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Abstract
Featureselectionis the taskof choosinga small subsetof featuresthat is suf�cient to predictthe
targetlabelswell. Here,insteadof trying to directlydeterminewhichfeaturesarebetter, weattempt
to learnthepropertiesof goodfeatures.For thispurposeweassumethateachfeatureis represented
by a setof properties,referredto asmeta-features. This approachenablespredictionof thequality
of featureswithout measuringtheir valueon the training instances.We usethis ability to devise
new selectionalgorithmsthatcanef�ciently searchfor new goodfeaturesin thepresenceof ahuge
numberof features,andto dramaticallyreducethenumberof featuremeasurementsneeded.We
demonstrateour algorithmson a handwrittendigit recognitionproblemanda visual objectcate-
gory recognitionproblem. In addition,we show how this novel viewpoint enablesderivation of
bettergeneralizationboundsfor thejoint learningproblemof selectionandclassi�cation,andhow
it contributesto a betterunderstandingof theproblem.Speci�cally, in thecontext of objectrecog-
nition, previousworksshowedthat it is possibleto �nd onesetof featureswhich �ts mostobject
categories(akaa universal dictionary). Herewe useour framework to analyzeonesuchuniversal
dictionaryand�nd that thequality of featuresin this dictionarycanbepredictedaccuratelyby its
meta-features.

Keywords: featureselection,unobservedfeatures,meta-features

1. Intr oduction

In many supervisedlearningtasksthe input is representedby a very large numberof features,
many of which arenot neededfor predictingthelabels.Feature selectionis thetaskof choosinga
smallsubsetof featuresthat is suf�cient to predictthetarget labelswell. Themainmotivationsfor
featureselectionarecomputationalcomplexity, reducingthecostof measuringfeatures,improved
classi�cationaccuracy andproblemunderstanding.Featureselectionis alsoa crucial component
in thecontext of feature extraction. In featureextractiontheoriginal input features(for example,
pixels) areusedto generatenew, morecomplicatedfeatures(for examplelogical AND of setsof
3 binarypixels). Featureextractionis a very usefultool for producingsophisticatedclassi�cation
rulesusingsimpleclassi�ers. Onemain problemhereis that the potentialnumberof additional
featuresonecanextract is huge,andthe learnerneedsto decidewhich of themto includein the
model.

In themostcommonselectionparadigmanevaluationfunctionisusedtoassignscorestosubsets
of featuresanda searchalgorithmis usedto searchfor a subsetwith a high score.Theevaluation
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functioncanbebasedon theperformanceof a speci�c predictor(wrappermodel)or on somegen-
eral(typically cheaperto compute)relevancemeasureof thefeaturesto theprediction(�lter model)
(Kohavi andJohn,1997). In any case,an exhaustive searchover all featuresetsis generallyin-
tractabledueto theexponentiallylargenumberof possiblesets.Therefore,searchmethodsapply
a variety of heuristics,suchashill climbing andgeneticalgorithms. Othermethodssimply rank
individual features,assigninga scoreto eachfeatureindependently. Thesemethodsignoreredun-
dancy andinevitably fail in situationswhereonly a combinedsetof featuresis predictive of the
target function. However, they areusuallyvery fast,andarevery usefulin mostreal-world prob-
lems,at leastfor aninitial stageof �ltering out uselessfeatures.Onevery commonsuchmethodis
Infogain (Quinlan,1990),which ranksfeaturesaccordingto themutualinformation1 betweeneach
featureandthe labels. Anotherselectionmethodwhich we refer to in the following is Recursive
FeatureElimination(RFE,Guyonetal.,2002).SVM-RFEis awrapperselectionmethodsfor linear
SupportVectorMachine(SVM). In eachroundit measuresthequality of thecandidatefeaturesby
trainingSVM andeliminatesthefeatureswith thelowestweights.SeeGuyonandElisseeff (2003)
for acomprehensiveoverview of featureselection.

In this paperwe presenta novel approachto thetaskof featureselection.Classicalmethodsof
featureselectiontell uswhich featuresarebetter. However, they do not tell uswhatcharacterizes
thesefeaturesor how to judgenew featureswhichwerenotmeasuredin thetrainingdata.Weclaim
thatin many casesit is naturalto representeachfeatureby a setof properties,which we call meta-
features. As a simpleexample,in image-relatedtaskswherethefeaturesaregray-levelsof pixels,
the (x;y) positionof eachpixel canbe the meta-features.The valueof the meta-featuresis �x ed
per feature;in otherwordsit is not dependenton the instances.Therefore,we refer to the meta-
featuresasprior knowledge.We usethetrainingsetto learntherelationbetweenthemeta-feature
valuesandfeatureusefulness.This in turnenablesusto predictthequalityof unseenfeatures.This
ability is anassetparticularlywhentherearea largenumberof potentialfeaturesandit is expensive
to measurethe valueof eachfeature. For this scenariowe suggesta new algorithmcalledMeta-
FeaturebasedPredictive FeatureSelection(MF-PFS)which is analternative to RFE.TheMF-PFS
algorithmusespredictedquality to selectnew goodfeatures,while eliminatingmany low-quality
featureswithout measuringthem. We apply this algorithmto a visualobjectrecognitiontaskand
show that it outperformsstandardRFE. In the context of objectrecognitionthereis an advantage
in �nding onesetof features(referredto asa universal dictionary) thatis suf�cient for recognition
of mostkinds of objects. Serreet al. (2005)found that sucha dictionarycanbe built by random
selectionof patchesfrom naturalimages.Hereweshow whatcharacterizesgooduniversalfeatures
anddemonstratethattheir qualitycanbepredictedaccuratelyby theirmeta-features.

The ability to predictfeaturequality is alsoa very valuabletool for featureextraction,where
the learnerhasto decidewhich potentialcomplex featureshave a goodchanceof beingthe most
useful. For this task we derive a selectionalgorithm (called Mufasa) that usesmeta-featuresto
explorea hugenumberof candidatefeaturesef�ciently . We demonstratetheMufasaalgorithmon
a handwrittendigit recognitionproblem.We derive generalizationboundsfor thejoint problemof
featureselection(or extraction)andclassi�cation,whentheselectionusesmeta-features.We show
thattheseboundsarebetterthanthoseobtainedby directselection.

Thepaperis organizedasfollows: we provide a formal de�nition of theframework andde�ne
somenotationsin Section2. In Sections3 and4 we show how to usethis framework to predictthe

1. Recallthatthemutualinformationbetweentwo randomvariablesX andY is I (X;Y) = å f x;yg p(x;y) log p(x;y)
p(x)p(y) .
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quality of individual unseenfeaturesandhow this ability canbecombinedwith RFE.In Section5
weapplyMF-PFSto anobjectrecognitiontask.In Section6 weshow how theuseof meta-features
canbe extendedto setsof features,andpresentour algorithmfor guiding featureextraction. We
illustrate its abilities on the problemof handwrittendigit recognition. Our theoreticalresultsare
presentedin Section7. We discusshow to choosemeta-featureswisely in Section8. Finally we
concludewith somefurtherresearchdirectionsin Section9. A Matlabcoderunningthealgorithms
andexperimentspresentedin thispaperis availableuponrequestfrom theauthors.

1.1 RelatedWork

Incorporatingprior knowledgeaboutthe representationof objectshaslong beenknown to pro-
foundly in�uence theeffectivenessof learning.This hasbeendemonstratedby many authorsusing
variousheuristicssuchasspeciallyengineeredarchitecturesor distancemeasures(see,for example,
LeCunetal.,1998;Simardetal.,1993).In thecontext of supportvectormachines(SVM) avariety
of successfulmethodsto incorporateprior knowledgehave beenpublishedover the last tenyears
(see,for example,DecosteandSchölkopf 2002anda recentreview by LauerandBloch 2006).
Krupka andTishby (2007)proposeda framework that incorporatesprior knowledgeon features,
which is representedby meta-features,into learning.They assumethataweightis assignedto each
feature,asin lineardiscrimination,andthey usethemeta-featuresto de�ne a prior on theweights.
This prior is basedon a Gaussianprocessandtheweightsareassumedto bea smoothfunctionof
themeta-features.While in their work meta-featuresareusedfor learninga betterclassi�er, in this
work meta-featuresareusedfor featureselection.

Taskaret al. (2003)usedmeta-featuresof wordsfor text classi�cationwhentherearefeatures
(words) that areunseenin the training set,but appearin the test set. In their work the features
arewordsandthemeta-featuresarewordsin theneighborhoodof eachword. They usedthemeta-
featuresto predicttheroleof wordsthatareunseenin thetrainingset.Generalizationfrom observed
(training)featuresto unobservedfeaturesis discussedby KrupkaandTishby(2008).Theirapproach
involvesclusteringthe instancesbasedon theobserved features.What theseworksandourshave
in commonis that they all extendlearningfrom thestandardinstance-labelframework to learning
in the featurespace. Our formulation here,however, is different and allows a mappingof the
featurelearningproblemonto thestandardsupervisedlearningframework (seeTable1). Another
relatedmodel is Budget Learning(Lizotte et al., 2003;Greiner,2005), that exploresthe issueof
decidingwhich is the mostvaluablefeatureto measurenext undera limited budget. Other ideas
usingfeaturepropertiesto produceor selectgoodfeaturescanbe found in the literatureandhave
beenemployed in variousapplications.For instance,Levi et al. (2004)usedthis rationalein the
context of inductive transferfor object recognition. Rainaet al. (2006) also usedthis approach
in the samecontext for text classi�cation. They usea propertyof pairsof wordswhich indicates
whetherthey aresynonymsor not for thetaskof estimatingthewords' covariancematrix. Recently,
Leeetal. (2007)usedmeta-featuresfor featureselectionin relatedtasks.They assumethatthemeta-
featuresareinformative on the relevanceof the features.Using a relatedtaskthey modelfeature
relevanceas a function of the meta-features.Kadousand Sammut(2005) usedproperty-based
clusteringof featuresfor handwrittenChineserecognitionandotherapplications.Our formulation
encompassesamoregeneralframework andsuggestsasystematicway to usethepropertiesaswell
asderive algorithmsandgeneralizationboundsfor the combinedprocessof featureselectionand
classi�cation.
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Trainingset Featuresdescribedby meta-features
Testset Unobservedfeatures
Labels Featurequality
Hypothesisclass Classof mappingsfrom meta-featuresto quality
Generalizationin featureselection Predictingthequalityof new features
Generalizationin thejoint problem Low classi�cationerror

Table1: Featurelearningby meta-featuresasa form of standardsupervisedlearning

2. Framework and Notation

In supervised(classi�cation) learningit is assumedthat we have a training setSm =
�

xi ;yi
	

m
i= 1,

xi 2 RN andyi = c
�
xi

�
wherec is anunknown classi�cationrule. Thetaskis to �nd a mappingh

from RN to the labelsetwith a smallchanceof erringon a new unseeninstance,x 2 RN, thatwas
drawn accordingto thesameprobability functionasthe training instances.TheN coordinatesare
calledfeatures. Thestandardtaskof featureselectionis to selecta subsetof featuresthatenables
goodpredictionof the label. This is doneby looking for featureswhich aremoreusefulthanthe
others.We canalsoconsiderthe instancesasabstract entitiesin spaceS andthink of thefeatures
asmeasurementson the instances.Thuseachfeaturef canbeconsideredasa function from S to
R; that is, f : S ! R. We denotethesetof all thefeaturesby f f jgN

j= 1. We usethetermfeature to
describebothraw input variables(for example,pixels in animage)andvariablesconstructedfrom
theoriginal inputvariablesusingsomefunction(for example,productof 3 pixelsin theimage).We
alsouseF to denotea setof featuresandSm

F to denotethetrainingsetrestrictedto F; that is, each
instanceis describedonly by thefeaturesin F.

Herewe assumethateachfeatureis describedby a setof k propertiesu(�) = f ur (�)gk
r= 1 which

we call meta-features. Formally, eachur (�) is a functionfrom thespaceof possiblemeasurements
to R. Thuseachfeaturef is describedby a vectoru( f ) = (u1 ( f ) ; : : : ;uk ( f )) 2 Rk. Note that the
meta-featuresare not dependenton the instances.As alreadymentioned,and will be described
in detail later, this enablesa few interestingapplications.We alsodenotea generalpoint in the
imageof u(�) by u. log is the base2 logarithm while ln denotesthe naturallogarithm. A table
thatsummarizestheabove notationsandadditionalnotationsthatwill be introducedlaterappears
in AppendixB.

3. Predicting the Quality of Features

In this sectionwe show how meta-featurescanbe usedto predict the quality of unseenfeatures.
The ability to predict the quality of featureswithout measuringthem is advantageousfor many
applications.In the next sectionwe demonstrateits usagefor ef�cient featureselectionfor SVM
(Vapnik,1995),whenit is veryexpensive to measureeachfeature.

We assumethatwe observe only a subsetof theN features;that is in the trainingsetwe only
seethevalueof someof the features.We candirectly measurethequality (that is, usefulness)of
thesefeaturesusingthetrainingset.Basedonthequalityof thesefeatures,ourgoalis to predictthe
qualityof all features,includingfeaturesthatwerenotpartof thetrainingset.Thuswecanthink of
thetrainingsetnotonly asa “training setof instances”,but alsoasa “training setof features”.

More formally, our goal is to usethe training set Sm and the set of meta-featuresto learn a
mappingQ̂ : Rk � ! R that predictsthe quality of a featureusingthe valuesof its meta-features.
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Algorithm 1 Q̂ = quality_map(Sm; featquality; regalg)

1. measurethefeaturequalityvector:YMF = featquality(Sm)

2. calculatetheN � k meta-featuresmatrixXMF

3. use the regressionalg. to learn a mapping from meta-featurevalue to quality: Q̂ =
regalg(XMF ;YMF )

Thequality canbebasedon any kind of standardevaluationfunctionthatusesthelabeledtraining
setto evaluatefeatures(for example,Infogain or thesquareweightsassignedby linearSVM). YMF

denotesthe vectorof measuredqualities;that is YMF ( j) is the measuredquality of the j's feature
in thetrainingset.Now we have a new supervisedlearningproblem,with theoriginal featuresas
instances, themeta-featuresasfeaturesandYMF asthe(continuous)target label. Theanalogyto
thestandardsupervisedproblemis summarizedin Table1. Thuswecanuseany standardregression
learningalgorithmto �nd therequiredmappingfrom meta-featuresto quality. Theaboveprocedure
is summarizedin Algorithm 1. Notethat this procedureusesa standardregressionlearningproce-
dure.Thatis, thegeneralizationability to new featurescanbederivedusingstandardgeneralization
boundsfor regressionlearning. In the next sectionwe give a speci�c choicefor featqualityand
regalg (seestep2(b)of algorithm2).

4. Ef�cient FeatureSelectionfor SVM

SupportVectorMachine(SVM) (Vapnik,1995),is oneof themostprominentlearningalgorithmsof
thelastdecade.Many featureselectionalgorithmsfor SVM havebeensuggested(see,for example,
Westonet al. 2000).Oneof thepopularmethodsfor linearSVM is Recursive FeatureElimination
(Guyonet al., 2002).In SVM-RFEyoustartby trainingSVM usingall thefeatures,theneliminate
theoneswith thesmallestsquareweightsin theresultlinearclassi�erandrepeatthesameprocedure
with the remainingfeaturesuntil the set of selectedfeaturesis small enough. The reasonthat
featuresareeliminatediteratively andnot in onestepis thattheweightsgivenby SVM to a feature
dependon thesetof featuresthatwasusedfor training. Thuseliminatingonly a smallnumberof
theworstfeaturesin eachstageminimizestheunwantedeffectof thisphenomenon.

Themaindrawbackof SVM-RFE is thatall thecandidatefeatureshave to bemeasured.This
is infeasiblewhenmeasuringeachfeatureis computationallyexpensive. We suggestanalternative
versionof SVM-RFEusingmeta-featuresthatobviatestheneedto measureall the features.This
algorithmis calledMeta-FeaturesbasedPredictive FeatureSelection(MF-PFS).Themain ideais
to run SVM on only a small(random)subsetof thefeatures,andthenusetheassignedweightsfor
thesefeaturesto predictthe quality of all candidatefeaturesusingtheir meta-features(Algorithm
1). Basedon this predictionwe excludea groupof low quality features,andrepeatthe process
with a smallersetof candidatefeatures.Theexactprocedureis summarizedin Algorithm 2. The
suggestedalgorithmconsidersall the featureswhile calculatingonly a small fractionof the them.
Thus,it is extremelyvaluablein a situationwheretherearea large numberof candidatefeatures
andthecostof measuringeachfeatureis veryhigh. In thenext sectionwedemonstrateMF-PFSon
suchadataset,andshow thatit achievesresultsequivalentto thoseobtainedthroughstandardRFE
with anorderof magnitudelesscomputationtime.
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Algorithm 2 Q̂ = MF-PFS(Sm;n;t; featquality; regalg)
(Thealgorithmselectsn featuresoutof thefull setof N)

1. Initialize thesetof selectedfeaturesF =
�

f j
	

N
j= 1 (all thefeatures).

2. while jFj > n,

(a) SelectasetF0 of randoman featuresoutof F, measurethemandproducea trainingset
of featuresSm

F0
.

(b) UseAlgorithm 1 to produceamapQ̂ from meta-featuresvaluesto quality:

Q̂ = quality_map(Sm
F0

; featquality; regalg)

wherefeatqualitytrainslinearSVM andusestheresultingsquareweightsasa measure
of quality (YMF in Algorithm 1). regalg is basedon k-Nearest-NeighborRegression
(Navot etal., 2006).

(c) UseQ̂ to estimatethequalityof all thefeaturesin F.

(d) Eliminatefrom F min(tjFj; jFj � n) featureswith thelowestestimatedquality.

Thenumberof measuredfeaturescanbefurtherreducedby thefollowing method.Therelative
numberof featureswe measurein eachround(a in step2(a)of thealgorithm)doesnot have to be
�x ed;for example,wecanstartwith asmallvalue,sinceagrossestimationof thequality is enough
to eliminatethevery worst features,andthenincreaseit in the laststages,wherewe �ne-tune the
selectedfeatureset.Thiswaywecansaveonextrafeaturemeasurementswithoutcompromisingon
theperformance.Typical valuesfor a might bearound0.5 in the �rst iterationandslightly above
1 in the last iteration. For thesamereason,in step2(d), it makessenseto decreasethenumberof
featureswe drop alongthe iterations.Hence,we adoptedthe approachthat is commonlyusedin
SVM-RFEthatdropsa constantfraction,t 2 (0;1) of theremainingfeatures,wherea typical value
of t is 0:5. An exampleof speci�c choiceof parametervaluesis givenin thenext section.

5. Experimentswith Object Recognition

In this sectionwe usethe Caltech-101datasetandadoptthe settingin Serreet al. (2005). The
datasetcontainsnaturalimagesof objectsbelongingto 101differentcategories.Thelabelof each
imagespeci�eswhichobjectappearsin theimage,but doesnotspecifythelocationof theobjectin
theimage.Examplesof theimagesareshown in Figure1. Serreet al. (2007)built a classi�cation
systemfor the above taskusing linear SVM on a sophisticatedrepresentationof the images. In
their settinganimageis representedby featuresinspiredby thecurrentmodelof thevisualcortex.
They show how thefeaturescanbebuilt usingahierarchicalfeedforwardsystem,whereeachlayer
mimics thebehavior of the relevant layer in thecortex. The interestedreadershouldconsulttheir
original paperfor all the detailson how the featuresareconstructed.Herewe simply summarize
thedescriptionof thefeaturesthey use,which is suf�cient for our needs.First,original imagesare
convertedinto arepresentationwheretheoriginalpixelsarereplacedby theresponseto Gabor�lters
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(Gabor,1946)of 4 differentorientationsand16 differentscales,followedby a local maximumof
theabsolutevalueover thelocation,two adjacentscalesanddecimation(sub-sampling).Thus,each
imageis replacedby 8 quadrupletsof lower resolutionimages.Eachquadrupletcorrespondsto one
scale,andincludesall 4 orientations.Thefollowing descriptionis over thiscomplex representation.
Eachfeatureis de�ned by a speci�c patchprototype. The prototypeis onesuchquadrupletof a
given size(4x4, 8x8, 12x12or 16x16). The valueof the featureon a new imageis calculatedas
follows:

1. Theimageis convertedto theabovecomplex representation.

2. TheEuclideandistanceof theprototypefrom everypossiblepatch(thatis, atall locationsand
the8 scales)of thesamesizein theimagerepresentationis calculated.Theminimaldistance
(overall possiblelocationsandscales)is denotedby d.

3. Thevalueof thefeatureis e� bd2
, whereb is aparameter.

Step2 is very computationallycostly, andtakesby far moreresourcesthanany otherstepin the
process.This meansthatcalculatingthefeaturevalueon all imagestakesa very long time. Since
eachfeatureis de�ned by aprototype,thefeatureselectionis doneby selectingasetof prototypes.
In Serre's paperthefeaturesareselectedrandomlyby choosingrandompatchesfrom a datasetof
naturalimages(or the training set itself). Namely, to selecta prototypeyou chosean imageran-
domly, convert it to theaboverepresentation,thenrandomlyselectapatchfrom it. In Serre'spaper,
afterthis randomselection,thefeaturesetis �x ed,thatis no otherselectionalgorithmis used.One
methodto improve theselectedsetof featuresis to useSVM-RFEto selectthebestfeaturesfrom a
largersetof randomlyselectedcandidatefeatures.However, sinceSVM-RFErequirescalculating
all thefeaturevalues,this optionis very expensive to compute.Thereforewe suggestchoosingthe
featuresusingmeta-featuresby MF-PFS.Themeta-featuresweuseare:

1. Thesizeof thepatch(4, 8, 12or 16).

2. TheDC of thepatch(averageover thepatchvalues).

3. Thestandarddeviationof thepatch.

4. Thepeakvalueof thepatch.

5. Quantiles0.3and0.7of thevaluesof thepatch.

In the following we show thatby usingthesemeta-featureswe canpredictthequality of new fea-
tureswith highaccuracy, andhencewecandropbadfeatureswithoutmeasuringtheirvalueson the
images.This signi�cantly reducesfeatureselectiontime. Alternatively, it canimprove theclassi�-
cationaccuracy sincewe areableto selectfrom a largesetof featuresin a reasonabletrainingtime
(usingfeatureselectionby MF-PFS).In addition,we draw someinterestingobservationsaboutthe
propertiesof moreor lessusefulfeatures.
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Figure1: Excerptsfrom theCaltech-101data-set

5.1 Predicting the Quality of NewFeatures

Sincetheentirediscussionhererelieson theassumptionthatwecanpredictthequalityof a feature
from its meta-featurevalues,we �rst needto testwhetherthis assumptionholds.We needto prove
that we canindeedpredict the quality of a patchusingthe above meta-features;that is, from its
size,DC, std,peakvalueandquantilevalues.We measurefeaturequality by SVM squareweights
of multi-classSVM (Shalev-ShwartzandSinger,2006). Basedon this quality de�nition, Figure2
presentsanexampleof prototypesof “good” and“bad” featuresof differentsizes.In Figure3 we
explore thequality of featuresasa functionof two meta-features:thepatchsizeandthestandard
deviation (std). We canseethat for small patches(4x4), moredetailsarebetter, for largepatches
(16x16) fewer detailsarebetterandfor mediumsizepatches(for example,8x8) an intermediate
level of complexity is optimal. In otherwords,the larger the patch,the smallerthe optimal com-
plexity. This suggeststhatby usingthesizeof thepatchtogetherwith certainmeasurementsof its
“complexity” (for example,std)weshouldbeableto predictits quality. In thefollowing experiment
weshow thatsuchapredictionis indeedpossible.

WeuseAlgorithm 1 with thesumsquareof SVM weightsasthedirectmeasurefor patchquality
anda weightedversionof k-Nearest-NeighborRegression(Navot et al., 2006)asa regressor. To
solve the SVM, we usethe Shalev-Shwartz andSinger(2006)online algorithm. This algorithm
hasthe advantageof a built-in ability to dealwith multi-classproblems.We use500 featuresas
training features.Thenwe usethe mapreturnedby Algorithm 1 to predictthe quality of another
500 features. The resultspresentedin Figure 4 show that the predictionis very accurate. The
correlationcoef�cient betweenmeasuredandpredictedquality (on the testsetof 500 features)is
0.94. We alsoassessedthe contribution of eachmeta-feature,by omitting onemeta-featureeach
time andmeasuringthe drop in the correlationcoef�cient. The meta-featureswhich contributed
mostto thepredictionaresize,mean(DC) andstd.

The interestingpoint in the above result is that we show that featurequality canbe predicted
by its meta-featurevalues,which representgeneralstatisticalpropertiesof the prototype. This
observationis notablesinceit explainstheexistenceof a universalsetof features(prototypes)that
enablesrecognitionof mostobjects,regardlessof whethertheprototypesweretakenfrom pictures
that containthe relevant objectsor not. Indeed,Serreet al. (2005) found that a set of features
(prototypes)which consistsof prototypestakenrandomlyfrom any naturalimagesconstitutesuch
a universalset;however, they did not characterizewhich featuresaregood. Ullman et al. (2002)
alsoanalyzedthe propertiesof goodfeatures,wherethey usea simplerrepresentationof patches
(for example,without a Gabor�lter). Their conclusionwasthat intermediatecomplex featuresare
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(a) (b) (c) (d) (e)

Good 4x4 Patches

(a) (b) (c) (d) (e)

Bad 4x4 Patches

(a) (b) (c) (d) (e)

Good 16x16 Patches

(a) (b) (c) (d) (e)

Bad 16x16 Patches

Figure2: Examplesof “good” and“bad” patchprototypesof differentsizes.Eachrow represents
onepatch.Theleft column(a) is the imagefrom which thepatchwasextractedandthe
other4 columns(b,c,d,e)correspondto the4 differentorientations(– / | \, respectively).
Goodsmallpatchesarerich in detailswhereasgoodlargepatchesarerelatively uniform.

themostusefulfeatures.However, in their work thefeaturesareobjectfragments,andhencetheir
quality is dependenton thespeci�c trainingsetandnotongeneralstatisticalpropertiesaswefound
in thiswork.

5.2 Applying MF-PFS to Object Recognition

After showing thatwe areableto predictpatchesquality, we have a reasonto believe thatby using
MF-PFS(seeSection4) we canobtainan ef�cient featureselectionin Serreet al. (2005)setting.
The featuresin this settingarevery expensive to computeandthusa standardselectionmethods
cannotconsidermany candidatefeatures.MF-PFSon theotherhand,allows us to explorea large
setof featureswhile measuringonly a few of them.In this sectionwe show thatMF-PFS(with the
above meta-features)indeedsucceedsin selectinggoodfeatureswhile keepingthe computational
costlow. Now we turn to presenttheexperimentalsetupin details.Readersmayalsoskip directly
to theresults.
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Figure3: Qualityasfunctionof thestandarddeviationof themeta-feature.Goodsmallpatchesare
“complex” whereasgoodlargepatchesare“simple”.
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Figure4: Predictingthequality of patches.top: Scatterplot of thepredictedvs. measuredquality.
Thecorrelationcoef�cient is 0.94.bottom:Themeanqualityof thek toprankedfeatures,
for differentvaluesof k. Rankingusing the predictedquality gives (almost)the same
meanasrankingby themeasuredquality.
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We useAlgorithm 2, with multi-classSVM (Shalev-Shwartz andSinger,2006)asa classi�er
and the squareof weightsasa measureof featurequality. The regressionalgorithmfor quality
predictionis basedonaweightedversionof thek-Nearest-Neighborregression(Navot etal.,2006).
Sincethe numberof potentialfeaturesis virtually in�nite, we have to selectthe initial setof N
features.2 We alwaysstartwith N = 10n that wereselectedrandomlyfrom naturalimagesin the
samemanneras in Serreet al. (2005). We use4 elimination steps(follows from t = 0:5, see
Algorithm 2). We startwith a = 0:4 (seestep2(a) of the algorithm)and increaseit during the
iterationsupto a = 1:2 in thelaststep(valuesin the2ndand3rditerationare0.8and1 respectively).
The exact valuesmay seemarbitrary; however the algorithmis not sensitive to small changesin
thesevalues. This can be shown as follows. First note that increasinga can only improve the
accuracy. Now, note also that the accuracy is boundedby the one achieved by RFEall. Thus,
sincethe accuracy we achieve is very closeto the accuracy of RFEall (seeFigure5), thereis a
wide rangeof a selectionthat hardly affects the accuracy. For example,our initial testswere
with alpha= 0:6;0:8;1;1:2 which yieldedthesameaccuracy, while measuringalmost10%more
features.Generalguidelinesfor selectinga arediscussedin Section4. For theaboveselectedvalue
of a; thealgorithmmeasuresonly about2:1n featuresoutof the10n candidates.

We comparedMF-PFSto threedifferentfeatureselectionalgorithms.The�rst wasa standard
RFE which startswith all the N = 10n featuresandselectsn featuresusing6 eliminationsteps
(referredto asRFEall). Thesecondmethodwasalsoa standardRFE,but this time it startedwith
2:1n featuresthatwereselectedrandomlyfrom theN = 10n features(referredto asRFEsmall). The
rationalefor this is to comparetheperformanceof ouralgorithmto standardRFEthatmeasuresthe
samenumberof features.SincestandardRFEdoesnotpredictthequalityof unseenfeatures,it has
to selectthe initial setrandomly. As a baselinewe alsocomparedit to randomselectionof the n
featuresasdonein Serreet al. (2005)(referredto asBaseline). Note thatRFEallconsidersall the
featuresMF-PFSdoes,but makesmany moremeasurements(with coststhatbecomeinfeasiblein
many cases).3 On the otherhandRFEsmallusesthe samenumberof measurementsasMF-PFS,
but it considersaboutone-�fth of thepotentialfeatures.Finally, in orderto estimatethestatistical
signi�canceof theresultswerepeatedthewholeexperiment20times,with differentsplitsinto train
instancesandtestinstances.

Results.Theresultsarepresentedin Figure5. MF-PFSis nearlyasaccurateasRFEall,but uses
many fewerfeaturemeasurements.WhenRFEmeasuresthesamenumberof features(RFEsmall),it
needsto selecttwice thenumberof selectedfeatures(n) to achieve thesameclassi�cationaccuracy
asMF-PFS.Recallthat in this setting,asSerreet al. (2005)mentioned,measuringeachfeatureis
veryexpensive; thustheseresultsrepresentasigni�cant improvement.

6. Guided FeatureExtraction

In the previous sectionwe demonstratedthe usefulnessof meta-featuresin a scenariowherethe
measurementof eachfeatureis very costly. Herewe show how thelow dimensionalrepresentation
of featuresby a relatively smallnumberof meta-featuresenablesef�cient selectionevenwhenthe
numberof potentialfeaturesis very largeor even in�nite andtheevaluationfunction is expensive
(for example,thewrappermodel). This is highly relevant to the featureextractionscenario.Note

2. In Section6 weshow thatmeta-featurescanbeusedto exploreaspaceof anin�nite numberof potentialfeatures.
3. It took dayson dozensof computersto measuretheN=10,000featureson Caltech-101requiredfor RFEall. This is

by far themostdemandingcomputationalpartof thetraining.
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Figure5: Applying SVM with different featureselectionmethodsfor object recognition. When
the numberof selectedfeatures(n) is not too small, our meta-featurebasedselection
(MF-PFS)achievesthesameaccuracy asRFEallwhich measures5 timesmorefeatures
at trainingtime. MF-PFSsigni�cantly outperformsRFEsmallwhich measuresthesame
numberof featuresat training time. To get the sameclassi�cationaccuracy RFEsmall
needsabouttwice thenumberof featuresthatMF-PFSneeds.Theresultsof thebaseline
algorithmthatusesrandomselectionarealsopresented(Baseline).Errorbarsshow 1-std
of themeanperformanceover the20 runs.

that an algorithmsuchasMF-PFSthat waspresentedin the previous sectionsis not adequatefor
this scenario,becausewe needto considera huge(or evenin�nite) numberof potentiallyextracted
features,andthusevena fastpredictionof thequality of all of themis not feasible.Thuswe take
anotherapproach:adirectsearchin themeta-featurespace,guidedby anevaluationof only asubset
of representative features.
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Algorithm 3 Fbest = Mufasa(n;J)

1. Initialization: qbest = maxreal, u0 is theinitial guessof u (In ourexperimentsweuseuniform
random).

2. For j = 1: : :J

(a) Select(or generate)a new set Fj of n randomfeaturesaccordingto p(vju j � 1). See
Sections6.1and6.2for details.

(b) q j = quality(Fj ). (Any measureof quality, In our experimentwe usecross-validation
classi�cationaccuracy of SVM)

(c) If q j � qbest

Fbest = Fj , ubest = u j � 1, qbest = q j

(d) Randomlyselectnew u j which is nearubest . For example,in our experimentswe add
Gaussianrandomnoiseto eachcoordinateof ubest , followed by round to the nearest
valid value.

3. returnFbest

6.1 Meta-featuresBasedSearch

Assumethat we want to select(or extract) a setof n featuresout of large numberof N potential
features.We de�ne a stochasticmappingfrom valuesof meta-featuresto selection(or extraction)
of features. More formally, let V be a randomvariablethat indicateswhich featureis selected.
We assumethat eachpoint u in the meta-featurespaceinducesdensityp(vju) over the features.
Our goalis to �nd a point u in themeta-featurespacesuchthatdrawing n features(independently)
accordingto p(vju) hasahighprobabilityof giving usagoodsetof n features.For thispurposewe
suggesttheMufasa(for Meta-FeaturesAided SearchAlgorithm) (Algorithm 3) which implements
astochasticlocal searchin themeta-featurespace.

NotethatMufasadoesnot useexplicit predictionof thequality of unseenfeaturesaswe did in
MF-PFS,but it is clearthat it cannotwork unlessthemeta-featuresareinformative on thequality.
Namely, Mufasacanonly work if the likelihoodof drawing a goodsetof featuresfrom p(vju) is
somecontinuousfunctionof u; that is, a smallchangein u resultsin a smallchangein thechance
of drawing a goodsetof features.If, in addition,the meta-featurespaceis “simple”4 we expect
it to �nd a goodpoint in a small numberof stepsJ. In practice,we canstop whenno notable
improvementis achieved in a few iterationsin a row. The theoreticalanalysiswe presentlater
suggeststhat over�tting is not a main considerationin the choiceof J; sincethe generalization
bounddependsonJ only logarithmically.

Likeany localsearchoveranon-convex targetfunction,convergenceto aglobaloptimumis not
guaranteed,andtheresultmaydependon thestartingpoint u0. Note that therandomnoiseadded
to u (step2d in Algorithm 3) mayhelpavoid local maxima.However, otherstandardtechniquesto
avoid local maximacanalsobeused(for example,simulatedannealing). In practicewe found,at
leastin our experiments,that theresultsarenot sensitive to thechoiceof u0, thoughit mayaffect

4. Weelaborateon themeaningof “simple” in Sections7 and8.
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thenumberof iterations,J, requiredto achieve goodresults.Thechoiceof p(vju) is application-
dependent.In thenext sectionwe show how it is donefor a speci�c exampleof featuregeneration.
For featureselectionit is possibleto clusterthe featuresbasedon the similarity of meta-features,
andthenrandomlyselectfeaturespercluster. Anotherissueis how to choosethenext meta-features
point (step2(d)). Standardtechniquesfor optimizing the stepsize,suchasgraduallyreducingit,
canbeused.However, in our experimentwe simply addedanindependentGaussiannoiseto each
meta-feature.

In Section6.2 we demonstratethe ability of Mufasato ef�ciently selectgoodfeaturesin the
presenceof a hugenumberof candidate(extracted)featureson a handwrittendigit recognition
problem.In Section7.1wepresenta theoreticalanalysisof Mufasa.

6.2 Illustration on a Digit RecognitionTask

In this sectionwe usea handwrittendigit recognitionproblemto demonstratehow Mufasaworks
for featureextraction. We usedthe MNIST (LeCunet al., 1998)datasetwhich containsimages
of 28� 28 pixelsof centereddigits (0: : :9). We convertedthepixels from gray-scaleto binaryby
thresholding.Weuseextractedfeaturesof thefollowing form: logicalAND of 1 to 8 pixels(or their
negation),whicharereferredto asinputs. ThiscreatesintermediateAND-basedfeatureswhichare
determinedby their input locations. The featureswe usearecalculatedby logical OR over a set
of suchAND-featuresthatareshiftedin positionin a shiftInfLen*shiftInvLensquare.For example,
assumethatanAND-basedfeaturehastwo inputsin positions(x1;y1) and(x2;y2), shiftInvLen=2
andboth inputsaretaken without negation. Thusthe featurevalueis calculatedby OR over 2*2
AND-basedfeaturesasfollows:

(Im(x1;y1) ^ Im(x2;y2)) _ (Im(x1;y1 + 1) ^ Im(x2;y2 + 1)) _

(Im(x1 + 1;y1) ^ Im(x2 + 1;y2)) _ (Im(x1 + 1;y1 + 1) ^ Im(x2 + 1;y2 + 1))

whereIm(x;y) denotesthevalueof theimagein location(x;y). Thiswayweobtainfeatureswhich
arenotsensitive to theexactpositionof curvesin theimage.

Thusafeatureis de�ned by specifyingthesetof inputs, which inputsarenegated,andthevalue
of shiftInvLen. Similar featureshave alreadybeenusedby Kussulet al. (2001)on theMNIST data
set,but with a�x ednumberof inputsandwithoutshift invariance.Theideaof usingshift invariance
for digit recognitionis alsonot new, andwasused,for example,by Simardet al. (1996).It is clear
that therearea hugenumberof suchfeatures;thuswe have no practicalway to measureor useall
of them. Thereforewe needsomeguidancefor theextractionprocess,andthis is thepoint where
themeta-featuresframework comesin. Weusethefollowing four meta-features:

1. numInputs: thenumberof inputs(1-8).
2. percentPos: percentof logic positivepixels(0-100,rounded).
3. shiftInvLen: maximumallowedshift value(1-8).
4. scatter: averagedistanceof theinputsfrom their centerof gravity (COG)(1-3:5).

In orderto �nd a goodvaluefor the meta-featureswe useMufasa(Algorithm 3) andcompareit
to somealternatives. A standardmethodof comparisonis to look on the graphof testerror vs.
the numberof selectedfeatures (as donein Figure 5). Here, however, we usea variant of this
graphwhich replacesthe numberof selectedfeaturesby the total costof computingthe selected
features.This modi�cation is requiredsincefeatureswith largeshiftInvLenaresigni�cantly more
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Figure6: Guidedfeatureextractionfor digit recognition.Thegeneralizationerrorrateasafunction
of the availablebudgetfor features,usingdifferentselectionmethods.The numberof
training instancesis 2000(randomlyselectedfrom theMNIST trainingset). Error bars
show aonestandarddeviationcon�denceinterval. SVM is not limited by thebudget,and
alwaysimplicitly usesall theproductsof features.We only presentthe resultsof SVM
with apolynomialkernelof degree2, thevaluethatgave thebestresultsin thiscase.

computationallyexpensive. Thusaselectionalgorithmis restrictedby abudget which thetotalcost
of the selectedsetof featurescannotbe exceeded,ratherthanby an allowed numberof selected
features.We de�ned the costof measuring(calculating)a featureas0:5

�
1+ a2

�
, wherea is the

shiftInvLenof the feature;this way the cost is proportionalto the numberof locationswherewe
measurethefeature.5

Weused2000imagesasa trainingset,andthenumberof steps,J, is 50. Wechosespeci�c fea-
tures,givena valueof meta-features,by re-drawing featuresrandomlyfrom a uniform distribution
over thefeaturesthatsatis�edthegivenvalueof themeta-featuresuntil thefull allowedbudgetwas
usedup. Weused2-fold crossvalidationof thelinearmulti-classSVM (Shalev-ShwartzandSinger,
2006;Crammer, 2003)to checkthequality of thesetof selectedfeaturesin eachstep.Finally, for
eachvalueof allowed budgetwe checked the resultsobtainedby the linear SVM on the MNIST
standardtestsetusingtheselectedfeatures.

Wecomparedtheresultswith thoseobtainedusingthefeaturesselectedby Infogainasfollows.
We �rst drew featuresrandomlyusinga budgetwhich was50 times larger, thenwe sortedthem
by Infogain (Quinlan, 1990) normalizedby the cost6 (that is, the value of Infogain divided by

5. Thenumberof inputsdoesnot affect thecostin our implementationsincethe featurevalueis calculatedby 64-bit
logic operations.

6. Infogainwithoutnormalizationproducesworseresults.
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Figure7: Optimalvalueof thedifferentmeta-featuresasa functionof thebudget.Theresultsare
averagedover 20 runs,andtheerrorbarsindicatetherangewherevaluesfall in 80%of
theruns.Thesizeof theoptimalshift invarianceandtheoptimalnumberinputsincreases
with thebudget.

computationalcostof calculatingthe featureasde�ned above). We thenselectedthe pre�x that
usedthe allowed budget. This methodis referredto as Norm Infogain. As a sanity check,we
alsocomparedthe resultsto thoseobtainedby doing50 stepsof choosingfeaturesof theallowed
budgetrandomly;that is, over all possiblevaluesof themeta-features.Thenwe usedthesetwith
thelowest2-fold cross-validationerror(referredto asRandSearch). We alsocomparedour results
to SVM with apolynomialkernelof degree1-8, thatusestheoriginalpixelsasinput features.This
comparisonis relevant sinceSVM with a polynomialkernelof degreek implicitly usesALL the
productsof up to k pixels, and the productis equalto AND for binary pixels. To evaluatethe
statisticalsigni�cance, we repeatedeachexperiment20 times,with a different randomselection
of trainingsetsout of thestandardMNIST trainingset. For the testset,we usetheentire10;000
testinstancesof theMNIST dataset. Theresultsarepresentedin Figure6. It is clearthatMufasa
outperformsthebudget-dependentalternatives,andoutperformsSVM for budgetslargerthan3000
(about600 features). It is worth mentioningthat our goal hereis not to competewith the state-
of-art resultson MNIST, but to illustrateour conceptandto comparetheresultsfor thesamekind
of classi�er with andwithout usingour meta-featuresguidedsearch.Notethatour conceptcanbe
combinedwith mostkindsof classi�cation,featureselection,andfeatureextractionalgorithmsto
improve them,asdiscussedin Section9.

Anotherbene�t of themeta-featuresguidedsearchis that it helpsunderstandtheproblem.To
seethisweneedto takeacloserlook atthechosenvaluesof themeta-features(ubest) asafunctionof
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theavailablebudget.Figure7 presentstheaveragechosenvalueof eachmeta-featureasa function
of thebudget.As shown in Figure7b,whenthebudgetis verylimited, it is betterto takemorecheap
featuresratherthan fewer moreexpensive shift invariant features. On the otherhand,whenwe
increasethebudget,addingtheseexpensivecomplex featuresis worth it. Wecanalsoseethatwhen
thebudgetgrows, theoptimalnumberof inputsincreases.This occursbecausefor a smallbudget,
we prefer featuresthat are lessspeci�c, and have relatively high entropy, at the expenseof “in
classvariance”.For a largebudget,we canpermitourselvesto usesparsefeatures(low probability
of being 1), but with a gain in speci�city. For the scattermeta-features,thereis apparentlyno
correlationbetweenthebudgetandtheoptimalvalue. Thevertical lines (errorbars)representthe
rangeof selectedvaluesin thedifferentruns. It givesus a senseof the importanceof eachmeta-
feature.A smallererrorbarindicateshighersensitivity of theclassi�er performanceto thevalueof
themeta-feature.For example,wecanseethatperformanceis sensitiveto shiftInvLenandrelatively
indifferentto percentPos.

7. Theoretical Analysis

In thissectionwederivegeneralizationboundsfor thecombinedprocessof selectionandclassi�ca-
tion whentheselectionprocessis basedonmeta-features.Weshow thatin somecases,thesebounds
arefar betterthantheboundsthatassumeeachfeaturecanbeselecteddirectly. This is becausewe
cansigni�cantly narrow thenumberof possibleselections,andstill �nd a goodsetof features.In
Section7.1we analyzedthecasewheretheselectionis madeusingMufasa(Algorithm 3). In Sec-
tion 7.2 we presenta moregeneralanalysis,which is independentof theselectionalgorithm,and
insteadassumesthatwehaveagivenclassof mappingsfrom meta-featuresto aselectiondecision.

7.1 GeneralizationBoundsfor MufasaAlgorithm

Theboundspresentedin thissectionassumethattheselectionis madeusingMufasa(Algorithm 3),
but they couldbeadaptedto othermeta-featurebasedselectionalgorithms.Beforepresentingthe
bounds,we needsomeadditionalnotations.We assumethat theclassi�er that is going to usethe
selectedfeaturesis chosenfrom ahypothesisclassHc of realvaluedfunctionsandtheclassi�cation
is madeby takingthesign.

WealsoassumethatwehaveahypothesisclassH f s, whereeachhypothesisis onepossibleway
to selectthen out of N features.Usingthetrainingset,our featureselectionis limited to selecting
oneof thehypothesesthatis includedin H f s. As weshow later, if H f s containsall thepossibleways
of choosingn out of N features,thenwe getanunattractive generalizationboundfor largevalues
of n andN. Thusweusemeta-featuresto furtherrestrictthecardinality(or complexity) of H f s. We
have a combinedlearningschemeof choosingboth hc 2 Hc andhf s 2 H f s. We canview this as
choosinga singleclassi�er from H f s � Hc. In thefollowing paragraphswe analyzetheequivalent
sizeof hypothesisspaceH f s of Mufasaasa functionof thenumberof stepsin thealgorithm.

For thetheoreticalanalysis,we needto boundthenumberof featureselectionhypothesesMu-
fasaconsiders.For this purpose,we reformulateMufasaas follows. First, we replacestep2(a)
with an equivalentdeterministicstep. To do so, we adda “pre-processing”stagethat generates
(randomly)J differentsetsof featuresof sizen accordingto p(vju) for any possiblevalueof the
point u in themeta-featurespace.7 Now, in step2(a)we simply usethe relevantset,accordingto

7. Lateronwegeneralizeto thecaseof in�nite meta-featurespace.
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the currentu andcurrent j. Namely, in step j we usethe jth setof featuresthat wascreatedin
thepre-processingstageaccordingto p(vju j ), whereu j is thevalueof u in this step.Notethatthe
resultingalgorithmis identicalto theoriginalMufasa, but thisnew formulationsimpli�es thetheo-
reticalanalysis.Thekey pointhereis thatthepre-processingis donebeforeweseethetrainingset,
andthatnow Mufasacanonly selectoneof thefeaturesetscreatedin thepre-processing.Therefore,
thesizeof H f s , denotedby jH f sj, is thenumberof hypothesescreatedin pre-processing.

Thefollowing two lemmasupperboundjH f sj, which is a dominantquantityin thegeneraliza-
tion bound.The�rst onehandlesthecasewherethemeta-featureshave discretevalues,andthere
area relatively smallnumberof possiblevaluesfor themeta-features.This numberis denotedby
jMFj.

Lemma 1 Any run of Mufasacan be duplicatedby �r st generating JjMFj hypothesesand then
runningMufasausingthesehypothesesalone;that is, usingjH f sj � JjMFj, where J is thenumber
of iterationsmadeby Mufasaand jMFj is thenumberof differentvaluesthemeta-featurescanbe
assigned.

Proof
We �rst generateJ randomfeaturesetsfor eachof the jMFj possiblevaluesof meta-features.

The total numberof setswe get is JjMFj. We have only J iterationsin the algorithm, and we
generatedJ featuresetsfor eachpossiblevalueof the meta-features.This guaranteesthat all the
hypothesesrequiredby Mufasaareavailable.

Notethatin orderto usethegeneralizationboundof thealgorithm,wecannotonly considerthe
subsetof J hypothesesthatwastestedby thealgorithm.This is becausethissubsetof hypothesesis
affectedby thetrainingset(justasonecannotchooseasinglehypothesisusingthetrainingset,and
thenclaim thatthehypothesisspaceof theclassi�er includesonly onehypothesis).However, from
Lemma1, thealgorithmsearchis within nomorethanJjMFj featureselectionhypothesesthatwere
determinedwithoutusingthetrainingset.

Thenext lemmahandlesthecasewherethecardinalityof all possiblevaluesof meta-featuresis
largerelative to 2J, or even in�nite. In this casewe cangeta tighterboundthatdependson J but
noton jMFj.

Lemma 2 Anyrun of Mufasacanbeduplicatedby �r st generating 2J� 1 hypothesesandthenrun-
ning Mufasausingonly thesehypotheses;that is, using jH f sj � 2J� 1, where J is the numberof
iterationsMufasaperforms.

The proof of this lemmais basedon PAC-MDL bounds(Blum andLangford,2003). Brie�y ,
a codebookthatmapsbetweenbinarymessagesandhypothesesis built without usingthe training
set. Thus,thegeneralizationboundthendependson the lengthof themessageneededto describe
theselectedhypothesis.For a �x edmessagelength,theupperboundon thenumberof hypotheses
is 2l wherel is thelengthof themessagein bits.
Proof

Mufasaneedsto accessarandomnumbergeneratorin steps2(a)and2(d). To simplify theproof,
we move therandomnumbergenerationusedwithin Mufasato a pre-processingstagethatstoresa
longvectorof randomnumbers.Thus,every timeMufasaneedsto accessa randomnumber, it will
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simply get thenext storedrandomnumber. After this pre-processing,the featureset,which is the
outputof Mufasa,canbeoneof 2J� 1 previouslydeterminedsets,sinceit only dependson theJ � 1
binarydecisionsin step2(c) of thealgorithm(in the�rst iterationthedecisionof step2(c) is �x ed,
hencewe only have J � 1 decisionsthatdependon the trainingset). Thus,we cangeneratethese
2J� 1 hypothesesbeforeweseethetrainingset.

Using the above PAC-MDL technique,we canalso reformulatethe last part of the proof by
showing that eachof the feature-sethypothesescan be uniquelydescribedby J � 1 binary bits,
which describesthe decisionsin step2(c). A bettergeneralizationboundcanbe obtainedif we
assumethatin thelaststepsanew hypothesiswill rarelybebetterthanthestoredone,andhencethe
probabilityof replacingthehypothesisin step2(c)is small. In thiscase,wecangetadata-dependent
boundthatusuallyincreasesmoreslowly with thenumberof iterations(J), sincetheentropy of the
messagedescribingthehypothesisis likely to increaseslowly for largeJ.

To stateour theoremwealsoneedthefollowing standardde�nitions:

De�nition 3 LetD bea distributionoverS� f� 1g andh : S! f� 1g a classi�cationfunction.We
denotebyerD (h) thegeneralizationerror of h w.r.t D:

erD (h) = Prs;y� D[h(s) 6= y]:

For a sampleSm = f (sk;yk)gm
k= 1 2 (S� f� 1g)m anda constantg> 0, theg-sensitivetrainingerror

is:

êrgS(h) =
1
m

jf i : h(si) 6= yig or

(si has sample-margin < g) ; j

wherethesample-margin measuresthedistancebetweentheinstanceandthedecisionboundary
inducedby theclassi�er.

Now wearereadyto presentthemainresultof thissection:

Theorem4 Let Hc bea classof real valuedfunctions.Let Sbea sampleof sizem generatedi.i.d
froma distributionD overS� f� 1g. If wechoosea setof featuresusingMufasa,with a probability
of 1� d over thechoicesof S, for everyhc 2 Hc andeveryg2 (0;1]:

erD(hc) � êrgS(hc)+

s
2
m

�
dln

�
34em

d

�
log(578m) + ln

�
8
gd

�
+ g(J)

�
;

where

� d = f atHc
(g=32) and f atH (�) denotesthe fat-shatteringdimensionof classH (Bartlett,

1998).
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� g(J) = min(Jln2; ln(JjMFj)) (where J is the numberof stepsMufasamakesand jMFj is
thenumberof differentvaluesthemeta-featurescanbeassigned,if this valueis �nite , and¥
otherwise).

Ourmaintool in proving theabove theoremis thefollowing theorem:

Theorem5 (Bartlett,1998)
Let H be a classof real valuedfunctions.Let S be a sampleof sizem generatedi.i.d from a

distribution D over S� f� 1g ; thenwith a probability of 1� d over thechoicesof S, everyh 2 H
andeveryg2 (0;1]:

erD(h) � êrgS(h)+
s

2
m

�
dln

�
34em

d

�
log(578m) + ln

�
8
gd

��
;

whered = f atH (g=32)

Proof (of theorem4)
Let

n
F1; :::;FjH f sj

o
beall possiblesubsetsof theselectedfeatures.FromTheorem5 we know

that
erD(hc;Fi) � êrgS(hc;Fi)+

s
2
m

�
dln

�
34em

d

�
log(578m) + ln

�
8

gdFi

� �
;

whereerD(hc;Fi) denotesthegeneralizationerrorof theselectedhypothesisfor the�x edsetof
featuresFi .

By choosingdF = d=jH f sj andusingtheunionbound,wegetthattheprobabilitythatthereexist
Fi (1 � i � jH f sj) suchthattheequationbelow doesnothold is lessthand

erD (hc) � êrgS(hc) +
s

2
m

�
dln

�
34em

d

�
log(578m) + ln

�
8
gd

�
+ ln jH f sj

�
:

Therefore,with a probabilityof 1� d theabove equationholdsfor anyalgorithmthatselectsone

of the featuresetsout of
n

F1; :::;FjH f sj

o
. Substitutingthe boundsfor jH f sj from Lemma1 and

Lemma2 completestheproof.

An interestingpoint in this boundis that it is independentof the total numberof possiblefea-
tures,N (whichmaybein�nite in thecaseof featuregeneration).Nevertheless,it canselectagood
setof featuresout of O

�
2J

�
candidatesets. Thesesetsmay be non-overlapping,so the potential

numberof featuresthat arecandidatesis O
�
n2J

�
. For comparison,Gilad-Bachrachet al. (2004)

givesthesamekind of boundbut for directfeatureselection.Theirboundhasthesameform asour
bound,but g(J) is replacedby a termof O(lnN), which is typically muchlarger thanJln2. If we
substituteN = n2J, thenfor theexperimentdescribedin Section6.2 nlnN = Jn(ln2n) �= 375000
while ln(JjMFj) �= 11.
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7.2 VC-dimensionof Joint FeatureSelectionand Classi�cation

In the previous sectionwe presentedan analysiswhich assumesthat the selectionof featuresis
madeusingMufasa. In this sectionwe turn to a moregeneralanalysis,which is independentof the
speci�c selectionalgorithm,andratherassumesthat we have a given classHs of mappingsfrom
meta-featuresto aselectiondecision.Formally, Hs is aclassof mappingsfrom meta-featurevalueto
f 0;1g; thatis, for eachhs 2 Hs; hs: : Rk ! f 0;1g. hs de�neswhich featuresareselectedasfollows:

f is selected( ) hs(u( f )) = 1;

where,asusual,u( f ) is thevalueof themeta-featuresfor featuref . Giventhevaluesof themeta-
featuresof all thefeaturestogetherwith hs we geta singlefeatureselectionhypothesis.Therefore,
Hs andthesetof possiblevaluesof meta-featuresindirectlyde�nesour featureselectionhypothesis
class,H f s. Sincewe areinterestedin selectingexactly n features(n is prede�ned),we useonly a
subsetof Hs whereweonly includefunctionsthatimply theselectionof n features.8 For simplicity,
in the analysiswe usethe VC-dim of Hs without this restriction,which is an upperboundof the
VC-dim of therestrictedclass.

Our goalis to calculateanupperboundon theVC-dimension(Vapnik,1998)of thejoint prob-
lem of feature-selectionandclassi�cation.To achieve this,we �rst derive anupperboundon

�
�H f s

�
�

asa functionof VC-dim(Hs) andthenumberof featuresN.

Lemma 6 LetHs bea classof mappingsfromthemeta-featurespace(Rk) to f 0;1g, andlet H f s be
theinducedclassof featureselectionschemes;thefollowing inequalityholds:

�
�H f s

�
� �

�
eN

VC-dim(Hs)

� VC-dim(Hs)

:

Proof
The above inequality follows directly from the well known fact that a classwith VC-dim d

cannotproducemorethan
� em

d

� d differentpartitionsof asampleof sizem(see,for example,Kearns
andVazirani1994pp. 57).

Thenext lemmarelatestheVC dimensionof theclassi�cationconceptclass(dc), thecardinality
of theselectionclass(

�
�H f s

�
�) andtheVC-dim of thejoint learningproblem.

Lemma 7 Let H f s be a classof the possibleselectionschemesfor selectingn featuresout of N
and let Hc be a classof classi�ers over Rn. Let dc = dc (n) be the VC-dim of Hc. If dc � 11
thenthe VC-dimof the combinedproblem(that is, choosing(h f s;hc) 2 H f s � Hc) is boundedby
(dc + logjH f sj + 1) logdc.

Theproofof this lemmais givenin AppendixA.
Now wearereadyto statethemaintheoremof thissection.

8. Notethatonevalid way to de�ne Hs is by applyinga thresholdon a classof mappingsfrom meta-featurevaluesto
featurequality, Q̂ : Rk ! R. SeeExample2 at theendof thissection.
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Theorem8 Let Hs bea classof mappingsfrom themeta-feature space(Rk) to f 0;1g, let H f s be
theinducedclassof featureselectionschemesfor selectingn outof N featuresandlet Hc bea class
of classi�ers over Rn. Let dc = dc (n) betheVC-dimof theHc. If dc � 11, thentheVC-dimof the
joint classH f s � Hc is upperboundedasfollows

VC-dim(H f s � Hc) �
�

dc + ds log
eN
ds

+ 1
�

logdc;

whereds is theVC-dimof Hs.

Theabove theoremfollowsdirectlyby substitutingLemma6 in Lemma7.
To illustratethegain of theabove theoremwe calculatetheboundfor a few speci�c choicesof

Hs andHc:

1. First, notethat if we do not usemeta-features,but considerall thepossiblewaysto selectn
outof N featurestheaboveboundis replacedby

�
dc + log

�
N
n

�
+ 1

�
logdc; (1)

which is very largefor reasonablevaluesof N andn.

2. AssumingthatbothHs andHc areclassesof linearclassi�ersonRk andRn respectively, then
ds = k+ 1 anddc = n+ 1 andwe get that theVC of thecombinedproblemof selectionand
classi�cationis upperboundedby

O( (n+ klogN) logn) :

If Hc is a classof linearclassi�ers,but we allow any selectionof n featurestheboundis (by
substitutingin 1):

O((n+ nlogN) logn) ;

which is muchlargerif k � n. Thusin thetypical casewherethenumberof meta-featuresis
muchsmallerthanthenumberof selectedfeatures(for examplein Section6.2)theboundfor
meta-featurebasedselectionis muchsmaller.

3. Assumingthatthemeta-featuresarebinaryandHs is theclassof all possiblefunctionsfrom
meta-featureto f 0;1g, thends = 2k andtheboundis

O
� �

dc + 2k logN
�

logdc

�
;

which is still muchbetterthantheboundin equation1 if k � logn.

8. ChoosingGoodMeta-features

At �rst glance,it mightseemthatournew settingonly complicatesthelearningproblem.Onemight
claim that in additionto the standardhardtaskof �nding a goodrepresentationof the instances,
now we alsohave to �nd a good representationof the featuresby meta-features.However, our
point is thatwhile oursettingmightbemorecomplicatedto understand,in many casesit facilitates
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thedif�cult andcrucialproblemof �nding a goodrepresentation.It givesusa systematicway to
incorporateprior knowledgeaboutthefeaturesin thefeatureselectionandextractionprocess.It also
enablesusto usetheacquiredexperiencein orderto guidethesearchfor goodfeatures.Thefactthat
thenumberof meta-featuresis typically signi�cantly smallerthanthenumberof featuresmakesit
easyto understandtheresultsof thefeatureselectionprocess.It is easierto guesswhichproperties
might be indicative of featurequality thanto guesswhich exact featuresaregood. Nevertheless,
the whole conceptcan work only if we use“good” meta-features,and this requiresdesign. In
Sections5 and6.2 we demonstratedhow to choosemetafeaturesfor speci�c problems. In this
sectionwe give generalguidelineson good choicesof meta-featuresand mappingsfrom meta-
featurevaluesto selectionof features.

First,notethatif thereis nocorrelationbetweenmeta-featuresandquality, themeta-featuresare
useless.In addition,if any two featureswith thesamevalueof meta-featuresareredundant(highly
correlated),we gain almostnothingfrom usinga largesetof them. In general,thereis a trade-off
betweentwo desiredproperties:

1. Featureswith thesamevalueof meta-featureshavesimilarquality.

2. Thereis low redundancy betweenfeatureswith thesamevalueof meta-features.

When the numberof featureswe selectis small, we shouldnot be overly concernedabout
redundancy and ratherfocus on choosingmeta-featuresthat are informative on quality. On the
otherhand,if we wantto selectmany features,redundancy maybedominant,andthis requiresour
attention.Redundancy canalsobe tackledby usinga distribution over meta-featuresinsteadof a
singlepoint.

In order to demonstratethe above trade-off we carriedout one more experimentusing the
MNIST dataset. We usedthesamekind of featuresasin Section6.2,but this time without shift-
invarianceandwith �x edscatter. The taskwasto discriminatebetween9 and4 andwe used200
imagesasthetrainingsetandanother200asthetestset. Thenwe usedMufasato selectfeatures,
wherethe meta-featureswereeither the (x;y)-locationor the numberof inputs. Whenthe meta-
featurewasthe (x;y)-location,the distribution of selectingthe features,p(vju), wasuniform in a
4� 4 window aroundthechosenlocation(step2a in Mufasa). Thenwe checkedtheclassi�cation
erroronthetestsetof a linearSVM (whichusestheselectedfeatures).Werepeatedthisexperiment
for differentnumbersof features.9 The resultsarepresentedin Figure8. Whenwe usea small
numberof features,it is betterto usethe(x;y)-locationasameta-featurewhereaswhenusingmany
featuresit is betterto usethenumberof inputsasameta-feature.Thissupportsourcontentionabout
theredundancy-homogeneitytrade-off. The(x;y)-locationsof featuresaregoodindicatorsof their
quality, but featuresfrom similar positionstendto beredundant.On theotherhand,constraintson
thenumberof inputsarelesspredictiveof featurequalitybut donotcauseredundancy.

9. Summary and Discussion

In thispaperwepresentedanovel approachto featureselection.Insteadof merelyselectingasetof
betterfeaturesoutof agivenset,wesuggestlearningthepropertiesof goodfeatures.Thisapproach
canbeusedfor predictingthequalityof featureswithoutmeasuringthemevenonasingleinstance.

9. Wedonotuseshift invariancehere;thusall thefeatureshave thesamecost.
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Figure8: Differentchoicesof meta-features.Thegeneralizationerrorasa functionof thenumber
of selectedfeatures.The two lines correspondto usingdifferentmeta-features:(x;y)-
locationor numberof inputs. The resultsof randomselectionof featuresarealsopre-
sented.

We suggestexploring for new goodfeaturesby assessingfeatureswith meta-featurevaluessimilar
to thoseof known goodfeatures.Basedon this idea,we presentedtwo new algorithmsthat use
featureprediction.The�rst algorithmis MF-PFS,whichestimatesthequalityof individual features
andobviatesthe needto calculatethemon the instances.This is usefulwhenthe computational
costof measuringeachfeatureis very high. The secondalgorithm is Mufasa, which ef�ciently
searchesfor a goodfeaturesetwithout evaluatingindividual features.Mufasais very helpful in
featureextraction,wherethenumberof potentialfeaturesis huge.Further, it canalsohelpavoiding
over�tting in thefeatureselectiontask.

In thecontext of objectrecognitionwe showedthatthefeature(patch)quality canbepredicted
by its generalstatisticalpropertieswhicharenotdependentontheobjectswearetrying to recognize.
This resultsupportsthe existenceof a universalsetof features(universal-dictionary) that canbe
usedfor recognitionof mostobjects.Theexistenceof sucha dictionaryis a key issuein computer
vision andbrain research.We alsoshowed that whenthe selectionof featuresis basedon meta-
featuresit is possibleto derive bettergeneralizationboundson thecombinedproblemof selection
andclassi�cation.

In Section6 we usedmeta-featuresto guidefeatureselection.Our searchfor goodfeaturesis
computationallyef�cient andhasgoodgeneralizationpropertiesbecausewe do not examineeach
individual feature.However, avoidingexaminationof individual featuresmayalsobeconsideredas
adisadvantagesincewemayincludesomeuselessindividual features.Thiscanbesolvedby using
a meta-featuresguidedsearchasa fastbut rough�lter for goodfeatures,andthenapplyingmore
computationallydemandingselectionmethodsthatexamineeachfeatureindividually.

In KrupkaandTishby (2007)meta-featureswereusedto build a prior on theweightassigned
to eachfeatureby a linearclassi�er. In thatstudy, theassumptionwasthatmeta-featuresareinfor-
mative aboutthe featureweights(includingsign). In this work, however, meta-featuresshouldbe
informativeaboutfeaturerelevance, andtheexactweight(andsign)is not important.An interesting
future researchdirectionwould be to combinetheseconceptsof usingmeta-featuresinto a single
framework.

Weappliedourapproachto objectrecognitionandahandwrittendigit recognitionproblem,but
we expectour methodto be very useful in many otherdomains.For example,in the problemof
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tissueclassi�cationaccordingto a geneexpressionarraywhereeachgeneis onefeature,ontology-
basedpropertiesmayserveasmeta-features.In mostcasesin thisdomaintherearemany genesand
very few training instances;thereforestandardfeatureselectionmethodstendto over-�t andthus
yield meaninglessresults(Ein-Dor et al., 2006).A meta-featurebasedselectioncanhelpasit may
reducethecomplexity of theclassof possibleselections.

In addition to the applicationspresentedherewhich involve predictingthe quality of unseen
features,the meta-featuresframework can also be usedto improve estimationof the quality of
featuresthatwedoseein thetrainingset.Wesuggestthatinsteadof usingdirectqualityestimation,
weusesomeregressionfunctiononthemeta-featurespace(asin Algorithm 1). Whenwehaveonly
a few training instances,direct approximationof the featurequality is noisy; thuswe expectthat
smoothingthedirectmeasureby usinga regressionfunctionof themeta-featuresmayimprove the
approximation.

Appendix A. A Proof for Lemma 7

Lemma 7 Let H f s be a classof the possibleselectionschemesfor selectingn featuresout of N
and let Hc be a classof classi�ers over Rn. Let dc = dc (n) be the VC-dim of Hc. If dc � 11
thenthe VC-dimof the combinedproblem(that is, choosing(h f s;hc) 2 H f s � Hc) is boundedby
(dc + logjH f sj + 1) logdc.

Proof
For agivensetof selectedfeatures,thepossiblenumberof classi�cationsof minstancesis upper

bounded
�

em
dc

� dc
(seeKearnsandVazirani1994pp. 57). Thus,for thecombinedlearningproblem,

the total numberof possibleclassi�cationsof m instancesis upperboundedby jH f sj
�

em
dc

� dc
. The

following chainof inequalitiesshowsthatif m=
�
dc + log

�
�H f s

�
� + 1

�
logdc then

�
�H f s

�
�
�

em
dc

� dc
< 2m:

jH f sj
�

e(dc + logjH f sj + 1) logdc

dc

� dc

= jH f sj (elogdc)
dc

�
1+

logjH f sj + 1
dc

� dc

� e(jH f sj)
1+ loge(elogdc)

dc (2)

� (jH f sj)
2+ loge(elogdc)

dc (3)

� (jH f sj)
2+ logeddc+ 1

c (4)

� ddc+ 1
c (jH f sj)

logdc (5)

= ddc+ 1
c d

( logjH f sj)
c (6)

= 2(dc+ 1+ logjH f sj) logdc;

whereweusedthefollowing equations/ inequalities:
(2) (1+ a=d)d � ea 8a;d > 0

(3) hereweassumejH f sj > e, otherwisethelemmais trivial

(4) (elogd)d � dd+ 1 8d � 1

(5) logdc > 2 (sincedc � 11)
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(6) alogb = bloga 8a;b > 1

Therefore,
�
dc + log

�
�H f s

�
� + 1

�
logdc is an upperboundon VC-dim of the combinedlearning

problem.

Appendix B. Notation Table

Thefollowing tablesummariesthenotationandde�nitions introducedin thepaperfor quick refer-
ence.

Notation Shortdescription Sections
meta-feature apropertythatdescribesa feature
N total numberof candidatefeatures
n numberof selectedfeatures
k numberof meta-features
m numberof traininginstances
S (abstract)instancespace 2, 7.1
f a feature:formally, f : S ! R
c aclassi�cationrule
Sm Sm is a labeledsetof instances(a trainingset) 2, 3, 7.1
ui ( f ) thethevalueof thei'smeta-featureon featuref 2, 6
u( f ) u( f ) = (u1 ( f ) ; : : : ;uk ( f )), avectorthatdescribesthefeaturef 2, 6, 7.1
u apoint (vector)in themeta-featurespace 2, 6
Q̂ amappingfrom meta-featuresvalueto featurequality 3, 7.2
YMF measuredqualityof thefeatures(for instanceInfogain) 3
XMF XMF (i; j) = thevalueof the j'smeta-featureon thei's feature 3
F;Fj asetof features 6
V a randomvariableindicatingwhich featuresareselected 6
p(vju) theconditionaldistributionof V givenmeta-featuresvalues(u) 6, 8
hc aclassi�cationhypothesis 7.1
Hc theclassi�cationhypothesisclass 7.1
dc theVC-dimensionof Hc 7.2
hf s a featureselectionhypothesis- sayswhichn featuresareselected 7.1
H f s Thefeatureselectionhypothesisclass 7.1
hs A mappingform meta-featurespaceto f 0;1g 7.2
Hs Classof mappingsfrom meta-featurespaceto f 0;1g 7.2
ds TheVC-dimensionof Hs

J numberof iterationMufasa(Algorithm 3) does 6, 7.1
jMFj Numberof possibledifferentvaluesof meta-features 7.1
erD (h) generalizationerrorof h 7.1
êrgS(h) g-sensitive trainingerror(instancewith margin < gcountaserror) 7.1
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