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Abstract

We shov how a genericfeature-selectioralgorithm returning strongly relevant variablescan be
turnedinto a causalstructure-learninglgorithm. We prove this underthe Faithfulnessassump-
tion for the datadistribution. In a causalgraph,the stronglyrelevant variablesfor a nodeX are
its parentschildren,andchildren’s parentgor spouses)alsoknown asthe Markov blanket of X.
Identifying the spousedeadsto the detectionof the V-structurepatternsandthusto causalorien-
tations. Repeatinghetaskfor all variablesyields a valid partially orientedcausalgraph. We rst
shav anef cient wayto identify the spousdinks. We thenperformsereralexperimentsn thecon-
tinuousdomainusingthe Recursive FeatureElimination feature-selectiomlgorithmwith Support
Vector Rggressionand empirically verify the intuition of this direct (but computationallyexpen-
sive) approachWithin the sameframework, we thendevise a fastandconsistentlgorithm, Total
Conditioning (TC), and a variant, TCpy, with an explicit backward feature-selectiomeuristics,
for Gaussiardata. After runninga seriesof comparatie experimentson ve arti cial networks,
we amguethat Markov blanket algorithmssuchas TC/TCy,, or Grow-Shrink scalebetterthanthe
referencd”Calgorithmandprovideshigherstructuralaccurag.

Keywords: causaktructurdearning,featureselectionMarkov blanket, partial correlation statis-
tical testof conditionalindependence

1. Intr oduction

In this paper we are interestedn using conceptsfrom the feature-selectioneld to help causal
structurdearning.Causaktructurdearning(Pearl,2000;Spirtesetal., 2001)is amultivariatedata-
analysisapproachhataimsto build adirectedagyclic graph(DAG) shaving directcausakelations
amonghevariableof interestof agivensystem.Theseso-calleccausabraphscanbeusedogether
with dedicatedrulescalleddo-calculus(Pearl,1995)to predictthe effect of interventions,thatis,
of structuralchangesdn the data-generatingrocess. In this sense,it differs signi cantly from
traditionalmachine-learningechniquesgivenasetof interventions we canpredictthe behaior of
asetof variableswhosejoint probability distribution haschangedincethe modelwastrained.
Building the causalgraphis a dif cult task, subjectto a seriesof assumptionsand provably
correctalgorithmshave anexponentialworst-caseompleity. Identifying the exactcausalgraphis
in generaimpossible By meanf non-intenentionaldata,causalgraphscanonly beidenti ed up
to observationakquivalenceonly adjacencieandso-calledV-structuregtwo independentauses
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leadingto the sameeffect) canbe speci ed exactly (Pearl,2000,p. 19). Typical structure-learning
algorithmsthusreturnpartially directedacgyclic graphs(PDAGSs). Thesealgorithmscanberoughly
classi ed into two cateories: the scole-basedalgorithmsassociatea scorefunction with a DAG
or PDAG givenatrainingdatasetandperform,for instancea greedysearchin the spaceof DAGs
or PDAGs (e.g.,the GESalgorithm, Chickering, 2002); the constaint-basedalgorithmslook for
dependenciesndconditionaldependencies thedataandbuild thecausafyraphaccordingly Well-
knowvn examplesarethe PC (Spirteset al., 2001)or the IC (PearlandVerma,1991)algorithms.In
an effort to getthe bestof both worlds, otheralgorithmsuseboth conditional-independendests
andscorego build the network; MMHC (Tsamardino®tal., 2006)is suchanexample.

Therangeof datasetsthatthetypical algorithmscandealwith is restricted:notary probability
distribution canbefaithfully representetly a DAG. Faithfulnessof thedistributionis awell-de ned
condition: it guaranteethe existenceof a DAG, calleda perfectmap wherethereis a one-to-one
mappingbetweerthegraphicalcriterionof d-separatiorandconditionalindependencia the data?l
Nilssonet al. (2007) discussfaithful distributions and othertypesof distributionswith respecto
propertiesof conditionalindependenceln the literature, Faithfulnessis a preconditionto prove
correctnessf thealgorithms.

In practice,both existing score-basedndconstraint-basetechniquesleal primarily with dis-
cretedatasets. Score-basedpproachesor continuousvariablesare computationallyexpensve;?
asfor the constraint-basedpproachesnly the multivariateGaussiarcasehasbeendealtwith ef-

ciently (Scheinestal., 1995). Margaritis (2005) proposeda distribution-freetestof conditional
independenceyhichis very computationallyexpensve andcannotbereadily usedwith the current
constraint-basedlgorithmsfor all but very smallnetworks.

Comingfrom the machine-learningommunity featureselection(Johnetal., 1994;Guyonand
Elisseef, 2003)is a commontechniquethat aimsat reducingthe numberof variablesor features
usedfor building moreef cient or morerobustmodels.Technique$ave evolvedto beableto han-
dle nonlinearrelationshipetweervariables redundantariablesjn both discreteandcontinuous
domains. Featureselectionand causalstructurelearningare relatedby a commonconcept: the
Markov blanket of avariableX is thesmallessetMb (X) containingall variablescarryinginforma-
tion aboutX thatcannotbe obtainedfrom arny othervariable? In featureselectionthis is the setof
strongly relevantfeaturesthatis, of featureswhich carryinformationaboutthe targetthat cannot
be obtainedfrom ary othervariable(Kohavi andJohn,1997). In a causalgraph,thisis the setof
all parentschildren,andspouse®f X. Thefeature-selectiotaskandthe causafgraphconstruction
taskcanbothbe statedo someextentasMarkov blanketidenti cation tasks.

Relatingfeatureselectionandcausalstructureearningis not new. Severalalgorithmsidentify-
ing the Markov blanket of a singlevariablewith techniquesnspiredfrom causalstructurelearning
have beenproposedisthe optimalsolutionto thefeature-selectioproblemin the caseof afaithful
distribution. TsamardinogndAliferis (2003)shaw thatfor faithful distributions,the Markov blan-
ket of a variableY is exactly the setof stronglyrelevantfeaturesandprove its uniquenessThey
proposehe IncrementalAssociationMarkov Blanket (IAMB) algorithmto determinet. With the
sameFaithfulnessassumptionthe Min-Max Markov Blanket algorithm (MMMB) (Tsamardinos

1. Conditionalindependencandd-separatiorarede ned formally in Section2.

2. Computationallytractablemethodso learnBayesiametworksfrom continuousdataexist (Fu, 2005),like Bachand
Jordan(2003),but do not offer the causality-relatetheoreticakorrectnesguarantees.

3. Someauthorswrite “Markov blanket” without the notion of minimality, and use“Markov boundary”to note the
smallestMarkov blanket Mb (X). Evenif de ned asminimal, Mb (X) is generallynotunique.
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etal., 2003)identi es the Markov blanket of avariableY by calling a subroutineMin-Max Parents
and Children (MMPC). This subroutine nds the direct parentsand childrenof Y with associa-
tion measuresndconditional-independendests. MMPC is again calledon eachof thesenodes
to nd potentialspousef Y. Falsepositivesarethendiscardedwith conditional-independence
tests. MMMB wasfurther discussedy Pdiaet al. (2005),who proposeAlgorithmMB, a similar
approacthasedon scoresandconditional-independendeststo retrieve Mb (Y). The HITON_MB
algorithm (Aliferis et al., 2003)is similar in its main steps,and selectsan optimal subsetof the
Markov blanket of a tamget variablegiven the Faithfulnessassumption.Nilssonet al. (2007)also
proposea theoreticalalgorithmfor consistenidenti cation of stronglyrelevant featuresin poly-
nomial time for the classof strictly positive distributions. They also amgue that somecommon
backward feature-eliminatioralgorithmslike Recursie FeatureElimination (Guyonet al., 2002)
areactuallyconsistentin the sensehatthey returnthe setof stronglyrelevantfeaturesn thelarge
sampldimit.*

Theseareexamplesof usingcausalstructurelearningor similar constraint-basetéchniquego
help featureselection(seeGuyonetal., 2007,for a review of thosetechniques)In this paper we
proposea framework to do the converse. We presenta genericapproachusingthe outcomeof a
consistenteature-selectioalgorithmFSto build anapproximatestructureof thetrue causalraph.
If we assumehat FS returnsthe Markov blanket of the variables,we canshav how to turn this
approximateesult,calledmoral graph (LauritzenandSpiegelhalter,1988),into a pravably correct
PDAG depictingthe causalstructure. This approachis also usedin the Grow-Shrink algorithm
(MargaritisandThrun,1999),which alsobuilds a moralgraphbeforeadjustingthelocal structure.

This papercontributesa genericalgorithmto build a causalgraphwhich clearly separate¢he
Markov blanketidenti cation andthe neededocal adjustmentsan ef cient algorithmto perform
thoseadjustmentsandtwo fastinstanceof the genericalgorithmfor multivariate Gaussiardata
sets. This is presentedsfollows: in Section2, we rst review the neededermsandde nitions
from featureselectionandcausality In Section3, we make thelink from the outcomeof afeature-
selectioralgorithmto acausagraphby detailingtheneededocal adjustmentanddetailanef cient
way to performthem.We directly applyit in Sectiord, wherewe describenow we canbuild causal
graphausingthe RFEfeature-selectioalgorithm.As this directapplicationis very computationally
intensie, we thenshov our more ef cient instantiationsof the genericalgorithm optimizedfor
the multivariate Gaussiarcase the TC and TCy,, algorithms. We list our experimentalresultsin
Sectionb, shawing throughempiricalevaluationthat Markov blanket algorithmsaremorescalable
andmoreaccuratghanthereferencd?Calgorithm.We nally concludein Section6 andlist proofs
in AppendixA.

1.1 Notation

Boldfacecapitalsdesignateithermatricesor setsof randomvariablesor nodesn agraph,depend-
ing on the context. V is the setof all variablesin the analysis. Italicized capitalslike X;Y;Z are
randomvariablesor nodesand elementsof V. Vectorsaresetin boldfacelowercaseasb or w;
scalargn italics, asthenumberof samples or thenumberof variableqthe problemdimension)d.
We indiscriminatelywrite “variable” or “feature” to referto ary variablein the causalanalysisor

4. Actually, their de nition of consisteng hasto do with returningthe setof featuresrelevantto the Bayesclassi er,
whichis slightly strongerthanstrongrelevanceasusedhere.
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ary nodein a causalgraph,andwrite “predictor” to designatea variableusedasinput for a given
classi er or regressiormodel.

2. Background

We formalizethefeature-selectiotasksuitedfor our needsandprovide relevantde nitions. We do
thesamefor thecausaktructure-learningaskandprepargheneededasisfor draving theparallels
betweerthetwo in thenext section.

2.1 Feature Selection

We aregiven a datasetof n sampleD = f(X;;y;); 1 i ng. Eachdatapoint (xi;y;) hasd 1
inputs,modeledasavectorx; 2 RY 1, andanoutput,or target, y; 2 R (weused 1 andnotd for
the sizeof x; for consisteng with the restof the paper). The datapointsareassumedo be dravn
i.i.d. from ajoint probability distribution over therandomvariablesv = X[ fYg. Theresultof the
feature-selectiotaskwe areinterestedn is a setof retainedvariabless  X. How mary variables
to retainandwhich variablesto retaindepend®n the particularalgorithm,andusuallymaximizes
sometradeof betweeref ciency andclassi cation/rgyressiorerrorof a givenlearningtask.

Johnetal. (1994)proposea classi cationof theinputvariablesx with respecto theirrelevance
to thetamgetY in termsof conditionalindependence

De nition 1 (Conditional independence)in a variablesetV, tworandomvariablesX;Y are con-
ditionally independengivenZ VvV nfX;Yg, noted(X ? Y j Z), if:

8Xy;z:P(X=XxjY=Vy,Z=2)= P(X=XjZ= 2);
providedthat8z: P(Z = z) > 0.

Conditionalindependencts a generalizatiorof thetraditionalnotionof statisticaindependencdf
two variablesX andY areindependentthenthe joint distribution is the productof the maginals:
P(X=xY=y)=P(X=x)P(Y = y). If they aredependengivensomeconditioningsetZ, thenwe
canwrite P(X=x;Y=yjZ=2)= P(X= XjZ = Z)P(Y = yjZ = z). Conditionalindependencis a
key concepin Bayesiametworks(Pearl,1988)becaus®f thefactorization®f thejoint probability
distributionit allows.

In featureselection relevanceof predictorsto the tamget asproposedoy Johnet al. (1994)is
expressedn termsof conditionalindependenceln the following de nitions, we write X; to note
theith inputvariable,andX,; to noteall inputvariablesbut theith one.

De nition 2 (Strongrelevance) A variable X; is stronglyrelevantto thetargetY if

P(Y]Xni) 8 P(Y]Xpi; X):
A variableis stronglyrelevantto the tamgetif it carriesinformationaboutY thatno othervariable
carries. Thisis expressedn the de nition by a changen the probability distribution of the target

betweerconditioningon all othervariables X ,;, andalsoincludingX; in the conditioningset. If X;
carriesno exclusive informationaboutY, thetwo distributionswill beidentical.
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De nition 3 (Weakrelevance) A variableX; is weaklyrelevantto thetargetY if it is not strongly
relevantand
9S  X,i:P(YjS) 86 P(YjS;X):

We speakof weakrelevanceof avariableX; whenthereexistsa certaincontet Sin whichit carries
informationaboutthe target. However, this is not necessarilyexclusive information,asit may be
possibleto obtainit from othervariables.

Corollary 4 (Irr elevance) A variable X; is irrelevantto the target Y if it is neither strongly nor
weaklyrelevant,thatis, if
8S X :P(YjS) = P(YjSX):

A variableis irrelevantif carriesno informationaboutthetargetat all, no matterwhatthe context
is.

For our purposesye assumehatthe feature-selectioalgorithmreturnsthe setof all strongly
relevant variables,andonly those® (In Section5, we discusswith experimentswhetherthis is a
reasonableassumptiorwith the RFE algorithm.) Putin termsof conditionalindependencethe
resultFy of thefeature-selectiotaskwith tamgetY is, with V = X[ fYg:

Fy= X (X&YjVnfX;Yg) : 1)

Thatis thesetof thevariableghataredependentnthetargetY, conditionedon all others.We need
this propertyin Section3 to usetheoutputof thefeature-selectiotaskto build acausabraph.Note
thatif we repeatthe feature-selectiotaskusingastargetanothervariableX 2 V yielding aresult
Fx, we have:

X2F () Y2Fx: (2

This follows asa directconsequencef (1) dueto the symmetryof the conditional-independence
relation(X 2 Y j Z) with respecto X andY.

2.2 CausalStructure Learning

In causalstructureearning,we areinterestedn representingyraphicallyconditionaldependencies
foundin the data. Undera setof assumptionsthey have a causalinterpretation.For this task,we
have adatasetof nsampleD = fvj; 1 i ng. Wedonotdesighatea speci c targetvariablein V
aswe areinterestedn learningthefull structureof the network.

The graphicalrepresentatiorf choicefor causalmodelsis directedacgyclic graphs(DAGS)
(Pearl,2000).1n acausalgraphrepresentetly a DAG, we wantto representirectcausakelations
with arcsbetweerpairsof variables.ChoosingDAGs for this taskimpliesrestrictions,anobvious
oneof whichis thatcausafeedbackoopsareexcludedfrom the analysis.More formally, thejoint
probability distribution hasto be faithful (or DAG-isomorphic¢ Pearl,1988,p. 128); thatis, there
mustexist a DAG thatrepresentsll (conditional)dependenciesndindependenciesntailedby the
distribution. Suchagraphis calleda perfectmapof thedistributionif thereis aone-to-onemapping
betweerthe conditional-independenaelationde ned on variablesandthe d-sepaation criterion
de ned onthegraphicalnodes.

5. In the generalcase, this set can be empty without excluding the existenceof other weakly relevant variables
(Tsamardinosind Aliferis, 2003). In the next subsectionwe detail the Faithfulnesshypothesis which allows us
to excludethis particularcase.
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De nition 5 (d-separation) In aDAG G, twonodesX;Y ared-separatedyZ V nf X;Yg, written
(X$ Y j2),if everypathfromX toY is blockedby Z. A pathis blockedif at leastonediveming
or serially connectedhodeis in Z or if atleastonecorverging nodeandall its descendantare not
in Z. If X andY are notd-sepantedby Z, they are d-connected(X $ Y j Z).

Determiningwhethertwo nodesin a graphared-separatedjiven someconditioningsetis not
visually immediate. It may for instancebe unintuitive that whereasconditioningon a nodeW on
adirectedpathX ! W/! Y blocksthe pathfrom X to Y, conditioningon a commonchild Z of
two variablesX;Y in X! Z Y connectghem. In thelatter case this commonchild is calleda
collider. If, furthermore two parentsX;Y of anodeZ arenonadjacenin thefull graph,thenZ is
calledanunshieldecollider for thepair (X;Y).

Thede nition of d-separatiorwasworked out by Pearl(1988)to matchascloselyaspossible
the complicatednatureof the conditional-independenaelationwith a graphicalcriterion, sothat
theclassof faithful distributions,which canberepresentetly a perfectmap,is aslargeaspossible,
while still keepinga naturalgraphicalrepresentation.

De nition 6 (Perfectmap) A DAG G is a directedperfectmapof a joint probability distribution
P(V) if thereis bijectionbetweertd-sepaationin G and conditionalindependencin P:

8X;Y2V;8Z VnfX;Yg: (X$YizZ) () (X2YjZ): A3)

If we take apartthe perfect-mapequivalence we distinguishtwo importantconceptsknown asthe
CausaMarkov conditionandthe Faithfulnesscondition(Spirtesetal., 2001,p. 29).

TheCausalMark ov condition is saidto hold for agraphG = hV; Ei anda probabilitydistribu-
tion P(V) if every variableis statisticallyindependenof its graphicalnon-descendan{mtuitively,
of its non-efects,director indirect)conditionalonits graphicalparentgintuitively, its directcauses)
in P. PairshG; Pi thatsatisfythe CausaMarkov conditionsatisfytheimplication

8X;Y2V;8Z VnfX;Yg: (X$YjZ) =) (XPYjZ):

Thisis calledl-mappropertyby Pearl(1988).

TheFaithfulnesscondition canbeinterpretecasthe converseof the CausaMarkov condition,
andstateghattheonly conditionalindependencie® hold arethosespeci edby the CausaMarkov
condition:

8X;Y2V:8Z VnfX;Yg: (X$YjzZ) =) (X&Y|Z) :

If the CausaMarkov andFaithfulnessconditionshold togetheifor a pair hG; Pi, thenwe nd again
the equivalence(3), andG is a perfectmapof P.

In practice,the CausalMarkov conditionis usedby the so-calledconstraint-basedlgorithms
to performconditional-independendestson the dataandbuild the graphaccordingly and Faith-
fulnessis assumedo prove thatthe graphis correct. Hausmarand Woodward (1999)discussand
explain in more detail the CausalMarkov condition, and Steel (2005) discussegshe Faithfulness
conditionandits motivations,pointing out caseswvhereit canbe violated. While the formeris in
generalnot violatedsimply by constructiorof the causalgraph,violation of the latteroccursif the
probabilitydistributionis notfaithful. A simpleexampleis the n-bit parity problemwherethe prior
probability of eachbit is uniform, of which the XxoR problemis a specialcase: eachvariableis
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unconditionallyindependenbf every other but any variablepair becomesiependentonditioned
on all othervariables.On this problem,currentconstraint-basedlgorithmsyield anemptygraph
becausef the pairwiseunconditionaindependencies|thoughit is nottruethatthe datashavs no
dependengatall sinceonevariableis awell-de ned functionof all others.

Fromthis point on andfor all proofs,we assumeéhatthe working datasetD hasa distribution
thatdoesnot violate Faithfulness andthatit canthusbe representethy a perfectmap. In sucha
contet, however, it is still not clearthat causatiorcanbe inferredfrom conditionalindependence.
We now proceedo explain therelationbetweercausatiorandconditionalindependence.

AssumingFaithfulnessdirect causatiorbetweenX andY, notedX _ Y, impliesthatX andY
aredependengiven ary conditioningset(PearlandVerma,1991, seede nitions of potentialand
genuinecauses):

X_ Y 9 8S VnfX;Yg:(X@&?Y |S) :

We denotethe absencef directcausatiorby X 6 Y. The exactcorverseof this implicationdoes
nothold. If we make the Causal Suf ciency assumption(Spirtesetal., 2001),thatis, assumehat
no hiddencommoncauseof two variablesexists, we canwrite:

8S VnfX;Yg:(X@&YjS) =) X_ YorY_ X: 4

Using (4), we cantheoreticallydetermineall adjacenciesf the causalgraphwith conditional-
independenceests,but we cannotorientthe edges.But thereis a specialcausatiomatternwhere
conditional-independendestscanreveal the directionof causation.t is knowvn asa V-structure
(Pearl,2000): two commoncausesX;Y, initially independent, becomedependenwhen condi-
tionedon a commoneffect Z, thenactingasa collider. Thisis notedX _ Z”" Y, wherewe also
requireX 6 Y and,symmetricallyY 6 X. Formally, we have:

X _ Z™ YandX6 YandY6 X
=) 9SS VnfX;Y;Zg: (X2 Y |jS)and(X@&?Y jS[ fZg) :

Theexactcorversedoesnothold either But using(4), we can nd anequialencerelationde ning
a V-structure,still assumingCausalSufciency: rst, we certify the existenceof a link between
X andZ andbetweenY andZ. Z is thenidenti ed asanunshieldeccollider if conditioningon it
createsadependencbetweenX andY:

X_Z™MY () 9S VnfX;Y;Zg: (X2 Y |S) and(X &Y jS[ fZQg)
and 8S VnfX;Zg:(X&?ZjS)
and 85 VnfY;Zg:(Y&?Z|S) (5)
Actually, typical algorithms rst establistthe existenceof alink betweertwo variablesby seeking

a certi cate equialentto, or implicating the premiseof, (4), andthenlook for orientationpossi-
bilities. Note thatthereis no guaranteghatall links canbe orientedinto causalarcs,andthatin

6. The two causesX andY actuallydo not needto be unconditionallyindependentbut there mustexist a (possibly
empty)separatingetSxy V nfX;Ygsuchthat(X ? Y j Sxy) for thecolliderto beidenti able. Thisimpliesthat
nodirectcausatiorX _ Y orY _ X mayexist: thecollider mustbeunshielded.
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generalwe thereforecannotrecover the full causalstructurewith conditional-independendests.
This is the problemknown as causal underdetermination (Spirteset al., 2001, p. 62): for the
structure-learningaskgiven obsenrationaldata,a correctgraphis speci ed by its adjacenciesand
its V-structuresonly. Partially orientedgraphsreturnedby structure-learninglgorithmsrepresent
observationallyequivalentlasseof causabraphgPearl,2000,p. 19). This meanghatfor agiven
joint probabilitydistribution P(V), the setof all conditional-independenstatementthatholdin P
doesnotyield a uniqueperfectmapin general.

Formally, if we combine(3), (4) and(5), we nd, for a perfectcausamapG (usingthe symbol
_ " todenotedirectcausatiorand“! " to denoteanarcin thegraph):

X;Y adjaceninG () X _ YorY_ X
X1 Z Y () X_2Z™Y: (6)

It is sometimegossibleto orientfurther arcsin a graphby looking at already-orientedrcsand
propagting constraintspreventingacyclicity andthe creationof additionalV-structuresotherthan
thosealreadydetected The graphafterthis constraint-propagfion stepis calledcompleted®DAG,
maximallyorientedPDAG (CPDAG), or essentiagraph dependingonthe author

3. CausalNetwork Construction Basedon Feature Selection

We have looked at the ideal outcomeof featureselectionin (1) andhow to reada causalgraphin
(6). We now turnto shaving how featureselectioncanbe usedto build a causalgraph. Fromnow
on andfor therestof this paper we assumehatthe joint probability distribution over all variables
V is faithful.

3.1 Identifying the Mark ov Blankets

In the contet of directedgraphicalmodels,the Markov blanket of a nodeX, notedMb (X), is the
setof parentschildren,andchildren's parentg(spousespf X. As an easyproperty notethatwe
have:

X2Mb(Y) () Y2Mb(X):
Thefollowing statements a key propertyof Markov blankets.
Property 7 (Total conditioning) In the context of a faithful causalgraph G, we have:
8X;Y2V: X2Mb(Y) () (X&Y|jVnfX;Yg) :

(SeeAppendix A for the proof.) This propertysaysthatthe Markov blanket of eachnodeis the
setof all variablesthataredependenbnit, conditionedon all othervariables.In otherwords,in

a causalgraph,the parentschildren, and spouse®f Y storeinformationaboutY that cannotbe
obtainedfrom ary othervariable. Note that Mb (Y) then hasexactly the propertyof the output
of featureselection,Fy, ascharacterizedn (1). This links featureselectionand causalstructure
learningin the sensahat

Fy = Mb(Y);
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the Faithfulnessassumptiorguaranteeinghe unicity of Mb (Y). However, Markov blanketsalone
donotfully specifyacausalgraph.Thus,featureselectiongvenif guaranteetb nd only strongly
relevant featurescannotbe directly usedto constructthe graphaswe wantit to be. The problem
is that spouse®f Y, evenif not directly linked in the original graph,would be linked in Fy and
Mb (Y). An additionalstepis neededo transformthe Markov blanketsinto parentschildren,and
spouses.

3.2 Recovering the Local Structure

Theresultof featureselectioncanbe graphicallyshavn by anundirectedyraphG = hv; Ei where
(X;Y)2 E, X2 Fy. Thisgraphis closeto the original causalgraphin thatit containsall arcsas
undirectedinks, andadditionallylinks spousesogetherandis calledthe moral graph of the orig-
inal directedgraph(LauritzenandSpiegelhalter 1988,p. 166). The extra stepneededo transform
this graphinto a causalPDAG is the deletionof the spousdinks andthe orientationof the arcs,a
taskwhichwe call “resolvingthe Markov blankets’

An existing algorithmcanresole the Markov blankets,thatis, useMarkov blanketinformation
to infer thelocal structurearounda node:the Grow-Shrink (GS)algorithm,proposedy Margaritis
andThrun(1999). Thefull algorithm rst nds theMarkov blanket for eachvariable,andperforms
further conditional-independendestsaroundeachvariableto infer the structurelocally. It then
usesa heuristicsto remove cycles possiblyintroducedby previous steps. We list in Algorithm 1
(using our notation)the stepsof the algorithm responsibldor building the local structureusing
the Markov blanket information, asthis is exactly the task we aretrying to solve. In the code,
Bd(X) standsfor the boundaryof X; thatis, the setof its direct neighborsin the graphG. It
is differentfrom Mb (X) in thatwhereadMb (X) is passedasinput to the algorithmandis x ed,
Bd(X) depend®nthegraphG, whichis modi ed throughouthealgorithm.We noteaconditional-
independenctestwith asubroutinecall to CONDINDEP(X;Y; Z): ideally, thisfunctionreturnstrue
when(X 2 Y | Z) holds,andfalse otherwise.More will be saidaboutthe actualimplementation
of suchtestsin Section4. Thecommandbreak is usedto breakout of theinnermostioop, saving
unnecessargomputations.

TheGSalgorithmmakestwo passesverall variablesandthemember®f theirMarkov blankets
(or directneighbordan the secondpass).It rst removesthe possiblespousdinks betweenlinked
variablesX andY by looking for a d-separatingetaroundX andY. In asecondoassijt orientsthe
arcswheneverit nds thatconditioningon a middle nodecreatesa dependenc While searching
for the appropriateconditioningset, GS selectshe smallestbasesearchset(setB in Algorithm 1)
for eachphase.This hastwo very desirableeffects. First, it reduceghe numberof tests,which is
usefulbecauseachphasecontainsa subsetearchgxponentialin time compleity with respecto
the searchedet. Second,t reduceghe averagesize of the conditioningset, which increaseshe
power of the statisticaltests andthushelpsreducethe numberof Typell errors.

While the GS approacltonsiderablyeduceghe numberof teststo be performedwith respect
to a large subsetsearch,it is possibleto performfewer testswhile still identifying correctly the
structureandorientingthe arcs,anddecreasinghe averageconditioningsetsize. A helpful obser
vationis thatorientationandremoval of the spousdinks canbe donetogetherin asinglepass.We
know, asdiscussedn the previous section,that only arcsin V-structurescan be oriented: fortu-
nately V-structuresareexactly spottedwhenwe identify aspousdink to beremoved. Two spouses
X andY thatarenotdirectly linkedin the original causalgraphcanbe d-separatedby somesetof
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Algorithm 1 Resole the Markov Blanketswith the Grow-Shrink Algorithm
1: procedure RESOLVEMARKOVBLANKETS_GROWSHRINK
Input: Mb () : theMarkov blanketinformationfor eachnodeX 2 V
Output: G: partially orientedDAG

/* Computegraphstructure*/

G  moralgraphaccordingo Mb ()

for eachX 2 V andY 2 Mb (X) do
B  smallestsetof f Bd(X) nfYg; Bd(Y)nf Xgg
for eachS B do

if CONDINDEP(X;Y;S) then removelink X Y from G; break

endfor

endfor

/* Orientedgest/
9: for eachX 2 V andY 2 Bd(X) do

10: for eachzZ 2 Bd(X) nBd(Y) nfYgdo

11: orientY ! X /* tobecorrectedf atestyieldsindependenc¥

12: B  smallestsetof f Mb (Y) nfZg; Mb(Z) nfYgg

13: for eachS B do

14: if CONDINDEP(Y;Z;S[ fXg) then remove orientationY ! X; break
15: end for

16: if Y! Xthen break

17: endfor

18: end for
19: return G
20: end procedure

nodes.Thus,if we can nd asetSxy thatmakesX andY conditionallyindependentwe know that
the link betweenthemis a spousdink to be removed. Moreover, we know thatary nodeZ part
of the intersectionof their Markov blanketsnot includedin Sxy is a collider andthusa common
child, andthatthetriplet (X;Z;Y) is actuallya V-structureX ! Z Y in theoriginal graph.This
follows from the de nition of d-separation Whatwe needis an efcient searchalgorithmto nd
suchd-separatingsets.

An approactbasedon this obsenationhastwo mainbene ts. First, it only searchesghetrian-
gles,thatis, the cliquesof threenodes,in the moral graph. Assumingthatthe informationabout
the Markov blanket is correct,only trianglescanhide spousdinks andV-structures.Second for
eachconnectegair X Y in atriangle,decisionsaboutpossiblespousdinks andarc orientation
aretakentogetherandthusfaster

Pseudocodior the proposedearchalgorithmis listedin Algorithm 2, wherethenotationG™Y

denoteshemoralgraphG whereall directlinks involving X orY have beerremoved. Thealgorithm
useghefollowing concept.
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De nition 8 (Collider sets) In anundirectedgraphG = hV;Ei, let Tri (X Y) (with X;Y 2 V and
(X;Y) 2 E) bethesetof verticesforminga triangle with X andY::

Tri(X Y)=fzZz2Vj(X;2)2E;(Y;2) 2 Eg:

Supposehat G is the moral graph of the DAG representinghe causalstructuse of a faithful data
set. A setof verticesZ  Tri(X Y) thenhasthe Collider Setpropertyfor the pair (X;Y) if it is
thelargestsetthatful lls

9Sxy VnfX;YgnZ (X2 Y jSxy) @)
and 872 Z:(X&?Y jSxy[ fZ09): 8)

ThesetSyy is thena d-sepanting setfor X;Y.

Lemma9 In the contet of a faithful causalgraph,the setZ that hasthe Collider Setpropertyfor
a givenpair (X;Y) existsif andonlyif X is neithera directcausenor a directeffectof Y. Thisset
Z is uniquewhenit exists. (Proofin AppendixA.)

Thepurposeof Algorithm 2 is thusto nd thesecollider sets(in the pseudocodehe symbol(
denoteghestrictsubsetelation). Thealgorithmloopsoverall trianglelinks andperformsacollider
setsearchfor eachof them. Let X Y beoneof theselinks: if it is not a spousdink, the search
procedurewill leave thevalueof thed-separatingetSxy to its default value,null. Otherwise Sxy
will be setto a (possiblyempty’) setfor X andY. The collider setcanbe inferred by removing
the d-separatingetfrom the trianglenodesTri (X Y): asTri(X Y) containsnodeson a path
of length2 betweenX andY, nding a d-separatingetthatdoesnot containsomeof thesenodes
provesthatthey canonly be collidersaccordingto the de nition of d-separatiorf. For instance;jf
theprocedurgroducesanemptysetfor agivenlinkedpairX Y, thenX andY areunconditionally
independentandthereforeall nodesin Tri (X Y) arecolliders.

Two caveatshave to be obsenedduringthis searchhowever. First,theremight be otheractve,
d-connectingpathsbetweenX andY that are not going throughary nodeof Tri (X Y). Those
nodesmustbeblockedby appropriateconditioningon the boundaryof X or Y asdeterminedy the
baseconditioningsetat line 6. Secondthis baseconditioningsetmustbe checled not to include
ary descendandf possiblecolliders. If it did, it would opena d-connectingpath accordingto
De nition 5. This checkis performedatlines13to 21. At line 13, we build a setD thatincludes
all possibledescendantsf currently conjectureccollidersthatintersectour baseconditioningset
B. Thefollowing loop makessurenoneof themwasopeninga pathbetweenX andy.

Theorem 10 In thelarge samplelimit, for faithful, causallysufcient datasetsthe procedue RE-
SOLVEMARKOVBLANKETS_COLLIDERSETS correctly identi es all V-structues and all spouse
links, assumingconsistenstatisticaltests.(Proofin AppendixA.)

This procedurds bestunderstoodvith a graphicalexample. Considerthe samplelocal struc-
turein Figurel, imagineit is partof a larger network, andsupposeave are performingthe search

7. Note thatreturningan emptyd-separatingsetin Sxy is differentfrom returningnull, signalingthe absencef ary
suchset.

8. The next paragraphslescribepatternswvherethis is not true andshav how the algorithmstill dealswith themcor-
rectly.
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Algorithm 2 Resolhe the Markov Blanketswith Collider Sets

1. procedure RESOLVEMARKOVBLANKETS_COLLIDERSETS
Input: Mb(): theMarkov blanketinformationfor eachnodeX 2 V

Output: G: partially orientedDAG
2: G  moralgraphaccordingo Mb ()
3 C fg, anemptylist of orientationdirectves
4: for eachedgeX Y partof afully connectedriangledo
5: Sxy hull  /* searchfor d-separatinget*/
6: B smallestsetof fBA(X)nTri(X Y)nfYg; BA(Y)nTri(X Y)nfXgg
7 foreachS( Tri(X Y)do /* subsesearch/
8: Z B[S
9: if CONDINDEP(X;Y;Z) then
10: Sxy Z
11: breakto line 23
12: endif
13: D B\ nodeseachabldoyWin G™Yjw2 Tri(X Y)nS
14: B BnD
15: for eachS’( Ddo /* descendanif collider maybeopeninga path*/
16: Z BY SIS
17: if CONDINDEP(X;Y;Z) then
18: Sxy Z
19: breakto line 23
20: endif
21: endfor
22: endfor
23: if Sxy 6 null then /* save orientationdirective */
24: marklink X Y asspousdink in G
25: foreachz2 Tri(X Y)nSxy do
26: C C[f(X! Z Y)
27: endfor
28: endif

29: endfor
30: remove all spousdinks (i.e., markedlinks) from G

31 for eachorientationdirectve (X! Z Y)2 Cdo /* orientedges/

32: if edgesX ZandY Zstill existin G then
33 orientedgesasX! Z Y
34: end if

35: endfor
36: return G
37: endprocedure
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() (i) (iii)

Figurel: Sampldocal causaktructure(i) andcorrespondingnoralgraph(ii). On (iii ), thespouse
link andorientationinformationthatthecollider setsearctfor thelinkedpairX Y gives.

startingat line 5 in Algorithm 2. We arelooking for a d-separatingsetfor X andY. Looking at
the original graph,we seethat fWg is the smallestsuchset; let us seehow the algorithm nds
it. Wehave: Tri(X YY) = fW;Zg, Bd(X) = fW;Y;Z;VgandBd(Y) = fW, X;Z;U;Tg. Thebase
conditioningsetB will thusbethesmallestof fVg;fU;Tg ,thusB = fVg. At this stagecondi-
tioningonV isjusti able: onecannotexcludesituationswhereX andY ared-connectedjiventhe
emptysetthroughT andV, for instancef T andV both hada commoncausefartheraway in the
network. But actuallyin this example,all (perfect)testscontainingV in the conditioningsetwill
yield dependencehecausét is a descendandf the collider Z andthusopensa pathby de nition
of d-separationEventually in theiterationwhereS= fWg, wewill nd conditionalindependence
in the nestedoop atlines15to 21. As Tri(X Y)nS= fZg, D will beassignedhe valuefVg
andB®will beempty sothatwe will performexactly oneextratestatline 17 with the conditioning
setSxy = fWg, which yieldsindependenceThis in turn allows usto identify thelink X Y asa
spousdink anddetermingline 25) thatthesetTri (X Y)nSxy = fZgisthesetof all directeffects
of X andY; thatis, ful lls the Collider Setproperty

N

z
(i) (i) (III) (IV)

Figure2: Anothersamplelocal causalstructure(i) andcorrespondingnoral graph(ii). On (iii),
awrongresultif orientationis doneimmediatelyat line 26 of Algorithm 2. On (iv), the
correct(non-)orientationf the conditionatline 32 is added.

For somestructuresthe orderin which arcsareremoved and orientedmusthappensuchthat
all spousdinks areremovedbeforeproceedingo orientation.Consideranotherexample,shavnin
Figure 2, andsupposeagain thatthatwe arelooking for a d-separatingsetfor the pair (X;Y). As
X andY areunconditionallyindependentSxy = 0 is avalid d-separatinget. We maythusremove
thelink X Y, andconsideringhatTri (X Y) = fW,Zg, we couldwantto orientX! Z X and
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X! W X (leaving thespousdink W Y to beremovedlater). This would bewrong, precisely
becausaV Y is a spousedink, andthusthe orientationX! W X is not allowed if one of
the links to be orienteddoesnot actually exist in the original graph. This is the reasonwhy all
orientationdirectivesaresavedin alist C atline 26 of Algorithm 2. After all spousdinks have been
removed, the orientationsare doneat line 33 only whenboth links to be orientedstill exist, thus
ensuringhe existenceof theV-structureX! Z .

We do not claim that our algorithm usesthe smallestpossibleconditioningsetfor the tests.
Thereis a tradeof betweenobtainingthe minimal possibleconditioningsetandkeepingthe total
numberof testslow in the averagecase.In the empiricalevaluationof this algorithm,we examine
threebehaioral criteria: the total numberof teststhe averagesizeof the conditioningset,andthe
maximumesizeof the conditioningset.

The compleity of thewhole algorithmiteratingover all trianglelinks, in termsof numberof
callsto CONDINDEP, is O(d?22), whered is thenumberof variablesanda = maxxov jMb (X)j 1.
In theworstcaseof afully connectedjyraph,whereMb (X) = V nfYg, it is exponentialin thenum-
berof variablesdueto thesubsesearchBut in practice theoriginalgraphsareoftensparseenough
sothattheactualruntime is not exponential.Many algorithms(e.g., MMMB, HITON_MB, Algo-
rithmMB, GS) performsubsetsearchesn the (possiblyaugmentedMarkov blanket andthusrely
on graphsparsenes® be ef cient. Although the compleity of RESOLVEMARKOVBLANKETS_
COLLIDERSETS is thesameasthatof RESOLVEM ARKOVBLANKETS_GROWSHRINK, we shawv in
the experimentalresultsin Section5 that the former performsfewer testswith a smalleraverage
conditioningsetsize,while still providing comparableccurag in structurdearning.

3.3 A Generic Algorithm Basedon Feature Selection

Thanksto the subroutineexplainedin the previous section,we cannow draft a genericalgorithm
for structurelearningbasedon feature-selectiomethodsreturningstronglyrelevantfeatures.Al-
gorithm3 lists pseudocodéor thethreemain stepsof this approach:

1. Find the conjecturedViarkov blanket of eachvariablewith featureselectionand build the
moralgraph;

2. Remore spousdinks andorientV-structuresiusingcollider sets;

3. Propagteorientationconstraints.

For the sale of completenesghe constraintpropagtionrulesof Step3 have alsobeenlisted,
in a separatesubroutine(seeAlgorithm 4). They are commonin structurelearningto obtaina
completedPDAG (PearlandVerma,1991). Meek (1995)provesthatthesethreerulesindeedreturn
the maximally orientedgraphwhengivena PDAG whoseV-structuresareoriented.

Thechallengewith thisapproachs twofold. Oneissueis ef ciency: consistenbut slow feature-
selectionalgorithmswill notbeatexisting causalearningalgorithms asthey haveto berunasmary
timesasthenumberof variablesd. Thesecondandbiggestissueis thatconsistenfeature-selection
algorithmsareneededn orderto prove correctnessf this genericalgorithm,in the sensehatthe
resultof featureselectiorshouldbeequalto thesetof stronglyrelevantfeaturesThisrequirements
notalaysful lled. Hardinetal. (2004)studyanSVM classi eranddiscusdeatureselectiorbased
onthew weights:althoughirrelevantvariablesarenot selectedn thelarge sampldimit, they shav
thattheweightsof theweaklyrelevantvariablescanbeascloseasonewishesto thatof thestrongly
relevantvariablesdueto the large-magin behaior of SVMs. Forward featureselectionhasbeen
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Algorithm 3 CausalStructurelearningwith FeatureSelection

1: procedure GENERICSTRUCTURELEARNING

9
10:

No aRA DN

Input: D: n ddatasetwith n d-dimensionabatapoints
Output: G: maximallyorientedpartially directedagyclic graph

/* Stepl. Markov blanket constructiort/
for eachvariableX 2 V do
Fx  FEATURESELECTIONALGORITHM(X;D)
endfor
for eachpair (X;Y) suchthatY 2 Fx andX 2 Fy do  /* symmetrycheck*/
addX to Mb (Y) andY to Mb (X)
endfor

[* Step2: Spuriousarcremoval & V-structuredetectiornt/
G RESOLVEMARKOVBLANKETS(Mb())

[* Step3: Constrainfpropagtion*/
G CoMmPLETEPDAG(G)
return G

11: end procedure

Algorithm 4 Orienta PDAG maximally

1. procedure COMPLETEPDAG

10:
11:
12:
13:

2
3
4
5:
6:
7
8
9

Input: G: partially directedagyclic graph
Output: G: maximallyorientedpartially directedagyclic graph

while G is changedy someruledo /* x ed-pointiteration*/
for eachX;Y;Z suchthatX! Y Zdo
orientasX! Y! Z [* nonew V-structure*/
endfor
for eachX;Y suchthatX Y and9 directedpathfrom X toY do
orientasX! Y [* presereacgyclicity */
endfor
for eachX;Y s.t.X Y & 9nonadj.Z;Ws.t.X Z! Y& X W! Ydo
orientasX! Y /* three-forkV with marriedparents’/
endfor
endwhile
return G

14: end procedure
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shavn to missstronglyrelevant variables(GuyonandElisseef, 2003). Nilssonet al. (2007)also
describeforward selectionasinconsistentput claim that backward featureeliminationis actually
consistenin thelarge-sampldimit.® For nite datasets Statnilov etal. (2006)furthershaov (among
others)thateventheweightsof theirrelevantvariablescangetbiggerthanthatof relevantvariables,
andthat weakly relevant variablescan be selectedmore often than strongly relevant variablesin
somecases.

Theseconsiderationsretakeninto accountin our approach.In the next section,we describe
aninstantiationof the genericalgorithmwith an existing backward feature-eliminatioralgorithm.
Expectingthe featureselectionto betoo inclusive, thatis, to includefeatureghatarenot strongly
relevant,we addthe Itering conditionatline 5 of the genericoutlinein Algorithm 3: in orderto
link X andY in themoralgraph,we requirethe featureselectionperformedfor X to have selected
variableY, andcorversely we requireX to have beenselectedvy the featureselectionperformed
for Y. Thisdoesnottheoreticallyguarante¢heabsencef “f alsepositives; however. Furtherin the
sectionwereplacehefeature-selectiostepwith aprovably consistenalgorithmin themultivariate
Gaussiartase andanalyzeits compleity andbehaior.

4. Algorithms for CausalFeature Selection

In this section,we shav two algorithms(and a variant) asinstantiationsof the genericapproach
previously described.First, we explain an algorithmbasedon the Recursie FeatureElimination
(RFE)algorithm(Guyonetal., 2002)asa directapplicationof existing methods We thendescribe
Total Conditioning(TC), afastalgorithmthatcanbeprovedcorrectunderthe multivariateGaussian
assumptionWe alsoshow avariant, TCy,y, thatimprovesaccurayg with low samplesizesby using
anexplicit backwardfeature-selectioheuristics.In Section5, we reporton experimentsncluding
thesealgorithms.

4.1 An RFE-BasedApproach

To empirically testthe soundnessf the approachwe proposeto use RFE over a SupportVector
Ragression(SVR) learner(Smolaand Schilkopf, 1998) with a linear kernel, assumingfor this

examplethat we will dealwith multivariate Gaussiandata. RFE is an instanceof a backward

feature-eliminatioralgorithm. Given somelearner(in this case SVR), it iteratively trainsit, ranks
thefeaturesaccordingo somecriterion,andremove thefeature(or the p featuresith thesmallest
rankingcriterion. This criterion canbe the weightsw attributedto the featuresby the learner or

somesensitvity measuref the featuregGuyonetal., 2002). In our case we usedthe weightsw

of SVR asdescribedn SmolaandSchilkopf (1998).

Using RFE,the Markov blanketidenti cation is donein two steps:

1. UseRFEto rankthe predictorsaccordingo theirweightsin thetrainedmodelandto provide
whatcanbe seenasarelevanceorderingof the predictors;

2. Determinethesizeof the Markov blanket andthusthe numberof variablesto selectfrom the
list returnedby RFE.

9. Thisis subjectto theassumptiorthatthe underlyingclassi er mustitself be consistentin thesensehatit mustreturn
theBayesclassi erin thelarge-sampldimit.
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We do nothave atheoreticaguarante¢hatRFE/SVRwill returnthe Markov blanket variables.
Although Nilssonet al. (2007) shawvs that RFE/SVM asdescribedn Guyonet al. (2002)is con-
sistent(i.e., returnsstronglyrelevantvariablesin thelarge-sampldimit), thelimitationsof ranking
variablesonthew weightsof anSVM with nite datasetshave alsobeenhighlighted(Hardinetal.,
2004;Statnilov etal., 2006). For now, we thususethis feature-selectiostepasa heuristics.

In orderto determinethe numberof variablesto selectfrom the ranked list returnedby RFE,
we usethefollowing criterion: startingwith the rst variablefrom thelist, acceptanew variablein
theMarkov blanketif thecross-alidatedtrainingerrorof the SVR decreasewith thenew variable,
andstopandreturnthe currentlist if addingthe next variableincreasesheerror.

Algorithm 5 An RFE-Based-eature-SelectioBtep
1: procedure RFEFEATURESELECTION
Input: X: thetametvariableto performfeatureselectionfor
D: n ddatasetwith n d-dimensionabatapoints
Output: S: thesetof selectedariables

2: w  weightsof V nX accordingo RFE(SVR)

3 P  predictorvariablessortedaccordingto w

4: S 0

5: erorgy  vafX] /* MSE of constanfunction*/

6: error  TRAIN(cross-alidatedSVR with predictor(P)1))
7:  while error < errorqy do

8: eroroy  error

9: S S[ f(P)1g [/* addbene cial predictor*/

10: P Pnf(P)g

11: error  TRAIN(cross-alidatedSVR with predictorsS[ f (P)19)
12: endwhile

13: return S
14: end procedure

Thesymmetrycondition(2), X 2 Fy, Y 2 Fx, mightnotbesatis ed: we rely onthecheckat
line 5 of the genericapproactof Algorithm 3 to make surethatwe do not selectspuriousfeatures
in the Markov blanket. This conserative approachimplies thatwe expectRFE to selectat least
all stronglyrelevantvariables plus possiblysomeothersthatwe hopeto identify with this simple
condition.

As a conditional-independendestat lines 9 and17 of the collider setsearchin Algorithm 2,
we canusethe distribution-freeRecursive Median(RM) algorithmproposedy Margaritis (2005)
to detectthe V-structureandremove the spousdinks, or a ztestasusedin Scheine®tal. (1995)in
the caseof Gaussiardata.

Althoughwe expecttheresultinggraphto be accuratén thelarge sampldimit (seeSection5),
we alsoexpecttheruntime of suchanapproacho be muchhighercomparedo existing algorithms.
Training the SVR hasa cubic compleity in termsof the numberof samplesO(n3). To getan
accurateanking,RFErunsthetrainingd 1times.Then,anev SVR learneris trainedandcross-
validatedseveral times (we useda 5-fold cross-alidation) to get the validation error, which is
repeatedor eachvariablein the actualMarkov blanket. The compleity for the whole feature-
selectiorstepis thenO(d?n?), with alarge constanfactor We thusemphasizé¢hatthis RFE-based
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featureselectionis not meantasa valid practicalinstantiationof the genericalgorithm, but rather
asa proof of conceptto validatethe approach.In orderto be practical,the feature-selectiostep
hasto beredesignedothatit is doneef ciently whenrun for all variables.This is whatthe next
algorithmis meantto addressn the speci ¢ caseof multivariateGaussiarvariables.

4.2 The TC Algorithm

We now proposein the procedurel CFEATURESELECTION (Algorithm 6) anotherinstantiationof
thefeature-selectiogall atline 3 of the genericapproactof Algorithm 3. Thewholealgorithmas
determinedy thefeature-selectiorgollideridenti cation, andmaximal-orientatiorstepsis equi-
alentto the TC algorithmdescribedn PelletandElisseef (2007). (We thuswrite “TC” to referto
thewhole algorithmandnot only to the feature-selectioprocedurereferredto asTCFEATURES-
ELECTION.)

For a giventarget variable X, TC estimateghe coefcients of a multiple regressionproblem,
consideringall othervariablesV nX aspredictors.It thenreturnsthe signi cant predictorsaccord-
ing to at-testonthecoefcient of eachvariable.lts shortlisting is in Algorithm 6.

Algorithm 6 The Total ConditioningFeature-SelectioStep
1. procedure TCFEATURESELECTION
Input: X thetamgetvariableto performfeatureselectionfor
D: n ddatasetwith n d-dimensionablatapoints
Output: S: thesetof selectedvariables

2 b  weightsof V nX in the problemof regressingk onV nX
3 S fpredictorsvhoseb weightis signi cantg

4 return S

5. end procedure

The conditional-independendeststo be performedat lines9 and17 of the collider setsearch
of Algorithm 2 aredoneusingpatrtialcorrelation.

De nition 11 (Partial correlation) In avariablesetV, thepartialcorrelationbetweeriworandom
variablesX;Y 2 V givenZ V nf X;Yg, notedr xy z, is thecorrelationof theresidualsRx andRy
resultingfromtheleast-squagslinear regressionof X onZ andofY onZ, respectively

TC wasshavn to becorrectin thelarge sampldimit (subjecto the consisteng of thestatistical
tests)in PelletandElisseef (2007)underthe FaithfulnessandCausalSuf ciency assumptionskor
the sale of completenessye addthe proofto AppendixA. The mainpointsleadingto the correct-
nessof TC arethe equivalenceof a zeroregressiorweightfor somepredictorY while regressingX
onall variablesV n X anda zeropartial correlationr xy vntx:vg, @ndthefactthatthisis zeroif and
only if (X2 Y jVnfX;Yg) holdsin a Gaussiarcontet (Babaet al., 2004). Then, our feature-
selectionstep(Algorithm 6) givesthe Markov blanket for eachnode,andthe collider setsearch
(Algorithm 2) thentakescareof identifying the V-structuresandremoving the spousdinks.

The other advantageof using linear regressionand partial correlationis that it yields a fast
algorithm. Actually, all regressiorweightsandparametersieededor the feature-selectiostepof
TC canbeefciently computedy invertingthesamplecorrelationmatrixR 2 [ 1;1]9 9. Building
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graphsby inverting the correlationmatrix is typically whatis donewith GaussiarMarkov random
elds, aspecialcaseof undirectedyraphicalmodels(see e.g.,Talih, 2003).

The weight computatiorandthe statisticalsigni cance testsare performedasfollows. Let by i
be the maximumlik elihood estimatorof the true regressiorweightb;; of predictorX; whenX; is
thedependentariable,suchthatit solvesthe multiple regressiorequationfor targetX; in thesense
thatit minimizesthe sumof thesquaredesiduals

Lo

n d
o] o] oy
SR= a Xk a bijx
k=1 =161

wherexiy is thevalueof X; for thekth sample If we ha/etheinver§ecorrelgtiqrrnatrix R 1= (r'),
thevectorb atline 2 of Algorithm 7 canbefoundin lineartime: bj; = r''=r" (Raveh,1985).For
instancethelist of weightsto predictvariableX; with all othersis

bi= (bizibis  bia)= (A0 =t (9)
Thedistribution of theseweightsis known (Judgeetal., 1988):

b'Jé__b” tn (@ 1) (10)
i
whereéij is the standarderror of the jth predictorfor variableX;; thatis, thatit follows at dis-
tribution with a numberof degreesof freedomdf = numberof samples numberof predictors
=n (d 1). Forournull hypothesisHp : bijj = 0, we needsS;; in additionto Bij to computethe
t-statisticsh;j=5;. Theestimateof thecoefcient error§;; canbeexpresseds

a—
Sij=Si wl=n;

where$§; is an estimatorof the standarderror of the regressionfor target X;, andw!! is the jth

diagonalelementof the inversecorrelationmatrix of the predictors(Judgeet al., 1988, p. 243).

(How to obtainthe inversecorrelationmatrix of the predictorsfrom the R 1 matrix in quadratic
time is discussedn the next subsection.)The standarcerror §; canalsobe obtainedin lineartime

fromR ! asfollows.

Withoutlossof generalitywe assumezeromeanandaunit standardieviationfor all variables.
Thens?= 1 R? whereR? is thecoefcient of determinatiorof theregressiorfor targetX;. This
coefcient canbe expressedsthe scalarproductof the b; vectorwith thevectorr; of the pairwise
correlationcoefcients of the predictorswith thetamget X; (Raveh, 1985),which we readdirectly
from the correlationmatrix R:

R‘-ZZ biTI’iZ

An unbiasecdestimators; for s; is then
s
5 = n(1 biTri):
n d
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To sumup, we have a compleity of O(nd®) to build andinvert the correlationmatrix, and
O(d?) to checkfor signi cance. This comesfrom having to obtaind timesthe inversecorrelation
matrixof d 1 predictorsn O(d?), andthencheckingtheir signi cancein lineartime. Theoverall
compl«ity of TC, includingthecollideridenti cation andthe constraint-propagfionstepsjs then
O(nd®+ d222).

The weaknessesf this approachareits infeasabilitywhenthe correlationmatrix R doesnot
havefull rank(includingthespeciakasen< d, thatis, whentherearefewer samplegshanvariables),
thelow power of thestatisticatestswith smalldatasets andmulticollinearityin the predictors.The
symptomsof thelasttwo pointsarethatthet-testsdo not refutethe null hypothesisof zeroweight
becaus€i) thereis not enoughdatato supportit, or (ii) multicollinearity makesthe weightslower
thanthey shouldbe, suchthatit becomesharderto interpretthem as depictingthe independent
contrikution of eachpredictor We try to dealwith this problemin the next sectionwith the TCp,,
algorithm.

4.2.1 SIGNIFICANCE TESTS

Independentlyof low samplesizesor multicollinearity, the statisticaltestson the weightsof the
linear regressiorequationsarea delicatepointin TC. The choiceof the Type| errorratea needs
investigatingasit signi cantly in uencestheresultof thealgorithm.

In anetwork of d nodesthe feature-selectiostepperformsd(d 1)=2 teststo determinethe
undirectedskeleton.We will falselyrejectthenull hypothesisj = 0 aboutm a timeson average,
wherem< d(d 1)=2isthedifferencen thenumberof edgedbetweertheoriginal DAG Gy andthe
completegraph.We will thusaddon averagem a wrongedges.We cansetthe signi cancelevel
for theindividual teststo be inverselyproportionalto d(d 1)=2 to avoid this problem(assuming
alarge m andthusrathersparsegraphs) andcheckthatit doesnot affectthe Typell errorratetoo
much,which we do now.

Accordingto (10), theexpressior(f)ij bi;)=S;; followsat distributionwithn (d 1) degrees
of freedom.If we call Y (') thecumulatve distribution functionof at distributionwithn (d 1)
degreesof freedomwe canwrite the Typell errorrateb for eachregressionveight:

bij=Y(Y Y1 a=2) jbijj=5ij):

The valuesfor S;; canbe computedfrom the inversecorrelationmatrix R 1 andthusdependon
the particulardatasetbeinganalyzedput thetrue bj; areunknavn. Whatwe coulddoin theoryto
optimizea is to minimizethe averagenumberof extraneougTe) andmissing(Ty,) links:

T=Te+Tn=ma+ g bi;
(i1])2E

wherem is the numberof edgeamissingin the original DAG comparedo afull graph,andE is the
setof arcsin the original DAG, sothatm+ JEj = d(d 1)=2. As m, E andb;; areunknowvn, we
canonly nd anupperboundfor the numberof missedlinks T, provided (i) we canestimatethe
graphsparsenest® approximatem; (i) we assumghb;jj  d; and(iii) we chooseE? suchthatit
maximizesthesumin (11),with jE’j = d(d 1)=2 m. Thenwe have:

T a Y 1 a=2) d=si)): (11)
(i:))2E?
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Althoughthis boundwasfoundtoo loosefor practicaluse,we canmodelthe Typel and Type
Il errorrateasa functionof a for arti cial problemswhosesparsenesandregressionveightsare
known. Thisis shavn in Figure 3 for a speci ¢ instanceof an Alarm dataset(seeSection5 for
detailson this network) with two different samplesizes,n = 50 (left) andn = 250 (right). We
did not usethis informationto tunea in the experiments,asit cannotbe obtainedwithout prior
knowledge,but thecurnesshavedthatana inverselyproportionato d(d 1)=2 hasthesameorder
of magnitudeasthe optimala onthe datasetswe analyzed.

Whatwe alsoseeis thatthe Typel errorcurve rapidly goesup, whereaghe Typell errorcurve
is upperboundedby the total numberof links in the original graph. In termsof pure numberof
errors,settingalow a will thusbemorebene cial thansettingahighera to getalow b. It is worth
discussinghowever, dependingntheparticulamproblemto solve, whichis moredesirablemissing
causallinks or getting extra causallinks. In termsof Bayesiannetworks, gettingtoo few links
preventsthe modelfrom beingableto reconstructhefull joint probability distribution, becauseve
losethel-mapproperty;whereagettingtoo mary links implieshaving to estimatenoreparameters
from the samedataandthuscomplei es a subsequenparametefearningtask.

4.3 The TCypy Algorithm

Despitecorrectnes®f TC, with a low humberof samples it fails to have enoughevidencefor
rejectingthe null hypothesisof zeroregressionveight,andthusmissedinks (seedetailedresultsin
Sectionb), evenfor ahigha. We now try to addresshis particularissueby successiely eliminating
the mostinsigni cant predictorsandreevaluatingthe remainingones. This is actuallya backward
stepwise-rgressiormethod.Pseudocodéor this heuristicss listedin Algorithm 7.

Algorithm 7 The Total ConditioningBackward Feature-SelectioStep
1. procedure TCBWFEATURESELECTION
Input: X : thetametvariableto performfeatureselectionfor
D: n ddatasetwith n d-dimensionabatapoints
Output: S: thesetof selectedvariables

2 P VvnX /*all predictorst/

3 S 0 /* signi cant predictorst/

4 while P& 0andP 6 Sdo

5: b  weightsof P in the problemof regressingX on P
6

7

8

S S fpredictorsvhoseb weightis signi cantg
P  Pnfthe plesssigni cant predictorg
endwhile
9 return S
10: end procedure

Intuitively, the problemto solwe is thatthe regressionweightscannotbe high enoughfor sig-
ni cance with smallsamplesizes.By remaving the mostinsigni cant predictorsandthusthe most
likely to beactuallyzero,we scaledowvn theregressiomproblemandincreasehe power of thetests.
How mary insigni cant predictorsto remove canbe discussedijn our implementationwe com-
paredp= 1to p= (numberof predictor$=2 andfoundthatthelatteryieldedresultsthatwerejust
asgoodwith animportantspeedjain.
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This stepwiseegressiorraisessomeissuesnotably Tibshirani(1994)amguesthattherepeated
testson non-changinglataare biasedandthatthe remainingb coefcients aretoo large. We thus
expectTCypy to be biasedandto include morefalsepositivesthan TC. Ideally, onewould needa
criterionto predictwhenthe additionalfalsepositveswould outweighthe bene ts of reducingthe
falsenggatives. Whethersucha criterion, which would allow usto know a priori whetherTC or
TCpw shouldbe used canbefound,is anopenquestion.

Solving a standardnultiple regressionproblemwith d predictorstraditionally hascompleity
O(nd®). Navely solvingd 1 regressionproblemsd timesin the casep = 1 would have a com-
plexity of O(nd®). Butwe canavoid reinvertingmatricesin theinnerloop of thestepwisaegression
thanksto thefollowing result.

Let S= XTX ben timesthe correlationmatrix R, whereX is then d matrix representing
datasetwhereall variableshave zeromeanandunit standarcdeviation. Thenwe canuseS ! to
linearly nd theweightsof the regressiormproblemsandtheir standarcerror, which areneededor
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thet-tests. Supposenve nd thatvariableX; is the wealestpredictor andwantto reevaluatethe
weightsof theotherpredictorsatline 5 of TCy,,. Let X, bethedatasetwherevariableX; hasbeen
removed. Thenwe needthematrix W * to solve the new problemwhereW= x;lxnl. As aspecial
caseof Strassers blockwisematrix inversionformula,we have:

-
_ Sun C
S= c W
1 c'w ! 3
. I~ - ~TwI-
— Slz s11 C'W -C S11 C W c :
) 3 WTlc1 W1+W1CCTTW11g
S11 C'W -C s11 C'W -C

Lets'i= (S 1)ij andb = W c. Thenb aretheweightsof theregressiorof X; onX,;  ; Xy and
canbe computedwithoutknowing W ! (Raveh,1985),see(9). We have:

s'=1~sy; c'b)
and,(S 1)1 beingthematrixS * wherethe rst row andcolumnhave beenremoved,
(S HYyu=W +bb'=(s11 c'b):
We canthuscomputew * givenS * with compleity O(d?) asfollows:
wil=(s b, stbb': (12)

This trick is alsousedin TC to nd the inversecorrelationmatrix of the predictorsfrom the
inversecorrelationmatrix of thewholevariableset.

Equation(12) is implementedn TCy,, suchthatwe never needto invert anothematrix again
onceS ! hasbeenobtained,andleadsto a compleity of O(d?) for stepwiseelimination of a
predictor In the mostcomputationallyexpensve casep = 1, this eliminationof row andcolumnof
theinversematrix is repeatedat mostd 2 for eachvariable,yielding a compleity of O(nd*) for
thewhole feature-selectiostepfor all variables.The overall compleity of TCpy, is thenO(nd* +
d?22). We are only addingone compleity degreein d with respectto TC with the additional
stepwiseregression.

5. Experimental Results

In this section,we reporton experimentsand resultson two points separately First, we testour
proceduradescribedn Algorithm 2 to recover the local structurewith the collider setsearchgiven
all Markov blankets,and compareit to the relevant stepsof the GS algorithm,which arelistedin
Algorithm 1, with 5 different network topologies. For the sale of comparisonwe alsorun the
referencePC algorithm (Spirteset al., 2001),initialized with the moral graphinsteadof the fully
connectedyraph.

Second,we conductexperimentsto investigate how the whole structure-learninglgorithms
behae. We rst usethe RFE-basedpproach. We then systematicallycompareTC, TCy, and
several referencealgorithms,varying the datasetsize andthe network size. Note that resultsfor
somealgorithmsmaybe sparsedueto their prohibitive run timeson somedatasets.
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5.1 Experimental Setup

In orderto testthe accurag of the variousalgorithms we choseto sampledatafrom the following
known networks, from the Bayesnetrepository(Elidan,2001):

Alarm network (Beinlich et al., 1989). This network hasbecomea de factostandarcbench-
mark for structure-learninglgorithms: it contains37 nodes,46 arcs,4 undirectedin the
PDAG of the equivalenceclass. It wasoriginally designedo helpinterpretmonitoringdata
to alertanesthesiologist® varioussituationan theoperatingoom. It is depictedn Figure4.

InsurancgBinderetal.,1997),27 nodes52 arcs,18 undirectedn its PDAG. It wasdesigned
to evaluatecarinsuranceisks. This network hasfewer nodesthanAlarm but is densersee
Figureb.

Hail nder (Abramsonet al., 1996), 56 nodes,66 arcs, 17 undirectedin its PDAG. It is a
normatie systenthatforecastseseresummethail in northeaster©olorado.SeeFigure6.

Carpo? 61 nodes74arcs,24 undirectedn its PDAG. It is meantto helpdiagnosehecarpal
tunnelsyndrome.The versionwe usedhasthreedisconnectedubgraphspneof whichis a
singlevariable,andarelatively at causaktructureascanbeseenin Figure?.

A subsebf DiabetegAndreassert al., 1991)with 104 nodes,149 arcs,8 undirectedn its
PDAG, which wasdesignedasa preliminarymodelfor insulin doseadjustment.This subset
is madeof 6 repeatingpatterns(thereare 24 in the original network) of 17 nodes,plus 2
externalnodedinkedto every pattern.The rst two of thesepatternsaareshovn in Figure8.

We performedhreeseriesof experiments.

1. We comparedur algorithmresolvingthe Markov blanket to the relevantstepsof the Grow-
Shrinkalgorithm,asdescribedn Section3.2,andto PC;

2. Wetestedhe RFE-base@pproactandcomparedt to PC;

3. Finally, we compared C andTCy,, to threereferencealgorithmsandexaminetheiraccuray,
run time, andnumberof testswhile varyingthe network structure the network size,andthe
samplesize.

Thechoserreferencealgorithmsare:

1. The PCalgorithm. PCis, like TC and TCp,, exponentialin the worst case,whengraphs
are not sparseenough: we discusswhich structuralelementsmake PC or TC exhibit the
exponentialbehaior;

2. Thefull Grow-Shrinkalgorithm,asdescribedn MargaritisandThrun(1999);

3. A state-of-the-arBayesiarstructure-learninglgorithmthatworkswith continuousiatasets,
theBach-Jordarscoringalgorithm(BachandJordan2003),coupledwith agreedysearchn
the spaceof DAGs. Note that Bayesianstructure-learninglgorithmsare often score-based
andreturnfully orientedDAGs. Maximizing the chosenscorefunction might not minimize
the numberof structuralerrorsaswe reportin theseresults.
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Figure4: The Alarm network

Figure6: TheHail nder network
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Figure8: Two of thesix patternof the Diabetesnetwork

For all simulationexperimentswe generatedhe datasetsby usingthe 5 graphsasa structure
for a linear structuralequationanodel: the parentlesvariableswere sampledas Gaussiansvith
zero meanand unit standarddeviation; the othervariableswere de ned as a linear combination
of their parentswith coefcients randomlydistributed uniformly between0.2 and 1, similarly to
whatwasdonein Scheinestal. (1995)for the evaluationof PC. The disturbancdermswerealso
normally distributed. We comparedhe numberof tests,the size of the conditioningsets,andthe

10. Createdby Alex Dagumwith contritutionsfrom Mark Peot,asindicatedon its pageat the Bayesnetrepository No
correspondingublicationwasfound.
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structuralerrorsin caseof runswith arti cial data.A structuralerroris anarcaddition,deletion,or
reversalwith respecto theoriginal graph.

We usedtheimplementatiorof PCproposedy LerayandFran®is (2004)in theBNT Structure
LearningMatlab package. The implementationof TC and TCy,, wasalsodonein Matlah The
statisticaltestswere done using Fishers z-transformof the partial correlation,unlessotherwise
stated. For PC and GS, we chosethe default valueof a = 0:05; we notethoughthat the optimal
valueof a is problemdependenandthatespeciallywith low samplesizes handtuninga canreturn
betterresultsthanthoselisted here.For bothTC andTCy,,, we seta = 2=(d(d 1)), accordingto
thediscussiorattheendof Section4.2.

5.2 Local Structure Recovery with Mark ov Blanket Inf ormation

In this seriesof experimentsye compareRESOLVEMARKOVBLANKETS_COLLIDERSETS (CS)to

RESOLVEMARKOVBLANKETS_GROWSHRINK andto a modi ed versionof PC,wherethe graph
beingbuilt is initialized with themoralgraph(insteadof thefull graphin theoriginalversionof PC).

This represent&xactly the Markov blanket information availableto the two otheralgorithmsand
allows a directcomparison Note thatwe obsene the PDAG that PC obtainsbefole the constraint-
propagtion stephbuilding the maximally orientedPDAG, suchthat, in all threetestedalgorithms,
we only expectthe V-structuredo be oriented.

We testedthe threealgorithmson eachnetwork usingtwo methodsto checkfor conditional
independence:rst, usinga d-separatiororaclewith the original graph(which is equivalentto a
perfecttest); and second,using Fishers ztransformof the samplepartial correlationcoefcient
ascomputedon arti cial data,with signi cancea = 0:05. Using the oraclealwaysyields correct
graphs.

Table 1 shaws the resultsof theseexperiments.We rst list the resultsobtainedwhenusing
a d-separatiororacleto decideupon conditionalindependenceFor GS, we ran two versionsof
Algorithm 1: one,whichwe nameGS(1),wherethe subsesearchesatlines5 and13 proceedwith
decreasingizesof the chosensubsetS, andanother GS(2), with increasingsubsetsizes. GS(1)
usuallyleadsto fewer tests,but with larger conditioningsets. The orderof the subsetsearchesor
our method(lines 7 and15in Algorithm 2) was x edto decreasingubsesizes,asthis alwaysled
to fewertestsand smallerconditioningsets.

The resultsfor the modi ed PC algorithmare only shavn for the sake of comparison:PCis
a general-purposalgorithmwhich is not specializedn suchlocal structurerecognitiongiventhe
Markov blankets. What the comparisonshavs, however, is that, wheneer this Markov blanket
informationis availableor cheapto obtain,therearemuchmoreef cient approaches.

GS(1)andGS(2)arecloseto oneanotherin all scoresandoutperformPC (by several ordersof
magnitude)jn thenumberof testsand(signi cantly) in averageandmaximumsizeof the condition-
ing sets(except,arti cially , for theresultsmarkedwith a star),becauset usesthe Markov blanket
informationbetter Ourapproachhowever, is oneorderof magnitudebetterthanGS(1)andGS(2)
in termsof numberof tests,while still usingsmalleraverageand maximumconditioningsetsizes
in all testednetworks. Especiallystriking arethe resultson the Carponetwork: thisis anexample
whereCS savesal lot of time ignoringthe numeroudinks not partof triangles,whereascS(1)and
GS(2)alsochecksthose with the oftenlarge Markov blankets(Figure7).

Wethenperformedhesameexperimentsput usingthestatisticatestson datasampledrom the
networks asdescribedn the previous sections.We useda x edsamplesizen= 500andaveraged
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Algorithm Alarm | Insurance| Hail nder Carpo | Diabetes
modied PC
#tests 11331| 773572 | 19543985 | 2025256 | 93134
avg. Zj 4.36 7.65 575 5:47° 4.64
maxjZj 10 16 6’ 6’ 6’
GS(1)
#tests 1485 6435 2809 209342 5414
avg.jZj 2.62 3.63 2.66 7.46 2.73
maxjZj 8 11 7 15 10
GS(2)
#tests 1472 7180 2979 200621 6197
avg.jZj 2.20 3.05 2.31 7.39 2.39
maxjZj 7 8 7 15 8
Cs
#tests 214 1288 593 294 943
avg.jZj 1.80 2.69 2.30 1.79 2.13
maxjZj 5 6 6 8 7

Tablel: Numberof testsandsizeof theconditioningsets(noted;Zj) asperformedoy variousalgo-
rithmsto recoverthelocal network structureof the networksgivenperfectMarkov blanket
information. Thestar(?) notesPCresultswherethe maximumsizeof the conditioningset
hasbeensetto 6 to avoid prohibitive runtimes.

over 9 differentsamplingsfor eachnetwork. We only comparedC, GS(1)andCS on this series
of experimentspreferringGS(1)to GS(2)becaus®f thelower numberof testsit usuallyperforms.
Theexhaustveresultsarelistedin Table2 for thesale of completenesgndthesumof thestructural
errorsis alsoshavn in Figure9 for easiewvisualization.

First, we seethatwe getsimilar resultsasin Table1 asfar asthe numberof testsandsize of
the conditioningsetsareconcernedCSis fasterandconsistentlyperformsfewer testswith smaller
conditioning sets,which leadsto an increasedoower of the tests. However, that is sometimes
balancedut by the factthat CS relieson a single seriesof testsbothto remove spousdinks and
to orient (possiblymultiple) V-structuresat the sametime, thusleadingto a greatempenaltyif the
outcomeof atestis wrongwith respecto theinitial graph.

We seethatGS(1)andPCcanbeatCSoncertainarcscoresPC,in particularis goodatavoiding
arc orientationmistalesin theseexperiments.GS(1),which checksnot only trianglelinks but all
links to try to orientthem,makesmoreorientationmistales,especiallyon the Carponetwork. PC
tendsto missafew morearcsthanCS, which in turn missesa few morethanGS(1). But in total,
CSbeatsGS(1)signi cantly on InsuranceHail nder, andCarpo,while performingslightly better
on Alarm andbeingslightly outperformedn Diabetes Basedontheseresults we will now useour
collider setsearchasthe methodof choiceto breakup the Markov blanketsfor the next seriesof
experiments.
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Algorithm Alarm Insurance Hail nder Carpo Diabetes
mod. PC

#tests | 2850 285 | 13461 3247 | 9681103 | 412791 104080| 57153 9910
avg.jZj || 297 017 | 350 0:33 5:54" 5:17 0:15 4:37 0:14
maxjZj 6 6 6' 6 6
arcs:

missing || 5:44 0:53| 9:56 1.01 6 1422 1:64 9:56 1:88
extra 0:33 05 0:11 0:33 of 0:22 0:44 1:11 0:60
reversed 0 0:22 0:67 1t 0:11 0:22 2:00 1:39
TOTAL 578 0:72| 9:89 1:47 7t 1456 1:86 1267 2:69
GS(1)

# tests 1304 60 | 4544 195 2415 63 | 129265 17033 | 5239 46
avg.jZj || 266 0:10| 3:66 0:.04 | 2.:62 0.02 7.49 0.08 276 0.01
maxjZj 8 11 7:89 0:33 15 10
arcs:

missing | 1:56 0:53| 5144 053 | 311 0:33 0 6:11 0:78
extra 056 0:73| 033 071 1 071 0:22 0:44 278 1:64
reversed| 1:11 1.05| 3:67 212 8 229 1678 2:49 2:67 2:00
ToTtaL || 3122 1:81| 944 239 | 1211 274 17 262 1155 3:.03
CS

# tests 173 3 782 19 507 18 308 14:39 907 4
avg.jZj || 1:55 0:.03| 2:36 0:02 | 2:08 0:03 1:90 012 217 001
maxjZj 5 6 5 8 7
arcs:

missing || 1.56 0:73| 6:33 0.5 3:44 0:52 0 511 117
extra 0:44 053| 0:22 0:44 | 0:67 070 0:33 0:50 1:44 151
reversed| 0:11 0:33| 0:33 05 0:11 0:33 0 7:11 1:05
TOTAL 211 096 | 6:89 1.03 | 422 127 0:33 0:50 1366 2:20

Table2: Numberof tests sizeof the conditioningsets(notedjZj), andstructuralerrorsasreturned
by GS(1) and CS to recover the local network structureof the networks given perfect
Markov blanket information. Resultsare givenis the form “mean  standarddeviation
over the 9 datasets. The bestperformerfor eachtype of structuralerrorhasbeenhigh-
lightedin bold. All runsof PCweredonewith aforcedmaximumsizeof theconditioning
setof 6. Thedaggen") notesPCresultsfrom a singledatasetinsteadof 9 becausef the
long completiontimes. Representedraphicallyin Figure9.

5.3 RFE-BasedApproach

In this seriesof experimentswe testedour RFE-basedpproactonthe Alarm network with sample
sizesn = 100,200, 300,400and500. Table 3 lists the resultsand shavs the numberof errorsas
measureat differentstagesof thealgorithm:
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Figure9: Averagesizeof the conditioningsetsandtotal numberof errorsfor thethreelocal struc-

3a.

3b.

4a.

4b.

ture discovery algorithmson variousnetworks. Graphicalrepresentatiolgorresponding
to theresultsin Table2.

Right after the Markov blanket identi cation, without adjustment. This compareghe true
Markov blanket of eachvariablewith the identi ed Markov blanket as returnedby Algo-
rithm 5;

After building themoralgraph.This notablyexcludesvariablesrom Markov blanketsif they
do not satisfythe symmetrycondition(2) dueto the symmetrycheckperformedatline 5 in
thegenericapproacldescribedn Algorithm 3;

After removal of the spousdinks usingthe Recursie Median (RM) algorithm (Margaritis,
2005)to checkfor conditionalindependenca the continuousiomain;

Alternatiely, afterremoval of the spousdinks usingateston Fishers z-transformof partial
correlation;

After removal of the spousdinks usingRM and after maximalorientation. This is actually
theresultthatcanbe comparedo otherfull structure-learninglgorithms;

After removal of thespousdinks usingpartialcorrelationtestsand aftermaximalorientation;

Finally, we shav how PC performson the sameinstanceor comparison.

Note that the RM testis a Bayesiandistribution-free conditional-independendest. In this
case,wherewe usemultivariate Gaussiardistributed data,we do not expectit to performbetter
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thanthe specialized-test. We neverthelessncludeit in this seriesof experimentdor two reasons.
First, it allows the collider setsearchto be alsodistribution-free,in the sensehatif “distribution-
free featureselection”can be performedef ciently and consistentlyin the rst phase,applying
a subsequentollider setsearchdoesnot make more assumption®n the distribution. Second,jt
allowsto evaluatethe costof usinga distribution-freealgorithmon Gaussiardata.

Total number of structural errors

35 T T I
I RFE/SVR + Collider Sets (RM)
[ RFE/SVR + Collider Sets (z-test) H
[ 1pC
n =100 n =200 n =300 n =400 n =500

Figure10: Totalnumberof errorsfor the CPDAGsreturnedby thethreeglobal structurediscovery
algorithmson the Alarm network with varioussamplesizes. Graphicalrepresentation
correspondingo theresultsin Table3.

Detailedresultsarein Table 3 andthe total numberof structuralerrorsis shavn graphically
in Figure 10. Whatwe canreadfrom the resultsis that, generally the selectedMarkov blankets
containall variablesfrom the true Markov blanket plus one or two additionalvariables. Starting
atn= 300, 0n average essthantwo variablesweremissed.Many spuriousvariableareselected,
however, evenfor thelargerdatasets.This con rms the expectationthe RFE approachalsoselects
weaklyrelevantfeatures:on average the Markov blanketsin the Alarm network have a sizeof 3.5,
andon averageb.5variablesareselectedpervariable.

The symmetrycheckrequiringY to be partof Mb (X) andX to be partof Mb (Y) to addalink
betweernX andY ful lls its purposeasevenin thecasen= 200whereonaverageabout73variables
enterwrong Markov blankets,only 4 extra links areaddedin the moral graph. As a sidenote,we
thusamuethata global analysiscanbe bene cial to achieve betterresultson local tasks: we see
herethat determiningvia RFE the Markov blanket of a single variableis too inclusive, but that
validatingthe selectedvariablesglobally, for instancewith our Markov blanket symmetrycheck,
allows to signi cantly reducethe numberof falsepositives.

After the collider set search,the numberof missingand extra arcs can both either increase
or decreaself the numberof missinglinks increasesit is becausehe collider setsearchfound
d-separatiortoo often while variableswere actually dependent.f it decreasest meansthatthe
missingarcsin the moral graphwerespousdinks, astheir absences not penalizedn the PDAG
ary more.If thenumberof extraarcsincreasesthenthecollider setsearcHailedto identify spouse
links; if it decreaseshenthecollidersetsearchalsoremovedthroughappropriateonditioninglinks
that were not spousdinks (which in turn possiblyled to wrong orientations). Also, determining
which partof thealgorithmis responsibléor amissedextra, or reversededgen aPDAG or CPDAG
is not evident. As the feature-selectiostepis not aloneresponsibldor the extra or missinglinks,
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Stage n= 100 n= 200 n= 300 n= 400 n= 500
1. Mb() ident.
missingvariables|| 17:33 3:33 | 3:33 1:48 0:78 1:.11 0:78 1:48 | 0:33 1:48
extravariables 8066 1517 | 7289 9:25 | 7478 1369 | 7256 9:99 | 73.33 9:99
2. Moral graph
missingarcs 2344 354 | 7:89 348 4:33 391 4:56 347 | 433 387
extraarcs 4.:67 224 4:11 1:69 378 1.20 311 1.62 | 3:89 220
TOTAL 2811 382 | 1200 255 | 811 4.01 7.67 4.06 | 822 4:38
3a. PDAG/RM
missingarcs 1744 235 | 10600 1.80 | 6:89 2:67 6:33 260 | 456 1.51
extraarcs 478 2:17 4:22 156 3:33 112 3:22 148 | 344 201
reversedarcs 1:22 1:20 211 1:27 311 0:78 1:78 0:97 | 0.67 0:60
TOTAL 2344 1.67 | 1633 312 | 1333 265 | 11:33 278 | 867 237
3b. PDAG/zt.
missingarcs 11:89 2:32 | 3:33 132 2:67 194 211 117 | 256 1.51
extraarcs 522 222 4.00 1.58 3:22 120 278 1:30 | 344 201
reversedarcs 0:33 0:50 0:56 0:73 122 0:67 0:78 1.09 | 0:44 113
TOTAL 1744 332 | 7.89 215 7:11 298 5:67 212 | 644 240
4a. CPDAG/RM
missingarcs 1744 2:35 | 10600 1:80 | 6:89 2:67 6:33 260 | 456 151
extraarcs 478 2:17 4:22 156 3:33 112 3:22 1:48 | 344 201
reversedarcs 6:00 3:.87 867 212 6:11 232 6:11 359 | 0:89 0:60
TOTAL 2822 393 | 2289 302 | 1633 3:.08 | 1567 2:24 | 889 237
4b. CPDAG/z-t.
missingarcs 11:89 2:32 | 333 132 2:67 194 211 1:17 | 256 151
extraarcs 522 222 4.00 1:58 3:22 120 278 1:.30 | 344 201
reversedarcs 4:89 3:33 4:33 1.73 3:78 1.09 3.00 1.80 | 244 1:13
TOTAL 2200 490 | 11.67 240 | 9:67 287 7:89 2:37 | 844 240
5. CPDAG/PC
missingarcs 12211 252 | 7144 1:42 4:22 097 5:67 112 | 478 0:83
extraarcs 456 219 2:67 1.87 2:78 1.48 211 093 | 200 1.66
reversedarcs 2:67 1.80 1:44 151 1:22 1:.09 0:78 1.09 | 0:67 0:87
TOTAL 1933 466 | 11.56 3.2 822 211 856 159 | 7:44 240

Table3: Structuralerrorsat variousstageof the RFE-basedpproachshaving the missing,extra
and reversedarcswith respectto the original graph. For Step1, identi cation of the
Markov blanket, the gures are averagesover the 37 variables;thatis, the countof the
extra or missingvariablesper Markov blanket, andthus not directly comparableo the
othersteps.The sumsof theerrorsfor the CPDAGsarerepresenteth Figure10.
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the collider setsearchis not responsiblégor all orientationmistales. In the collider setsearchjf

awrong spousdink is removed, it is becausea wrong V-structurehasbeenidenti ed, sothatthe
absencef anarcwill belinkedto thewrongorientationof thefalselyrecognized/-structure.lt is
alsopossibleto constructcasesvheremissinga variablein the feature-selectiostepwill leadnot
only to amissingarc, but alsoto the detectionof a spuriousV-structure gvenif all subsequertests
areperfect.

For the PDAGsobtainedusingz-tests thenumberof missingarcsalwaysdecreasewith respect
to themoralgraph,andsodoesthenumberof extralinksforn  200.We nd thatthemoregeneral
RM testseemso returnindependenco often,asforn  200morelinks aremissingin the PDAG
thanin the moral graph. (On highly nonlineardata,we would, however, expectRM to perform
betterthana z-test,which assumes$aussianity

The CPDAGs do not have a numberof adjaceng errorsdifferentfrom their PDAGs; this step
canonly adddirectionalityerrors. We have neverthelesgopiedthe resultsin orderto improve the
readabilityandto make the comparisorwith PCeasier Althoughthe RFEapproaclktanoutperform
PCin adjacenyg errors,PCstill consistentlynakesfewer directionalityerrors.We remark,however,
that the overall performanceof RFE/SVRwith ztestsis very comparableo that of PC, asalso
shawvn in Figure10, which empiricallyjusti es theintuition behindthis approach.

5.4 TC and TCypy vs. Competitors

For this seriesof experimentswe performedmoresystematigestingof TC, TCyy, PC,thefull GS
andthe Bach-Jordammethodon datasetssampledirom Alarm, InsuranceHail nder, Carpo,and
Diabetesyvarying the samplesize. The Bach-Jordamimethodconsistsof a scoringfunction based
on Mercerkernelscoupledwith a greedysearchin the spaceof DAGs andwasdesignedo learn
Bayesiametworks. It doesnot guarante¢hatthe formal semantic®f a causalgrapharerespected
in the large-sampldimit, but hasbeenincludedin the experimentsfor the sale of comparison.
Otherpossiblecompetitordike SCA (Friedmanet al., 2000) or AlgorithmMB (Pefia et al., 2005)
wereinapplicablebecaus@eneralizinghemto handlecontinuousrariablesrequiretechniqueshat
are too computationallyexpensve, notably becauseof score-basedubroutineghat are hard to
generalize.

The structuralerrors,like before,are missing,extra, andreversedarcsin the returnedCPDAG
with respecto the generatinggraph. For the Bach-Jordanmethod,similarly to whatwasdonein
Fu (2005),we corvertedthereturnedDAG to its essentiafjraph rst beforecheckingfor structural
errorsto avoid penalizingstatisticallyequialentstructures.For all experimentswe alsocompare
theruntimesandthe numberof testsperformedby TC, TCpy, GS,andPC.

Speci ¢ to the Bach-Jordamethodis the issueof choosingthe appropriatekernelparameters;
thatis, in our casethes width in the Gaussiarkernel.BachandJordan(2003)claim thatthe algo-
rithmisin generakobustto thechoiceof s. We have found,however, thatfor varyingsamplesizes,
the numberof structuralerrorsis quite sensitve to s. As the authorsdo not proposea heuristicso
setit, we systematicallytestedhe algorithmwith s = 2, 1, 0.5,and0.3for eachrun,andchosethe
outcomewith the smallestsumof structuralerrors. In general,smallerdatasetspreferreds = 2,
while thelargeronespreferreda smallers. Thechangeof s is notdirectly visible in thefollowing
plotsof theerrors,but it oftenleadsto “zigzags”in the Bach-Jordarcurves. Thisis dueto thefact
thatwe only testeda x ed numberof valuesfor s anddid not performa full optimizationof this
parametefor eachrun. Theresultsshavn arethusnot the bestresultsobtainablewith this method.
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5.4.1 ALARM

The gures on p. 1330shawv the structuralerrors,run timesandnumberof statisticaltestsagainst
thenumberof samplegor Alarm. For eachsamplesize,5 datasetsweredravn from themodel;the
errorbarspicturethe standarddeviation over theses runs.

The numbersof extra andmissinglinks seemto clearly decreas@n averagefor all algorithms
with anincreasinghumberof samplesexceptfor Bach-Jordanwhich sometimesasthetendeng
to addmorelinks whenmoredatapointsareavailable.NotethatBach-Jordars s changedetween
thelasttwo runs,explainingtheabruptchangen the extraarcs. Thenumberof reversedarcsseems
to lesssatishctory in particularfor TC. The explanationis that TC missesmary arcswith low
samplesizes,andthusdoesnot actuallygetthe opportunityto make mary directionalityerrorsfor
thesecases.TCy,, exhibits arelatedbehaior, althoughmuchlessstronger We alsoseethatBach-
Jordanmalkes the mostdirectionality errors(this is actually valid for all networks). GS reaches
repeatedlya zeroextraarcscorefor n > 1000,althoughit missessomemorethantheothers.

Startingat about200samplesTC equalsor outperformdPC,GSandBach-JordanTCy,, beats
both TC and PC, andthe converging curves of TC and TCy,, shawv that the stepwiseregression
becomesainnecessarwith about400samples.On average,TC wasabout20 timesfasterthanthe
implementationof PC we used,althoughthe factortendedto decreasavith larger samplesizes.
TCpw Was naturally slover than TC, althoughonly maiginally comparedo the speeddifference
with PC.

Overall, the constraint-basethethodsseento performapproximatelyequallywell for n> 400,
andTCy,, andGS performslightly betterthan PC for low samplesizes. Note thatfor low sample
sizes,TC is alwaysoutperformedyy TCyy, PC,andGS, but is oftenthe oneto performbestwhen
the samplesizegetslarger Thegraphsin Figure12 shav that TC andTCy,, arefastestalthough
GSperformediewer teststhat TCpyy.

5.4.2 INSURANCE

For this network, we nd similar behaiors to Alarm, shavn in the graphson p. 1331. The most
strikingdifferences thecleartendeng of Bach-Jordamo addmorearcswhenmoredatais available
for this more denselyconnectedchetwork. Betweenthe 5th and 6th samplesizes,thereis again a
changeof s. Comparingthe cures of the missingand extra arcs,we seethat this changeghe
tradeof betweerfalsenggativesandfalsepositives.

In this case,too, TCp, outperformsTC with low samplesizes(becauseét missesfewer arcs)
but is outperformedvith biggerdatasets(becausd addstoo mary). Both PCandGS,while being
slightly betterthanTCy,, for n < 100, areoutperformedstartingat aboutn = 500. Notethe overall
goodperformancef GSin termsof arcorientationerrors.The correspondingurve alsodecreases
moresmoothlywith largerdatasets.The Bach-Jordamethodis unexpectedlyfaston this dataset,
althoughpoorly accurate. The patternof the numberof statisticaltestsis very similar to that of
Alarm.

5.4.3 HAILFINDER

This network posesa problemto PC: we dividedits run time andthe numberof testsby 10 in the
graphsof Figure16 onp. 1332.Becausf its long runtimes,PCwasrun only oncefor eachpoint
in the plots, so that the error barsare missing. PC runsinto trouble becausef the nodecluster
aroundvariable27 in thenetwork (seeFigure6): it triesto separaté from the othernodesby doing
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subsesearchesnits large numberof neighborsIn orderto speedt up, we setthe maximumnode
fan-inparameteto 6, sothatPCwould not attemptto conductconditional-independendestswith

conditioningsetslargerthan6 (we seein Figure 16 how this imposesan upperboundon the run
timesof PC).TC andTCyy do notruninto this problem,becausehis clusteris correctlyleft alone
afterthe feature-selectiostep,donein O(d®) operationsNotethatTC, TCp,, andGSwould also
spendalongtime onthis clusterif all neighborsof variable27 wereits parentspbecause¢hey would
containa lot of extra spousdinks to be checledwith anexponentialnumberof combinations But
this exampleshaws that a local lack of sparsenests fatal to the ef ciency of PC, whereasother
algorithmscanstill dealwith it if the densityof the connectionss causedy childrenratherthan
parents.

This network shavs moreclearlythe missingarcproblemthat TC haswith low samplesize,and
thebene tsof usingTCy,, ratherthanTC here,atleastfor n< 2000.0nthis network, GSperforms
overallwell. It is beaterby TC only for n> 2000, but performsbetterthanall othersfor n < 200.
Bach-Jordastill exhibitsthe sametendeng to addmorearcswhenmoredatais available. For this
dataset,s changedwice, betweerthe 4th and5th, andbetweerthe 5th and6th datasetsizes.The
5th samplesizeseemso have generateénunfavorabledatasetfor PC,asthenumberof extraarcs
is particularlyhigh.

Examiningthe run timesdesignate§ C asthe fastest.This is importantespeciallywith larger
samplesizes,asTC is oftenboththefastesandmostaccuratelgorithm.

5.4.4 CARPO

The resultsfor this network are shavn on p. 1333. The structuralparticularity of this network is
multiple case®f asinglevariablehaving mary children.PCperformsoverallbadlyonthis network.
For n < 200, GSis the clearwinner: all otheralgorithmsmake mary moreerrors. The plain TC
especiallymissesmary arcs. For n> 500, however, both TC and TCy,y slightly but consistently
outperformGS. At n= 800, TC beatsTCpy. Bach-Jordanalthoughfaston this instance,adds
againtoo mary extralinks, andmakesnumerouglirectionalityerrors.

5.4.5 DIABETES

Thisis ourlargestand nal testnetwork. Theerrorpatternaremostsimilarto thoseof thelnsurance
network, with the exceptionof Bach-Jordamwhich performsmorepoorly here.We candetecttwo
change®f s: betweerthe 3rd and4th, andbetweerthe 5th and6th samplesizes.

Startingatn > 1000, all constraint-basethethodsseemto yield similar overall accurag. GS
is betterin termsof directionality errors; TC and TCy,, are betterin termsof missedlinks. For
n> 4000,TC andTCy,, have thesameaccurag andslightly beatGSandPC,while they arebeaten
signi cantly for n < 800. We notethat the extra links addedby GS seemto allow it to obtaina
betterdirectionalityaccurag thanin our rst seriesof experimentswhereit wasgiventhe exact
moralgraphasinput.

5.4.6 DiIscUsSION

Both TC andTCyy, slightly but consistenthjbeatthe othercompetitorsvhenthesamplesizeexceeds
oneor two thousanddependingon the network. They are usuallywealer with low samplesizes
becausef missedarcs.GSbeatsTC with smalldatasets becaus®f theway thatPCgoesthrough
conditioningsetsfor the statisticaltests(Tsamardinogt al., 2006, discussn detail this particular
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issuein the caseof testswith discretevariables).The score-base&ach-Jordamethodwasfound
dif cult totunewith theparametes. For this multivariateGaussiartasejts performanceés usually
worsethantheothertestedalgorithms.This alsore ectsthefactPC,GS,TC andTCy,, with ztests
areall “tuned” for multivariateGaussiardata. The additionalerrorsmadeby Bach-Jordamne ect

the price of beingmoregeneric.

In termsof run time, PC is slowed dovn by nodeswith a high degree,whereasTC or GS
handlethemwithout the exponentialtime compleity growth if they arenot partof triangles,asin
Hail nder. In general,TC andTCy,, resole all conditional-independenaelations(up to married
parents)in the feature-selectiostepin O(d®) and O(d*), respectiely, whereasall PC cando in
O(d?*?) is resole conditional-independenaelationswith conditioningsetsof cardinalitya. It
is thenreasonabldo expectalgorithmslike GS, TC and TCy,, to scalebetterthan PC on sparse
networks wherenodeshave a smallnumberof parents.The exponentialgrowth in PC canbe seen
in casethenodeshave ahighdegree beit parentor children;in TC andGS, it is dueto largefully-
connectedriangle structuresand to spouselinks coming from the Markov blanket-construction
step.And whereagheselarge structuresmply a high degree,the corverseis not true (for instance
in the Hail nder network). So, PCwill exhibit an exponentialbehaior on all probleminstances
whereTC andGSalsoexhibits this behaior, but the corverseis nottrue.

It is interestingto investigatewhatkind of high-degreestructureis morelikely to appear If it
is a nodewith mary children(asnode27 in Hail nder), which we call an explosionpattern TC
canhandleit efciently. If it is anodewith mary parentsanimplosionpattern thennoneof these
algorithmscanrecognizeit in polynomialtime. Explosionpatternscorrespondo a single cause
thathasmary effects;implosionpatternscorrespondo mary causedeadingto the sameeffect. It
remainsopenfor discussiorto know which oneis morelikely to occurwith real-life datasets.

GScouldnotbebeateron smallsamplesizes.lt is yetanunsohedchallengdor TC andTCp,y
to handleproblemswherethe numberof variablesexceedshe numberof samplesasin geneex-
pressionnetworks, thus leadingto an attemptat inverting a matrix that doesnot have full rank.
Regularizingthe covariancematrix might help malke TCy,, morerobustin this case.Computation-
ally, TCpy doesadda degreeof complity with respecto TC, andthe numberof teststhat TCpy
performsis usuallycomparabldo GS.

TChw helpssolving problemswith TC and small datasets,but still cannotoperatebelow the
n = d threshold. The exact samplesize where TCp,, stopsperformingbetterthan TC doesnot
appeatrto be a simplefunction of the n or d but depend®on the structureof the network. It would
be usefulto investicate whenthe feature-selectiomddition of TCy,, becomesrrelevant. And as
GSis moreaccuratewith small samplesizes, nding a similarly testableconditionpredictingthe
thresholdwhereTC is more accuratehan GS would allow to meige the approacheto a single
algorithmthatknows which Markov blanket approacho usein orderto achieve betterresults.

6. Conclusion

Causaldiscovery and feature selectionare closely related: optimal feature selectiondiscovers
Markov blanket assetsof stronglyrelevantfeaturesandcausaldiscovery discorersMarkov blan-
ketsasdirect causesdirect effects,and commoncauseof direct effects. By performingperfect
featureselectionon eachvariable,we getthe undirectedmoral graphas an approximationof the
causalgraph. An extra step,the collider setidenti cation, is neededin orderto transformthe
Markov blanketsinto parents,children,and spouses.This stepis exponentialin the worst case,
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but is actuallyef cient providedthegraphis sparseenough—acommonassumptiorof mary algo-
rithms. We proposedan algorithmto do this taskandcomparedt favorablyto the similar stepsof
the Grow-Shrinkalgorithm.

Determiningthe Markov blanket with existing backward featureeliminationlike RFE elimi-
nategheirrelevantvariablesn thelargesampldimit, but remaingooinclusive. Globalcorrections
have to be made,suchasfor instanceinsuringthat a variablein the selectedviarkov blanket of
a taiget alsoincludesthis target in its own selectedviarkov blanket. We conductedexperiments
thatcon rmed thatthis adjustmentiscardsmostfalsepositves,andthusprovided a hint thatthe
approachs consistentn thelarge-sampldimit. Themainchallengds to performfeatureselection
for all variablesin anef cient way. This taskis tractablewith the multivariate Gaussiarassump-
tion. We presentedhe TC andthe TCy,, algorithms,which t into the describedramework, and
comparedhemto PC,GS, anda Bayesianstructure-learningnethod. For small samplesizes,GS
usuallymakesfewer structuralerrors,andTC/TCy,, arebetterfor largersamplessizes.

We arecorvincedof thesuperiorityof theMarkov blanketapproacheasdescribedn this paper
We invoke assupportfor this claimthehighruntimesof PC,andthegoodlow andhighsamplesize
accurag of GSandTC/TG,y, respectiely. Not only are Markov blanket techniquesnuchmore
scalablethey canbe moreaccuratethey arealsomoreeasilymodi able to construcionly partsthe
network deemedelevantby somecriterion.

Thebiggestchallengesve facenow with causaktructurdearningincluderobustandconsistent
distribution-freestructurelearningwith continuousand potentially highly nonlineardata. In the
future, we intendto make useof this framework to develop suchtechniqguesindthustry to getrid
of the Gaussianityassumptionoftenimpracticalwith real-life datasets.
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Appendix A.

For all proofs,we assumehe givendatasetD is faithful.

Lemma 12 In a DAG G, any(undirected)pathp of length™(p) > 2 canbeblockedby conditioning
onanytwo consecutivenodesn p.

Proof It followsfrom De nition 5thatapathp is blockedwheneitheratleastonecollider (or oneof
its descendants$ notin theconditioningsetS, or whenatleastonenon-colliderisin S. It therefore
sufces to shav that conditioningon two consecutie nodesalwaysincludesa non-collider This
is the casebecauséwo consecutie colliderswould requirebidirectedarravs, whichis a structural
impossibilitywith simpleDAGs. |
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Lemma 13 In a DAG G, two nodesX;Y are d-connectedjivenall othernodesS= V nfX;Yqg if
andonlyif anyof thefollowing conditionsholds:

(i) TheeisanarcfromXtoY orfromY toX (i.e, X! YorX YY),
(i) X andY haveacommorchild Z (i.e., X! Z Y).

Proof We provethisby rst proving animplicationandthenits converse.

(( =) If (i) holds,thenX andY cannotbed-separatethy ary set.If (ii) holds,thenZ isincluded
in theconditioningsetandd-connectsX andY by De nition 5.

(=) ) X andY ared-connectedjivena certainconditioningsetwhenatleastonepathremains
open.Usingthe conditioningsetS, pathsof length> 2 areblocked by Lemmal2 sinceS contains
all nodeson thosepaths. Pathsof length2 containa mediatingvariableZ betweenX andY; by
De nition 5, S blocksthemunlessZ is acommonchild of X andY. Pathsof lengthl cannotbe
blocked by ary conditioningset. Sothe two possiblecasesvhereX andY will bed-connectedire
(i) or (ii). [ |

Corollary 14 TwovariablesX;Y aredependengivenall othervariablesS= V nf X;Ygif andonly
if any of thefollowing conditionsholds:

(i) X causesf orY causesX;
(i) X andY havea commoreffectZ.

Proof It follows directly from Lemmal13 dueto the faithful structure ,which ensureghatthere
exists a DAG whereconditionalindependencand d-separatiormap one-to-one.Lemmal3 can
thenberereadn termsof conditionalindependencandcausatiorinsteadof d-separatiorandarcs.
|

Property 7 (Total conditioning) In the context of a faithful causalgraph G, we have:

8X;Y2V: X2Mb(Y) () (X@&?Y jVvnfX;Yg) :

Proof Thisis adirectconsequencef Corollary14,wherepoints(i) and(ii) leadto thede nition of
theMarkov blanketof Y as(i) all its causesindeffects,and(ii) theotherdirectcause®f its effects.
Thisis equivalentto Mb (Y) in G. [ |

Lemma 15 Whenit exists,thesubse? thathasthe Collider Setpropertyfor thepair (X;Y) is the
setof all directcommoreffectsof X andY.

Proof We prove thisusingZ andacorrespondingyy thatful lls (7).

=))&Z2z=) X_ z" Y. By(7)and(8), weknow thateachZ; opensadependencpath
betweerX andY (whichareindependengivenSxy) by conditioningonSxy [ f Zjg. By De nition 5,
conditioningon Z; opensa pathif Z; is eithera colliding nodeor one of its descendantsAs, by
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de nition, Z Tri(X Y), wearein the rst case.We concludethatZz; is adirecteffect of both X
andY.

(=) X_ zZz"Y =) Z2Z) Notethat(7) and(8) togetherareimplied in presencef a
V-structureX _ Z; M Y. Thus,adirecteffectis compatiblewith the conditions. The factthatZ
capturesll directeffectsfollows from the maximizationof its cardinality |

Lemma9 In thecontet of a faithful causalgraph,the setZ that hasthe Collider Setpropertyfor
a givenpair (X;Y) existsif and only if X is neithera direct causenor a directeffectof Y, andis
uniquewhenit exists.

Proof ThefactthatZ existsif andonly if X is neithera directcausenor a directeffectof Y is a
directconsequencef (7), which stateghat X andY canbe madeconditionallyindependentThis
is in contradictiorwith directcausation.

We now shaw unicity, usinginterchangeablyhe criteria of d-separatiorandconditionalinde-
pendenceasallowed by the Faithfulnessassumption.Supposehat, for a pair (X;Y), two setsZ,
W have beenfoundthatful Il the Collider Setproperty with the correspondingl-separatingets
Sty VnfX;YgnzZ andSY, VnfX;YgnW fullling (7). LetZ?= ZnW. Dueto symmetry
proving thatZ? is emptyprovesthatZ = W.

SupposehatZ? 6 0; thatis, 92 2 Z?. Then,by de nition, we havethat X ? Y S%, and

X &Y Sy [ fZg . We now have two caseseither (i) Z 2 S¥,, or (ii) Z 2 S¥,. In the former
case(i), considerthe setW®= W[ fZg. ThenWCalsofullls the Collider Set propertywith
the samed-separatingsetSY, : the only additionalconditionis X &Y S¥ [ fZg . Thisholds
becauseasshavn by Lemmal5s, Z is adirectchild of X andY, andconditioningonit opensapath,
no matterwhat the conditioningsetis. But all this is in contradictionwith the de nition stating
thatary setful lling this propertymustbethelargestsetto do so, becausé¢he cardinalityof WPis
greaterthanthatof W.

In thelattercase(ii), thed-separatingetSy, containsZ. But thisis impossibledueto thesame
reasorthatZ is adirectchild of bothX andY andthatthusary setcontainingZ cannotd-separatex
andY. We thereforeconcludez? = 0 andZ = W, whichleadsto the uniquenessf thesetful lling
the Collider Setproperty |

Theorem 10 In the large samplelimit, for faithful, causallysufcient data sets,the procedue
RESOLVEMARKOVBLANKETS_COLLIDERSETS correctlyidenti esall V-structuesandall spouse
links, assumingeonsistenstatisticaltests.

Proof First, we notethatin a moral graph,a node X is connectedo its parents,children, and
spouses.Thus, all spousdinks to be removed arein the moral graph,and, by the de nition of
spousegachspousdink betweenX andY correspondso at leastoneunshieldeccollider for the
pair (X;Y). Additionally, by thede nition of unshieldectollider, X andY arenonadjacentsothat
for eachspousdink X Y thereis asetSxy suchthat(X ? Y j Sxy) by the contrapositiorof (4).
So,whensucha setSyy is found,thelink X Y isremoved,andfor eachZ suchthatX Z Y
andZ Z Sy, we orientthetripletasX! Z Y for theexactsamereasorthatallows IC (or PC)
to do the samein Step2 of the algorithm (Pearl,2000). The proof boils down to proving thatthe
proposedearciprocedurealwaysidentify ad-separatingetSyy whenthereis one.
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If someSxy exists, thenthe link betweenX andY is a spousdink by de nition of a moral
graph,whichimpliesthatX andY have anonemptysetof commoneffectsZ. EachZ 2 Z is linked
to both X in Y andis thusin Tri (X Y) by de nition. Let us assumewe cand-separateX and
Y by someset: then, by the de nition of d-separationpnly conditioningon a commoneffect or
a descendanvf a commoneffect cancreatea dependeng In Algorithm 2, all possiblecolliders
(line 7) anddescendantsf currentlyconjecturedcolliders(line 13) undego a subsetsearchsuch
thattherewill alwaysbe oneiterationwhereall collidersandtheir descendantwill be left out of
theconditioningset. It is thenenoughto shav thatall d-connectingpathsbetweenX andY thatare
not dueto conditioningon a collider or collider's descendarngo throughthe baseconditioningset
asdeterminedatline 6.

To prove this, we notethatthe subsesearchatline 7 will alwaysgo throughaniterationwhere
it blocksall suchd-connectingpathsof length 2, thatis, patternsof thetype X! W! Y and
X W! Y. Asadirectconsequencef thefactthatwe areworking onthemoralgraph,all longer
dependeng pathsgo both througha nodeW in the setof immediateneighborsBd(X) of X, and
througha nodein Bd(Y). Let uslook at Bd(X). We have two cases:either(i) W2 Tri (X YY)
and will eventually be blocked by the subsetsearchat line 7, or (i) W 2 Bd(X) nTri (X Y)
(andthusW 2 Bd(X) nTri (X Y)nfYg becaus&V 6 Y). This setis exactly the setselectedas
baseconditioningsetatline 6, blockingall suchpaths,up to somesymmetrywith Y. Thefactthat
we maychoosahesmallerof thetwo possiblebaseconditioningsetsis dueto symmetryreasonsl

Theorem 16 If the variablesare jointly distributedaccoding to a multivariate Gaussian,TC re-
turnsthe maximallyorientedPDAG of the Markov equivalenceclassof the DAG representingthe
causalstructue of the data-generting processin the large samplelimit, assumingstatistically
consistentests.

Proof An edgeis addedbetweenX andY in thefeatureselectionf we nd thatr xy yntx:yg 6 O.
We conclude(X &?Y j V nf X;YQg) owing to the multivariate Gaussiardistribution. Corollary 14
saysthatthisimpliesthatX cause® orY causesX, or thatthey sharea commonchild. Therefore,
eachV-structureis turnedinto a triangleby the endof the feature-selectiostep. The collider set
searchthenexamineseachlink X Y partof a triangle,andby Lemmal5, we know thatif the
searchfor asetZ thathasthe Collider Setpropertysucceedgheremustbenolink betweenX and
Y. We know by the samelemmathat this setincludesall collidersfor the pair (X;Y), sothatall
V-structuresarecorrectlyidenti ed. Step3 is the sameasin thelC or PCalgorithms;seePearland
Verma(1991)andSpirtesetal. (2001). |
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