

f(s;:)dr=1>08s2 3"
Fs

Proof Thisfollows by applyingpropositionl to Equation5. |

The preconditionof proposition10 doesnhot assumehatthe density f is rotationallyinvariant
onR™ 1!, Insteadjt assumesheaccumulatediensityto beinvarianton thesphereLinearclassi -
cationproblemsonnon-constandensitiesvhichful Il thisconditionmapto classi cationproblems
with hemispherelassi ersfor the uniform densityon the sphere Consequentlyall resultsderived
for thesphericakimplex algorithm(seeDe nition 2) apply, includingthe hardupperboundsonthe
generalizatiorerror. In particular we deducethe following resultfrom Proposition3

3. We usethecorventionR* :=fr2 Rjr> 0g.
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Proposition 11 If Sis the currentsimplex from the simplex algorithm (seeDe nition 2) with ver-

d®(c;c) | maxd(vi;vj) = maxarccoswi; vji:
i Ny
Asin Proposition10,| > 0 denoteghe ber mass.Thisboundis tight and attainableif we allow
any elemenbf the version spaceto bethelearnedclassi er. Moreover, if ¢ 2 Sdenoteghe center
of massthen
d®(c;c) | maxd(c;vi) = maxarccosc; vii:
| |

is a tight andattainableupperboundfor the generlizationerror.

Relation to SVM methods. PropositionL0alsoshedshew light onsomeactive learningstratejies
thatuseSupportvVectorMachinegSVM). A SVM classi er canbeinterpretecasanapproximation
of the centerof the largestinscribablehypersphereof the versionspaceon S* ! (seeHerbrich,
2002).Letusdenotethiscentetby p 2V S 1, wherev S listheversionspaceaspherical
polytope,seeSection3) onthe hypersphere.

TongandKaoller (2001)arguethat,despiteits dependencen the particularshapeof the version
spacethecenterof themaximalinscribablenypersphereftenlies closeto “the centerof theversion
space”. Motivatedby theseinsights,they proposethe following pool-basedstrateyy for selecting
anunlabeleddatapointx 2 S" 1 to belabeled:Choosex suchthatthe (sphericaldistancefrom the
(n  2)-dimensionabreatsphere

X:=fs2 S ljhs =0g

to p isminimal. After thedatapointx is labeledtheversionspacewill becutinto two piecesalong
thegreatsphereX S" 1. Thegoalof thisstrat@y is to reducethevolumeof thesphericapolytope
V asquickly aspossible.Similar stratgjies canbe found in Warmuthet al. (2002). Up to now, a
closedformulafor the volume of a n-sphericalsimplex is not known not to speakof polytopes,
hencethereis nowayof computingtheexactvolumeof aversionspaceon a hypersphereWe refer
to Milnor (1994)for a detaileddiscussiorof this topic. NeverthelessMonte-Carlomethodscanbe
appliedto obtainvolumeestimates.

PropositiorilOcannow beapplied. TheSVM algorithmworkswith the Euclidearscalamproduct
onR", andthereforemplicitly assumeshe canonicalRiemanniarmetricandvolumeform onthe
unit sphere Propositionl0 tells usthatthe SVM approximations theoreticallyjusti ed if andonly
if thegivendatadensityinduces(up to a constanfactor)the uniform densityon thesphere.

8. Experimental Results

The following resultswere obtainedfrom a C++ implementationof the simplex algorithm (see
De nition 2). The numericallymostsensitve operationof the algorithmis the computationof a
normalvectoru 2 S' to the hyperplaneH  R™ ! whoseintersection = H\ S with S cutsthe
currentsimplex Sinto two pieces.In higherdimensionssayn > 50,

4

w
Infx23j d(x,1)<dg
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becomewsery smallevenfor smallvaluesd > 0.# This meansnearlyall the massof S” is concen-
tratedwithin a thin tubeof radiusd aroundl, which makesit hardto computenormalvectors.We
avoid numericalproblemsby usingthefollowing procedure:

1. Selectthebasisof H givenby the midpointof thelongestedgeandall verticesof thesimplex
excluding the end pointsof the longestedge. Constructa correspondingprthonormalbasis
usingthemodi ed Gram-Schmidalgorithm(seeMeyer, 2000).

. , . P
2. Choosaandompointsx 2 S until theprojectedength’  &;hx; hii, whereh; aretheorthonor
mal basisvectorsof H, is lessthanagivenconstane< 1.

3. Usex to constructa unit vectorwhichis orthogonato all basisvectorsh;.

In orderto testthe performancef the simplex algorithmon spheref differentdimensionsa
seriesof numericalexperimentsvasconductedwherethefollowing quantitiesveremeasured.

algorithm,the maximaledgelength

maxd(vi;Vj)
I?J
is anupperboundonthegeneralizatiorerror, regardlesswvhich point of thesimplex is chosen
asthelearnedclassi er.

Maximal distance from center of mass: Letc 2 Sdenotethecenterof massof S. Thenthe maxi-
mal distancebetweerc andary otherclassi er from Sis givenby

maxd(c; Vv;):
|

Thisyieldsatight upperboundonthegeneralizatiorerrorif we choosehe centerof massas
thelearnedclassi er.

Approximate generalization error for the center of mass classifier c: Weestimatedhegeneral-
izationerrorof c usingtheempiricalaverageof theindividual errorsfor 50,000randomlyse-
lected“test” datapoints. Testdataweresampledi) from a uniform densityonthe sphereand
(ii) from anasphericatlensitywith two distinct“clusters” at oppositepoles. The aspherical
densitywasconstructedy mappingthe uniform distribution from anopenparametecuboid
ontothesphereusingn-sphericakoordinates.

Figure4 illustratesthe relationbetweena sampledravn from this densityon the sphereS?
andits stereographi@rojectiononto the planeR?. Densitiesof this kind are typical for
binary classi cationproblems.Any densitywith two peaksat p1; p2 2 R" canbeidenti ed
with a densityon S" with peaksat oppositepoles: Firstly, we apply a translationto move
the midpointof the line prp; to the origin. Thenwe usearotationto placeps; p, onthex;-
axis. After ascaling,p1 = ( 1;0;:::;0) andpz = (+1;0;:::;0). Now inversestereographic
projectionwill mapthe peaksontooppositepoles.

4. For acomprehensk discussiorof theseeffectswe referto Gromaor (1999).
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Figure4: A datasamplefrom adensitywith two peakson R? (left) andS? (right). Thedatapoints
ontheplanearethe stereographiprojectionsof the pointson the sphere On S?, thetwo
peaksarelocatedat oppositepoles.

Theabove quantitiesverecomputedor eachstepof thesimplex algorithm.Averagesndvariances
werecalculatedor 1,000simulationsandaveragesverenormalizedo lie within theinterval [0; 1].
For every simulation,a true classi er wasdravn from the uniform distribution on the sphere.Fig-
ures5 and6 shav theresultinglearningcurvesfor thespheress® R, 0 R¥;59 R, and
S® R, Theaveragemaximaledgelengthasa functionof the numberof selectedrainingdata

logarithmic error
logarithmic error

10“E | | | | £ | | | |
0 20 40 60 80 100 0 60 120 180 240 300
number of training points after initialization number of training points after initialization

Figure5: LearningcurvesonS® R (left) andonS?® R (right). The gures shaw theaverage
maximaledgelength(uppersolidline), theaveragemaximaldistancdrom the simplex's
centerof mass(upperdashedine), andthe averageapproximategeneralizatiorerrors
for the uniform (lower dashedine) and asphericallower solid line) datadensitiesas
a function of the numberof selectedraining examples. Error barsindicatevariances,
however, only the approximategeneralizatiorerrorfor the asphericatlatadensityshavs
large uctuations betweersimulationruns. Propositiond yieldsthebounds9 kg 45
and29 kpg 435for the numberk of stepsneededbeforethe maximaledgelength
startsto dropon S? andS?.
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logarithmic error
logarithmic error

0 10 200 300 400 500 0200 400 600 800 1000
number of training points after initialization number of training points after initialization
Figure6: Learningcurveson S R (left) andS™® R (right). For detailsseelegendof
Figure5. Propositiord yieldsthebounds49 ky9 1225and79 kyg 3160for the
numberk of stepsneededeforethe maximaledgelengthstartsto dropon S* andS’.

shavs aninitial plateauuntil thevaluesbegin to decreasén anapproximatelyexponentialfashion.
The lengthof the plateauincreasesith the dimensionalityof the sphereandis a directresultof

Propositiord. The averagemaximaldistancefrom the centerof massrisesinitially (seeFigure7

for a magni ed versionof the initial sggmentof the learningcurwe), until a suddendrop occurs,
acain followed by a roughly exponentialdecreaseThis canbe explainedasfollows. The simplex

algorithmis initialized with an equilateralsimplex. During the rst learningsteps,the centerof

massmoves towardsthoseverticeswhoseadjacentdgesare cut already This resultsin a slight
increaseof the maximaldistanceof the verticesfrom the centerof mass. The simplex becomesa

“thin pyramid” with smallbase andthe following dropin the plotsthencorrespondso a cut of a

line connectinghe ape to the base. Theratio betweerthe edgesconnectinghe apex to the base
andthe edgeswhich are containedwithin the baseis given by ﬁ wheren is the dimensionality
of the sphere. Sincethis numbertendsto zerofor n! ¥ the suddendrop disappearsn higher
dimensions.

error

1 1
0 10 20 30 40 50
number of iterations

Figure7: Initial learningcurvesonS® R0 (seeFigure5, left), now plottedon alinearscale.For
detailsseelegendof Figureb.
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If thedatais dravn from thesphericalistribution, theapproximateeneralizatiorerrorchanges
smoothlywith the numberof selectedraining data,andits varianceis very small. For datadis-
tributed accordingto the asphericaltwo cluster)density the averageapproximategeneralization
erroris similar, but the varianceincreasesiramatically Neverthelessthe numericalexperiments
shawv thatthe sphericakimplex algorithmperformswell evenin the caseof non-uniformdensities.

Experimental results on product manifolds. So far, we restrictedthe experimentsto single
spheresnsteadof products pecausehe simulationof the extendedsimplex algorithmon

M=8S1" ::: Sk

is equivalentto the parallelexecutionof severalcopiesof thebasicalgorithm.Neverthelessit might
beinterestingto considerthe specialcaseof then-torusT" (seeSection5):

[l A A

n factors

The productstructureof the torusre ects the fact that datais distributedindependentlyon each
factor For the standardproductdensityon T", volumeanddistancesanbe computedexplicitly.

Thereforewe consideronly the non-uniformcase.We considera von Misesdensity(seeDevroye,

1986)ontheunit circle:

exp(kcogx W),
2plo(k)

with centeru 2 [0;2p] andwidth k 0. Thesymbolly in the equationabose denoteghe modi ed
Bessefunctionof the rst kind of orderzero.A techniqudor simulatingthevon Misesdistribution
canbe foundin BestandFisher(1979). In orderto obtaina densitywith two peakson opposite
polesof the circle, we superimposéwo copiesof f with p= 0 andu= p. This constructionis
appliedto every factorS! of thetorusT" =St ::: Sh

We implementedhe extendedsimplex algorithmon the n-torus. Dueto the productstructure,
numericalproblemslik e thosedescribedat the beginning of Section8 do not arise. For the case
n= 2, thetoruscanbe embeddednto R3 using

f:St=R=2p! R; f(x)=

1
(2+cogt) coss
s s R3 (st) 7! @2+ cost)sinsA
sint

Usingthis mappingwe canvisualizetheiterationsof theextendedsimplex algorithmon von Mises
distributed data. Figure 8 shavs a datasampleaswell as several iterationsof the algorithmon
theembeddedorus. Figure9 depictsthe stereographiprojectionof a sampledravn from the von
Misesdistribution togethemwith the projectedclassi er in R?2.

Finally, we conductedexperimentson the n-torusin orderto obtainlearningcurvesanalogous
to thoseon the n-sphere. As wasshawn in Section5 distancesand voluminaon the n-toruscan
be computedexplicitly providedthe datadensityis uniform. Therefore we focuson the approxi-
mal generalizatiorerrorfor datadistributedaccordingo the modi ed von Misesdensitydescribed
above. Theapproximationwasdoneby evaluatingthe performancef the classi er on adatasam-
ple of 50,000test points after eachtraining step. The resultingvalueswere averagedover 1,000
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Figure8: The extendedsimplex algorithmon the 2-torus. The large dot on the upperpart of the
torusrepresentthetrueclassi er. Smalldotsdepictpositively (light gray)andnegatively
(dark)classi ed pointsdravn from the modi ed von Misesdistribution. The meaningof
the nestedregionsis the following (light to dark): positively classi ed areaof the true
classi er, versionspaceafterinitialization (steponeof the extendedsimplex algorithm),
versionspaceafter rst iteration,versionspaceaftersecondteration.

Figure9: The imageof a datasamplefrom two superposedon Misesdistributions on the two-
dimensionatorus underthe stereographigrojection(de ned in Section4) to R2. The
black squarerepresentshe projectedclassi er. Light dotsareclassi ed positively, dark
dotsnegatively.
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logarithmic error
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0.003 | 0.0002
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number of training points after initialization number of training points after initialization

Figurel0: Learning curves on the 5-dimensionaltorus (left) and on the 10-dimensionakorus
(right). The gures shav the averageapproximategeneralizatiorerrorsfor the mod-
i ed von Misesdensityasa functionof thenumberof selectedrainingexamples.Since
thevariancesarealmostzero,they arenotincludedin the diagram.

simulations.For every simulation,atrue classi er wasdravn from the uniform distribution on the
torus. Theresultinglearningcurvesfor dimensionsh = 5 andn = 10 areshavn in Figure10.

Dueto the productstructureof thetorus,voluminaof rectangulasubsetsregivenby theprod-
uctsof their sidelengths. For higherdimensionsthe volumeof theinitial versionspacebecomes
very small. Thereforetheinitialization of the extendedsimplex algorithmyieldsa classi er whose
erroris by far smallerthanthe averagegeneralizatiorerror of its sphericalcounterpart. This ef-
fectre ects the statisticalindependencef the datawhich makesthe learningtaska lot easier For
dimensionas > 15, the initialization of the algorithmaloneprovidesa classi er with almostvan-
ishing averagegeneralizatiorerror As the curvesdepictedin Figure 10 show the error decreases
exponentially

9. Conclusion

In this contribution we provided exact upperboundsfor the generalizatiorperformaceof binary
classi ers. In orderto do so, we usedan active learningschemefor modelselection,andwe de-
signeda constructve methodwhich reducessucha boundby successie subdvisionsof a version
space.

The algorithmwas rst formulatedfor the genericcaseof a binary classi cation problem,
wheredatalies on an-dimensionahyperspher@andwherebothclassesreseparableising(n - 1)-
dimensionabreatspheressclassi ers. We derivedtight upperbounddor the casethatthe density
of datais constant(cf. Proposition3) aswell asfor caseswhereat leastan upperboundof the
deviation from the constantensityis known (cf. Propositiorn9).

We thenshaved, usingthe concepbf isometriesthatabo/ementionedesultsarenot restricted
to hypersphericatlataspacesWe shovedthatif a dataspacecanbe mappedonto (a subsebf) a
hyperspheraisinganisometry the constructve active learningmethodcanbe appliedandPropo-
sitions3 and9 remainvalid andcanbe usedto calculatethe bound. In particular the constructve
algorithmcanbe appliedto linear classi cationin the widely usedEuclideandataspaceR", and
the correspondindpoundshold. A furtherextensionto binary classi cationon productsof spheres
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is straightforvard. As a simpleexample,we consideredinary classi cationon productsof circles
andprovedthe exponentialdecreasef theupperboundfor arbitrarydensities Usingisometriesve
shavedthatthis problemcanbe mappedfor example,onto a binary classi cationproblemin R"
with axis-parallehypercubeclassi ersfor which the sameexponentialdecreaséolds.

Thetheoreticalresultswereillustratedusinga numberof classi cationtasksusing at aswell
asnon-constantiensitiesandthe derved boundswerecomparedwith the classi cationerrorona
testsetasa standardnethodfor assessingredictionquality. Sinceour focuslies on a theoretical
analysisof active learning methods(the constructve methodsbeing a vehicle of this analysis),
an empirical evaluationand applicationsof the proposedalgorithmto real world problemsare of
secondimportancehere. Still, a few commentscan be made. The computationacompleity of
the methodis O((n+ 1)) wheren is the dimensionof the hyperspherehencethe methodworks
in practice.Empirically, it alsoprovidesgoodresultsfor non-constantlensities.The main current
limitation, however, is therestrictionof the methodto separablelassi cationproblems.
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Appendix A.

The purposeof this appendixis to give a moredetailedanalysisof the compleity of the simplex
algorithm(seeDe nition 2) aswell asa proof of Propositior4.

Complexity analysis. We rst considersteptwo. Theedgelengths
d(vi;vj) := arccoshvi; vji );

betweenverticesv;; v; of the simplex mustbe computedn orderto determinewhich edgeis to be
cut next. To reducethe numberof scalarproductsthat actually needto be evaluatedwe keepa
recordof all edgelengthsof the currentsimplex. After step2, the currentsimplex is cut by a plane
throughthe midpointm of someedge(a;b). Assumeb getsthrown out. Thenall ”(”—21) edgesof
the facetoppositeto b stayuntouched Further thelengthof the new edge(a; m) is onehalf of the
lengthof (a;b). It is left to computethe lengthsof all otheredgesthatcontainm. Therefore,we
needto compute

n(n+1) n(n 1)

2 2

scalarproductsof vectorsin R™ ! which givesusanadditive termof orderO(n  1). In stepthree,
one hasto apply an orthonormalizationprocedure. The modi ed Gram-Schmidtalgorithm (see
Meyer, 2000) givesus anothersummandO((n+ 1)%). Sincethe computationatompleity of the
other stepsis negligible we obtain O((n+ 1)) asa rough compleity estimatefor one iteration
of the simplex algorithm (seeDe nition 2). Stepsone andseven are performedonly once. The
initialization by choosinga randomorthogonalmatrix canbe implementedby usingan algorithm
of Stavart (1980). The compleity of this algorithmis O(n?) plusthe time neededor generating
n pseudo-randomectorsaccordingto the standardnormal distribution. The computationof the
centerof massin stepseven amountsto addingup all vertex vectorsof the currentsimplex and
normalizingtheir sumto lengthone.Hence,O((n+ 1)3) is acompleity estimatefor the nal step.

1=n 1
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We now restateandprove Propositiond from Section3:

Proposition 12 Let Sbetheinitial equilateral simplex fromthe simplex algorithm (seeDe nition
2). Letk 2 IN bethenumberof stepsneededintil the maximumof the edge lengthsdrops. Then

n(n+1).

nk2,

andtheseboundsare tight andattainable

Proof Theproof consistf four steps:

1.nisalowerbound:Assumek n 1 anddok iterationsof thealgorithm. Sincethedegree
of eachvertex is n, eachvertex of theinitial simplex is endpoint of anedgeof full length. Thus,if
oneof thesdnitial verticesis containedn thenew subsimple, thesubsimple& containgheadjacent
edgeof full length,too. Thek n 1 subdvisionshave createdatmostn 1 new vertices.Thus,
the new subsimple containsat leasttwo verticesof the initial simple<. Hence,its maximaledge
lengthis still &.

2. Thelower boundis tight: Choosesomevertex e. Subdvide all n edgesadjacento e andkeep
the subsimple containingthe vertex e. All edgesstartingfrom e now have length &. The angle
enclosecby ary two edgesate is 5. Now the sphericallaw of cosinestells us thatall edgesnot

adjacento e have length 5. Thisimpliesthatthe constructegubsimple realizesthe lower bound.

3. ”(”—;1) is anupperbound:Thisis clearsince”(”—;l) is thenumberof edgesof thesimplex.

4. Theupperboundis tight: Thisis clearfor n= 1.

Theinductionstep(n 1)! n goesasfollows: Usen(”—zl) stepsto subdvide a facetF of the

simplex. Thenall edgescontainedin F are shortenedwhile the n edgesconnectingF with the
oppositevertex e still have full length. Now subdvide the connectingedges,and always choose
the subsimpl& which containse. In this case g is the only commonvertex belongingto the newly
subdvided edgeandthe restof the edgesof full length. Hence,in eachof theselastn steps,only
oneedgelengthis reduced An illustrationof this casels shavnin Figure11. |

Appendix B.

The purposeof this appendixs to introducesomedifferentialgeometricnotionsusedin the main
text. For acomprehensk treatiseof Riemanniarmanifoldswe referto Gallotetal. (1990).

A manifoldM is a generalizatiorof EuclideanspaceR". It is coveredby coorinate charts,
thatis, bijective mapsu:U ! R", whereU M is anopensubset.The inverseof u is calleda
parametrization For our work, themostimportantexampleof a manifoldis then-sphereS" =f p 2
R™1j kpk = 1g. It canbecoveredby two charts stereographiprojectionfrom thenorthandsouth
pole. Anothersystemof chartsis given by the gnomonicprojections.Both arediscussedn detalil
in Section4.

At eachpoint p 2 M, themanifoldis approximatedy its tangentspacel,M, which generalizes
the tangentof a smoothcurwve. In the caseof S, the spaceT,S' canbeidenti ed with the linear
subspace

TS =X 2 R™!j hp; Xi = 0g:
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Figure11: The gure shaws a subdvision of a sphericalsimplex onS®  R* understereographic
projection(seeSection4). Theinitial simple, a tetrahedronis (a;b;c;e). All of its
edgeshave sphericallength. After threeiterations jndicatedby theirmidpointsl; 2; 3,
the subsimple with edgesdravn in bold facestill containsthreeedges(thosestarting
from vertex €) of full length.

A Riemanniammetricis a choiceof a scalarproductg for eachtangentspacel,M. The pair
(M; g) is calleda Riemanniaimmanifold The canonicaRiemanniammetricof S" is givenby there-
strictionof the Euclidearscalamproducton R™ ! to thesubspacd,S'. Givensomeparametrization
f:R"! U S R"™!ofasubset of thespherethematrix representationf g is computecby

" qf.
ij = ho—; I,
9= N 11x,-I

wherehi denotesthe Euclideanscalarproducton R™ 1. We usethis equalityin Section4 to
computethe metricin stereographiandgnomoniccoordinates.

LetM; N bemanifoldsof dimensionglimM = manddimN =n. Let p2 M besomepointin M.
Amapf:M! Niscalledsmoothat p if therearechartsu:M U! R™v:N V! R"with
p2 U, f(p) 2V suchthatthecompositionf=v f u 1:R™! R"isinnitely differentiable
in theusualsense We denoteby df : To,M ! Ty N thetotal differentialof f at p. Themapf is
calledsmoothif it is smoothatall pointsof M.

A smoothbijectvemapf : (M;g)! (N;h) with smoothinverseis calleda diffeomorphism|f
f additionallypreseresthe metric,

Gp(X;Y) = hi(p (dF(X);df(Y));

we call f anisometry
Givenametricg we canmeasureghelengthof acurveg: [a;b]! M by integratingthe normof

its tangentvector:
Z b Z bq -
L@= _ kabkdt=" gy (dt):gt))dt

a
Thegeodesidistanced(p; q) of two pointsp;q2 M is de ned to bethein mum of lengthsof all
curvesjoining p with g. Theminimizing curvesarecalledgeodesicsin the majority of casesthere
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is noexplicit formulafor d(p; g). Neverthelessin thecaseof S" with its canonicaimetricit is given
by d(p;q) = arccoshp; qi ). Here,thegeodesidistances realizedby sggmentsof greatcircles.

For eachRiemanniammetric g, thereexists a correspondindgriemannianvolumeform w given
in local coordinatesi = (ug;:::;up): M U! RMby

W= P det(g)dus ™ :::” dup:

This canbeviewed asa scaledversionof the determinanthatdependn the basepoint. Usinga
coordinatechartu, thevolumeof asubsetA of M is givenby
z Z p
Volg(A) = w= det(g)du;
A u(A)

wheretheintegrationon theright handsideis performedn R".
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