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Abstract
We show how a genericfeature-selectionalgorithmreturningstrongly relevant variablescanbe
turnedinto a causalstructure-learningalgorithm. We prove this underthe Faithfulnessassump-
tion for the datadistribution. In a causalgraph,the stronglyrelevant variablesfor a nodeX are
its parents,children,andchildren's parents(or spouses),alsoknown astheMarkov blanket of X.
Identifying thespousesleadsto thedetectionof theV-structurepatternsandthusto causalorien-
tations.Repeatingthetaskfor all variablesyieldsa valid partially orientedcausalgraph.We �rst
show anef�cient wayto identify thespouselinks. Wethenperformseveralexperimentsin thecon-
tinuousdomainusingtheRecursive FeatureEliminationfeature-selectionalgorithmwith Support
VectorRegressionandempirically verify the intuition of this direct (but computationallyexpen-
sive) approach.Within thesameframework, we thendevisea fastandconsistentalgorithm,Total
Conditioning(TC), and a variant, TCbw, with an explicit backward feature-selectionheuristics,
for Gaussiandata. After runninga seriesof comparative experimentson � ve arti�cial networks,
we arguethat Markov blanket algorithmssuchasTC/TCbw or Grow-Shrink scalebetterthanthe
referencePCalgorithmandprovideshigherstructuralaccuracy.
Keywords: causalstructurelearning,featureselection,Markov blanket,partialcorrelation,statis-
tical testof conditionalindependence

1. Intr oduction

In this paper, we are interestedin using conceptsfrom the feature-selection�eld to help causal
structurelearning.Causalstructurelearning(Pearl,2000;Spirtesetal.,2001)is amultivariatedata-
analysisapproachthataimsto build adirectedacyclic graph(DAG) showing directcausalrelations
amongthevariablesof interestof agivensystem.Theseso-calledcausalgraphscanbeusedtogether
with dedicatedrulescalleddo-calculus(Pearl,1995)to predictthe effect of interventions,that is,
of structuralchangesin the data-generatingprocess. In this sense,it differs signi�cantly from
traditionalmachine-learningtechniques:givenasetof interventions,wecanpredictthebehavior of
asetof variableswhosejoint probabilitydistributionhaschangedsincethemodelwastrained.

Building the causalgraphis a dif�cult task,subjectto a seriesof assumptions,andprovably
correctalgorithmshaveanexponentialworst-casecomplexity. Identifying theexactcausalgraphis
in generalimpossible.By meansof non-interventionaldata,causalgraphscanonly beidenti�ed up
to observationalequivalence: only adjacenciesandso-calledV-structures(two independentcauses
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leadingto thesameeffect) canbespeci�edexactly (Pearl,2000,p. 19). Typical structure-learning
algorithmsthusreturnpartially directedacyclic graphs(PDAGs).Thesealgorithmscanberoughly
classi�ed into two categories: the score-basedalgorithmsassociatea scorefunction with a DAG
or PDAG givena trainingdatasetandperform,for instance,a greedysearchin thespaceof DAGs
or PDAGs (e.g.,the GESalgorithm,Chickering,2002); the constraint-basedalgorithmslook for
dependenciesandconditionaldependenciesin thedataandbuild thecausalgraphaccordingly. Well-
known examplesarethePC(Spirteset al., 2001)or theIC (PearlandVerma,1991)algorithms.In
an effort to get the bestof both worlds,otheralgorithmsuseboth conditional-independencetests
andscoresto build thenetwork; MMHC (Tsamardinosetal., 2006)is suchanexample.

Therangeof datasetsthatthetypicalalgorithmscandealwith is restricted:notany probability
distributioncanbefaithfully representedby aDAG.Faithfulnessof thedistributionis awell-de�ned
condition: it guaranteestheexistenceof a DAG, calleda perfectmap, wherethereis a one-to-one
mappingbetweenthegraphicalcriterionof d-separationandconditionalindependencein thedata.1

Nilssonet al. (2007)discussfaithful distributionsandothertypesof distributionswith respectto
propertiesof conditionalindependence.In the literature,Faithfulnessis a preconditionto prove
correctnessof thealgorithms.

In practice,bothexisting score-basedandconstraint-basedtechniquesdealprimarily with dis-
cretedatasets. Score-basedapproachesfor continuousvariablesarecomputationallyexpensive;2

asfor theconstraint-basedapproaches,only themultivariateGaussiancasehasbeendealtwith ef-
�ciently (Scheineset al., 1995). Margaritis (2005)proposeda distribution-freetestof conditional
independence,which is verycomputationallyexpensiveandcannotbereadilyusedwith thecurrent
constraint-basedalgorithmsfor all but verysmallnetworks.

Comingfrom themachine-learningcommunity, featureselection(Johnetal., 1994;Guyonand
Elisseeff, 2003)is a commontechniquethat aimsat reducingthe numberof variablesor features
usedfor building moreef�cient or morerobustmodels.Techniqueshaveevolvedto beableto han-
dle nonlinearrelationshipsbetweenvariables,redundantvariables,in bothdiscreteandcontinuous
domains. Featureselectionandcausalstructurelearningare relatedby a commonconcept: the
Markov blanketof avariableX is thesmallestsetMb (X) containingall variablescarryinginforma-
tion aboutX thatcannotbeobtainedfrom any othervariable.3 In featureselection,this is thesetof
strongly relevant features;that is, of featureswhich carry informationaboutthe target thatcannot
beobtainedfrom any othervariable(Kohavi andJohn,1997). In a causalgraph,this is thesetof
all parents,children,andspousesof X. Thefeature-selectiontaskandthecausalgraphconstruction
taskcanbothbestatedto someextentasMarkov blanket identi�cation tasks.

Relatingfeatureselectionandcausalstructurelearningis not new. Severalalgorithmsidentify-
ing theMarkov blanket of a singlevariablewith techniquesinspiredfrom causalstructurelearning
havebeenproposedastheoptimalsolutionto thefeature-selectionproblemin thecaseof a faithful
distribution. TsamardinosandAliferis (2003)show thatfor faithful distributions,theMarkov blan-
ket of a variableY is exactly thesetof stronglyrelevant features,andprove its uniqueness.They
proposetheIncrementalAssociationMarkov Blanket (IAMB) algorithmto determineit. With the
sameFaithfulnessassumption,the Min-Max Markov Blanket algorithm(MMMB) (Tsamardinos

1. Conditionalindependenceandd-separationarede�ned formally in Section2.
2. Computationallytractablemethodsto learnBayesiannetworksfrom continuousdataexist (Fu,2005),likeBachand

Jordan(2003),but donotoffer thecausality-relatedtheoreticalcorrectnessguarantees.
3. Someauthorswrite “Markov blanket” without the notion of minimality, anduse“Markov boundary”to note the

smallestMarkov blanketMb (X). Evenif de�ned asminimal,Mb (X) is generallynotunique.
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et al., 2003)identi�es theMarkov blanket of a variableY by calling a subroutineMin-Max Parents
and Children (MMPC). This subroutine�nds the direct parentsand children of Y with associa-
tion measuresandconditional-independencetests.MMPC is again calledon eachof thesenodes
to �nd potentialspousesof Y. Falsepositivesare thendiscardedwith conditional-independence
tests.MMMB wasfurtherdiscussedby Pẽnaet al. (2005),who proposeAlgorithmMB, a similar
approachbasedon scoresandconditional-independenceteststo retrieve Mb (Y). TheHITON MB
algorithm(Aliferis et al., 2003) is similar in its main steps,andselectsan optimal subsetof the
Markov blanket of a target variablegiven the Faithfulnessassumption.Nilssonet al. (2007)also
proposea theoreticalalgorithmfor consistentidenti�cation of stronglyrelevant featuresin poly-
nomial time for the classof strictly positive distributions. They also argue that somecommon
backward feature-eliminationalgorithmslike Recursive FeatureElimination (Guyonet al., 2002)
areactuallyconsistent,in thesensethatthey returnthesetof stronglyrelevantfeaturesin thelarge
samplelimit.4

Theseareexamplesof usingcausalstructurelearningor similar constraint-basedtechniquesto
help featureselection(seeGuyonet al., 2007,for a review of thosetechniques).In this paper, we
proposea framework to do the converse. We presenta genericapproachusingthe outcomeof a
consistentfeature-selectionalgorithmFSto build anapproximatestructureof thetruecausalgraph.
If we assumethat FS returnsthe Markov blanket of the variables,we canshow how to turn this
approximateresult,calledmoral graph(LauritzenandSpiegelhalter,1988),into aprovablycorrect
PDAG depictingthe causalstructure. This approachis also usedin the Grow-Shrink algorithm
(MargaritisandThrun,1999),whichalsobuildsamoralgraphbeforeadjustingthelocal structure.

This papercontributesa genericalgorithmto build a causalgraphwhich clearlyseparatesthe
Markov blanket identi�cation andtheneededlocal adjustments,anef�cient algorithmto perform
thoseadjustments,andtwo fast instancesof the genericalgorithmfor multivariateGaussiandata
sets. This is presentedasfollows: in Section2, we �rst review the neededtermsandde�nitions
from featureselectionandcausality. In Section3, we make thelink from theoutcomeof a feature-
selectionalgorithmto acausalgraphby detailingtheneededlocaladjustmentsanddetailanef�cient
way to performthem.Wedirectlyapplyit in Section4, wherewedescribehow wecanbuild causal
graphsusingtheRFEfeature-selectionalgorithm.As thisdirectapplicationis verycomputationally
intensive, we then show our more ef�cient instantiationsof the genericalgorithmoptimizedfor
the multivariateGaussiancase,the TC andTCbw algorithms. We list our experimentalresultsin
Section5, showing throughempiricalevaluationthatMarkov blanket algorithmsaremorescalable
andmoreaccuratethanthereferencePCalgorithm.We�nally concludein Section6 andlist proofs
in AppendixA.

1.1 Notation

Boldfacecapitalsdesignateeithermatricesor setsof randomvariablesor nodesin agraph,depend-
ing on the context. V is the setof all variablesin the analysis. Italicized capitalslike X;Y;Z are
randomvariablesor nodesandelementsof V. Vectorsareset in boldfacelowercase,asb or w;
scalarsin italics,asthenumberof samplesn or thenumberof variables(theproblemdimension)d.
We indiscriminatelywrite “variable”or “feature” to refer to any variablein thecausalanalysisor

4. Actually, their de�nition of consistency hasto do with returningthesetof featuresrelevant to theBayesclassi�er,
which is slightly strongerthanstrongrelevanceasusedhere.
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any nodein a causalgraph,andwrite “predictor” to designatea variableusedasinput for a given
classi�er or regressionmodel.

2. Background

Weformalizethefeature-selectiontasksuitedfor ourneedsandproviderelevantde�nitions. Wedo
thesamefor thecausalstructure-learningtaskandpreparetheneededbasisfor drawing theparallels
betweenthetwo in thenext section.

2.1 FeatureSelection

We aregiven a datasetof n samplesD = f (xi ;yi); 1 � i � ng. Eachdatapoint (xi ;yi) hasd � 1
inputs,modeledasa vectorxi 2 Rd� 1, andanoutput,or target, yi 2 R (we used � 1 andnot d for
thesizeof xi for consistency with therestof thepaper).Thedatapointsareassumedto bedrawn
i.i.d. from a joint probabilitydistribution over therandomvariablesV = X [ f Yg. Theresultof the
feature-selectiontaskwe areinterestedin is a setof retainedvariablesF � X. How many variables
to retainandwhich variablesto retaindependson theparticularalgorithm,andusuallymaximizes
sometradeoff betweenef�ciency andclassi�cation/regressionerrorof agivenlearningtask.

Johnetal. (1994)proposeaclassi�cationof theinputvariablesX with respectto their relevance
to thetargetY in termsof conditionalindependence.

De�nition 1 (Conditional independence)In a variablesetV, tworandomvariablesX;Y arecon-
ditionally independentgivenZ � V nf X;Yg, noted(X ?? Y j Z ), if:

8x;y;z : P(X = xjY = y;Z = z) = P(X = xj Z = z);

providedthat8z : P(Z = z) > 0.

Conditionalindependenceis ageneralizationof thetraditionalnotionof statisticalindependence.If
two variablesX andY areindependent,thenthe joint distribution is theproductof themarginals:
P(X = x;Y = y) = P(X = x)P(Y = y). If they aredependentgivensomeconditioningsetZ, thenwe
canwrite P(X = x;Y = yj Z = z) = P(X = xj Z = z)P(Y = yj Z = z). Conditionalindependenceis a
key conceptin Bayesiannetworks(Pearl,1988)becauseof thefactorizationsof thejoint probability
distribution it allows.

In featureselection,relevanceof predictorsto the target asproposedby Johnet al. (1994) is
expressedin termsof conditionalindependence.In the following de�nitions, we write Xi to note
theith inputvariable,andXni to noteall input variablesbut theith one.

De�nition 2 (Strong relevance) A variableXi is stronglyrelevantto thetargetY if

P(Y j Xni) 6= P(Y j Xni ;Xi):

A variableis stronglyrelevant to the target if it carriesinformationaboutY thatno othervariable
carries.This is expressedin thede�nition by a changein theprobabilitydistribution of the target
betweenconditioningon all othervariables,Xni , andalsoincludingXi in theconditioningset.If Xi

carriesnoexclusive informationaboutY, thetwo distributionswill beidentical.
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De�nition 3 (Weak relevance) A variableXi is weaklyrelevantto thetargetY if it is not strongly
relevantand

9S� Xni : P(Y j S) 6= P(Y j S;Xi):

Wespeakof weakrelevanceof avariableXi whenthereexistsacertaincontext S in which it carries
informationaboutthe target. However, this is not necessarilyexclusive information,asit may be
possibleto obtainit from othervariables.

Corollary 4 (Irr elevance) A variable Xi is irrelevant to the target Y if it is neitherstrongly nor
weaklyrelevant,that is, if

8S� Xni : P(Y j S) = P(Y j S;Xi):

A variableis irrelevant if carriesno informationaboutthe targetat all, no matterwhat thecontext
is.

For our purposes,we assumethat thefeature-selectionalgorithmreturnsthesetof all strongly
relevant variables,andonly those.5 (In Section5, we discusswith experimentswhetherthis is a
reasonableassumptionwith the RFE algorithm.) Put in termsof conditionalindependence,the
resultFY of thefeature-selectiontaskwith targetY is, with V = X [ f Yg:

FY =
�

X
�
� (X 6?? Y j V nf X;Yg)

	
: (1)

Thatis thesetof thevariablesthataredependentonthetargetY, conditionedonall others.Weneed
thispropertyin Section3 to usetheoutputof thefeature-selectiontaskto build acausalgraph.Note
that if we repeatthe feature-selectiontaskusingastargetanothervariableX 2 V yielding a result
FX, wehave:

X 2 FY ( ) Y 2 FX: (2)

This follows asa direct consequenceof (1) dueto the symmetryof the conditional-independence
relation(X ?? Y j Z ) with respectto X andY.

2.2 CausalStructur eLearning

In causalstructurelearning,we areinterestedin representinggraphicallyconditionaldependencies
found in thedata.Undera setof assumptions,they have a causalinterpretation.For this task,we
haveadatasetof n samplesD = f vi ; 1 � i � ng. Wedonotdesignateaspeci�c targetvariablein V
asweareinterestedin learningthefull structureof thenetwork.

The graphicalrepresentationof choicefor causalmodelsis directedacyclic graphs(DAGs)
(Pearl,2000).In a causalgraphrepresentedby a DAG, we wantto representdirectcausalrelations
with arcsbetweenpairsof variables.ChoosingDAGsfor this taskimpliesrestrictions,anobvious
oneof which is thatcausalfeedbackloopsareexcludedfrom theanalysis.More formally, thejoint
probability distribution hasto be faithful (or DAG-isomorphic, Pearl,1988,p. 128); that is, there
mustexist aDAG thatrepresentsall (conditional)dependenciesandindependenciesentailedby the
distribution. Suchagraphis calledaperfectmapof thedistributionif thereis aone-to-onemapping
betweentheconditional-independencerelationde�ned on variablesandthed-separation criterion
de�ned on thegraphicalnodes.

5. In the generalcase,this set can be empty without excluding the existenceof other weakly relevant variables
(TsamardinosandAliferis, 2003). In the next subsection,we detail the Faithfulnesshypothesis,which allows us
to excludethisparticularcase.
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De�nition 5 (d-separation) In aDAGG, twonodesX;Y ared-separatedbyZ � V nf X;Yg, written
(X $j Y j Z ), if everypathfromX to Y is blockedby Z. A pathis blockedif at leastonediverging
or serially connectednodeis in Z or if at leastoneconvergingnodeandall its descendantsarenot
in Z. If X andY arenot d-separatedbyZ, they ared-connected:(X $ Y j Z ).

Determiningwhethertwo nodesin a graphared-separatedgivensomeconditioningsetis not
visually immediate.It may for instancebe unintuitive that whereasconditioningon a nodeW on
a directedpathX ! W ! Y blocksthe pathfrom X to Y, conditioningon a commonchild Z of
two variablesX;Y in X ! Z  Y connectsthem. In the lattercase,this commonchild is calleda
collider. If, furthermore,two parentsX;Y of a nodeZ arenonadjacentin the full graph,thenZ is
calledanunshieldedcollider for thepair (X;Y).

Thede�nition of d-separationwasworkedout by Pearl(1988)to matchascloselyaspossible
thecomplicatednatureof theconditional-independencerelationwith a graphicalcriterion,so that
theclassof faithful distributions,whichcanberepresentedby aperfectmap,is aslargeaspossible,
while still keepinganaturalgraphicalrepresentation.

De�nition 6 (Perfect map) A DAG G is a directedperfectmapof a joint probability distribution
P(V) if there is bijectionbetweend-separation in G andconditionalindependencein P:

8X;Y 2 V;8Z � V nf X;Yg :
�

(X $j Y j Z ) ( ) (X ?? Y j Z )
�
: (3)

If we take aparttheperfect-mapequivalence,we distinguishtwo importantconcepts,known asthe
CausalMarkov conditionandtheFaithfulnesscondition(Spirtesetal., 2001,p. 29).

TheCausalMark ov condition is saidto holdfor agraphG= hV;Ei andaprobabilitydistribu-
tion P(V) if every variableis statisticallyindependentof its graphicalnon-descendants(intuitively,
of its non-effects,director indirect)conditionalonits graphicalparents(intuitively, its directcauses)
in P. PairshG;Pi thatsatisfytheCausalMarkov conditionsatisfytheimplication

8X;Y 2 V;8Z � V nf X;Yg :
�

(X $j Y j Z ) =) (X ?? Y j Z )
�
:

This is calledI-mappropertyby Pearl(1988).
TheFaithfulnesscondition canbeinterpretedastheconverseof theCausalMarkov condition,

andstatesthattheonly conditionalindependenciesto holdarethosespeci�edby theCausalMarkov
condition:

8X;Y 2 V;8Z � V nf X;Yg :
�

(X $ Y j Z ) =) (X 6?? Y j Z )
�
:

If theCausalMarkov andFaithfulnessconditionshold togetherfor apairhG;Pi , thenwe�nd again
theequivalence(3), andG is aperfectmapof P.

In practice,the CausalMarkov conditionis usedby the so-calledconstraint-basedalgorithms
to performconditional-independencetestson thedataandbuild thegraphaccordingly, andFaith-
fulnessis assumedto prove that thegraphis correct.HausmanandWoodward(1999)discussand
explain in moredetail the CausalMarkov condition,andSteel(2005)discussesthe Faithfulness
conditionandits motivations,pointingout caseswhereit canbe violated. While the former is in
generalnot violatedsimply by constructionof thecausalgraph,violation of thelatteroccursif the
probabilitydistribution is not faithful. A simpleexampleis then-bit parityproblemwheretheprior
probability of eachbit is uniform, of which the XOR problemis a specialcase:eachvariableis
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unconditionallyindependentof every other, but any variablepair becomesdependentconditioned
on all othervariables.On this problem,currentconstraint-basedalgorithmsyield anemptygraph
becauseof thepairwiseunconditionalindependencies,althoughit is not truethatthedatashowsno
dependency atall sinceonevariableis awell-de�ned functionof all others.

Fromthis point on andfor all proofs,we assumethat theworking datasetD hasa distribution
thatdoesnot violateFaithfulness,andthat it canthusbe representedby a perfectmap. In sucha
context, however, it is still not clearthatcausationcanbeinferredfrom conditionalindependence.
Wenow proceedto explain therelationbetweencausationandconditionalindependence.

AssumingFaithfulness,directcausationbetweenX andY, notedX _ Y, impliesthatX andY
aredependentgivenany conditioningset(PearlandVerma,1991,seede�nitions of potentialand
genuinecauses):

X _ Y =)
�
8S� V nf X;Yg : (X 6?? Y j S)

�
:

We denotetheabsenceof directcausationby X 6_ Y. Theexactconverseof this implicationdoes
nothold. If wemake theCausalSuf�ciency assumption(Spirtesetal., 2001),thatis, assumethat
nohiddencommoncauseof two variablesexists,wecanwrite:

�
8S� V nf X;Yg : (X 6?? Y j S)

�
=) X _ Y or Y _ X: (4)

Using(4), we cantheoreticallydetermineall adjacenciesof thecausalgraphwith conditional-
independencetests,but we cannotorient theedges.But thereis a specialcausationpatternwhere
conditional-independencetestscanreveal thedirectionof causation.It is known asa V-structur e
(Pearl,2000): two commoncausesX;Y, initially independent,6 becomedependentwhencondi-
tionedon a commoneffect Z, thenactingasa collider. This is notedX _ Z ^ Y, wherewe also
requireX 6_ Y and,symmetrically, Y 6_ X. Formally, wehave:

X _ Z ^ Y andX 6_ Y andY 6_ X

=)
�
9S� V nf X;Y;Zg : (X ?? Y j S) and (X 6?? Y j S[ f Zg)

�
:

Theexactconversedoesnotholdeither. But using(4), wecan�nd anequivalencerelationde�ning
a V-structure,still assumingCausalSuf�ciency: �rst, we certify the existenceof a link between
X andZ andbetweenY andZ. Z is thenidenti�ed asanunshieldedcollider if conditioningon it
createsadependency betweenX andY:

X _ Z ^ Y ( )
� �

9S� V nf X;Y;Zg : (X ?? Y j S) and (X 6?? Y j S[ f Zg)
�

and
�
8S� V nf X;Zg : (X 6?? Z j S)

�

and
�
8S� V nf Y;Zg : (Y 6?? Z j S)

� �
: (5)

Actually, typical algorithms�rst establishtheexistenceof a link betweentwo variablesby seeking
a certi�cate equivalentto, or implicating the premiseof, (4), andthenlook for orientationpossi-
bilities. Note that thereis no guaranteethat all links canbe orientedinto causalarcs,andthat in

6. The two causesX andY actuallydo not needto be unconditionallyindependent,but theremustexist a (possibly
empty)separatingsetSXY � V nf X;Yg suchthat(X ?? Y j SXY ) for thecollider to beidenti�able. This impliesthat
nodirectcausationX _ Y or Y _ X mayexist: thecollidermustbeunshielded.
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generalwe thereforecannotrecover the full causalstructurewith conditional-independencetests.
This is the problemknown as causal underdetermination (Spirteset al., 2001, p. 62): for the
structure-learningtaskgivenobservationaldata,a correctgraphis speci�edby its adjacenciesand
its V-structuresonly. Partially orientedgraphsreturnedby structure-learningalgorithmsrepresent
observationallyequivalentclassesof causalgraphs(Pearl,2000,p. 19). Thismeansthatfor agiven
joint probabilitydistributionP(V), thesetof all conditional-independencestatementsthathold in P
doesnotyield auniqueperfectmapin general.

Formally, if wecombine(3), (4) and(5), we �nd, for aperfectcausalmapG (usingthesymbol
“_ ” to denotedirectcausationand“ ! ” to denoteanarcin thegraph):

X;Y adjacentin G ( ) X _ Y or Y _ X

X ! Z  Y ( ) X _ Z ^ Y: (6)

It is sometimespossibleto orient further arcsin a graphby looking at already-orientedarcsand
propagatingconstraints,preventingacyclicity andthecreationof additionalV-structuresotherthan
thosealreadydetected.Thegraphafterthis constraint-propagationstepis calledcompletedPDAG,
maximallyorientedPDAG (CPDAG), or essentialgraph, dependingon theauthor.

3. CausalNetwork Construction Basedon FeatureSelection

We have lookedat the idealoutcomeof featureselectionin (1) andhow to reada causalgraphin
(6). We now turn to showing how featureselectioncanbeusedto build a causalgraph.Fromnow
on andfor therestof this paper, we assumethat thejoint probabilitydistribution over all variables
V is faithful.

3.1 Identifying the Mark ov Blankets

In thecontext of directedgraphicalmodels,theMarkov blanket of a nodeX, notedMb (X), is the
setof parents,children,andchildren's parents(spouses)of X. As an easyproperty, notethat we
have:

X 2 Mb (Y) ( ) Y 2 Mb (X):

Thefollowing statementis akey propertyof Markov blankets.

Property 7 (Total conditioning) In thecontext of a faithful causalgraphG, wehave:

8X;Y 2 V :
�
X 2 Mb (Y) ( ) (X 6?? Y j V nf X;Yg)

�
:

(SeeAppendixA for the proof.) This propertysaysthat the Markov blanket of eachnodeis the
setof all variablesthat aredependenton it, conditionedon all othervariables.In otherwords,in
a causalgraph,the parents,children,andspousesof Y storeinformationaboutY that cannotbe
obtainedfrom any othervariable. Note that Mb (Y) thenhasexactly the propertyof the output
of featureselection,FY, ascharacterizedin (1). This links featureselectionandcausalstructure
learningin thesensethat

FY = Mb (Y);

1302



USING MARKOV BLANKETS FOR CAUSAL STRUCTURE LEARNING

theFaithfulnessassumptionguaranteeingtheunicity of Mb (Y). However, Markov blanketsalone
donot fully specifyacausalgraph.Thus,featureselection,evenif guaranteedto �nd only strongly
relevant features,cannotbedirectly usedto constructthegraphaswe want it to be. Theproblem
is that spousesof Y, even if not directly linked in the original graph,would be linked in FY and
Mb (Y). An additionalstepis neededto transformtheMarkov blanketsinto parents,children,and
spouses.

3.2 Recovering the Local Structur e

Theresultof featureselectioncanbegraphicallyshown by anundirectedgraphG = hV;Ei where
(X;Y) 2 E , X 2 FY. This graphis closeto theoriginal causalgraphin that it containsall arcsas
undirectedlinks, andadditionallylinks spousestogether, andis calledthemoral graphof theorig-
inal directedgraph(LauritzenandSpiegelhalter, 1988,p. 166). Theextra stepneededto transform
this graphinto a causalPDAG is thedeletionof thespouselinks andtheorientationof thearcs,a
taskwhichwecall “resolvingtheMarkov blankets.”

An existingalgorithmcanresolve theMarkov blankets,thatis, useMarkov blanket information
to infer thelocalstructurearoundanode:theGrow-Shrink(GS)algorithm,proposedby Margaritis
andThrun(1999).Thefull algorithm�rst �nds theMarkov blanket for eachvariable,andperforms
further conditional-independencetestsaroundeachvariableto infer the structurelocally. It then
usesa heuristicsto remove cyclespossiblyintroducedby previous steps.We list in Algorithm 1
(using our notation)the stepsof the algorithmresponsiblefor building the local structureusing
the Markov blanket information,as this is exactly the task we are trying to solve. In the code,
Bd(X) standsfor the boundaryof X; that is, the set of its direct neighborsin the graphG. It
is differentfrom Mb (X) in that whereasMb (X) is passedasinput to the algorithmandis �x ed,
Bd(X) dependsonthegraphG, whichis modi�ed throughoutthealgorithm.Wenoteaconditional-
independencetestwith asubroutinecall to CONDINDEP(X;Y;Z): ideally, this functionreturnstrue
when(X ?? Y j Z ) holds,andfalseotherwise.More will besaidabouttheactualimplementation
of suchtestsin Section4. Thecommandbreak is usedto breakout of the innermostloop, saving
unnecessarycomputations.

TheGSalgorithmmakestwo passesoverall variablesandthemembersof theirMarkov blankets
(or directneighborsin thesecondpass).It �rst removesthepossiblespouselinks betweenlinked
variablesX andY by looking for a d-separatingsetaroundX andY. In a secondpass,it orientsthe
arcswhenever it �nds that conditioningon a middlenodecreatesa dependency. While searching
for theappropriateconditioningset,GSselectsthesmallestbasesearchset(setB in Algorithm 1)
for eachphase.This hastwo very desirableeffects. First, it reducesthenumberof tests,which is
usefulbecauseeachphasecontainsa subsetsearch,exponentialin time complexity with respectto
the searchedset. Second,it reducesthe averagesizeof the conditioningset,which increasesthe
powerof thestatisticaltests,andthushelpsreducethenumberof TypeII errors.

While theGSapproachconsiderablyreducesthenumberof teststo beperformedwith respect
to a large subsetsearch,it is possibleto performfewer testswhile still identifying correctly the
structureandorientingthearcs,anddecreasingtheaverageconditioningsetsize.A helpful obser-
vationis thatorientationandremoval of thespouselinks canbedonetogetherin a singlepass.We
know, asdiscussedin the previous section,that only arcsin V-structurescanbe oriented: fortu-
nately, V-structuresareexactlyspottedwhenwe identify aspouselink to beremoved.Two spouses
X andY thatarenot directly linkedin theoriginal causalgraphcanbed-separatedby somesetof

1303



PELLET AND ELISSEEFF

Algorithm 1 Resolve theMarkov Blanketswith theGrow-ShrinkAlgorithm
1: procedure RESOLVEMARKOVBLANKETS GROWSHRINK

Input: Mb (�) : theMarkov blanket informationfor eachnodeX 2 V
Output: G : partiallyorientedDAG

/* Computegraphstructure*/
2: G  moralgraphaccordingto Mb (�)
3: for eachX 2 V and Y 2 Mb (X) do
4: B  smallestsetof f Bd(X) nf Yg; Bd(Y) nf Xgg
5: for eachS� B do
6: if CONDINDEP(X;Y;S) then remove link X � Y from G; break
7: end for
8: end for

/* Orientedges*/
9: for eachX 2 V and Y 2 Bd(X) do

10: for eachZ 2 Bd(X) nBd(Y) nf Yg do
11: orientY ! X /* to becorrectedif a testyieldsindependence*/
12: B  smallestsetof f Mb (Y) nf Zg; Mb (Z) nf Ygg
13: for eachS� B do
14: if CONDINDEP(Y;Z;S[ f Xg) then removeorientationY ! X; break
15: end for
16: if Y ! X then break
17: end for
18: end for
19: return G
20: endprocedure

nodes.Thus,if we can�nd a setSXY thatmakesX andY conditionallyindependent,we know that
the link betweenthemis a spouselink to be removed. Moreover, we know that any nodeZ part
of the intersectionof their Markov blanketsnot includedin SXY is a collider andthusa common
child, andthat thetriplet (X;Z;Y) is actuallya V-structureX ! Z  Y in theoriginal graph.This
follows from thede�nition of d-separation.Whatwe needis anef�cient searchalgorithmto �nd
suchd-separatingsets.

An approachbasedon this observationhastwo mainbene�ts. First, it only searchesthetrian-
gles,that is, the cliquesof threenodes,in the moral graph. Assumingthat the informationabout
the Markov blanket is correct,only trianglescanhide spouselinks andV-structures.Second,for
eachconnectedpair X � Y in a triangle,decisionsaboutpossiblespouselinks andarcorientation
aretakentogetherandthusfaster.

Pseudocodefor theproposedsearchalgorithmis listedin Algorithm 2, wherethenotationGnXY

denotesthemoralgraphGwhereall directlinks involvingX orY havebeenremoved.Thealgorithm
usesthefollowing concept.
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De�nition 8 (Collider sets) In anundirectedgraphG= hV;Ei , let Tri (X � Y) (with X;Y 2 V and
(X;Y) 2 E) bethesetof verticesforminga trianglewith X andY:

Tri (X � Y) = f Z 2 V j (X;Z) 2 E;(Y;Z) 2 Eg:

Supposethat G is themoral graphof theDAG representingthecausalstructure of a faithful data
set. A setof verticesZ � Tri (X � Y) thenhastheCollider Setpropertyfor thepair (X;Y) if it is
thelargestsetthat ful�lls

9SXY � V nf X;YgnZ :(X ?? Y j SXY ) (7)

and 8Zi 2 Z :(X 6?? Y j SXY [ f Zig) : (8)

ThesetSXY is thena d-separatingsetfor X;Y.

Lemma 9 In thecontext of a faithful causalgraph,thesetZ that hastheCollider Setpropertyfor
a givenpair (X;Y) existsif andonly if X is neithera directcausenor a directeffectof Y. Thisset
Z is uniquewhenit exists.(Proof in AppendixA.)

Thepurposeof Algorithm 2 is thusto �nd thesecollider sets(in thepseudocode,thesymbol(
denotesthestrictsubsetrelation).Thealgorithmloopsoverall trianglelinks andperformsacollider
setsearchfor eachof them. Let X � Y beoneof theselinks: if it is not a spouselink, thesearch
procedurewill leave thevalueof thed-separatingsetSXY to its default value,null . Otherwise,SXY

will be set to a (possiblyempty7) set for X andY. The collider setcanbe inferredby removing
the d-separatingsetfrom the trianglenodesTri (X � Y): asTri (X � Y) containsnodeson a path
of length2 betweenX andY, �nding a d-separatingsetthatdoesnot containsomeof thesenodes
provesthat they canonly becollidersaccordingto thede�nition of d-separation.8 For instance,if
theprocedureproducesanemptysetfor agivenlinkedpairX � Y, thenX andY areunconditionally
independent,andthereforeall nodesin Tri (X � Y) arecolliders.

Two caveatshave to beobservedduringthissearch,however. First, theremightbeotheractive,
d-connectingpathsbetweenX andY that arenot going throughany nodeof Tri (X � Y). Those
nodesmustbeblockedby appropriateconditioningon theboundaryof X orY asdeterminedby the
baseconditioningsetat line 6. Second,this baseconditioningsetmustbecheckednot to include
any descendantof possiblecolliders. If it did, it would opena d-connectingpath accordingto
De�nition 5. This checkis performedat lines13 to 21. At line 13, we build a setD that includes
all possibledescendantsof currentlyconjecturedcollidersthat intersectour baseconditioningset
B. Thefollowing loopmakessurenoneof themwasopeningapathbetweenX andY.

Theorem10 In thelarge samplelimit, for faithful, causallysuf�cient datasets,theprocedure RE-
SOLVEMARKOVBLANKETS COLLIDERSETS correctly identi�es all V-structures and all spouse
links,assumingconsistentstatisticaltests.(Proof in AppendixA.)

This procedureis bestunderstoodwith a graphicalexample. Considerthesamplelocal struc-
ture in Figure1, imagineit is partof a largernetwork, andsupposewe areperformingthesearch

7. Note that returninganemptyd-separatingsetin SXY is differentfrom returningnull , signalingtheabsenceof any
suchset.

8. Thenext paragraphsdescribepatternswherethis is not trueandshow how thealgorithmstill dealswith themcor-
rectly.
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Algorithm 2 Resolve theMarkov Blanketswith ColliderSets
1: procedure RESOLVEMARKOVBLANKETS COLLIDERSETS

Input: Mb (�) : theMarkov blanket informationfor eachnodeX 2 V
Output: G : partiallyorientedDAG

2: G  moralgraphaccordingto Mb (�)
3: C  fg , anemptylist of orientationdirectives
4: for eachedgeX � Y partof a fully connectedtriangledo

5: SXY  null /* searchfor d-separatingset*/
6: B  smallestsetof f Bd(X) nTri (X � Y) nf Yg; Bd(Y) nTri (X � Y) nf Xgg
7: for eachS( Tri (X � Y) do /* subsetsearch*/
8: Z  B [ S
9: if CONDINDEP(X;Y;Z) then

10: SXY  Z
11: break to line 23
12: end if
13: D  B \

�
nodesreachableby W in GnXY j W 2

�
Tri (X � Y) nS

� 	

14: B0 BnD
15: for eachS0( D do /* descendantof collidermaybeopeningapath*/
16: Z  B0[ S0[ S
17: if CONDINDEP(X;Y;Z) then
18: SXY  Z
19: break to line 23
20: end if
21: end for
22: end for

23: if SXY 6= null then /* saveorientationdirective */
24: marklink X � Y asspouselink in G
25: for eachZ 2

�
Tri (X � Y) nSXY

�
do

26: C  C [ f (X ! Z  Y)g
27: end for
28: end if
29: end for

30: removeall spouselinks (i.e.,markedlinks) from G

31: for eachorientationdirective (X ! Z  Y) 2 C do /* orientedges*/
32: if edgesX � Z andY � Z still exist in G then
33: orientedgesasX ! Z  Y
34: end if
35: end for
36: return G
37: endprocedure
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Figure1: Samplelocalcausalstructure(i) andcorrespondingmoralgraph(ii ). On(iii ), thespouse
link andorientationinformationthatthecollidersetsearchfor thelinkedpairX � Y gives.

startingat line 5 in Algorithm 2. We arelooking for a d-separatingsetfor X andY. Looking at
the original graph,we seethat f Wg is the smallestsuchset; let us seehow the algorithm �nds
it. We have: Tri (X � Y) = f W;Zg, Bd(X) = f W;Y;Z;Vg andBd(Y) = f W;X;Z;U;Tg. Thebase
conditioningsetB will thusbethesmallestof

�
f Vg; f U;Tg

	
, thusB = f Vg. At this stage,condi-

tioning onV is justi�able: onecannotexcludesituationswhereX andY ared-connectedgiventhe
emptysetthroughT andV, for instanceif T andV bothhada commoncausefartheraway in the
network. But actuallyin this example,all (perfect)testscontainingV in theconditioningsetwill
yield dependence,becauseit is a descendantof thecollider Z andthusopensa pathby de�nition
of d-separation.Eventually, in theiterationwhereS= f Wg, wewill �nd conditionalindependence
in the nestedloop at lines 15 to 21. As Tri (X � Y) nS = f Zg, D will be assignedthe valuef Vg
andB0will beempty, sothatwewill performexactlyoneextra testat line 17with theconditioning
setSXY = f Wg, which yields independence.This in turn allows us to identify the link X � Y asa
spouselink anddetermine(line 25) thatthesetTri (X � Y) nSXY = f Zg is thesetof all directeffects
of X andY; thatis, ful�lls theColliderSetproperty.
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Figure2: Anothersamplelocal causalstructure(i) andcorrespondingmoral graph(ii ). On (iii ),
a wrongresultif orientationis doneimmediatelyat line 26 of Algorithm 2. On (iv), the
correct(non-)orientationif theconditionat line 32 is added.

For somestructures,the orderin which arcsareremoved andorientedmusthappensuchthat
all spouselinks areremovedbeforeproceedingto orientation.Consideranotherexample,shown in
Figure2, andsupposeagain that thatwe arelooking for a d-separatingsetfor thepair (X;Y). As
X andY areunconditionallyindependent,SXY = /0 is avalid d-separatingset.Wemaythusremove
thelink X � Y, andconsideringthatTri (X � Y) = f W;Zg, wecouldwantto orientX ! Z  X and
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X ! W  X (leaving thespouselink W � Y to beremovedlater). This would bewrong,precisely
becauseW � Y is a spouselink, and thus the orientationX ! W  X is not allowed if one of
the links to be orienteddoesnot actuallyexist in the original graph. This is the reasonwhy all
orientationdirectivesaresavedin alist C at line 26of Algorithm 2. After all spouselinks havebeen
removed, the orientationsaredoneat line 33 only whenboth links to be orientedstill exist, thus
ensuringtheexistenceof theV-structureX ! Z  Y.

We do not claim that our algorithmusesthe smallestpossibleconditioningset for the tests.
Thereis a tradeoff betweenobtainingtheminimal possibleconditioningsetandkeepingthe total
numberof testslow in theaveragecase.In theempiricalevaluationof this algorithm,we examine
threebehavioral criteria: thetotal numberof tests,theaveragesizeof theconditioningset,andthe
maximumsizeof theconditioningset.

Thecomplexity of thewholealgorithmiteratingover all trianglelinks, in termsof numberof
callsto CONDINDEP, is O(d22a ), whered is thenumberof variablesanda = maxX2V jMb (X)j � 1.
In theworstcaseof a fully connectedgraph,whereMb (X) = V nf Yg, it is exponentialin thenum-
berof variablesdueto thesubsetsearch.But in practice,theoriginalgraphsareoftensparseenough
sothattheactualrun time is not exponential.Many algorithms(e.g.,MMMB, HITON MB, Algo-
rithmMB, GS)performsubsetsearchesin the(possiblyaugmented)Markov blanket andthusrely
on graphsparsenessto be ef�cient. Although the complexity of RESOLVEMARKOVBLANKETS

COLLIDERSETS is thesameasthatof RESOLVEMARKOVBLANKETS GROWSHRINK, weshow in
the experimentalresultsin Section5 that the former performsfewer testswith a smalleraverage
conditioningsetsize,while still providing comparableaccuracy in structurelearning.

3.3 A GenericAlgorithm Basedon FeatureSelection

Thanksto thesubroutineexplainedin the previoussection,we cannow draft a genericalgorithm
for structurelearningbasedon feature-selectionmethodsreturningstronglyrelevant features.Al-
gorithm3 lists pseudocodefor thethreemainstepsof thisapproach:

1. Find the conjecturedMarkov blanket of eachvariablewith featureselectionandbuild the
moralgraph;

2. Removespouselinks andorientV-structuresusingcollidersets;
3. Propagateorientationconstraints.

For thesake of completeness,theconstraintpropagation rulesof Step3 have alsobeenlisted,
in a separatesubroutine(seeAlgorithm 4). They are commonin structurelearningto obtain a
completedPDAG (PearlandVerma,1991).Meek(1995)provesthatthesethreerulesindeedreturn
themaximallyorientedgraphwhengivenaPDAG whoseV-structuresareoriented.

Thechallengewith thisapproachis twofold. Oneissueis ef�ciency: consistentbut slow feature-
selectionalgorithmswill notbeatexistingcausallearningalgorithms,asthey haveto berunasmany
timesasthenumberof variablesd. Thesecondandbiggestissueis thatconsistentfeature-selection
algorithmsareneededin orderto prove correctnessof this genericalgorithm,in thesensethat the
resultof featureselectionshouldbeequalto thesetof stronglyrelevantfeatures.Thisrequirementis
notalwaysful�lled. Hardinetal. (2004)studyanSVM classi�eranddiscussfeatureselectionbased
on thew weights:althoughirrelevantvariablesarenotselectedin thelargesamplelimit, they show
thattheweightsof theweaklyrelevantvariablescanbeascloseasonewishesto thatof thestrongly
relevant variablesdueto the large-margin behavior of SVMs. Forward featureselectionhasbeen
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Algorithm 3 CausalStructureLearningwith FeatureSelection
1: procedure GENERICSTRUCTURELEARNING

Input: D : n� d datasetwith n d-dimensionaldatapoints
Output: G : maximallyorientedpartiallydirectedacyclic graph

/* Step1: Markov blanket construction*/
2: for eachvariableX 2 V do
3: FX  FEATURESELECTIONALGORITHM(X;D)
4: end for
5: for eachpair (X;Y) suchthatY 2 FX andX 2 FY do /* symmetrycheck*/
6: addX to Mb (Y) andY to Mb (X)
7: end for

/* Step2: Spuriousarcremoval & V-structuredetection*/
8: G  RESOLVEMARKOVBLANKETS(Mb (�))

/* Step3: Constraintpropagation*/
9: G  COMPLETEPDAG(G)

10: return G
11: endprocedure

Algorithm 4 OrientaPDAG maximally
1: procedure COMPLETEPDAG

Input: G : partiallydirectedacyclic graph
Output: G : maximallyorientedpartiallydirectedacyclic graph

2: while G is changedby someruledo /* �x ed-pointiteration*/
3: for eachX;Y;Z suchthatX ! Y � Z do
4: orientasX ! Y ! Z /* nonew V-structure*/
5: end for
6: for eachX;Y suchthatX � Y and9 directedpathfrom X to Y do
7: orientasX ! Y /* preserveacyclicity */
8: end for
9: for eachX;Y s.t.X � Y & 9nonadj.Z;W s.t.X � Z ! Y & X � W ! Y do

10: orientasX ! Y /* three-forkV with marriedparents*/
11: end for
12: endwhile
13: return G
14: endprocedure
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shown to missstronglyrelevant variables(GuyonandElisseeff, 2003). Nilssonet al. (2007)also
describeforwardselectionasinconsistent,but claim thatbackward featureeliminationis actually
consistentin thelarge-samplelimit.9 For �nite datasets,Statnikov etal. (2006)furthershow (among
others)thateventheweightsof theirrelevantvariablescangetbiggerthanthatof relevantvariables,
andthat weakly relevant variablescanbe selectedmoreoften thanstrongly relevant variablesin
somecases.

Theseconsiderationsaretaken into accountin our approach.In thenext section,we describe
an instantiationof thegenericalgorithmwith anexisting backward feature-eliminationalgorithm.
Expectingthefeatureselectionto betoo inclusive, that is, to includefeaturesthatarenot strongly
relevant,we addthe �ltering conditionat line 5 of thegenericoutline in Algorithm 3: in orderto
link X andY in themoralgraph,we requirethefeatureselectionperformedfor X to have selected
variableY, andconversely, we requireX to have beenselectedby the featureselectionperformed
for Y. Thisdoesnot theoreticallyguaranteetheabsenceof “f alsepositives,” however. Furtherin the
section,wereplacethefeature-selectionstepwith aprovablyconsistentalgorithmin themultivariate
Gaussiancase,andanalyzeits complexity andbehavior.

4. Algorithms for CausalFeatureSelection

In this section,we show two algorithms(anda variant)as instantiationsof the genericapproach
previously described.First, we explain an algorithmbasedon the Recursive FeatureElimination
(RFE)algorithm(Guyonet al., 2002)asa directapplicationof existing methods.We thendescribe
TotalConditioning(TC),afastalgorithmthatcanbeprovedcorrectunderthemultivariateGaussian
assumption.We alsoshow a variant,TCbw, thatimprovesaccuracy with low samplesizesby using
anexplicit backwardfeature-selectionheuristics.In Section5, we reporton experimentsincluding
thesealgorithms.

4.1 An RFE-BasedApproach

To empirically testthe soundnessof the approach,we proposeto useRFE over a SupportVector
Regression(SVR) learner(Smolaand Scḧolkopf, 1998) with a linear kernel, assumingfor this
examplethat we will deal with multivariateGaussiandata. RFE is an instanceof a backward
feature-eliminationalgorithm.Givensomelearner(in this case,SVR), it iteratively trainsit, ranks
thefeaturesaccordingto somecriterion,andremovethefeature(or thep features)with thesmallest
rankingcriterion. This criterion canbe the weightsw attributedto the featuresby the learner, or
somesensitivity measureof the features(Guyonet al., 2002). In our case,we usedtheweightsw
of SVRasdescribedin SmolaandScḧolkopf (1998).

UsingRFE,theMarkov blanket identi�cation is donein two steps:

1. UseRFEto rankthepredictorsaccordingto theirweightsin thetrainedmodelandto provide
whatcanbeseenasa relevanceorderingof thepredictors;

2. Determinethesizeof theMarkov blanketandthusthenumberof variablesto selectfrom the
list returnedby RFE.

9. This is subjectto theassumptionthattheunderlyingclassi�ermustitself beconsistent,in thesensethatit mustreturn
theBayesclassi�er in thelarge-samplelimit.
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Wedonothavea theoreticalguaranteethatRFE/SVRwill returntheMarkov blanketvariables.
Although Nilssonet al. (2007)shows that RFE/SVM asdescribedin Guyonet al. (2002)is con-
sistent(i.e., returnsstronglyrelevantvariablesin thelarge-samplelimit), thelimitationsof ranking
variablesonthew weightsof anSVM with �nite datasetshavealsobeenhighlighted(Hardinetal.,
2004;Statnikov etal., 2006).For now, we thususethis feature-selectionstepasaheuristics.

In orderto determinethe numberof variablesto selectfrom the ranked list returnedby RFE,
weusethefollowing criterion: startingwith the�rst variablefrom thelist, acceptanew variablein
theMarkov blanket if thecross-validatedtrainingerrorof theSVRdecreaseswith thenew variable,
andstopandreturnthecurrentlist if addingthenext variableincreasestheerror.

Algorithm 5 An RFE-BasedFeature-SelectionStep
1: procedure RFEFEATURESELECTION

Input: X : thetargetvariableto performfeatureselectionfor
D : n� d datasetwith n d-dimensionaldatapoints

Output: S: thesetof selectedvariables

2: w  weightsof V nX accordingto RFE(SVR)
3: P  predictorvariablessortedaccordingto w
4: S /0
5: erroropt  var[X] /* MSEof constantfunction*/
6: error  TRAIN(cross-validatedSVRwith predictor(P)1))
7: while error < erroropt do
8: erroropt  error
9: S S[ f (P)1g /* addbene�cial predictor*/

10: P  Pnf (P)1g
11: error  TRAIN(cross-validatedSVRwith predictorsS[ f (P)1g)
12: endwhile
13: return S
14: endprocedure

Thesymmetrycondition(2), X 2 FY , Y 2 FX, might not besatis�ed: we rely on thecheckat
line 5 of thegenericapproachof Algorithm 3 to make surethatwe do not selectspuriousfeatures
in the Markov blanket. This conservative approachimplies that we expectRFE to selectat least
all stronglyrelevantvariables,pluspossiblysomeothersthatwe hopeto identify with this simple
condition.

As a conditional-independencetestat lines9 and17 of thecollider setsearchin Algorithm 2,
we canusethedistribution-freeRecursive Median(RM) algorithmproposedby Margaritis (2005)
to detecttheV-structureandremove thespouselinks, or az-testasusedin Scheinesetal. (1995)in
thecaseof Gaussiandata.

Althoughwe expecttheresultinggraphto beaccuratein thelargesamplelimit (seeSection5),
wealsoexpecttheruntimeof suchanapproachto bemuchhighercomparedto existingalgorithms.
Training the SVR hasa cubic complexity in termsof the numberof samples,O(n3). To get an
accurateranking,RFErunsthetrainingd � 1 times.Then,a new SVR learneris trainedandcross-
validatedseveral times (we useda 5-fold cross-validation) to get the validation error, which is
repeatedfor eachvariablein the actualMarkov blanket. The complexity for the whole feature-
selectionstepis thenO(d2n3), with a largeconstantfactor. We thusemphasizethatthisRFE-based
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featureselectionis not meantasa valid practicalinstantiationof thegenericalgorithm,but rather
asa proof of conceptto validatethe approach.In orderto be practical,the feature-selectionstep
hasto beredesignedso that it is doneef�ciently whenrun for all variables.This is what thenext
algorithmis meantto addressin thespeci�c caseof multivariateGaussianvariables.

4.2 The TC Algorithm

We now proposein theprocedureTCFEATURESELECTION (Algorithm 6) anotherinstantiationof
thefeature-selectioncall at line 3 of thegenericapproachof Algorithm 3. Thewholealgorithmas
determinedby thefeature-selection,collider-identi�cation, andmaximal-orientationstepsis equiv-
alentto theTC algorithmdescribedin PelletandElisseeff (2007). (We thuswrite “TC” to refer to
thewholealgorithmandnot only to thefeature-selectionprocedure,referredto asTCFEATURES-
ELECTION.)

For a given target variableX, TC estimatesthe coef�cients of a multiple regressionproblem,
consideringall othervariablesV nX aspredictors.It thenreturnsthesigni�cant predictors,accord-
ing to at-teston thecoef�cient of eachvariable.Its shortlisting is in Algorithm 6.

Algorithm 6 TheTotalConditioningFeature-SelectionStep
1: procedure TCFEATURESELECTION

Input: X : thetargetvariableto performfeatureselectionfor
D : n� d datasetwith n d-dimensionaldatapoints

Output: S: thesetof selectedvariables

2: b  weightsof V nX in theproblemof regressingX onV nX
3: S f predictorswhoseb weightis signi�cantg
4: return S
5: endprocedure

Theconditional-independenceteststo beperformedat lines9 and17 of thecollider setsearch
of Algorithm 2 aredoneusingpartialcorrelation.

De�nition 11 (Partial correlation) In a variablesetV, thepartialcorrelationbetweentworandom
variablesX;Y 2 V givenZ � V nf X;Yg, notedr XY�Z , is thecorrelationof theresidualsRX andRY

resultingfromtheleast-squareslinear regressionof X onZ andof Y onZ, respectively.

TC wasshown to becorrectin thelargesamplelimit (subjectto theconsistency of thestatistical
tests)in PelletandElisseeff (2007)undertheFaithfulnessandCausalSuf�ciency assumptions.For
thesake of completeness,we addtheproof to AppendixA. Themainpointsleadingto thecorrect-
nessof TC aretheequivalenceof azeroregressionweightfor somepredictorY while regressingX
on all variablesV nX anda zeropartialcorrelationr XY�Vnf X;Yg, andthefact that this is zeroif and
only if (X ?? Y j V nf X;Yg) holdsin a Gaussiancontext (Babaet al., 2004). Then,our feature-
selectionstep(Algorithm 6) gives the Markov blanket for eachnode,andthe collider setsearch
(Algorithm 2) thentakescareof identifying theV-structuresandremoving thespouselinks.

The other advantageof using linear regressionand partial correlationis that it yields a fast
algorithm.Actually, all regressionweightsandparametersneededfor thefeature-selectionstepof
TC canbeef�ciently computedby invertingthesamplecorrelationmatrixR 2 [� 1;1]d� d. Building
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graphsby invertingthecorrelationmatrix is typically what is donewith GaussianMarkov random
�elds, aspecialcaseof undirectedgraphicalmodels(see,e.g.,Talih, 2003).

Theweightcomputationandthestatisticalsigni�cancetestsareperformedasfollows. Let b̂i j

be the maximumlikelihoodestimatorof the true regressionweight bi j of predictorXj whenXi is
thedependentvariable,suchthatit solvesthemultiple regressionequationfor targetXi in thesense
thatit minimizesthesumof thesquaredresiduals

SSR =
n

å
k= 1

 

xik �
d

å
j= 1; j6= i

b̂i jx jk

! 2

wherexik is thevalueof Xi for thekth sample.If wehavetheinversecorrelationmatrixR� 1 = (r i j ),
thevectorb at line 2 of Algorithm 7 canbefoundin lineartime: b̂i j = � r i j=r ii (Raveh,1985).For
instance,thelist of weightsto predictvariableX1 with all othersis

b1 = (b̂12; b̂13; � � � ; b̂1d) = � (r12; r13; � � � ; r1d)=r11: (9)

Thedistributionof theseweightsis known (Judgeetal., 1988):

b̂i j � bi j

ŝ i j
� t(n� (d� 1)) ; (10)

whereŝ i j is the standarderror of the jth predictorfor variableXi ; that is, that it follows a t dis-
tribution with a numberof degreesof freedomd f = numberof samples� numberof predictors
= n� (d � 1). For our null hypothesisH0 : bi j = 0, we needŝ i j in additionto b̂i j to computethe
t-statisticsb̂i j=ŝ i j . Theestimateof thecoef�cient error ŝ i j canbeexpressedas

ŝ i j = ŝ i

q
w j j=n;

whereŝ i is an estimatorof the standarderror of the regressionfor target Xi , andw j j is the jth
diagonalelementof the inversecorrelationmatrix of the predictors(Judgeet al., 1988,p. 243).
(How to obtainthe inversecorrelationmatrix of the predictorsfrom the R� 1 matrix in quadratic
time is discussedin thenext subsection.)Thestandarderror ŝ i canalsobeobtainedin linear time
from R� 1 asfollows.

Withoutlossof generality, weassumeazeromeanandaunit standarddeviationfor all variables.
Thens2

i = 1� R2
i , whereR2

i is thecoef�cient of determinationof theregressionfor targetXi . This
coef�cient canbeexpressedasthescalarproductof thebi vectorwith thevectorr i of thepairwise
correlationcoef�cients of the predictorswith the target Xi (Raveh,1985),which we readdirectly
from thecorrelationmatrixR:

R2
i = bT

i r i :

An unbiasedestimatorŝ i for s i is then

ŝ i =

s
n(1� bT

i r i)
n� d

:
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To sum up, we have a complexity of O(nd3) to build and invert the correlationmatrix, and
O(d3) to checkfor signi�cance. This comesfrom having to obtaind timesthe inversecorrelation
matrixof d � 1 predictorsin O(d2), andthencheckingtheir signi�cancein lineartime. Theoverall
complexity of TC, includingthecollider identi�cation andtheconstraint-propagationsteps,is then
O(nd3 + d22a ).

The weaknessesof this approachareits infeasabilitywhenthe correlationmatrix R doesnot
havefull rank(includingthespecialcasen< d, thatis,whentherearefewersamplesthanvariables),
thelow powerof thestatisticaltestswith smalldatasets,andmulticollinearityin thepredictors.The
symptomsof thelasttwo pointsarethatthet-testsdo not refutethenull hypothesisof zeroweight
because(i) thereis not enoughdatato supportit, or (ii ) multicollinearitymakestheweightslower
than they shouldbe, suchthat it becomesharderto interpretthem as depictingthe independent
contribution of eachpredictor. We try to dealwith this problemin thenext sectionwith theTCbw

algorithm.

4.2.1 SIGNIFICANCE TESTS

Independentlyof low samplesizesor multicollinearity, the statisticaltestson the weightsof the
linear regressionequationsarea delicatepoint in TC. Thechoiceof theType I error ratea needs
investigatingasit signi�cantly in�uencestheresultof thealgorithm.

In a network of d nodes,the feature-selectionstepperformsd(d � 1)=2 teststo determinethe
undirectedskeleton.Wewill falselyrejectthenull hypothesisbi j = 0 aboutm� a timesonaverage,
wherem< d(d� 1)=2 is thedifferencein thenumberof edgesbetweentheoriginalDAG G0 andthe
completegraph.We will thusaddon averagem� a wrongedges.We cansetthesigni�cancelevel
for the individual teststo be inverselyproportionalto d(d � 1)=2 to avoid this problem(assuming
a largem andthusrathersparsegraphs),andcheckthat it doesnot affect theTypeII errorratetoo
much,whichwedonow.

Accordingto (10), theexpression(b̂i j � bi j )=ŝ i j followsat distributionwith n� (d� 1) degrees
of freedom.If we call Y (�) thecumulative distribution functionof a t distribution with n� (d � 1)
degreesof freedom,wecanwrite theTypeII errorrateb for eachregressionweight:

bi j = Y(Y � 1(1� a=2) � jbi j j=ŝ i j ):

The valuesfor ŝ i j canbe computedfrom the inversecorrelationmatrix R� 1 andthusdependon
theparticulardatasetbeinganalyzed,but thetruebi j areunknown. Whatwe coulddo in theoryto
optimizea is to minimizetheaveragenumberof extraneous(Te) andmissing(Tm) links:

T = Te+ Tm = m� a + å
(i; j)2E

bi j ;

wherem is thenumberof edgesmissingin theoriginalDAG comparedto a full graph,andE is the
setof arcsin the original DAG, so that m+ jEj = d(d � 1)=2. As m, E andbi j areunknown, we
canonly �nd anupperboundfor thenumberof missedlinks Tm, provided(i) we canestimatethe
graphsparsenessto approximatem; (ii ) we assumejbi j j � d; and(iii ) we chooseE? suchthat it
maximizesthesumin (11),with jE?j = d(d � 1)=2� m. Thenwehave:

Tm � å
(i; j)2E?

Y(Y � 1(1� a=2) � d=ŝ i j ): (11)
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Althoughthis boundwasfoundtoo loosefor practicaluse,we canmodeltheTypeI andType
II error rateasa functionof a for arti�cial problemswhosesparsenessandregressionweightsare
known. This is shown in Figure3 for a speci�c instanceof an Alarm dataset(seeSection5 for
detailson this network) with two different samplesizes,n = 50 (left) and n = 250 (right). We
did not usethis informationto tunea in the experiments,as it cannotbe obtainedwithout prior
knowledge,but thecurvesshowedthatana inverselyproportionalto d(d� 1)=2 hasthesameorder
of magnitudeastheoptimala on thedatasetsweanalyzed.

Whatwealsoseeis thattheTypeI errorcurve rapidlygoesup,whereastheTypeII errorcurve
is upper-boundedby the total numberof links in the original graph. In termsof purenumberof
errors,settinga low a will thusbemorebene�cial thansettingahighera to geta low b. It is worth
discussing,however, dependingontheparticularproblemto solve,whichis moredesirable:missing
causallinks or getting extra causallinks. In termsof Bayesiannetworks, getting too few links
preventsthemodelfrom beingableto reconstructthefull joint probabilitydistribution,becausewe
losetheI-mapproperty;whereasgettingtoomany links implieshaving to estimatemoreparameters
from thesamedataandthuscomplexi�es asubsequentparameterlearningtask.

4.3 The TCbw Algorithm

Despitecorrectnessof TC, with a low numberof samplesn it fails to have enoughevidencefor
rejectingthenull hypothesisof zeroregressionweight,andthusmisseslinks (seedetailedresultsin
Section5),evenfor ahigha. Wenow try to addressthisparticularissueby successively eliminating
themostinsigni�cant predictorsandreevaluatingtheremainingones.This is actuallya backward
stepwise-regressionmethod.Pseudocodefor thisheuristicsis listedin Algorithm 7.

Algorithm 7 TheTotalConditioningBackwardFeature-SelectionStep
1: procedure TCBWFEATURESELECTION

Input: X : thetargetvariableto performfeatureselectionfor
D : n� d datasetwith n d-dimensionaldatapoints

Output: S: thesetof selectedvariables

2: P  V nX /* all predictors*/
3: S /0 /* signi�cant predictors*/
4: while P 6= /0 and P 6= Sdo
5: b  weightsof P in theproblemof regressingX onP
6: S S[ f predictorswhoseb weightis signi�cantg
7: P  Pnf the p lesssigni�cant predictorsg
8: endwhile
9: return S

10: endprocedure

Intuitively, the problemto solve is that the regressionweightscannotbe high enoughfor sig-
ni�cance with smallsamplesizes.By removing themostinsigni�cant predictorsandthusthemost
likely to beactuallyzero,wescaledown theregressionproblemandincreasethepowerof thetests.
How many insigni�cant predictorsto remove canbe discussed;in our implementation,we com-
paredp = 1 to p = (numberof predictors)=2 andfoundthatthelatteryieldedresultsthatwerejust
asgoodwith animportantspeedgain.
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Figure3: ExpectedTypeI andII errorsasa functionof a

This stepwiseregressionraisessomeissues;notably, Tibshirani(1994)arguesthattherepeated
testson non-changingdataarebiasedandthat theremainingb coef�cients aretoo large. We thus
expectTCbw to be biasedandto includemorefalsepositivesthanTC. Ideally, onewould needa
criterionto predictwhentheadditionalfalsepositiveswould outweighthebene�tsof reducingthe
falsenegatives. Whethersucha criterion, which would allow us to know a priori whetherTC or
TCbw shouldbeused,canbefound,is anopenquestion.

Solvinga standardmultiple regressionproblemwith d predictorstraditionallyhascomplexity
O(nd3). Nä�vely solvingd � 1 regressionproblemsd timesin thecasep = 1 would have a com-
plexity of O(nd5). But wecanavoid reinvertingmatricesin theinnerloopof thestepwiseregression
thanksto thefollowing result.

Let S = XTX ben timesthecorrelationmatrix R, whereX is then� d matrix representinga
datasetwhereall variableshave zeromeanandunit standarddeviation. Thenwe canuseS� 1 to
linearly �nd theweightsof theregressionproblemsandtheir standarderror, which areneededfor
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the t-tests. Supposewe �nd that variableX1 is the weakestpredictor, andwant to reevaluatethe
weightsof theotherpredictorsat line 5 of TCbw. Let Xni bethedatasetwherevariableXi hasbeen
removed.ThenweneedthematrixW� 1 to solve thenew problem,whereW= XT

n1Xn1. As aspecial
caseof Strassen'sblockwisematrix inversionformula,wehave:

S =
�

s11 cT

c W

�

=) S� 1 =

2

6
4

1
s11 � cTW� 1c

� cTW� 1

s11 � cTW� 1c

� W� 1c
s11 � cTW� 1c

W� 1 + W� 1ccTW� 1

s11 � cTW� 1c

3

7
5 :

Let s i j = (S� 1) i j andb = W� 1c. Thenb aretheweightsof theregressionof X1 on X2; � � � ;Xd and
canbecomputedwithoutknowing W� 1 (Raveh,1985),see(9). Wehave:

s11 = 1=(s11 � cTb)

and,(S� 1)n1 beingthematrixS� 1 wherethe�rst row andcolumnhavebeenremoved,

(S� 1)n1 = W� 1 + bbT=(s11 � cTb):

WecanthuscomputeW� 1 givenS� 1 with complexity O(d2) asfollows:

W� 1 = (S� 1)n1 � s11bbT : (12)

This trick is alsousedin TC to �nd the inversecorrelationmatrix of the predictorsfrom the
inversecorrelationmatrixof thewholevariableset.

Equation(12) is implementedin TCbw suchthatwe never needto invert anothermatrix again
onceS� 1 hasbeenobtained,and leadsto a complexity of O(d2) for stepwiseelimination of a
predictor. In themostcomputationallyexpensivecasep = 1, thiseliminationof row andcolumnof
theinversematrix is repeatedat mostd � 2 for eachvariable,yielding a complexity of O(nd4) for
thewholefeature-selectionstepfor all variables.Theoverall complexity of TCbw is thenO(nd4 +
d22a ). We are only addingone complexity degreein d with respectto TC with the additional
stepwiseregression.

5. Experimental Results

In this section,we reporton experimentsandresultson two pointsseparately. First, we testour
proceduredescribedin Algorithm 2 to recover thelocal structurewith thecollider setsearchgiven
all Markov blankets,andcompareit to the relevantstepsof theGSalgorithm,which arelisted in
Algorithm 1, with 5 differentnetwork topologies. For the sake of comparison,we also run the
referencePC algorithm(Spirteset al., 2001),initialized with the moral graphinsteadof the fully
connectedgraph.

Second,we conductexperimentsto investigate how the whole structure-learningalgorithms
behave. We �rst usethe RFE-basedapproach.We then systematicallycompareTC, TCbw and
several referencealgorithms,varying the datasetsizeandthe network size. Note that resultsfor
somealgorithmsmaybesparserdueto their prohibitive run timesonsomedatasets.
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5.1 Experimental Setup

In orderto testtheaccuracy of thevariousalgorithms,we choseto sampledatafrom thefollowing
known networks,from theBayesnetrepository(Elidan,2001):

� Alarm network (Beinlich et al., 1989). This network hasbecomea defactostandardbench-
mark for structure-learningalgorithms: it contains37 nodes,46 arcs,4 undirectedin the
PDAG of theequivalenceclass.It wasoriginally designedto help interpretmonitoringdata
to alertanesthesiologiststo varioussituationsin theoperatingroom.It is depictedin Figure4.

� Insurance(Binderetal.,1997),27nodes,52arcs,18undirectedin its PDAG. It wasdesigned
to evaluatecar insurancerisks. This network hasfewer nodesthanAlarm but is denser, see
Figure5.

� Hail�nder (Abramsonet al., 1996), 56 nodes,66 arcs,17 undirectedin its PDAG. It is a
normativesystemthatforecastsseveresummerhail in northeasternColorado.SeeFigure6.

� Carpo,10 61nodes,74arcs,24undirectedin its PDAG. It is meantto helpdiagnosethecarpal
tunnelsyndrome.Theversionwe usedhasthreedisconnectedsubgraphs,oneof which is a
singlevariable,anda relatively �at causalstructure,ascanbeseenin Figure7.

� A subsetof Diabetes(Andreassenet al., 1991)with 104nodes,149arcs,8 undirectedin its
PDAG, which wasdesignedasa preliminarymodelfor insulin doseadjustment.This subset
is madeof 6 repeatingpatterns(thereare24 in the original network) of 17 nodes,plus 2
externalnodeslinkedto everypattern.The�rst two of thesepatternsareshown in Figure8.

Weperformedthreeseriesof experiments.

1. We comparedour algorithmresolvingtheMarkov blanket to therelevantstepsof theGrow-
Shrinkalgorithm,asdescribedin Section3.2,andto PC;

2. We testedtheRFE-basedapproachandcomparedit to PC;

3. Finally, wecomparedTC andTCbw to threereferencealgorithmsandexaminetheiraccuracy,
run time, andnumberof testswhile varyingthenetwork structure,thenetwork size,andthe
samplesize.

Thechosenreferencealgorithmsare:

1. The PC algorithm. PC is, like TC andTCbw, exponentialin the worst case,whengraphs
are not sparseenough: we discusswhich structuralelementsmake PC or TC exhibit the
exponentialbehavior;

2. Thefull Grow-Shrinkalgorithm,asdescribedin MargaritisandThrun(1999);

3. A state-of-the-artBayesianstructure-learningalgorithmthatworkswith continuousdatasets,
theBach-Jordanscoringalgorithm(BachandJordan,2003),coupledwith agreedysearchin
the spaceof DAGs. Note that Bayesianstructure-learningalgorithmsareoften score-based
andreturnfully orientedDAGs. Maximizing thechosenscorefunctionmight not minimize
thenumberof structuralerrorsaswereportin theseresults.
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Figure7: TheCarponetwork
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Figure8: Two of thesix patternsof theDiabetesnetwork

For all simulationexperiments,we generatedthedatasetsby usingthe5 graphsasa structure
for a linear structuralequationsmodel: the parentlessvariablesweresampledasGaussianswith
zeromeanandunit standarddeviation; the othervariableswerede�ned asa linear combination
of their parentswith coef�cients randomlydistributeduniformly between0.2 and1, similarly to
whatwasdonein Scheineset al. (1995)for theevaluationof PC.Thedisturbancetermswerealso
normallydistributed. We comparedthenumberof tests,thesizeof theconditioningsets,andthe

10. Createdby Alex Dagumwith contributionsfrom Mark Peot,asindicatedon its pageat theBayesnetrepository. No
correspondingpublicationwasfound.
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structuralerrorsin caseof runswith arti�cial data.A structuralerroris anarcaddition,deletion,or
reversalwith respectto theoriginalgraph.

Weusedtheimplementationof PCproposedby LerayandFrançois(2004)in theBNT Structure
LearningMatlab package.The implementationof TC andTCbw wasalsodonein Matlab. The
statisticaltestswere doneusing Fisher's z-transformof the partial correlation,unlessotherwise
stated.For PC andGS,we chosethe default valueof a = 0:05; we notethoughthat the optimal
valueof a is problemdependentandthatespeciallywith low samplesizes,handtuninga canreturn
betterresultsthanthoselistedhere.For bothTC andTCbw, we seta = 2=(d(d � 1)) , accordingto
thediscussionat theendof Section4.2.

5.2 Local Structur eRecovery with Mark ov Blanket Inf ormation

In thisseriesof experiments,wecompareRESOLVEMARKOVBLANKETS COLLIDERSETS (CS)to
RESOLVEMARKOVBLANKETS GROWSHRINK andto a modi�ed versionof PC,wherethegraph
beingbuilt is initializedwith themoralgraph(insteadof thefull graphin theoriginalversionof PC).
This representsexactly the Markov blanket informationavailableto the two otheralgorithmsand
allows a directcomparison.Notethatwe observe thePDAG thatPCobtainsbefore theconstraint-
propagationstepbuilding themaximallyorientedPDAG, suchthat, in all threetestedalgorithms,
weonly expecttheV-structuresto beoriented.

We testedthe threealgorithmson eachnetwork using two methodsto checkfor conditional
independence:�rst, usinga d-separationoraclewith the original graph(which is equivalent to a
perfecttest); andsecond,usingFisher's z-transformof the samplepartial correlationcoef�cient
ascomputedon arti�cial data,with signi�cancea = 0:05. Using theoraclealwaysyieldscorrect
graphs.

Table1 shows the resultsof theseexperiments.We �rst list the resultsobtainedwhenusing
a d-separationoracleto decideuponconditionalindependence.For GS, we ran two versionsof
Algorithm 1: one,which we nameGS(1),wherethesubsetsearchesat lines5 and13 proceedwith
decreasingsizesof the chosensubsetS, andanother, GS(2),with increasingsubsetsizes. GS(1)
usuallyleadsto fewer tests,but with largerconditioningsets.Theorderof thesubsetsearchesfor
our method(lines7 and15 in Algorithm 2) was�x edto decreasingsubsetsizes,asthis alwaysled
to fewer testsandsmallerconditioningsets.

The resultsfor the modi�ed PC algorithmareonly shown for the sake of comparison:PC is
a general-purposealgorithmwhich is not specializedin suchlocal structurerecognitiongiven the
Markov blankets. What the comparisonshows, however, is that, whenever this Markov blanket
informationis availableor cheapto obtain,therearemuchmoreef�cient approaches.

GS(1)andGS(2)arecloseto oneanotherin all scores,andoutperformPC(by severalordersof
magnitude)in thenumberof testsand(signi�cantly) in averageandmaximumsizeof thecondition-
ing sets(except,arti�cially , for theresultsmarkedwith a star),becauseit usestheMarkov blanket
informationbetter. Our approach,however, is oneorderof magnitudebetterthanGS(1)andGS(2)
in termsof numberof tests,while still usingsmalleraverageandmaximumconditioningsetsizes
in all testednetworks. Especiallystriking aretheresultson theCarponetwork: this is anexample
whereCSsavesa lot of time ignoringthenumerouslinks not partof triangles,whereasGS(1)and
GS(2)alsochecksthose,with theoftenlargeMarkov blankets(Figure7).

Wethenperformedthesameexperiments,but usingthestatisticaltestsondatasampledfrom the
networksasdescribedin theprevioussections.We useda �x edsamplesizen = 500andaveraged
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Algorithm Alarm Insurance Hail�nder Carpo Diabetes
modi�ed PC
# tests 11331 773572 19543985? 2025250? 93134?

avg. jZj 4.36 7.65 5:75? 5:47? 4.64?

maxjZj 10 16 6? 6? 6?

GS(1)
# tests 1485 6435 2809 209342 5414
avg. jZj 2.62 3.63 2.66 7.46 2.73
maxjZj 8 11 7 15 10

GS(2)
# tests 1472 7180 2979 200621 6197
avg. jZj 2.20 3.05 2.31 7.39 2.39
maxjZj 7 8 7 15 8

CS
# tests 214 1288 593 294 943
avg. jZj 1.80 2.69 2.30 1.79 2.13
maxjZj 5 6 6 8 7

Table1: Numberof testsandsizeof theconditioningsets(notedjZj) asperformedby variousalgo-
rithmsto recover thelocalnetwork structureof thenetworksgivenperfectMarkov blanket
information.Thestar(?) notesPCresultswherethemaximumsizeof theconditioningset
hasbeensetto 6 to avoid prohibitive run times.

over 9 differentsamplingsfor eachnetwork. We only comparedPC,GS(1)andCSon this series
of experiments,preferringGS(1)to GS(2)becauseof thelowernumberof testsit usuallyperforms.
Theexhaustiveresultsarelistedin Table2 for thesakeof completeness,andthesumof thestructural
errorsis alsoshown in Figure9 for easiervisualization.

First, we seethatwe getsimilar resultsasin Table1 asfar asthenumberof testsandsizeof
theconditioningsetsareconcerned:CSis fasterandconsistentlyperformsfewer testswith smaller
conditioningsets,which leadsto an increasedpower of the tests. However, that is sometimes
balancedout by the fact thatCS relieson a singleseriesof testsboth to remove spouselinks and
to orient (possiblymultiple) V-structuresat thesametime, thusleadingto a greaterpenaltyif the
outcomeof a testis wrongwith respectto theinitial graph.

WeseethatGS(1)andPCcanbeatCSoncertainarcscores;PC,in particular, isgoodatavoiding
arcorientationmistakesin theseexperiments.GS(1),which checksnot only trianglelinks but all
links to try to orient them,makesmoreorientationmistakes,especiallyon theCarponetwork. PC
tendsto missa few morearcsthanCS,which in turn missesa few morethanGS(1). But in total,
CSbeatsGS(1)signi�cantly on Insurance,Hail�nder, andCarpo,while performingslightly better
onAlarm andbeingslightly outperformedonDiabetes.Basedontheseresults,wewill now useour
collider setsearchasthemethodof choiceto breakup theMarkov blanketsfor thenext seriesof
experiments.
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Algorithm Alarm Insurance Hail�nder Carpo Diabetes
mod. PC

# tests 2850� 285 13461� 3247 9681105† 412791� 104080 57153� 9910
avg. jZj 2:97� 0:17 3:50� 0:33 5:54† 5:17� 0:15 4:37� 0:14
maxjZj 6 6 6† 6 6

arcs:
missing 5:44� 0:53 9:56� 1:01 6† 14:22� 1:64 9:56� 1:88
extra 0:33� 0:5 0:11� 0:33 0† 0:22� 0:44 1:11� 0:60
reversed 0 0:22� 0:67 1† 0:11� 0:22 2:00� 1:39
TOTAL 5:78� 0:72 9:89� 1:47 7† 14:56� 1:86 12:67� 2:69

GS(1)
# tests 1304� 60 4544� 195 2415� 63 129265� 17033 5239� 46
avg. jZj 2:66� 0:10 3:66� 0:04 2:62� 0:02 7:49� 0:08 2:76� 0:01
maxjZj 8 11 7:89� 0:33 15 10

arcs:
missing 1:56� 0:53 5:44� 0:53 3:11� 0:33 0 6:11� 0:78
extra 0:56� 0:73 0:33� 0:71 1� 0:71 0:22� 0:44 2:78� 1:64
reversed 1:11� 1:05 3:67� 2:12 8� 2:29 16:78� 2:49 2:67� 2:00
TOTAL 3:22� 1:81 9:44� 2:39 12:11� 2:74 17� 2:62 11:55� 3:03

CS
# tests 173� 3 782� 19 507� 18 308� 14:39 907� 4
avg. jZj 1:55� 0:03 2:36� 0:02 2:08� 0:03 1:90� 0:12 2:17� 0:01
maxjZj 5 6 5 8 7

arcs:
missing 1:56� 0:73 6:33� 0:5 3:44� 0:52 0 5:11� 1:17
extra 0:44� 0:53 0:22� 0:44 0:67� 0:70 0:33� 0:50 1:44� 1:51
reversed 0:11� 0:33 0:33� 0:5 0:11� 0:33 0 7:11� 1:05
TOTAL 2:11� 0:96 6:89� 1:03 4:22� 1:27 0:33� 0:50 13:66� 2:20

Table2: Numberof tests,sizeof theconditioningsets(notedjZj), andstructuralerrorsasreturned
by GS(1) and CS to recover the local network structureof the networks given perfect
Markov blanket information. Resultsaregiven is the form “mean� standarddeviation
over the9 datasets.” Thebestperformerfor eachtypeof structuralerrorhasbeenhigh-
lightedin bold. All runsof PCweredonewith a forcedmaximumsizeof theconditioning
setof 6. Thedagger(†) notesPCresultsfrom a singledatasetinsteadof 9 becauseof the
longcompletiontimes.Representedgraphicallyin Figure9.

5.3 RFE-BasedApproach

In thisseriesof experiments,wetestedourRFE-basedapproachontheAlarm network with sample
sizesn = 100,200,300,400and500. Table3 lists the resultsandshows thenumberof errorsas
measuredatdifferentstagesof thealgorithm:
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Figure9: Averagesizeof theconditioningsetsandtotal numberof errorsfor thethreelocal struc-
turediscovery algorithmson variousnetworks. Graphicalrepresentationcorresponding
to theresultsin Table2.

1. Right after the Markov blanket identi�cation, without adjustment.This comparesthe true
Markov blanket of eachvariablewith the identi�ed Markov blanket as returnedby Algo-
rithm 5;

2. After building themoralgraph.Thisnotablyexcludesvariablesfrom Markov blanketsif they
do not satisfythesymmetrycondition(2) dueto thesymmetrycheckperformedat line 5 in
thegenericapproachdescribedin Algorithm 3;

3a. After removal of the spouselinks usingthe Recursive Median(RM) algorithm(Margaritis,
2005)to checkfor conditionalindependencein thecontinuousdomain;

3b. Alternatively, afterremoval of thespouselinks usinga teston Fisher's z-transformof partial
correlation;

4a. After removal of thespouselinks usingRM and aftermaximalorientation.This is actually
theresultthatcanbecomparedto otherfull structure-learningalgorithms;

4b. After removal of thespouselinks usingpartialcorrelationtestsandaftermaximalorientation;

5. Finally, weshow how PCperformson thesameinstancefor comparison.

Note that the RM test is a Bayesiandistribution-freeconditional-independencetest. In this
case,wherewe usemultivariateGaussiandistributeddata,we do not expect it to performbetter
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thanthespecializedz-test.We neverthelessincludeit in this seriesof experimentsfor two reasons.
First, it allows thecollider setsearchto bealsodistribution-free,in thesensethat if “distribution-
free featureselection”can be performedef�ciently and consistentlyin the �rst phase,applying
a subsequentcollider setsearchdoesnot make moreassumptionson the distribution. Second,it
allows to evaluatethecostof usingadistribution-freealgorithmonGaussiandata.
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RFE/SVR + Collider Sets (RM)
RFE/SVR + Collider Sets (z-test)
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Figure10: Totalnumberof errorsfor theCPDAGsreturnedby thethreeglobalstructurediscovery
algorithmson the Alarm network with varioussamplesizes.Graphicalrepresentation
correspondingto theresultsin Table3.

Detailedresultsare in Table3 andthe total numberof structuralerrorsis shown graphically
in Figure10. What we canreadfrom the resultsis that, generally, the selectedMarkov blankets
containall variablesfrom the true Markov blanket plus oneor two additionalvariables.Starting
at n = 300,on average,lessthantwo variablesweremissed.Many spuriousvariableareselected,
however, evenfor thelargerdatasets.This con�rms theexpectationtheRFEapproachalsoselects
weaklyrelevantfeatures:onaverage,theMarkov blanketsin theAlarm network haveasizeof 3.5,
andonaverage5.5variablesareselectedpervariable.

ThesymmetrycheckrequiringY to bepartof Mb (X) andX to bepartof Mb (Y) to adda link
betweenX andY ful�lls its purpose,asevenin thecasen= 200whereonaverageabout73variables
enterwrongMarkov blankets,only 4 extra links areaddedin themoralgraph.As a sidenote,we
thusarguethat a global analysiscanbe bene�cial to achieve betterresultson local tasks:we see
herethat determiningvia RFE the Markov blanket of a singlevariableis too inclusive, but that
validatingthe selectedvariablesglobally, for instancewith our Markov blanket symmetrycheck,
allows to signi�cantly reducethenumberof falsepositives.

After the collider set search,the numberof missingand extra arcscan both either increase
or decrease.If the numberof missinglinks increases,it is becausethe collider setsearchfound
d-separationtoo often while variableswereactuallydependent.If it decreases,it meansthat the
missingarcsin themoralgraphwerespouselinks, astheir absenceis not penalizedin thePDAG
any more.If thenumberof extraarcsincreases,thenthecollidersetsearchfailedto identify spouse
links; if it decreases,thenthecollidersetsearchalsoremovedthroughappropriateconditioninglinks
that werenot spouselinks (which in turn possiblyled to wrong orientations).Also, determining
whichpartof thealgorithmis responsiblefor amissed,extra,or reversededgein aPDAGorCPDAG
is not evident. As thefeature-selectionstepis not aloneresponsiblefor theextra or missinglinks,
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Stage n = 100 n = 200 n = 300 n = 400 n = 500
1. Mb (�) ident.

missingvariables 17:33� 3:33 3:33� 1:48 0:78� 1:11 0:78� 1:48 0:33� 1:48
extravariables 80:66� 15:17 72:89� 9:25 74:78� 13:69 72:56� 9:99 73:33� 9:99

2. Moral graph
missingarcs 23:44� 3:54 7:89� 3:48 4:33� 3:91 4:56� 3:47 4:33� 3:87
extraarcs 4:67� 2:24 4:11� 1:69 3:78� 1:20 3:11� 1:62 3:89� 2:20
TOTAL 28:11� 3:82 12:00� 2:55 8:11� 4:01 7:67� 4:06 8:22� 4:38

3a. PDAG/RM
missingarcs 17:44� 2:35 10:00� 1:80 6:89� 2:67 6:33� 2:60 4:56� 1:51
extraarcs 4:78� 2:17 4:22� 1:56 3:33� 1:12 3:22� 1:48 3:44� 2:01
reversedarcs 1:22� 1:20 2:11� 1:27 3:11� 0:78 1:78� 0:97 0:67� 0:60
TOTAL 23:44� 1:67 16:33� 3:12 13:33� 2:65 11:33� 2:78 8:67� 2:37

3b. PDAG/z-t.
missingarcs 11:89� 2:32 3:33� 1:32 2:67� 1:94 2:11� 1:17 2:56� 1:51
extraarcs 5:22� 2:22 4:00� 1:58 3:22� 1:20 2:78� 1:30 3:44� 2:01
reversedarcs 0:33� 0:50 0:56� 0:73 1:22� 0:67 0:78� 1:09 0:44� 1:13
TOTAL 17:44� 3:32 7:89� 2:15 7:11� 2:98 5:67� 2:12 6:44� 2:40

4a. CPDAG/RM
missingarcs 17:44� 2:35 10:00� 1:80 6:89� 2:67 6:33� 2:60 4:56� 1:51
extraarcs 4:78� 2:17 4:22� 1:56 3:33� 1:12 3:22� 1:48 3:44� 2:01
reversedarcs 6:00� 3:87 8:67� 2:12 6:11� 2:32 6:11� 3:59 0:89� 0:60
TOTAL 28:22� 3:93 22:89� 3:02 16:33� 3:08 15:67� 2:24 8:89� 2:37

4b. CPDAG/z-t.
missingarcs 11:89� 2:32 3:33� 1:32 2:67� 1:94 2:11� 1:17 2:56� 1:51
extraarcs 5:22� 2:22 4:00� 1:58 3:22� 1:20 2:78� 1:30 3:44� 2:01
reversedarcs 4:89� 3:33 4:33� 1:73 3:78� 1:09 3:00� 1:80 2:44� 1:13
TOTAL 22:00� 4:90 11:67� 2:40 9:67� 2:87 7:89� 2:37 8:44� 2:40

5. CPDAG/PC
missingarcs 12:11� 2:52 7:44� 1:42 4:22� 0:97 5:67� 1:12 4:78� 0:83
extraarcs 4:56� 2:19 2:67� 1:87 2:78� 1:48 2:11� 0:93 2:00� 1:66
reversedarcs 2:67� 1:80 1:44� 1:51 1:22� 1:09 0:78� 1:09 0:67� 0:87
TOTAL 19:33� 4:66 11:56� 3:2 8:22� 2:11 8:56� 1:59 7:44� 2:40

Table3: Structuralerrorsat variousstagesof theRFE-basedapproach,showing themissing,extra
and reversedarcswith respectto the original graph. For Step1, identi�cation of the
Markov blanket, the �gures areaveragesover the 37 variables;that is, the countof the
extra or missingvariablesper Markov blanket, and thusnot directly comparableto the
othersteps.Thesumsof theerrorsfor theCPDAGsarerepresentedin Figure10.
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the collider setsearchis not responsiblefor all orientationmistakes. In the collider setsearch,if
a wrongspouselink is removed, it is becausea wrongV-structurehasbeenidenti�ed, so that the
absenceof anarcwill belinkedto thewrongorientationof thefalselyrecognizedV-structure.It is
alsopossibleto constructcaseswheremissinga variablein thefeature-selectionstepwill leadnot
only to amissingarc,but alsoto thedetectionof aspuriousV-structure,evenif all subsequenttests
areperfect.

For thePDAGsobtainedusingz-tests,thenumberof missingarcsalwaysdecreaseswith respect
to themoralgraph,andsodoesthenumberof extra links for n � 200.We�nd thatthemoregeneral
RM testseemsto returnindependencetoooften,asfor n � 200morelinks aremissingin thePDAG
than in the moral graph. (On highly nonlineardata,we would, however, expectRM to perform
betterthanaz-test,whichassumesGaussianity.)

TheCPDAGsdo not have a numberof adjacency errorsdifferentfrom their PDAGs; this step
canonly adddirectionalityerrors.We have neverthelesscopiedtheresultsin orderto improve the
readabilityandto makethecomparisonwith PCeasier. AlthoughtheRFEapproachcanoutperform
PCin adjacency errors,PCstill consistentlymakesfewerdirectionalityerrors.Weremark,however,
that the overall performanceof RFE/SVRwith z-testsis very comparableto that of PC, asalso
shown in Figure10,whichempiricallyjusti�es theintuition behindthisapproach.

5.4 TC and TCbw vs.Competitors

For this seriesof experiments,we performedmoresystematictestingof TC, TCbw, PC,thefull GS
andthe Bach-Jordanmethodon datasetssampledfrom Alarm, Insurance,Hail�nder, Carpo,and
Diabetes,varying the samplesize. The Bach-Jordanmethodconsistsof a scoringfunction based
on Mercerkernelscoupledwith a greedysearchin the spaceof DAGs andwasdesignedto learn
Bayesiannetworks. It doesnot guaranteethattheformal semanticsof a causalgrapharerespected
in the large-samplelimit, but hasbeenincludedin the experimentsfor the sake of comparison.
Otherpossiblecompetitorslike SCA (Friedmanet al., 2000)or AlgorithmMB (Pẽna et al., 2005)
wereinapplicablebecausegeneralizingthemto handlecontinuousvariablesrequiretechniquesthat
are too computationallyexpensive, notably becauseof score-basedsubroutinesthat are hard to
generalize.

Thestructuralerrors,like before,aremissing,extra, andreversedarcsin thereturnedCPDAG
with respectto thegeneratinggraph. For theBach-Jordanmethod,similarly to whatwasdonein
Fu (2005),we convertedthereturnedDAG to its essentialgraph�rst beforecheckingfor structural
errorsto avoid penalizingstatisticallyequivalentstructures.For all experiments,we alsocompare
therun timesandthenumberof testsperformedby TC, TCbw, GS,andPC.

Speci�c to theBach-Jordanmethodis theissueof choosingtheappropriatekernelparameters;
thatis, in ourcase,thes width in theGaussiankernel.BachandJordan(2003)claim thatthealgo-
rithm is in generalrobustto thechoiceof s. Wehavefound,however, thatfor varyingsamplesizes,
thenumberof structuralerrorsis quitesensitive to s. As theauthorsdo not proposea heuristicsto
setit, wesystematicallytestedthealgorithmwith s = 2, 1, 0.5,and0.3for eachrun,andchosethe
outcomewith the smallestsumof structuralerrors. In general,smallerdatasetspreferreds = 2,
while thelargeronespreferreda smallers. Thechangeof s is not directly visible in thefollowing
plotsof theerrors,but it oftenleadsto “zigzags”in theBach-Jordancurves.This is dueto thefact
thatwe only testeda �x ednumberof valuesfor s anddid not performa full optimizationof this
parameterfor eachrun. Theresultsshown arethusnot thebestresultsobtainablewith thismethod.
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5.4.1 ALARM

The�gures on p. 1330show thestructuralerrors,run timesandnumberof statisticaltestsagainst
thenumberof samplesfor Alarm. For eachsamplesize,5 datasetsweredrawn from themodel;the
errorbarspicturethestandarddeviationover these5 runs.

Thenumbersof extra andmissinglinks seemto clearlydecreaseon averagefor all algorithms
with anincreasingnumberof samples,exceptfor Bach-Jordan,which sometimeshasthetendency
to addmorelinks whenmoredatapointsareavailable.NotethatBach-Jordan'ss changesbetween
thelasttwo runs,explainingtheabruptchangein theextraarcs.Thenumberof reversedarcsseems
to lesssatisfactory, in particularfor TC. The explanationis that TC missesmany arcswith low
samplesizes,andthusdoesnot actuallyget theopportunityto make many directionalityerrorsfor
thesecases.TCbw exhibits a relatedbehavior, althoughmuchlessstronger. We alsoseethatBach-
Jordanmakes the mostdirectionalityerrors(this is actuallyvalid for all networks). GS reaches
repeatedlyazeroextraarcscorefor n > 1000,althoughit missessomemorethantheothers.

Startingat about200samples,TC equalsor outperformsPC,GSandBach-Jordan.TCbw beats
both TC andPC, and the converging curvesof TC andTCbw show that the stepwiseregression
becomesunnecessarywith about400samples.On average,TC wasabout20 timesfasterthanthe
implementationof PC we used,althoughthe factor tendedto decreasewith larger samplesizes.
TCbw wasnaturallyslower thanTC, althoughonly marginally comparedto the speeddifference
with PC.

Overall, theconstraint-basedmethodsseemto performapproximatelyequallywell for n > 400,
andTCbw andGSperformslightly betterthanPCfor low samplesizes.Note that for low sample
sizes,TC is alwaysoutperformedby TCbw, PC,andGS,but is oftentheoneto performbestwhen
thesamplesizegetslarger. Thegraphsin Figure12 show thatTC andTCbw arefastest,although
GSperformedfewer teststhatTCbw.

5.4.2 INSURANCE

For this network, we �nd similar behaviors to Alarm, shown in the graphson p. 1331. The most
strikingdifferenceis thecleartendency of Bach-Jordanto addmorearcswhenmoredatais available
for this moredenselyconnectednetwork. Betweenthe 5th and6th samplesizes,thereis again a
changeof s. Comparingthe curvesof the missingandextra arcs,we seethat this changesthe
tradeoff betweenfalsenegativesandfalsepositives.

In this case,too, TCbw outperformsTC with low samplesizes(becauseit missesfewer arcs)
but is outperformedwith biggerdatasets(becauseit addstoomany). BothPCandGS,while being
slightly betterthanTCbw for n < 100,areoutperformedstartingat aboutn = 500. Notetheoverall
goodperformanceof GSin termsof arcorientationerrors.Thecorrespondingcurvealsodecreases
moresmoothlywith largerdatasets.TheBach-Jordanmethodis unexpectedlyfaston thisdataset,
althoughpoorly accurate.The patternof the numberof statisticaltestsis very similar to that of
Alarm.

5.4.3 HAILFINDER

This network posesa problemto PC:we divided its run time andthenumberof testsby 10 in the
graphsof Figure16onp. 1332.Becauseof its long run times,PCwasrunonly oncefor eachpoint
in the plots, so that the error barsaremissing. PC runs into troublebecauseof the nodecluster
aroundvariable27in thenetwork (seeFigure6): it triesto separateit from theothernodesby doing
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subsetsearcheson its largenumberof neighbors.In orderto speedit up,wesetthemaximumnode
fan-inparameterto 6, sothatPCwouldnotattemptto conductconditional-independencetestswith
conditioningsetslarger than6 (we seein Figure16 how this imposesan upperboundon the run
timesof PC).TC andTCbw do not run into this problem,becausethis clusteris correctlyleft alone
afterthefeature-selectionstep,donein O(d3) operations.NotethatTC, TCbw, andGSwouldalso
spenda longtimeonthisclusterif all neighborsof variable27wereits parents,becausethey would
containa lot of extra spouselinks to becheckedwith anexponentialnumberof combinations.But
this exampleshows that a local lack of sparsenessis fatal to the ef�ciency of PC, whereasother
algorithmscanstill dealwith it if thedensityof theconnectionsis causedby childrenratherthan
parents.

Thisnetwork showsmoreclearlythemissingarcproblemthatTC haswith low samplesize,and
thebene�tsof usingTCbw ratherthanTC here,at leastfor n < 2000.Onthisnetwork, GSperforms
overall well. It is beatenby TC only for n > 2000,but performsbetterthanall othersfor n < 200.
Bach-Jordanstill exhibits thesametendency to addmorearcswhenmoredatais available.For this
dataset,s changestwice,betweenthe4th and5th,andbetweenthe5th and6th datasetsizes.The
5thsamplesizeseemsto havegeneratedanunfavorabledatasetfor PC,asthenumberof extraarcs
is particularlyhigh.

Examiningtherun timesdesignatesTC asthe fastest.This is importantespeciallywith larger
samplesizes,asTC is oftenboththefastestandmostaccuratealgorithm.

5.4.4 CARPO

The resultsfor this network areshown on p. 1333. The structuralparticularityof this network is
multiplecasesof asinglevariablehaving many children.PCperformsoverallbadlyonthisnetwork.
For n < 200,GS is the clearwinner: all otheralgorithmsmake many moreerrors. The plain TC
especiallymissesmany arcs. For n > 500, however, both TC andTCbw slightly but consistently
outperformGS. At n = 800, TC beatsTCbw. Bach-Jordan,althoughfast on this instance,adds
again toomany extra links, andmakesnumerousdirectionalityerrors.

5.4.5 DIABETES

Thisisourlargestand�nal testnetwork. Theerrorpatternsaremostsimilarto thoseof theInsurance
network, with theexceptionof Bach-Jordan,which performsmorepoorly here.We candetecttwo
changesof s: betweenthe3rdand4th,andbetweenthe5thand6thsamplesizes.

Startingat n > 1000,all constraint-basedmethodsseemto yield similar overall accuracy. GS
is betterin termsof directionalityerrors;TC andTCbw arebetterin termsof missedlinks. For
n > 4000,TC andTCbw havethesameaccuracy andslightly beatGSandPC,while they arebeaten
signi�cantly for n < 800. We notethat the extra links addedby GS seemto allow it to obtaina
betterdirectionalityaccuracy thanin our �rst seriesof experiments,whereit wasgiven the exact
moralgraphasinput.

5.4.6 DISCUSSION

BothTC andTCbw slightly but consistentlybeattheothercompetitorswhenthesamplesizeexceeds
oneor two thousand,dependingon the network. They areusuallyweaker with low samplesizes
becauseof missedarcs.GSbeatsTC with smalldatasets,becauseof theway thatPCgoesthrough
conditioningsetsfor thestatisticaltests(Tsamardinoset al., 2006,discussin detail this particular
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Figure11: Differentiatederrorson Alarm asa function of the samplesizen: (a) extra arcs;(b)
missingarcs;(c) reversedarcs;(d) total sum.
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Figure12: Alarm: (a) run timesand(b) numberof statisticaltestsasa functionof thesamplesize
n.
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Figure13: Differentiatederrorson Insuranceasa functionof thesamplesizen: (a) extra arcs;(b)
missingarcs;(c) reversedarcs;(d) total sum.
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Figure14: Insurance:(a) run timesand(b) numberof statisticaltestsasa functionof thesample
sizen.
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Figure15: DifferentiatederrorsonHail�nder asa functionof thesamplesizen: (a) extraarcs;(b)
missingarcs;(c) reversedarcs;(d) total sum.
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Figure16: Hail�nder: (a) run timesand(b) numberof statisticaltestsasa functionof thesample
sizen.
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Figure17: Differentiatederrorson Carpoasa function of the samplesizen: (a) extra arcs; (b)
missingarcs;(c) reversedarcs;(d) total sum.
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Figure18: Carpo:(a) run timesand(b) numberof statisticaltestsasa functionof thesamplesize
n.

1333



PELLET AND ELISSEEFF

10
3

0

10

20

30

40

50

60
(a)

Dataset size n

N
um

be
r 

of
 e

xt
ra

 a
rc

s

10
3

0

10

20

30

40

50
(b)

Dataset size n

N
um

be
r 

of
 m

is
si

ng
 a

rc
s

10
3

0

5

10

15

20

25

30

35
(c)

Dataset size n

N
um

be
r 

of
 r

ev
er

se
d 

ar
cs

10
3

0

20

40

60

80

100

120
(d)

Dataset size n

T
ot

al
 n

um
be

r 
of

 s
tr

uc
tu

ra
l e

rr
or

s

TC
TCbw
PC
GS
Bach! Jordan

Figure19: Differentiatederrorson Diabetesasa functionof thesamplesizen: (a) extra arcs;(b)
missingarcs;(c) reversedarcs;(d) total sum.
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Figure20: Diabetes:(a) run timesand(b) numberof statisticaltestsasa functionof thesample
sizen.
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issuein thecaseof testswith discretevariables).Thescore-basedBach-Jordanmethodwasfound
dif�cult to tunewith theparameters. For thismultivariateGaussiancase,its performanceis usually
worsethantheothertestedalgorithms.Thisalsore�ects thefactPC,GS,TC andTCbw with z-tests
areall “tuned” for multivariateGaussiandata. Theadditionalerrorsmadeby Bach-Jordanre�ect
thepriceof beingmoregeneric.

In termsof run time, PC is slowed down by nodeswith a high degree,whereasTC or GS
handlethemwithout theexponentialtime complexity growth if they arenot partof triangles,asin
Hail�nder. In general,TC andTCbw resolve all conditional-independencerelations(up to married
parents)in the feature-selectionstepin O(d3) andO(d4), respectively, whereasall PC cando in
O(d2+ a) is resolve conditional-independencerelationswith conditioningsetsof cardinalitya. It
is thenreasonableto expectalgorithmslike GS, TC andTCbw to scalebetterthanPC on sparse
networkswherenodeshave a smallnumberof parents.Theexponentialgrowth in PCcanbeseen
in casethenodeshaveahighdegree,beit parentsor children;in TC andGS,it is dueto largefully-
connectedtriangle structuresand to spouselinks coming from the Markov blanket-construction
step.And whereastheselargestructuresimply a high degree,theconverseis not true(for instance
in the Hail�nder network). So, PC will exhibit an exponentialbehavior on all probleminstances
whereTC andGSalsoexhibits thisbehavior, but theconverseis not true.

It is interestingto investigatewhatkind of high-degreestructureis morelikely to appear. If it
is a nodewith many children(asnode27 in Hail�nder), which we call an explosionpattern, TC
canhandleit ef�ciently . If it is a nodewith many parents,animplosionpattern, thennoneof these
algorithmscanrecognizeit in polynomial time. Explosionpatternscorrespondto a singlecause
thathasmany effects;implosionpatternscorrespondto many causesleadingto thesameeffect. It
remainsopenfor discussionto know whichoneis morelikely to occurwith real-lifedatasets.

GScouldnotbebeatenonsmallsamplesizes.It is yetanunsolvedchallengefor TC andTCbw

to handleproblemswherethenumberof variablesexceedsthenumberof samples,asin geneex-
pressionnetworks, thus leadingto an attemptat inverting a matrix that doesnot have full rank.
Regularizingthecovariancematrix might helpmake TCbw morerobust in this case.Computation-
ally, TCbw doesadda degreeof complexity with respectto TC, andthenumberof teststhatTCbw

performsis usuallycomparableto GS.
TCbw helpssolving problemswith TC andsmall datasets,but still cannotoperatebelow the

n = d threshold. The exact samplesize whereTCbw stopsperformingbetterthan TC doesnot
appearto bea simplefunctionof then or d but dependson thestructureof thenetwork. It would
be useful to investigatewhenthe feature-selectionadditionof TCbw becomesirrelevant. And as
GS is moreaccuratewith small samplesizes,�nding a similarly testableconditionpredictingthe
thresholdwhereTC is moreaccuratethanGS would allow to merge the approachesinto a single
algorithmthatknowswhichMarkov blanketapproachto usein orderto achievebetterresults.

6. Conclusion

Causaldiscovery and featureselectionare closely related: optimal featureselectiondiscovers
Markov blanket assetsof stronglyrelevant features,andcausaldiscovery discoversMarkov blan-
ketsasdirect causes,direct effects,andcommoncausesof direct effects. By performingperfect
featureselectionon eachvariable,we get the undirectedmoral graphasan approximationof the
causalgraph. An extra step, the collider set identi�cation, is neededin order to transformthe
Markov blankets into parents,children,andspouses.This stepis exponentialin the worst case,
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but is actuallyef�cient providedthegraphis sparseenough—acommonassumptionof many algo-
rithms. We proposedanalgorithmto do this taskandcomparedit favorablyto thesimilar stepsof
theGrow-Shrinkalgorithm.

Determiningthe Markov blanket with existing backward featureelimination like RFE elimi-
natestheirrelevantvariablesin thelargesamplelimit, but remainstoo inclusive. Globalcorrections
have to be made,suchas for instanceinsuring that a variablein the selectedMarkov blanket of
a target also includesthis target in its own selectedMarkov blanket. We conductedexperiments
thatcon�rmed that this adjustmentdiscardsmostfalsepositives,andthusprovideda hint that the
approachis consistentin thelarge-samplelimit. Themainchallengeis to performfeatureselection
for all variablesin anef�cient way. This taskis tractablewith themultivariateGaussianassump-
tion. We presentedtheTC andtheTCbw algorithms,which �t into thedescribedframework, and
comparedthemto PC,GS,anda Bayesianstructure-learningmethod.For smallsamplesizes,GS
usuallymakesfewerstructuralerrors,andTC/TCbw arebetterfor largersamplessizes.

Weareconvincedof thesuperiorityof theMarkov blanketapproachesasdescribedin thispaper.
Weinvokeassupportfor thisclaimthehighruntimesof PC,andthegoodlow andhighsamplesize
accuracy of GS andTC/TCbw, respectively. Not only areMarkov blanket techniquesmuchmore
scalable,they canbemoreaccurate;they arealsomoreeasilymodi�able to constructonly partsthe
network deemedrelevantby somecriterion.

Thebiggestchallengeswefacenow with causalstructurelearningincluderobustandconsistent
distribution-freestructurelearningwith continuousandpotentiallyhighly nonlineardata. In the
future,we intendto make useof this framework to developsuchtechniquesandthustry to getrid
of theGaussianityassumption,oftenimpracticalwith real-lifedatasets.
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Appendix A.

For all proofs,weassumethegivendatasetD is faithful.

Lemma 12 In a DAG G, any(undirected)pathp of length`(p) > 2 canbeblockedbyconditioning
onanytwoconsecutivenodesin p.

Proof It followsfrom De�nition 5 thatapathp is blockedwheneitheratleastonecollider(or oneof
its descendants)is not in theconditioningsetS, or whenat leastonenon-collideris in S. It therefore
suf�ces to show that conditioningon two consecutive nodesalwaysincludesa non-collider. This
is thecasebecausetwo consecutive colliderswould requirebidirectedarrows,which is a structural
impossibilitywith simpleDAGs.
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Lemma 13 In a DAG G, two nodesX;Y are d-connectedgivenall othernodesS= V nf X;Yg if
andonly if anyof thefollowingconditionsholds:

(i) There is anarc fromX to Y or fromY to X (i.e., X ! Y or X  Y);
(ii) X andY havea commonchild Z (i.e., X ! Z  Y).

Proof Weprove thisby �rst proving animplicationandthenits converse.
(( =) If (i) holds,thenX andY cannotbed-separatedby any set.If (ii ) holds,thenZ is included

in theconditioningsetandd-connectsX andY by De�nition 5.
(=) ) X andY ared-connectedgivena certainconditioningsetwhenat leastonepathremains

open.UsingtheconditioningsetS, pathsof length> 2 areblockedby Lemma12 sinceS contains
all nodeson thosepaths. Pathsof length2 containa mediatingvariableZ betweenX andY; by
De�nition 5, S blocksthemunlessZ is a commonchild of X andY. Pathsof length1 cannotbe
blockedby any conditioningset.Sothetwo possiblecaseswhereX andY will bed-connectedare
(i) or (ii ).

Corollary 14 TwovariablesX;Y aredependentgivenall othervariablesS= V nf X;Yg if andonly
if anyof thefollowingconditionsholds:

(i) X causesY or Y causesX;
(ii) X andY havea commoneffectZ.

Proof It follows directly from Lemma13 dueto the faithful structure,which ensuresthat there
exists a DAG whereconditionalindependenceandd-separationmapone-to-one.Lemma13 can
thenberereadin termsof conditionalindependenceandcausationinsteadof d-separationandarcs.

Property 7 (Total conditioning) In thecontext of a faithful causalgraphG, wehave:

8X;Y 2 V :
�
X 2 Mb (Y) ( ) (X 6?? Y j V nf X;Yg)

�
:

Proof This is adirectconsequenceof Corollary14,wherepoints(i) and(ii) leadto thede�nition of
theMarkov blanketof Y as(i) all its causesandeffects,and(ii) theotherdirectcausesof its effects.
This is equivalentto Mb (Y) in G.

Lemma 15 Whenit exists,thesubsetZ that hastheCollider Setpropertyfor thepair (X;Y) is the
setof all directcommoneffectsof X andY.

Proof Weprove thisusingZ andacorrespondingSXY thatful�lls (7).
(=) ) (Zi 2 Z =) X _ Zi ^ Y.) By (7) and(8),weknow thateachZi opensadependencepath

betweenX andY (whichareindependentgivenSXY) byconditioningonSXY [ f Zig. By De�nition 5,
conditioningon Zi opensa pathif Zi is eithera colliding nodeor oneof its descendants.As, by
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de�nition, Z � Tri (X � Y), we arein the�rst case.We concludethatZi is a directeffect of bothX
andY.

(( =) (X _ Zi ^ Y =) Zi 2 Z.) Note that (7) and(8) togetherareimplied in presenceof a
V-structureX _ Zi ^ Y. Thus,a direct effect is compatiblewith the conditions.The fact that Z
capturesall directeffectsfollows from themaximizationof its cardinality.

Lemma 9 In thecontext of a faithful causalgraph,thesetZ that hastheCollider Setpropertyfor
a givenpair (X;Y) existsif andonly if X is neithera direct causenor a directeffectof Y, and is
uniquewhenit exists.

Proof The fact thatZ exists if andonly if X is neithera direct causenor a directeffect of Y is a
directconsequenceof (7), which statesthatX andY canbemadeconditionallyindependent.This
is in contradictionwith directcausation.

We now show unicity, usinginterchangeablythecriteriaof d-separationandconditionalinde-
pendence,asallowedby theFaithfulnessassumption.Supposethat, for a pair (X;Y), two setsZ,
W have beenfound that ful�ll theCollider Setproperty, with thecorrespondingd-separatingsets
SZ

XY � V nf X;YgnZ andSW
XY � V nf X;YgnW ful�lling (7). Let Z? = Z nW. Dueto symmetry,

proving thatZ? is emptyprovesthatZ = W.
Supposethat Z? 6= /0; that is, 9Z 2 Z?. Then,by de�nition, we have that

�
X ?? Y

�
� SZ

XY

�
and�

X 6?? Y
�
� SZ

XY [ f Zg
�
. We now have two cases:either(i) Z =2 SW

XY, or (ii ) Z 2 SW
XY. In theformer

case(i), considerthe set W0 = W [ f Zg. Then W0 also ful�lls the Collider Set propertywith
thesamed-separatingsetSW

XY: theonly additionalconditionis
�
X 6?? Y

�
� SW

XY [ f Zg
�
. This holds

because,asshown by Lemma15,Z is adirectchild of X andY, andconditioningonit opensapath,
no matterwhat the conditioningset is. But all this is in contradictionwith the de�nition stating
thatany setful�lling this propertymustbethelargestsetto do so,becausethecardinalityof W0 is
greaterthanthatof W.

In thelattercase(ii ), thed-separatingsetSW
XY containsZ. But this is impossibledueto thesame

reasonthatZ is adirectchild of bothX andY andthatthusany setcontainingZ cannotd-separateX
andY. WethereforeconcludeZ? = /0 andZ = W, which leadsto theuniquenessof thesetful�lling
theColliderSetproperty.

Theorem 10 In the large samplelimit, for faithful, causallysuf�cient data sets,the procedure
RESOLVEMARKOVBLANKETS COLLIDERSETS correctlyidenti�esall V-structuresandall spouse
links,assumingconsistentstatisticaltests.

Proof First, we note that in a moral graph,a nodeX is connectedto its parents,children,and
spouses.Thus,all spouselinks to be removed are in the moral graph,and,by the de�nition of
spouse,eachspouselink betweenX andY correspondsto at leastoneunshieldedcollider for the
pair (X;Y). Additionally, by thede�nition of unshieldedcollider, X andY arenonadjacent,sothat
for eachspouselink X � Y thereis a setSXY suchthat(X ?? Y j SXY ) by thecontrapositionof (4).
So,whensucha setSXY is found, the link X � Y is removed,andfor eachZ suchthatX � Z � Y
andZ =2 SXY, we orient thetriplet asX ! Z  Y for theexactsamereasonthatallows IC (or PC)
to do thesamein Step2 of thealgorithm(Pearl,2000). Theproof boils down to proving that the
proposedsearchprocedurealwaysidentify ad-separatingsetSXY whenthereis one.
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If someSXY exists, then the link betweenX andY is a spouselink by de�nition of a moral
graph,which impliesthatX andY haveanonemptysetof commoneffectsZ. EachZ 2 Z is linked
to both X in Y andis thus in Tri (X � Y) by de�nition. Let us assumewe cand-separateX and
Y by someset: then,by the de�nition of d-separation,only conditioningon a commoneffect or
a descendantof a commoneffect cancreatea dependency. In Algorithm 2, all possiblecolliders
(line 7) anddescendantsof currentlyconjecturedcolliders(line 13) undergo a subsetsearch,such
that therewill alwaysbeoneiterationwhereall collidersandtheir descendantswill be left out of
theconditioningset.It is thenenoughto show thatall d-connectingpathsbetweenX andY thatare
not dueto conditioningon a collider or collider's descendantgo throughthebaseconditioningset
asdeterminedat line 6.

To prove this,we notethatthesubsetsearchat line 7 will alwaysgo throughaniterationwhere
it blocks all suchd-connectingpathsof length 2, that is, patternsof the type X ! W ! Y and
X  W ! Y. As adirectconsequenceof thefactthatweareworkingonthemoralgraph,all longer
dependency pathsgo both througha nodeW in the setof immediateneighborsBd(X) of X, and
througha nodein Bd(Y). Let us look at Bd(X). We have two cases:either(i) W 2 Tri (X � Y)
and will eventually be blocked by the subsetsearchat line 7, or (ii ) W 2 Bd(X) nTri (X � Y)
(andthusW 2 Bd(X) nTri (X � Y) nf Yg becauseW 6= Y). This set is exactly the setselectedas
baseconditioningsetat line 6, blockingall suchpaths,up to somesymmetrywith Y. Thefactthat
wemaychoosethesmallerof thetwo possiblebaseconditioningsetsis dueto symmetryreasons.

Theorem16 If thevariablesare jointly distributedaccording to a multivariateGaussian,TC re-
turns themaximallyorientedPDAG of theMarkov equivalenceclassof theDAG representingthe
causalstructure of the data-generating processin the large samplelimit, assumingstatistically
consistenttests.

Proof An edgeis addedbetweenX andY in the featureselectionif we �nd that r XY�Vnf X;Yg 6= 0.
We conclude(X 6?? Y j V nf X;Yg) owing to the multivariateGaussiandistribution. Corollary 14
saysthatthis impliesthatX causesY or Y causesX, or thatthey sharea commonchild. Therefore,
eachV-structureis turnedinto a triangleby theendof the feature-selectionstep. Thecollider set
searchthenexamineseachlink X � Y part of a triangle,andby Lemma15, we know that if the
searchfor a setZ thathastheCollider Setpropertysucceeds,theremustbeno link betweenX and
Y. We know by the samelemmathat this set includesall collidersfor the pair (X;Y), so that all
V-structuresarecorrectlyidenti�ed. Step3 is thesameasin theIC or PCalgorithms;seePearland
Verma(1991)andSpirtesetal. (2001).
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