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Abstract

Classicalapproachesusedto learnBayesiannetwork structurefrom datahave disadvantagesin
termsof complexity and lower accuracy of their results. However, a recentempiricalstudyhas
shown thatahybrid algorithmimprovessensitively accuracy andspeed:it learnsaskeletonwith an
independency test(IT) approachandconstrainson thedirectedacyclic graphs(DAG) considered
during the search-and-scorephase.Subsequently, we theorizethe structuralconstraintby intro-
ducingthe conceptof super-structureS, which is an undirectedgraphthat restrictsthe searchto
networks whoseskeletonis a subgraphof S. We develop a super-structureconstrainedoptimal
search(COS):its timecomplexity is upperboundedby O(gm

n), wheregm < 2 dependsonthemax-
imal degreemof S. Empirically, complexity dependsontheaveragedegreem̃andsparsestructures
allow largergraphsto becalculated.Our algorithmis fasterthananoptimalsearchby severalor-
dersandeven �nds moreaccurateresultswhengiven a soundsuper-structure.Practically, S can
beapproximatedby IT approaches;signi�cancelevel of thetestscontrolsits sparseness,enabling
to control the trade-off betweenspeedandaccuracy. For incompletesuper-structures,a greedily
post-processedversion(COS+)still enablesto signi�cantly outperformotherheuristicsearches.

Keywords: Bayesiannetworks, structurelearning,optimal search,super-structure,connected
subset

1. Intr oduction

It is impossibleto understandlarge raw setsof dataobtainedfrom a hugenumberof correlated
variables.Therefore,in ordertosimplify thecomprehensionof thesystem,variousgraphicalmodels
havebeendevelopedto summarizeinteractionsbetweensuchvariablesin asynopticgraph.Among
theexistingmodels,Bayesiannetworkshavebeenwidely employedfor decadesin variousdomains
including arti�cial intelligence(Glymour, 2001), medicine(Cowell et al., 1999), bioinformatics
(Friedmanet al., 2000),andeveneconomy(Segal et al., 2005)andsociology(Heckerman,1996).
Bayesiannetworkscompactlyrepresenta joint probabilitydistribution P over thesetof variables,
usingDAG to encodeconditionalindependenciesbetweenthem(Pearl,1988). The popularityof
this modelis primarily dueto its high expressive power, enablingthesimultaneousinvestigationof
complex relationshipsbetweenmany variablesof a heterogeneousnature(discreteor continuous).
Further, for Bayesiannetwork modelinferencefrom datais comparatively simpler; incompleteor
noisydataarealsousableandprior knowledgecanbeincorporated.WhentheDAG or structureof
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themodelis known, theparametersof theconditionalprobabilitydistributionscanbeeasily�t to
thedata;thus,thebottleneckof modelinganunknown systemis to infer its structure.

Over thepreviousdecades,variousresearchdirectionshave beenexploredthrougha numerous
literatureto dealwith structurelearning,which let us proposethe following observations. Maxi-
mizingascorefunctionover thespaceof DAGsis apromisingapproachtowardslearningstructure
from data.A searchstrategy calledoptimalsearch(OS)havebeendevelopedto �nd thegraphshav-
ing thehighestscore(or globaloptima)in exponentialtime. However, sinceit is feasibleonly for
smallnetworks(containingupto thirty nodes),in practiceheuristicsearchesareused.Theresulting
graphsare local optimaand their accuracy stronglydependson the heuristicsearchstrategy. In
general,givennoprior knowledge,thebeststrategy is still abasicgreedyhill climbingsearch(HC).
In addition,Tsamardinosetal. (2006)proposedto constrainthesearchspaceby learningaskeleton
usingan IT-basedtechniquebeforeproceedingto a restrictedsearch.By combiningthis method
with aHC search,they developedahybrid algorithmcalledmax-minhill-climbing (MMHC) thatis
fasterandusuallymoreaccurate.

In thepresentstudywe areinterestedin OSsincetheoptimalgraphswill convergeto the true
modelin the samplelimit. We aim to improve the speedof OS in orderto apply it to larger net-
works; for this, a structuralconstraintcouldbeof a valuablehelp. In orderto keeptheasymptotic
correctnessof OS,theconstrainthasto authorizeat leasttheedgesof the truenetwork, but it can
containalsoextra edges.Following this minimal conditionthatshouldrespecta constrainton the
skeletonsto besound,we formalizea �e xible structuralconstraintover DAGsby de�ning thecon-
ceptof a super-structure.This is anundirectedgraphthat is assumedto containtheskeletonof the
truegraph(i.e.,thetrueskeleton).In otherword,thesearchspaceis thesetof DAGsthathaveasub-
graphof thegivensuper-structureasa skeleton.A soundsuper-structure(thateffectively contains
the true skeleton)could be provided by prior knowledgeor learnedfrom datamuchmoreeasily
(with a higherprobability) thanthetrueskeletonitself. Subsequently, we considertheproblemof
maximizinga scorefunction given a super-structure,andwe derive a constrainedoptimal search,
COS,that �nds a globaloptimumover therestrictedsearchspace.Not surprisingly, our algorithm
is fasterthanOSsincethesearchspaceis smaller;moreprecisely, its computationalcomplexity is
proportionalto thenumberof connectedsubsetsof thesuper-structure.An upperboundis derived
theoreticallyandaveragecomplexity is experimentallyshowedto dependon theaveragedegreeof
the super-structure. Concretely, for sparsestructuresour algorithmcanbe appliedto larger net-
works thanOS(with anaveragedegreearound2.1,graphshaving 1.6 timesmorenodescouldbe
considered).Moreover, for a soundsuper-structure,learnedgraphsaremoreaccuratethanuncon-
strainedoptima: this is because,someincorrectedgesareforbidden,even if their additionto the
graphimprovesthescore.

Sincethe sparsenessdirectly affects the speed,and thereforethe feasibility of our search,it
remainsto proposeef�cient methodsto learn a soundand sparsesuper-structureswithout prior
knowledge.This is out of thescopeof this presentpaperwherewe focuson theenunciationof our
constraint,its applicationto optimalsearchandoptimizationsof its implementation.Nevertheless,
in orderto demonstrateour algorithmin practice,we proposea �rst basicstrategy to approximate
a super-structurefrom data. The ideais to use“relaxed” independency testingto obtainan undi-
rectedgraphthatmaycontainthe trueskeletonwith a high probability, while yet beingsparse.In
that case,we canconsiderthe signi�cancelevel of the independency tests,a, asa tool to choose
betweenaccuracy (high valuesreturndensebut probablysoundstructures)andspeed(low values
give sparsebut incompletestructures).We testedour propositionon MMPC, theIT-basedstrategy
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usedby Tsamardinosetal. (2006)in MMHC; ourchoicewasmotivatedby thegoodresultsof their
algorithmthat we alsoincludein our comparative study. MMPC appearsto be a goodmethodto
learnrobustandrelatively sparseskeletons;unfortunately, soundnessis achievedonly for high sig-
ni�cance levels,a > 0:9, implying a long calculationanda denserstructure.Practically, whenthe
constraintis learnedwith a = 0:05, in termsof accuracy, COSis worsethanOS sincethe super-
structureis usuallyincomplete;still, COSoutperformsmostof thetime greedysearches,although
it �nds graphsof lower scores.Resultinggraphscanbe quickly improved by applyingto thema
post-processingunconstrainedhill-climbing (COS+).Duringthat�nal phase,scoresarestrictly im-
proved,andusuallyaccuracy also.Interestingly, evenfor really low signi�cancelevels(a � 10� 5),
COS+returnsgraphsmoreaccurateandof a higherscorethanbothMMHC andHC. COS+canbe
seenasabridgebetweenHC (whena tendsto 0) andOS(whena tendsto 1) andcanbeappliedup
to ahundrednodesby selectinga low enoughsigni�cancelevel.

This paperis organizedasfollows. In Section2, we discusstheexisting literatureon structure
learning.Weclarify ournotationin Section3.1andreintroduceOSin Section3.2.Then,in Section
4, thecoreof thispaper, wede�ne super-structuresandpresentouralgorithm,proofsof its complex-
ity andpracticalinformationfor implementation.Section5 detailsourexperimentalproceduresand
presentsthe results.Section5.1.4brie�y recallsMMPC, themethodwe usedduringexperiments
to learnthe super-structuresfrom data. Finally, in Section6, we concludeandoutline our future
works.

2. RelatedWorks

Thealgorithmsfor learningtheBayesiannetwork structurethathave beenproposeduntil now can
beregroupedinto two differentapproaches,whicharedescribedbelow.

2.1 IT Approach

This approachincludesIC algorithm(inductive causation)(Pearl,1988),PC algorithm(after its
authors,PeterandClark) (Spirteset al., 2000),GS algorithm(grow andshrink) (Margaritis and
Thrun,2000),andTPDA algorithm(three-phasedependency analysis)(Chenget al., 2002).All of
thembuild thestructureto beconsistentwith theconditionalindependenciesamongthevariables
that areevaluatedwith a statisticaltest (G-square,partial correlation). Usually, algorithmsstart
by learningthe skeletonof the graph(by propagating constraintson the neighborhoodof each
variable)andthenedgesareorientedto copewith dependenciesrevealedfrom data. Finally, one
network is retainedfrom theequivalentclassconsistentwith theseriesof tests.Underthefaithful
conditionof P, suchstrategieshave beenprovento build a graphconverging to thetruenetwork as
the sizeof the dataapproachesin�nity . Moreover, their complexity is polynomial,assumingthat
the maximaldegreeof the network, that is, the maximalsizeof nodesneighborhood,is bounded
(Kalisch andBühlmann,2007). However, in practice,the resultsaremixed becauseof the tests
sensitivity to noise: sincethesealgorithmsbasetheir decisionson a singleor few tests,they are
proneto accumulateerrors(MargaritisandThrun,2000).Worse,they canobtainasetof conditional
independenciesthat is contradictory, or that cannotbe faithfully encodedby a DAG, leadingto a
failureof thealgorithm.Moreover, exceptfor sparsegraphs,theirexecutiontimeis generallylonger
thanthatof algorithmsfrom thescoringcriteria-basedapproach(Tsamardinosetal., 2006).
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2.2 ScoringCriteria-Based Approach

Search-and-scoremethodsare favored in practiceand consideredas a more promisingresearch
direction.Thissecondfamily of algorithmsusesascoringcriterion,suchastheposteriorprobability
of thenetwork giventhedata,in orderto evaluatehow well a givenDAG �ts empiricalresults,and
returnsthe onethat maximizedthe scoringfunction during the search.Sincethe searchspaceis
known to be of a superexponentialsizeon the numberof nodesn, that is, O(n!2(n

2) ) (Robinson,
1973),an exhaustive searchis practically infeasible,implying that variousgreedystrategieshave
beenproposedto browseDAG space,sometimesrequiringsomeprior knowledge.

Amongthem,thestate-of-the-artgreedyhill climbing (HC) strategy, althoughit is simpleand
will �nd only a locally optimal network, remainsoneof the mostemployed methodin practice,
especiallywith largernetworks.Thereexist variousimplementationsusingdifferentempiricaltricks
to improve thescoreof theresults,suchasTABU list, restarting,simulatedannealing,or searching
with differentorderingsof the variables(Chickering et al., 1995;Bouckaert,1995). However a
traditionalandbasicalgorithmwill processin thefollowing manner:

� Startthesearchfrom agivenDAG, usuallytheemptyone.

� Then,from a list of possibletransformationscontainingat leastaddition,withdrawal or re-
versalof anedge,selectandapplythetransformationthatimprovesthescoremostwhile also
ensuringthatgraphremainsacyclic.

� Finally repeatpreviousstepuntil strict improvementsto thescorecanno longerbefound.

Moredetailsaboutour implementationof HC aregivenin Section5.1.3.Suchanalgorithmcan
beusedeven for largesystems,andif thenumberof variablesis really high, it canbeadaptedby
reducingthesetof transformationsconsidered,or by learningparentsof eachnodesuccessively. In
any case,this algorithm�nds a local optimumDAG but without any assertionaboutits accuracy
(besidesits score). Further, the result is probablyfar from a global optimal structure,especially
whennumberof nodesincreases.However, optimizedforms of this algorithmobtainedby using
oneor moretrickshavebeenconsideredto bethebestsearchstrategiesin practiceuntil recently.

Othergreedystrategieshave alsobeendevelopedin orderto improve eitherthespeedor accu-
racy of HC one: sparsecandidate(SC,Friedmanet al., 1999)that limits the maximalnumberof
parentsandestimatecandidateparentsfor eachnodebeforethe search,greedyequivalentsearch
(GES,Chickering,2002b)thatsearchesinto thespaceof equivalenceclasses(PDAGs),andoptimal
reinsertion(OR,MooreandWong,2003)thatgreedilyappliesanoptimalreinsertiontransformation
repeatedlyon thegraph.

SCwasoneof the�rst to proposeareductionin thesearchspace,therebysensitively improving
the scoreof resultingnetworks without increasingthe complexity too much if candidateparents
arecorrectlyselected.However, it hasthe disadvantageof a lack of �e xibility , sinceimposinga
constantnumberof candidateparentsto every nodecouldbeexcessive or restrictive. Furthermore,
themethodsandmeasuresproposedto selectthecandidates,despitetheir intuitive interest,havenot
beenprovedto includeat leastthetrueor optimalparentsfor eachnode.

GEShasthe bene�t that it exploits a theoreticallyjusti�ed direction. Main scoringfunctions
have beenproved to bescoreequivalent(Chickering,1995),that is, two equivalentDAGs (repre-
sentingthe samesetof independenciesamongvariables)have the samescore. Thusthey de�ne
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equivalentclassesover networksthatcanbeuniquelyrepresentedby CPDAGs. Therefore,search-
ing into the spaceof equivalentclassesreducesthe numberof casesthat have to be considered,
sinceoneCPDAG representsseveralDAGs.Further, by usingusualsetsof transformationsadapted
to CPDAGs, the spacebrowsedduring a greedysearchbecomesmoreconnected,increasingthe
chancesof �nding a betterlocalmaximum.Unfortunately, thespaceof equivalentclassesseemsto
beof thesamesizeorderthanthatof DAGs,andanevaluationof thetransformationsfor CPDAGsis
moretimeconsuming.Thus,GESis severaltimesslower thanHC, andit returnssimilar results.In-
terestingly, following thecomparative studyof Tsamardinoset al. (2006),if structuralerrorsrather
thanscoresareconsideredasameasureof thequalityof theresults,GESis betterthanabasicHC.

In thecaseof OR,thealgorithmhadtheadvantagetoconsideranew transformationthatglobally
affectsthegraphstructureateachstep:thissomehow enablesthesearchto escapereadilyfrom local
optima. Moreover, the authorsdevelopedef�cient data-structuresto rationalizescoreevaluations
andretrieveeasilyevaluationof theiroperators.Thus,it is oneof thebestgreedymethodsproposed;
however, with increasingdata,thealgorithmwill collapsedueto memoryshortage.

AnotherproposeddirectionwasusingtheK2 algorithm(CooperandHerskovits, 1992),which
constraintsthecausalorderingof variables.Suchorderingcanbeseento bea topologicalordering
of the true graph,provided that sucha graphis acyclic. Basedon this, the authorsproposeda
strategy to �nd an optimal graphby selectingthe bestparentsetof a nodeamongthe subsetsof
nodesprecedingit. The resultinggraphcan be the global optimal DAG if it acceptsthe same
topologicalordering.Therefore,givenanoptimalordering,K2 canbeseenasanoptimalalgorithm
with a time andspacecomplexity of O(2n). Moreover, for somescoringfunctions,branch-pruning
canbeusedwhile looking for thebestparentsetof a node(Suzuki,1998),therebyimproving the
complexity. However, in practice,a greedysearchthatconsidersaddingandwithdrawing a parent
is appliedto selecta locally optimalparentset. In addition,the resultsarestronglydependingon
thequalityof theordering.Someinvestigationshavebeenmadeto selectbetterorderings(Teyssier
andKoller, 2005)with promisingresults.

2.3 RecentProgress

Onecanwonderaboutthefeasibilityof �nding agloballyoptimalgraphwithouthaving to explicitly
checkevery possiblegraph,sincenothingcanbeassertedwith respectto thestructuralaccuracy of
thelocalmaximafoundby previousalgorithms.In ageneralcase,learningBayesiannetwork from
datais anNP-hardproblem(Chickering,1996),andthusfor largenetworks,only suchgreedyalgo-
rithmsareused.However, recently, algorithmsfor globaloptimizationor exactBayesianinference
have beenproposed(Ott et al., 2004;Koivisto andSood,2004;SinghandMoore,2005;Silander
andMyllymäki, 2006)andcanbeappliedupto a few tensof nodes.Sincethey all principallyshare
thesamestrategy thatwe will introducein detailsubsequently, we will referto it asoptimalsearch
(OS).Even if sucha methodcannotbeof a greatusein practice,it couldvalidateempirically the
search-and-scoreapproachby letting usstudyhow a globalmaximumconvergesto thetruegraph
whenthedatasizeincreases;Also, it couldbeameaningfulgoldstandardto judgetheperformances
of greedyalgorithms.

Finally, a recentnoteworthy stepwas performedwith the min-max hill climbing algorithm
(MMHC, Tsamardinoset al., 2006),sinceit wasempiricallyproved to be the fastestandthebest
methodin termsof structuralerrorbasedon thestructuralhammingdistance.This algorithmcan
beconsideredasa hybrid of thetwo approaches.It �rst learnsanapproximationof theskeletonof
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thetruegraphby usinganIT strategy. It is basedon a subroutinecalledmin-max-parents-children
(MMPC) thatreconstructstheneighborhoodof eachnode;G-squaretestsareusedto evaluatecon-
ditional independencies.The algorithm subsequentlyproceedsto a HC searchto build a DAG
limiting edgeadditionsto theonepresentin theretrievedskeleton.As a result,it follows a similar
techniquethanthatof SC,exceptthatthenumberof candidateparentsis tunedadaptively for each
node,andthat the chosencandidatesaresoundin the samplelimit. It is worth to noticethat the
skeletonlearnedin the�rst phasecandiffer from theoneof the�nal DAG, sinceall edgeswill not
be for sureaddedduring the greedysearch.However, it will be certainlya cover of the resulting
graphskeleton.

3. De�nitions and Preliminaries

In this section,afterexplainingour notationsandrecallingsomeimportantde�nitions andresults,
we discussstructureconstrainingandde�ne theconceptof a super-structure.Section3.3 is dedi-
catedto OS.

3.1 Notation and Resultsfor BayesianNetworks

In therestof thepaper, we will useupper-caselettersto denoterandomvariables(e.g.,Xi , Vi) and
lower-caselettersfor thestateor valueof thecorrespondingvariables(e.g.,xi , vi). Bold-facewill be
usedfor setsof variables(e.g.,Pai) or values(e.g.,pai). Wewill dealonly with discreteprobability
distributionsandcompletedatasetsfor simplicity, althougha continuousdistribution casecould
alsobeconsideredusingourmethod.

GivenasetX of n randomvariables,wewould like to studytheirprobabilitydistributionP0. To
modelthis system,wewill useBayesiannetworks:

De�nition 1. (Pearl,1988;Spirtesetal.,2000;Neapolitan,2003) LetP bea discretejoint probabil-
ity distribution of therandomvariablesin somesetV, andG = (V;E) bea directedacyclicgraph
(DAG). We call (G;P) a Bayesiannetwork (BN) if it satis�es the Markov condition,that is, each
variableis independentof anysubsetof its non-descendantvariablesconditionedon its parents.

Wewill denotethesetof theparentsof avariableVi in agraphGbyPai , andbyusingtheMarkov
condition,wecanprove thatfor any BN (G;P), thedistributionP canbefactoredasfollows:

P(V) = P(V1; � � � ;Vp) = Õ
Vi2V

P(Vi jPai):

Therefore,to representa BN, thegraphG andthe joint probabilitydistribution have to been-
coded;for thelatter, everyprobabilityP(Vi = vi jPai = pai) shouldbespeci�ed. G directlyencodes
someof the independenciesof P andentailsothers(Neapolitan,2003). More precisely, all inde-
pendenciesentailedin a graphG are summarizedby its skeletonand by its v-structures(Pearl,
1988). Consequently, two DAGshaving thesameskeletonandv-structuresentail thesamesetof
independencies;they aresaidto beequivalent(Neapolitan,2003).Thisequivalencerelationde�nes
equivalentclassesover spaceof DAGsthatareunambiguouslyrepresentedby completedpartially
directedacyclicgraphs(CPDAG) (Chickering,2002b). Finally, if all andonly theconditionalin-
dependenciestruein a distributionP areentailedby theMarkov conditionappliedto a DAG G, we
saythattheBayesianNetwork (G;P) is faithful (Spirtesetal., 2000).
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In our case,we will assumethattheprobabilitydistributionP0 over thesetof randomvariables
X is faithful, that is, that thereexistsa graphG0, suchthat(G0;P0) is a faithful Bayesiannetwork.
AlthoughtherearedistributionsP thatdonotadmitafaithfulBN (for examplethecasewhenparents
areconnectedto a nodevia a parity or XOR structure),suchcasesareregardedas“rare” (Meek,
1995),which justi�es ourhypothesis.

To studyX, wearegivenasetof dataD following thedistributionP0, andwetry to learnagraph
G, suchthat (G;P0) is a faithful Bayesiannetwork. Thegraphwe arelooking for is probablynot
uniquebecauseany memberof its equivalentclasswill alsobecorrect;however, thecorresponding
CPDAG is unique.SincetheremaybenumerousgraphsG to whichP0 is faithful, severalde�nitions
arepossiblefor theproblemof learningaBN. WechooseasNeapolitan(2003):

De�nition 2. LetP0 bea faithful distributionandD bea statisticalsamplefollowingit. Theproblem
of learning the structure of a BayesiannetworkgivenD is to inducea graphG so that (G;P0) is
a faithful BN, that is, G and G0 are on the sameequivalentclass,and both are called the true
structureof thesystemstudied.

In every IT-basedor constraint-basedalgorithm,thefollowing theoremis usefulto identify the
skeletonof G0:

Theorem 1. (Spirteset al., 2000) In a faithful BN (G;P) on variablesV, there is an edge between
thepair of nodesX andY if andonly if X dependsonY conditioningoneverysubsetZ includedin
V nf X;Yg.

Thus,from thedata,wecanestimatetheskeletonof G0 by performingconditionalindependency
tests(GlymourandCooper,1999;Chenget al., 2002). We will returnto this point in Section4.1
sincehighersigni�cancelevelsfor thetestcouldbeusedto obtainacoverof theskeletonof thetrue
graph.

3.2 GeneralOptimal Search

Beforepresentingour algorithm,we shouldreview thefunctioningof anOS.Amongthefew arti-
clesonoptimalsearch(Ott etal., 2004;KoivistoandSood,2004;SinghandMoore,2005;Silander
andMyllymäki, 2006),Ott andMiyano (2003)areto our knowledgethe�rst to have publishedan
exactalgorithm. In this sectionwe presentthealgorithmof Ott et al. (2004)for summarizingthe
main ideaof OS. While investigating the problemof exact modelaveraging,Koivisto andSood
(2004) independentlyproposedanotheralgorithmthat also learnoptimal graphsproceedingon a
similar way. As for SinghandMoore (2005), they presenteda recursive implementationthat is
lessef�cient in termsof calculation;however, it hasthe advantagethat potentialbranch-pruning
rulescanbeapplied.Finally, SilanderandMyllym äki (2006)detaileda practicallyef�cient imple-
mentationof thesearch:themainadvantageof their algorithmis to calculateef�ciently thescores
by usingcontingency tables(still computationalcomplexity remainsthesame).They empirically
demonstratedthatoptimalgraphscouldbelearnedup to n = 29.

To understandhow OS �nds global optima in O(n2n) without having to explicitly checkev-
ery DAG possible,we must�rst explain how a scorefunction is de�ned. Variousscoringcriteria
for graphshave beende�ned, includingBayesianDirichlet (speci�cally BDe with uniform priors,
BDeu) (Heckermanet al., 1995),Bayesianinformationcriterion (BIC) (Schwartz,1978),Akaike
informationcriterion(AIC) (Akaike,1974),minimumdescriptionlength(MDL) (Rissanen,1978),
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andBayesiannetwork andnonparametricregressioncriterion (BNRC) (Imoto et al., 2002). They
areusuallycostlyto evaluate;however, dueto theMarkov condition,they canbeevaluatedlocally:

Score(G;D) =
n

å
i= 1

score(Xi ;Pai ;D):

This property is essentialto enableef�cient calculation,particularly with large graphs,and
is usuallysupposedwhile de�ning an algorithm. Anotherclassicalattribute is scoreequivalence,
which meansthat two equivalentgraphswill have thesamescore.It wasprovedto bethecasefor
BDe,BIC, AIC, andMDL (Chickering,1995). In our study, we will useBIC, therebyour scoreis
local andequivalent,andour taskwill beto �nd a DAG over X thatmaximizesthescoregiventhe
dataD. Exploiting scorelocality, Ott et al. (2004)de�ned for every nodeXi andevery candidate
parentsetA � X nf Xig:

� Thebestlocal scoreonXi : Fs(Xi ;A) = max
B� A

score(Xi ;B;D) ;

� Thebestparentsetfor Xi : Fp(Xi ;A) = argmax
B� A

score(Xi ;B;D) .

Fromnow we omit writing D whenreferringto thescorefunction. Fs canbecalculatedrecur-
sively on thesizeof A usingthefollowing formulas:

Fs(Xi ; /0) = score(Xi ; /0); (1)

Fs(Xi ;A) = max(score(Xi ;A);max
Xj2A

(Fs(Xi ;Anf Xjg)) : (2)

Calculationof Fp directly follows;wewill sometimesuseF asashorthandto referto thesetwo
functions.Noticing thatwe candynamicallyevaluateF, onecanthink that it is thusdirectly pos-
sible to �nd thebestDAG. However, it is alsoessentialto verify that thegraphobtainedis acyclic
andhence,thatthereexistsa topologicalorderingover thevariables.

De�nition 3. Let w bean orderingde�nedon A � X andH = (A;E) bea DAG. We saythat H is
w-linearif andonly if w(Xi) < w(Xj ) for everydirectededge (Xi ;Xj ) 2 E.

By usingFp andgivenanorderingw onA wederive thebestw-lineargraphG�
w as:

G�
w = (A;E�

w), with (Xj ;Xi) 2 E�
w if andonly if Xj 2 Fp(Xi ;Predw(Xi)) : (3)

Here,G�
w is directlyobtainedby selectingfor eachvariableXi 2 A its bestparentsamongthenodes

precedingXi in the orderingw referredasPredw(Xi) = f Xj with w(Xj ) < w(Xi)g. Therefore,to
achieveOS,weneedto �nd anoptimalw� , thatis, a topologicalorderingof anoptimalDAG. With
thisend,wede�ne for everysubsetA � X notempty:

� Thebestscoreof graphsG onA: Ms(A) = max
G

Score(G)

� Thelastnodeof anoptimalorderingonA: Ml (A)
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Anotherway to interpretMl (A) is asasinkof anoptimalgraphonA, thatis, anodethathasno
children.Ms andMl aresimply initializedby:

8Xi 2 X : Ms(f Xig) = score(Xi ; /0);
Ml (f Xig) = Xi :

(4)

WhenjAj = k > 1, weconsideranoptimalgraphG� onthatsubsetandw� oneof its topological
ordering.Theparentsof thelastelementXi� arefor sureFp(Xi� ;Bi� ), whereB j = Anf Xjg; thusits
localscoreisFs(Xi� ;Bi� ). Moreover, thesubgraphof G� inducedwhenremovingXi� mustbeoptimal
for Bi� ; thus,its scoreis Ms(Bi� ). Therefore,wecanderivea formulato de�ne Ml recursively:

Ml (A) = Xi� = argmax
Xj 2A

(Fs(Xj ;B j ) + Ms(B j )) : (5)

This alsoenablesusto calculateMs directly. We will useM to referto bothMs andMl . M can
becomputeddynamicallyandMl enablesusto build quickly anoptimalorderingw� ; elementsare
�nd in reverseorder:

T = X
While T 6= /0

w� (Ml (T)) = jTj
T = T nMl (T)

(6)

Therefore,theOSalgorithmis summarizedby:

Algorithm 1 (OS). (Ott etal., 2004)

(a) Initialize 8Xi 2 X, Fs(Xi ; /0) andFp(Xi ; /0) with (1)

(b) For eachXi 2 X andeachA � Xnf Xig :
CalculateFs(Xi ;A) andFp(Xi ;A) using(2)

(c) Initialize 8Xi , Ms(f Xig) andMl (f Xig) using(4)

(d) For eachA � X with jAj > 1 :
CalculateMs(A) andMl (A) using(5)

(e) Build anoptimalorderingw� using(6)

(f) Returnthebestw� -lineargraphG�
w� using(3)

Note that in steps(b) and(d) subsetsA areimplicitly consideredby increasingsizeto enable
formulae(2) and(5). With respectto computationalcomplexity, in steps(a)and(b) F is calculated
for n2n� 1 pairsof variableandparentcandidateset. In eachcase,onescoreexactly is computed.
Then,M is computedover the2n subsetsof X (step(c) and(d)). w� andG�

w arebothbuild in O(n)
time at step(e) and(f); thus, the algorithmhasa total time complexity of O(n2n) andevaluates
n2n� 1 scores. Here, time complexity refersto the numberof times that the formulae(2) or (5)
arecomputed;however, it shouldbe pointedout that theseformulaerequireat leastO(n) basic
operations.
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As proposed(Ott etal.,2004),OScanbespeedupby constrainingwith aconstantc themaximal
sizeof parentsets.This limitation is easilyjusti�able, asgraphshaving many parentsfor anodeare
usuallystronglypenalizedby scorefunctions. In thatcase,thecomputationalcomplexity remains
thesame;only formulas(2) is constrained,andscore(Xi ;A) is notcalculatedwhenjAj > c. Conse-
quently, thetotalnumberof scoreevaluatedis reducedto O(nc+ 1), which is adecisive improvement
sincecomputingascoreis costly.

Thespacecomplexity of Algorithm1canbeslightly reducedby recyclingmemoryasmentioned
(Ott et al., 2004). In fact,whencalculatingfunctionsF andM for subsetsA of sizek, only values
for subsetsof sizek� 1 arerequired.Therefore,by computingsimultaneouslythesetwo functions,
whenvaluesfor subsetsof a givensizehave beencomputed,thememoryusedfor smallersetcan
bereused.However, to beableto accessG�

w, weshouldrede�neMl to storeoptimalgraphsinstead
of optimalsinks. Theworstmemoryusagecorrespondsto k = bn

2c+ 1 whenwe have to consider
approximatelyO( 2n

p
n) sets:thisapproximationcomesfrom Stirling formulaappliedto thebinomial

coef�cient of n andbn
2c (bxc is thehighestinteger lessthanor equalto x). At that time, O(

p
n2n)

bestparentsetsarestoredby F, andO( 2n
p

n) graphsby M. SinceaparentsetrequiresO(n) spaceand

a graphO(n2), we derive that the maximalmemoryusagewith recycling is O(n
3
2 2n), while total

memoryusageof F in Algorithm 1 wasO(n22n). Actually, sinceAlgorithm 1 is feasibleonly for
smalln, wecanconsiderthatasetrequiresO(1) space(representedby lessthank integersonax-bit
CPUif n < kx): in thatcasealso,thememorystorageis dividedby a factor

p
n with recycling.

Ott etal. (2005)alsoadaptedtheiralgorithmto list asmany suboptimalgraphsasdesired.Such
capacityis preciousin order to �nd which structuralsimilarities are sharedby highly probable
graphs,particularlywhenthescorecriteriausedis notequivalent.However, for anequivalentscore,
sincethe listedgraphswill bemainly on thesameequivalentclasses,they will probablynot bring
moreinformationthantheCPDAG of anoptimalgraph.

4. Super-Structur eConstrainedOptimal Search

Compareto a bruteforce algorithmthat would browseall searchspace,OS achieved a consider-
ableimprovement.Graphsof aroundthirty nodesarestill hardly computed,andmany small real
networks suchasthe classicalALARM network (Beinlich et al., 1989)with 37 variablesarenot
feasibleat all. Thequestionof anoptimalalgorithmwith a lower complexity is still open. In our
case,we focusonstructuralconstraintto reducethesearchspaceanddevelopa fasteralgorithm.

4.1 Super-Structur e

To keepthe propertythat the result of OS convergesto the true graphin the samplelimit, the
constraintshouldat leastauthorizethetrueskeleton.Sinceknowing thetrueskeletonis astrongas-
sumptionandlearningit with highcon�dencefrom �nite datais ahardtask,weproposeto consider
amore�e xible constraintthan�xing theskeleton.To thisend,we introduceasuper-structureas:

De�nition 4. AnundirectedgraphS= (V;ES) is saidto bea super-structureof a DAG G= (V;EG),
if theskeletonof G, G0= (V;EG0) is a subgraphof S (i.e., EG0 � ES). We saythat S containsthe
skeletonof G.

Consideringastructurelearningtask,asuper-structureSis saidto betrueor soundif it contains
thetrueskeleton;otherwiseit is saidincomplete. Finally weproposeto studytheproblemof model
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Figure1: In asearchconstrainedby S, G1 couldbeconsideredbut notG2 becausehX4;X5i 62ES.

inferencefrom datagiven a super-structureS: S is assumedto be sound,andthe searchspaceis
restrictedto DAGs whoseskeletonsare containedin S as illustratedin Figure 1. Actually, the
“skeleton” learnedby MMPC is usedasa super-structurein MMHC. In fact, the skeletonof the
graphreturnedby MMHC is not proven to be the samethanthe learnedone;someedgescanbe
missing. It is the samefor the candidateparentsin SC.Thus,the ideaof super-structurealready
existed,but wede�ne it explicitly, whichhasseveraladvantages.

First, a dedicatedterminologyenablesto emphasizetwo successive andindependentphasesin
structurelearningproblem: on onehand,learningwith high probability a soundsuper-structure
S (sparseif possible);on the otherhand,given suchstructure,searchingef�ciently the restricted
spaceandreturningthe bestoptimumfound (global optimumif possible). This problemcutting
enablesto make clearerthe role andeffect of eachpart. For example,sinceSC andMMHC use
thesamesearch,comparingtheir resultsallow usdirectly to evaluatetheir super-structurelearning
approach.Moreover, while conceiving a searchstrategy, it could be of a greatuseto considera
super-structuregiven. This way, insteadof startingfrom a generalintractablecase,we have some
framework to assistreasoning:we give somepossibledirectionsin our future work. Finally, this
mannerto apprehendtheproblemalreadyintegratestheideathatthetrueskeletonwill notbegiven
by anIT approach;hence,it couldbebetterto learna bit densersuper-structureto reducemissing
edges,whichshouldimproveaccuracy.

Finally, we shouldexplain how practically a soundsuper-structureS can be inferred. Even
without knowledgeaboutcausality, a quick analysisof the systemcould generatea rough draft
by determiningwhich interactionsareimpossible;localization,natureor temporalityof variables
often forbid evidently many edges.In addition,for any IT-basedtechniqueto learnthe skeleton,
theneighborhoodof variablesor their Markov blanket couldbeusedto geta super-structure.This
oneshouldbecomesoundwhile increasingthe signi�cance level of the tests: this is becausewe
only needto reducefalsenegative discovery. Althoughthemethodusedin PCalgorithmcouldbe
agoodcandidateto learnanotsparsebut soundsuper-structure,we illustrateour ideawith MMPC
in Section5.1.

4.2 Constraining and Optimizing

Fromnow on, we will assumethatwe aregivena super-structureS= (X;ES) over X. We refer to
theneighborhoodof a variableXi in Sby N(Xi), that is, thesetof nodesconnectedto Xi in S(i.e.,
f Xj j hXi ;Xj i 2 ESg); m is the maximaldegreeof S, that is, m = maxXi2X jN(Xi)j. Our taskis to
globallymaximizethescorefunctionoverour reducedsearchspace.
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Sincetheparentsof every Xi areconstrainedto be includedin N(Xi), the functionF hasto be
de�ned only for 8A � N(Xi). Consequently, computationof F in step(b) becomes:

(b*) For eachXi 2 X andeachA � N(Xi)
CalculateFs(Xi ;A) andFp(Xi ;A) using(2)

Only theunderlinedparthasbeenmodi�ed; clearly, F still canbecomputedrecursively since
8Xj 2 A, thesubsetAnf Xjg is alsoincludedin N(Xi), andits F valueis alreadyknown. With this
slight modi�cation, thetime complexity of computingF becomesO(n2m), which is a decisive im-
provementopeningmany perspectives;moredetailsaregivenattheendof thissection.However, to
keepformulae(5) and(3) correct,F(Xi ;A) for any subsetA hasto bereplacedby F(Xi ;A \ N(Xi)) .
Beforesimplifying thecalculationof M, it is necessaryto introducethenotionof connectivity:

De�nition 5. Givenan undirectedgraph S= (X;ES), a subsetA � X is said to be connectedif
A 6= /0 andthesubgraphof SinducedbyA, SA , is connected(cf. Figure2).

In our study, connectivity will alwaysreferto theconnectivity in thesuper-structureS. Con(S)
will referto thesetof connectedsubsetsof X. In addition,eachnotemptysubsetof X canbebroken
down uniquelyinto thefollowing family of connectedsubsets:

De�nition 6. GivenanundirectedgraphS= (X;ES) andasubsetA � X, letS1 = (C1;E1); � � � ;Sp =
(Cp;Ep) be the connectedcomponentsof the inducedsubgraph SA . ThesubsetsC1; � � � ;Cp are
calledthemaximalconnectedsubsetsof A (cf. Figure3).

Themostimportantpropertyof themaximalconnectedsubsetsC1; � � � ;Cp of asubsetA is that,
when p > 1 (i.e., whenA 62Con(S)) for any pair Ci , C j with i 6= j, Ci \ C j = /0 andthereis no
edgesin Sbetweennodesof Ci andnodesof C j . Next weshow thatthevalueof M for subsetsthat
areunconnecteddo not have to beexplicitly calculated,which is thesecondandlastmodi�cation
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of Algorithm 1. Thevalidity of ouralgorithmis simultaneouslyproved.

Theorem2. A constrainedoptimalgraphcanbefoundbycomputingM onlyoverCon(S).
Proof: First, let considera subsetA 62Con(S), its maximalconnectedsubsetsC1; � � � ;Cp (p > 1),
andanoptimalconstrainedDAG G� = (A;E� ). SinceG� is constrainedby thesuper-structure,and
following thede�nition of themaximalconnectedsubsets,therecannotbeedgesin G� betweenany
elementin Ci andany elementin C j if i 6= j. Therefore,theedgesof G� canbedivided in p sets
E = E1 [ � � � [ Ep with Gi = (Ci ;Ei) aDAG overeveryCi . Moreover, all Gi areoptimalconstrained
graphsotherwiseG� wouldnotbe.Consequently, wecanderive thetwo following formulas:

Ms(A) =
p

å
i= 1

Ms(Ci); (7)

Ml (A) = Ml (C1): (8)

Formula(7) directly followsourpreviousconsiderationsthatmaximizingthescoreoverA is equiv-
alentto maximizingit overeachCi independently, sincethey cannotaffecteachother. Actually, any
Ml (Ci) is anoptimalsink andcouldbeselectedin (8); we choseMl (C1) sinceit is accessedfaster
whenusingthedatastructureproposedin Section4.3 for M. By using(7) and(8) thevalueof M
for unconnectedsubsetscanbedirectly computedif neededfrom thevaluesof smallerconnected
subsets.Therefore,weproposeto computeM only for connectedsubsetsby replacingstep(d) with
(d� ) in Algorithm 2 describedbelow. Sinceeachsingletonf Xig is connected,step(c) is not raising
a problem.In step(d� ) we considerA 2 Con(S) andapplyformula(5), if thereis X j 2 A suchthat
B j = Anf Xjg is notconnected,wethencandirectlycalculateMs(B j ) by applying(7). thevaluesof
Ms for themaximalconnectedsubsetsof B j arealreadycomputedsincethesesubsetsareof smaller
sizesthanA. Therefore,Ml (A) andMs(A) canbecomputed.Finally, it is alsopossibleto retrieve
w� from (6) by using(8) if T is not connected,whichconcludetheproofof thisTheorem.

We cannow formulateour optimizedversionof Algorithm 1 for optimal DAG searchcondi-
tionedby asuper-structureS:

Algorithm 2.

(a*) Initialize 8Xi 2 X, Fs(Xi ; /0) andFp(Xi ; /0) with (1)

(b*) For eachXi 2 X andeachA � N(Xi)
CalculateFs(Xi ;A) andFp(Xi ;A) using(2)

(c*) Initialize 8Xi , Ms(f Xig) andMl (f Xig) using(4)

(d*) For eachA 2 Con(S) with jAj > 1
CalculateMs(A) andMl (A) using(5) and(7)

(e*) Build anoptimalorderingw� using(6) and(8)

(f*) Returnthebestw� -lineargraphG�
w� using(3)

Theunderlinedpartsof Algorithm 2 arethemodi�cations introducedin Algorithm 1. Compu-
tationalcomplexity andcorrectnessof (b� ) hasalreadybeenpresented.With Theorem2, validity
of our algorithmis assuredandsincein (c� ) and(d� ) every elementof Con(S) areconsideredonly
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once,the total computationalcomplexity is in O(n2m+ jCon(S)j); hereagain complexity refersto
thenumberof timesformulae(2) or (5) arecomputed.Wewill describein thenext Sectionamethod
to consideronly connectedsubsets,andcomeover thenumberof connectedsubsetsof Sin Section
4.4. Although setoperatorsareusedheavily in our algorithm,suchoperationscanbe ef�ciently
implementedandconsideredof anegligible costascomparedto otheroperations,suchasscorecal-
culations.Concerningthecomplexity of calculatingF, O(n2m) is in facta largeupperbound.Still,
sinceit dependsonly linearly on thesizeof thegraphs,F canbecomputedfor graphsof any size
if theirmaximaldegreeis lessthanaroundthirty. This enablesusageof this functionin new search
strategiesfor many realsystemsthatcouldnotbeconsideredwithoutconstraint.Weshouldremark
that somecasesof intereststill cannotbe studiedsincethis upperlimitation on m constrainsalso
the maximalnumberof childrenof every variables.However, this dif�culty concernsalsomany
IT-approachessincetheircomplexity alsodependsexponentiallyonm(seeTsamardinosetal. 2006
for MMPC andKalisch andBühlmann2007for PC).Finally, like in Algorithm 1, the numberof
scorescalculatedcanbereducedto O(nmc) by constrainingon thenumberof parents.

Although the numberof M andF valuescalculatedis strictly reduced,a potentialdrawback
of Algorithm 2 is that memorycannotbe recycled anymore. First, when(5) is usedduring step
(d� ), now Fs(Xi ;B j \ N(Xi)) is required,andnothingcanbesaidaboutjB j \ N(Xi)j implying that
we shouldstoreevery valueof Fs computedbefore. Similar argumentshold for Fp in caseMl is
usedto storeoptimalgraphs,andfor Ms andMl because(7) and(8) couldhave to beusedanytime
during (d� ) and(e� ) respectively. However, sincespacecomplexity of F is O(n2m) and the one
of M is O(jCon(S)j) (cf. next section),if m is boundedAlgorithm 2 shoulduselessmemorythan
Algorithm 1 even whenrecycling memory(i.e., O(

p
n2n) assumingthat a set takesO(1) space).

Thissoftenthesigni�canceof recycling memoryin ourcase.
Finally, sinceour presentationof Algorithm 2 is mainly formal, we shoulddetail how it is

practicallypossibleto browseef�ciently only theconnectedsubsetsof X. For this, we presentin
thenext sectionasimpledatastructureto storevaluesof M andamethodto build it.

4.3 Representationof Con(S)

For every A 2 Con(S) we de�ne N(A) =
� S

Xi2A N(Xi)
�
nA, thatis thesetof variablesneighboring

A in S. For every Xi 62A, we noteA+
i = A [ f Xig, it is connectedif andonly if Xi 2 N(A). Finally,

for a subsetA not empty, let min(A) be the smallestindex in A, that is, min(A) = i meansthat
Xi 2 A and8Xj 2 A; j � i; by convention,min( /0) = 0. Now we introducean auxiliary directed
graphG? = (Con(S)?;E?), whereCon(S)? = Con(S) [ f /0g andthesetof directededgesE? is such
that thereis an edgefrom A to B if andonly if A � B and jBj = jAj + 1. In otherwords,with
the convention that N( /0) = X, E? = f (A;A+

i ); 8A 2 Con(S)? and8Xi 2 N(A)g. Actually, G? is
trivially a DAG sincearcsalwaysgo from smallerto biggersubsets.Finally, let de�ne H asbeing
thespanningtreeobtainedfrom thefollowing depth-�rst-search(DFS)onG? :

� Thesearchstartsfrom /0.

� While visiting A 2 Con(S)?: for all Xki 2 N(A) consideredby increasingindices(i.e., such
that k1 < � � � < kp, wherep = jN(A)j) visit the child A+

ki
if it wasnot yet done. Whenall

childrenaredone,thesearchbacktracks.

Sincethereis a path from the empty set to every connectedsubsetin G?, the nodesof the tree
H representunambiguouslyCon(S)?. We useH as a datastructureto storethe valuesof M in
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Figure4: G? andH for agivenS. Fb(A) is indicatedin redaboveeachnodein H.

Algorithm 2; thisstructureis illustratedby anexamplein Figure4. Further, weproposeamethodto
build H directly from Swithout having to build G? explicitly. First,we noticethataftervisiting A,
everyB 2 Con(S) suchthatB � A havebeenvisitedfor sure.Whenvisiting A, weshouldconsider
only thechildrenof A thatwerenotyet visited.For this,wede�ne:

� Fb(A) is thesetof forbiddenvariablesof A, thatis: for everyB 2 Con(S) with B � A, B has
beenalreadyvisitedif andonly if B � A+

j with Xj 2 Fb(A).

By de�ning recursively this forbiddenset for every child of A that hasnot yet beenvisited, we
derive thefollowing methodto build H:

Method 1.
1: Createtherootof H (i.e., /0), andinitialize Fb( /0) = /0.
2: For i from 0 to n� 1, andfor all A in H suchthatjAj = i
3: SetFb� = Fb(A),
4: For everyXk j 2 N(A)nFb(A) consideredby increasingindices
5: Add to A thechild A+

k j
in H andde�ne Fb(A+

k j
) = Fb�

6: UpdateFb� = Fb� +
k j

Thecorrectnessof Method1 is proven in thenext Theorem.In orderto derive the time com-
plexity of step(d� ) in termsof basicoperations,while usingMethod1 in Algorithm 2, let consider
thatthecalculationtakesplaceon a x-bit machineandthatn is at maximumfew timesgreaterthan
x. Thus,subsetsrequiresO(1) space,andany operationson subsetsaredonein O(1) time, except
min(A) (in O(log(n)) time).

Theorem3. ThefunctionM canbecomputedin timeandspaceproportionalto O(jCon(S)j), up to
somepolynomialfactors. With Method1, M is computedin O(log(n)n2jCon(S)j) timeandrequires
O(jCon(S)j) space.

Proof:First, to provecorrectnessof Method1, weshow thatif Fb(A) is correctlyde�ned in regard
to our DFS,thesearchfrom A proceedsasexpectedandthatbeforebacktrackingevery connected
supersetof A hasbeenvisited. Thecasewhenall thevariablesneighboringA areforbiddenbeing
trivial, we directly considerall the elementsXk1; � � � ;Xkp of N(A)nFb(A) by increasingindices
like in DFS(with p � 1). Then,A+

k1
shouldbevisited �rst, andFb(A+

k1
) = Fb(A) because8Xj 2
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Fb(A) amongthe supersetsof A+
j thereis also the supersetsof A++

k1; j . Now let supposethat the
forbiddensetswerecorrectlyde�ned andthat thevisits correctlyproceededuntil A+

ki
: if i = p by

hypothesiswe exploredevery connectedsupersetsof the childrenof A andthe searchbacktrack
correctly. Otherwise,weshouldde�ne Fb(A+

ki+ 1
) = Fb(A) [ f Xk1g[ � � � [ f Xki g = Fb(A+

ki
)+
ki

to take
into accountall supersetsvisitedduringthepreviousrecursive searches.AlthoughMethod1 does
notproceedrecursively (to follow thede�nition of M), sinceit usesthesameformulaeto de�ne the
forbiddensets,andsinceFb( /0) is correctlyinitialized,H is built asexpected.

To beableto accesseasilyM(A), we keepfor every nodeanauxiliary setde�ned by Nb(A) =
N(A)nFb(A) that is easilycomputedasprocessingMethod1. Sincethereis O(jCon(S)j) nodes
in H, eachstoringa valueof M andtwo subsetsrequiringO(1) space,the assertionaboutspace
complexity is correct.

Finally, building a noderequiresO(1) setoperations.To accessM(A) evenfor anunconnected
subset,weproceedon thefollowing manner:westartfrom theroot,andde�ne T = A. Then,when
we rushedthenodeB � A, with i = min(Nb(B) \ T), we withdraw Xi from T, andgo down to the
ith child of B. If i = 0 thenif T = /0 we foundthenodeof A; otherwisewerushedthe�rst maximal
connectedcomponentof A, thatis,C1 of whichwecanaccumulatetheM valuein orderto apply(7)
or (8). In thatcase,we continuethesearchby restartingfrom theroot with thevariablesremaining
in T. In any cases,at maximummin is usedO(n) timesto �nd M(A), implying a time complexity
of O(log(n)n2) for formula(5).

It is interestingto notice that, even without memoization,the valuesof M canbe calculated
in differentorder. For example,by calling Hi the subtreeof H startingfrom f Xig, only valuesof
M over H j suchthat j � i arerequired. Thenit is feasibleto calculateM from Hn to H1, which
couldbeusedto applysomebranch-pruningrulesbasedonknown valuesof M or to applydifferent
strategiesdependingon thetopologyof theconnectedsubset;theseareonly suppositions.

More practically, otherapproachcouldbeproposedto build a spanningtreeof G? andMethod
1 is presentedhereonly to completeour implementationandillustrateTheorem3. We shouldnote
thatonecanalsoimplementthecalculationof M overCon(S) in a top-down fashionusingmemo-
izationandanauxiliary functionto list maximalconnectedcomponentsof asubset.However, such
implementationswill belessef�cient bothin spaceandtimecomplexity. Evenwithoutconsidering
thecostof recursiveprogramming,listing connectedcomponentsis in O(nm). Then,in orderto not
wasteanexponentialfactorof memory, self balancedtreesshouldbeusedto storethememorized
valuesof M: it would requireO(n) time to accessa valueandup to O(n2) if (7) is used. This
shouldberepeatedO(n) timesto apply(5), which impliesa complexity of aroundO(n3jCon(S)j).
Consequently, webelieve thatMethod1 is acompetitive implementationof step(d� ).

4.4 Counting ConnectedSubsetsof a Graph

To understandthe complexity of Algorithm 2, the asymptoticbehavior of jCon(S)j should be
derived, dependingon someattributesof S. Comparingthe trivial casesof a linear graph(i.e.,
m� 2) wherejCon(S)j = O(n2) andastargraph(i.e.,onenodeis theneighborof all others)where
jCon(S)j = 2n� 1 + n� 1 clearly indicatesthat jCon(S)j dependsstronglyon thedegreesof Srather
thanonthenumberof edgesor numberof cycles.Oneimportantresultfrom Björklundetal. (2008)
is that jCon(S)j = O(bn

m) with bm = (2m+ 1 � 1)
1

m+ 1 a coef�cient thatonly dependson themaximal
degreemof S.
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Still, sincethisupperboundis probablyover-estimated,we tried to evaluateabetteroneexper-
imentally. For every pair (m;n) of parametersconsidered, we randomlygenerated500undirected
graphsSpushingtheir structurestowardsa maximizationof thenumberof connectedsubsets.For
this, all thenodeshadexactly m neighborsandSshouldat leastbeconnected.Then,sinceaftera
�rst seriesof experimentsthemostcomplex structuresappearedto besimilar to full (m� 1)-trees,
with a root having m childrenandleavesbeingconnectedto eachother, only suchstructureswere
consideredduringa secondseriesof experiments.Finally, for eachpair (m;n), from themaximal
numberRn;m of connectedsubsetsfound,we calculatedexp( ln(Rn; m)

n )) in orderto searchfor anex-
ponentialbehavior asshown in Figure5(a).

Results1. Our experimentalmeasuresledusto proposethat jCon(S)j = O(gm
n) (cf. Figure5(a)).

Theweakpointof ourstrategy is thatmoregraphsshouldbeconsiderwhile increasingn, since
thenumberof possiblegraphsalsoincreases.Unfortunately, this is hardlyfeasiblein practicesince
countinggetslongerwith larger graphs. Nevertheless,Results1 werecon�rmed during a more
detailedstudyof thecasem= 3 using10timesmoregraphsandupto n = 30. In addition,eventhis
estimatedupperboundis practicallyof a limited interestsinceit still dramaticallyoverestimates
jCon(S)j for real networks. Realnetworks arenot, in general,asregular andasdensegraphsas
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Complexity Algorithm 1 (OS) Algorithm 2 (COS)
Time(steps) O(n2n) O(jCon(S)j)

in details O(n22n) O(log(n)n2jCon(S)j)
scorescomputed n2n O(n2m)

if jPai j < c O(nc+ 1) O(nmc)
Space O(

p
(n)2n) O(jCon(S)j)

Table1: Improvementachievedby COS.

S jCon(S)j somevalues
Tree-like O(an

m) a3 � 1:58,a4 � 1:65,a5 � 1:707
General O(bn

m) b3 � 1:968,b4 � 1:987,b5 � 1:995
Measured O(gn

m) g3 � 1:81,g4 � 1:92,g5 � 1:96
In average O(dn

m̃) d1:5 � 1:3, d2 � 1:5, d2:5 � 1:63,d3 � 1:74

Table2: Resultson jCon(S)j

theonesusedin previousexperiments.To illustratethatO(gm
n) is a pessimisticupperbound,we

derivedthetheoreticalupperboundof jCon(S)j for tree-likestructuresof maximaldegreem. This is
givenasanexample,althoughit mighthelpestimationof jCon(S)j for structureshaving a bounded
numberof cycles.Theproof is deferredto theAppendix.

Proposition1. If Sis a forest,thenjCon(S)j = O(an
m) with am = ( 2m� 1+ 1

2 )
1

m� 1 .
Finally, westudiedtheaveragesizeof jCon(S)j for a largerangeof averagedegreesm̃. For each

pair (n;m̃) considered,we generated10000randomgraphsandaveragedthenumberof connected
subsetsto obtainRn; m̃. No constraintwasimposedon m, sincegraphsweregeneratedby randomly

addingedgesuntil bnm̃
2 c. In eachcase,we calculatedexp( ln(Rn; m̃)

n )) to searchfor anasymptoticbe-
havior onm̃.

Results2. On average, for super-structureshavingan average degreeof m̃, jCon(S)j increases
asymptoticallyasO(dm̃

n) , seeFigure5(b)and(c) for moredetails.
BasedontheassumptionthatAlgorithm 1 is feasibleatmaximumfor graphsof sizenmax1 = 30

(SilanderandMyllymäki, 2006),wecalculatedñmax2(m̃) = nmax1
ln(2)

ln(dm̃) thatcanbeinterpretedasan
estimationof themaximalsizeof graphsthatcanbeconsideredby Algorithm 2 dependingon m̃.
As shown in Figure5(d),onaverage,it shouldbefeasibleto considergraphshaving up to 50nodes
with Algorithm 2 if m̃ = 2. Moreover, since lim

m̃! 0
dm̃ = 1, our algorithmcanbe appliedto graphs

of any sizesif they areenoughsparse.Unfortunately, thecasewhenm̃< 2 is not really interesting
sinceit impliesthatnetworksaremainlyunconnected.

To conclude,we summarizeandcomparethe time andspacecomplexities of bothAlgorithms
in Table 1, using the samehypothesison the size of a subsetas Section4.3. We neglectedthe
complexity dueto F in our algorithm,which is justi�ed if m is not huge. Concerningthe space
complexity of Algorithm 1, the maximalspaceneededwhile recycling memoryis used. Results
on O(jCon(S)j) arelistedin Table2. If super-structuresSarerelatively sparseandhave a bounded
maximaldegree,the speedimprovementof Algorithm 2 over Algorithm 1 shouldincreaseexpo-
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nentiallywith n. Moreover, our algorithmcanbeappliedto somesmall realnetworks thatarenot
feasiblefor Algorithm 1.

5. Experimental Evaluation

Although the demonstrationsconcerningcorrectnessandcomplexity of Algorithm 2 enableus to
anticipateresultsobtainedexperimentally, someessentialpointsremainto bestudied.Amongthem,
we shoulddemonstratepracticallythat, in theabsenceof prior knowledge,it is feasibleto learna
soundsuper-structurewith a relaxed IT approach.We chooseto testour propositionon MMPC
(Tsamardinoset al., 2006) in Section5.2; the detailsof this algorithm are brie�y reintroduced
in Section5.1.4. Secondly, we compareCOS to OS to con�rm the speedimprovementof our
methodandstudytheeffectof usinga soundconstraintin Section5.3. We alsoshouldevaluatethe
worseningin termsof accuracy dueto the incompletenessof anapproximatedsuper-structure.In
this casewe proposeandevaluatea greedymethod,COS+,to improve substantiallytheresultsof
COS.In Section5.4,wecompareourmethodsto othergreedyalgorithmsto show that,evenwith an
incompletesuper-structure,COS,andespeciallyCOS+,arecompetitive algorithmsto studysmall
networks. Finally we illustratethis point by studyingtheALARM Network (Beinlich et al., 1989)
in Section5.5,abenchmarkof structurelearningalgorithmfor whichOSis not feasible.

5.1 Experimental Approach

Exceptin thelastrealexperiment,weareinterestedin comparingmethodsor algorithmsfor various
setof parameters,suchas: thesizeof thenetworksn, their averagedegreem̃ (to measureeffect of
sparsenesson Algorithm 2), thesizeof dataconsideredd andthesigni�cancelevel a usedto learn
thesuper-structure.

5.1.1 NETWORKS AND DATA CONSIDERED

Due to the sizelimitation imposedby Algorithm 1, only small networks canbe learned.Further,
sincethereit is hardly feasibleto �nd many real networks for every pair (n;m̃) of interest,we
randomlygeneratedthenetworksto which we applystructurelearning.Givena pair (n;m̃), DAGs
of sizen aregeneratedby addingrandomlybnm̃

2 c edgeswhile assuringthatcyclesarenotcreated.
For simplicity, we consideredonly Booleanvariables;therefore,Bayesiannetworks are ob-

tainedfrom eachDAG by generatingconditionalprobabilitiesP(Xi = 0jPai = pak
i ) for all Xi and

all possiblepak
i by choosinga randomrealnumberin ]0;1[. Then,d dataarearti�cially generated

from suchBayesiannetworks,by following theirentailedprobabilitydistribution.
Finally, the dataareusedto learna network with every algorithmandsomecriteria aremea-

sured.In orderto generalizeour results,we repeatg timesthepreviousstepsfor eachquadruplet
(n;m̃;a;d). Thevaluesof eachcriterionof comparisonfor every algorithmareaveragedon theg
learnedgraphs.

5.1.2 COMPARISON CRITERIA

While learningBayesiannetworks,weevaluatetheperformancesof everyalgorithmon threecrite-
ria. Sincethelearningtaskconsistsin themaximizationof thescorefunction,a naturalcriterionto
evaluatethequality of the learnednetwork is its score.In our experimentswe useBIC becauseof
its speedof evaluation.Sinceweareinterestedin comparingresultsin termsof scoredependingon
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n or m̃ in a diagram,we do not directly representscores(their valueschangeradicallyfor different
parameters)but useascoreratio to theoptimalscore: Score(GOS)

Score(GOther)
, wherethelabelof thegraphindi-

cateswhichAlgorithm wasused.Thebetteris thescoreobtainedby analgorithm,thecloserto 1 is
its scoreratio. We preferredto usethebestscoreratherthanthescoreof thetruenetwork, because
the truenetwork is rarelyoptimal; its scoreis evenstronglypenalizedif its structureis denseand
datasetsaresmall.Therefore,it is not convenientto useit asa referencein termsof score.

The secondcriterion is a measureof the complexity estimatedby the executiontime of each
algorithm,referredasTime. Of course,this is not themostreliableway to estimatecomplexity, but
sincecalculationsaredoneon thesamemachine,andsincemeasuresareaveragedon few similar
calculations,executiontime shouldapproximatecorrectly the complexity. To avoid bias of this
criterion,commonroutinesaresharedamongalgorithms(suchasthescorefunction,thestructure
learningmethodandthehill climbingsearch).

Finally, sinceour aim is to learna true network, we usea structuralhammingdistancethat
comparesthelearnedgraphwith theoriginalone.As proposedin Tsamardinosetal. (2006),to take
into considerationequivalenceclasses,the CPDAGs of both original andlearnedDAGs arebuilt
andcompared.This de�nes thestructuralerror ratio SERof a learnedgraph,which is thenumber
of extra, missing,andwrongly orientededgesdividedby thetotal numberof edgesin theoriginal
graph.In ourcase,wepenalizewronglyorientededgesonly by half,becauseweconsiderthaterrors
in theskeletonaremore“grave” thanthosein edgesorientation.The reasonis not only visual: a
missingedge,or an extra edge,implies moremistakesin termsof conditionalindependenciesin
generalthanwrongly orientedones.Moreover, in CPDAGs, the fact that an edgeis not correctly
orientedis often causedby extra or missingedges. Furthermore,sucha modi�cation doesnot
intrinsicallychangetheresults,sinceit bene�tseveryalgorithmon thesamemanner.

5.1.3 HILL CLIMBING

Althoughhill climbing searchesareusedby differentalgorithms,we implementedonly onesearch
thatis usedin all cases.ThissearchcanconsiderastructuralconstraintS, andis givenagraphGinit

from whichto startthesearch.Thenit processesassummarizedin Section2.2,selectingateachstep
the besttransformationamongall edgewithdrawals,edgereversalsandedgeadditionsaccording
to the structureconstraint. The searchstopsas soonsas the scorecannotbe strictly improved
anymore. If several transformationsinvolve thesameincreaseof thescore,the�rst transformation
encounteredis applyed.This implies that the resultswill dependon theorderingof thevariables;
however, sincethe graphsconsideredare randomlygenerated,their topologicalorderingis also
random,andin averagetheresultsfoundby oursearchshouldnotbebiased.

5.1.4 RECALL ON MMPC

In Section5.3a truesuper-structureis givenasa prior knowledge;otherwisewe shoulduseanIT-
approachto approximatethestructuralconstraintSfrom data.SinceMMHC algorithmis included
in our experiments,we decidedto illustrateour ideaof relaxed independency testingon MMPC
strategy (Tsamardinosetal., 2006).

In MMPC, the following independency test is usedto infer independenciesamongvariables.
Given two variablesXi andXj , it is possibleto measureif they areindependentconditioningon a
subsetsof variablesA � Xnf Xi ;Xjg by usingtheG2 statistic(Spirteset al., 2000),underthenull
hypothesisof conditionalindependency holding. Referringby Nabc to the numberof times that
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Xi = a, Xj = b andA = c simultaneouslyin thedata,G2 is de�ned by:

G2 = 2 å
a;b;c

Nabc ln
�

NabcNc

NacNbc

�
:

The G2 statisticis asymptoticallydistributedasc2 underthe null hypothesis.The c2 testreturns
a p-value,PIT(Xi ;Xj jA), thatcorrespondsto theprobabilityof falselyrejectingthenull hypothesis
givenit is true;in MMPC, theeffectivenumberof parametersde�ned in SteckandJaakkola (2002)
isusedasdegreeof freedom.Thusgivenasigni�cancelevela, if PIT � a null hypothesisis rejected,
that is, Xi andXj areconsideredasconditionallydependent.Otherwise,thehypothesisis accepted
(abusingsomehow of themeaningof thetest),andvariablesaredeclaredconditionallyindependent.
Themainideaof MMPC is: givenaconditioningsetA, insteadof consideringonly PIT(Xi ;Xj jA) to
decidedependency, it is morerobust to considermax

B� A
PIT(Xi ;Xj jB); thatway, thedecisionis based

onmoretests;p-valuesalreadycomputedarecachedandreusedto calculatethis maximalp-value.
Finally, MMPC build theneighborhoodof eachvariableXi (calledthesetof parentsandchildren,or
PC) by addingsuccessively potentialneighborsof Xi from a temporarysetT. While conditioning
on the actualneighborhoodPC, the variableXk 2 T that minimizesthe maximal p-valuede�ned
beforeis selectedbecauseit is thevariablethemostrelatedto Xi . During this phase,every variable
thatappearsindependentof Xi is not consideredanymoreandwithdrawn from T. ThenwhenXk is
addedto PC, we testif all neighborsarealwaysconditionallydependent:if somearenot, they are
withdrawn from PC andnotconsideredanymore.ThisprocessendswhenT becomesempty.

We presentfurther the detailsof our implementationof MMPC, referredas Method 2; it is
slightly differentfrom theoriginal presentationof MMPC, but themainstepsof thealgorithmare
thesame.Onecanproveby usingTheorem1 thatif theindependenciesarecorrectlyestimated,this
Methodshouldreturnthetrueskeleton,whichshouldbethecasein thesamplelimit. Aboutcompu-
tationalcomplexity, onecanderive thatMMPC shouldcalculatearoundO(n22m) testsin average.
However, nothingcanbe saidin practiceaboutthe maximalsizeof PC, especiallyif many false
dependenciesoccurs.Therefore,thetimecomplexity of MMPC canbein theworstcaseO(n22n).

Method 2 (MMPC). (Tsamardinoset al., 2006)
1: For 8Xi 2 X
2: Initialize PC = /0 andT = X nf Xig
3: While T 6= /0
4: For 8Xj 2 T, if max

B� PC
PIT(Xi ;Xj jB) > a thenT = Tnf Xjg

5: De�ne Xk = min
Xj 2T

max
B� PC

PIT(Xi ;Xj jB) andPC = PC[ f Xkg

6: For 8Xj 2 PCnf Xkg, if max
B� PCnf Xjg

PIT(Xi ;Xj jB) > a ThenPC = PCnf Xjg

7: N(Xi) = PC

8: For 8Xi 2 X and8Xj 2 N(Xi)
9: If Xi 62N(Xj ) ThenN(Xi) = N(Xi)nf Xjg

5.2 Learning a Super-structur ewith MMPC

To emphasizethe feasibility of learninga super-structurefrom data,we study how changesthe
skeletonlearnedby MMPC while a increases,consideringvariouscasesof (n;m̃;d). As proposed

2271



PERRIER

0.
0

0.
4

0.
8

1.
2

(a)

�

Ra
tio

     Error      �       Missing

d=10000
d=5000
d=500

d=10000
d=5000
d=500

0 1e� 10 1e� 7 1e� 4 0.01 0.05 0.1 0.25 0.5

0
5

15
25

(b)

�

Ti
m

e 
(s

)

Time

d=10000
d=5000
d=500

0 1e� 10 1e� 7 1e� 4 0.01 0.05 0.1 0.25 0.5

Error and Missing Ratio depending on �  (n = 50, m = 2.5)~ Time of MMPC depending on �  (n = 50, m = 2.5)~

Figure6: Effectsof d anda on theresultsof Method2.

before,we averageour criteriaof interestover g = 50 differentgraphsfor every setof parameters.
In thepresentcaseour criteriaare: the time of executionTime, theratio of wrongedges(missing
andextra) Error, andthe ratio of missingedgesMiss of the learnedskeleton. Hereagain, these
ratiosarede�ned while comparingto the true skeletonanddividing by its total numberof edges
bnm̃

2 c. While learninga skeleton,Error shouldbe minimized; however in the caseof learninga
super-structure,Missis thecriterionto minimize.
Results3 lima! 1Miss(a) = 0, which validatesour propositionof usinghighera to learn super-
structures (cf. Figure 6(a)). Of course, we obtain the sameresults with increasing data,
limd! ¥ Miss(a) = 0. However, sincewhena ! 1, Time(a) � O(n22n� 2), high valuesof a canbe
practically infeasible(cf. Figure 6(b)). Therefore, to escapea time-consumingstructure-learning
phase, a shouldbekeptunder0:25 if usingMMPC.

In Figure6(a),onecanalsonoticethatError is minimizedfor a � 0:01,thatis why suchvalues
areusedwhile learningaskeleton.Next, wesummarizetheeffectof n andm̃on thecriteria:

Results4 Increasinga improvesuniformly the ration of missingedgesindependentlyof n and m̃
(cf. Figure 7(c) and(d)). Miss(a) is not stronglyaffectedby increasingn but it is by increasingm̃;
thusfor densegraphs,thesuper-structuresapproximatedbyMMPCwill probablynotbesound.

Previousstatementcouldbeexplainedby thefactthatwhenm̃ increases,thesizeof conditional
probability tablesof eachnodeincreasesenormously. Thus, the probability of creatingweakor
nearlyunfaithful dependenciesbetweena nodeandsomeof its parentsalsoincreases.Therefore,
theproportionof edgesthataredif�cult to learnincreasesaswell. To completeanalysisof Figure7,
we cannoticeasexpectedthat Time increaseson a polynomialmannerwith n (cf. Figure7 (e)),
which penalizesespeciallytheusageof high a. Error(a) is minimizedin generalfor a = 0:01 or
a = 0:05dependingonn andm̃: for agivenm̃, lowera (suchasa = 0:01)arebetterchoiceswhen
n increases(cf. Figure7(a)); conversely, if m̃ increasesfor a �x edn, highera (suchasa = 0:05)
arefavored(Figure7(b)). This canbejusti�ed, sinceif m̃ is relatively high,highera thataremore
permissive in termsof dependencieswill misslessedges,asopposedto lower oneswith �nite set
of data.

In conclusion,althougha � 0:01 is preferablewhile learninga skeletonwith MMPC, higher
signi�cance levescanbe usedto reducethe numberof missingedges,andapproximatea super-
structure. Still, in this case,due to the exponentialtime complexity of MMPC if a is too high,
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Figure8: Comparingtimecomplexity of OS,TCOS,andCOS(a)

valuesof a shouldbeselectedto compromisebetweentimecomplexity andratioof missingedges.
Exceptfor n < 30 with m̃ < 2:5 wherea = 0:25 is feasibleand gives good results,the learned
super-structurewill beprobablyincomplete,especiallyif theoriginalgraphis dense:consequently,
COSwill notperformaswell asOSwhenSis approximatedwith MMPC.
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5.3 Comparisonof OSand COS

In thissecondseriesof experiment,wecompareAlgorithm 1 andAlgorithm 2 overalargesampling
of graphs,for con�rming andevaluatingresultspresentedin Table1. Algorithm 1, referredasOS,
is always given the true maximal numberof parentsc for eachstructurelearning: this way, its
executiontime is considerablyreduced,and we could conductour experimentsin a reasonable
time. Still, to emphasizethat this prior knowledgeis considerablyimproving thespeedof OS,we
alsoconsideredanotherversionof Algorithm 1 that usesin all casesa standardmaximalnumber
of parentsequal to 10: it is referredas OS*. Regarding Algorithm 2, two casesare took into
consideration:

� TCOS:asoundsuper-structureis givento thealgorithm;weusethetrueskeleton.

� COS(a): Sis learnedfrom thedataby usingMMPC andasigni�cancelevel a: awide range
of valuesaretested.

However, we know from previous sectionthat MMPC will probablylearnan incompletesuper-
structure,andthat GCOS(a) will be penalizedboth in its scoreandaccuracy. Therefore,we check
theeffect of applyinga post-processingunconstrainedhill climbing searchstartingfrom GCOS(a) .
In fact, GCOS(a) might not be a local optimum if the super-structureconstraintis removed; fur-
ther, it could be a goodstartingpoint for a hill climbing search. The postprocessedversionof
COS is referredas COS+. Finally we compareall thosealgorithmsfor every n 2 [6;8; � � � ;20],
m̃ 2 [1;1:5; � � � ;3], d 2 [500;1000; � � � ;10000] while averagingthe criteria of interestover g = 30
graphs:in total 4800randomgraphswereused.Sincetherewasno relevantdifferencesdepending
ond, only theresultsfor d = 10000arereportedhere.

Results5 Asexpected,TCOSandCOS(a) proceedexponentiallyfasterthanOS,evenwith a � 1
(cf. Figures8 (a) and(b)).

Interestingly, thespeedfactorin Figure8(a),is not purelyexponential,especiallyfor higherm̃.
This is because,thecomplexity of OSis dueto thecostlyO(nc) scorecalculations(herec = O(m̃))
andtheO(2n) steps(b) and(d) thatdominatethecomplexity only for largen. As for TCOS,it only
calculatesO(n) scoresandneedsaroundO(dn

m̃) steps.Thus,thespeedfactorstartsby increasingfast

with n becauseof theO(nc) scoresof OS,beforedecreasingto behaveasymptoticallyasO(
�

2
dm̃

� n
).

In Figure 8(b), the complexity of OS* is also represented:without limitation on the numberof
parents,thespeedratiowouldbepurelyexponential.

To evaluatethequality of thegraphslearneddependingon thealgorithmused,for n = 12 and
m̃= 2 we comparetheSERandthescoreratio of GCOS(a) andGCOS(a)+ dependingon a with the
onesof GOS andGTCOS in Figure9. Thenin Figure10, thecriteriaarerepresenteddependingon n
(with m̃= 2:5), andon m̃ (with n = 16) for every algorithms:here,just threedifferentvaluesof a
areconsidered(0.001,0.05and0.75).

Results6 In average, GTCOS hasa slightly lower score thanGOS (cf. Figure 9 (b)), but it is more
accurate(cf. Figure 9 (c), Figures10 (c) and(d)): it impliesthat global optimacontainin general
extra edges.Hence, Algorithm2 is preferableif a soundconstraint is known.

This importantresultemphasizesagain that theoptimaof a scorefunctionwith �nite dataare
not the true networks usually: somefalseedgesimprove the scoreof a graph. Therefore,struc-
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Figure9: ScoreandSERfor COS(a) andCOS(a)+

tural constraintshouldbegeneralizedwhenever a soundsuper-structureis known: by doingso,the
resultinggraphsalthoughhaving a lowerscorecanbemoreaccurate.It is thecasefor TCOS.

Results7 AlthoughScore(GCOS(a)) convergesto Score(GOS) whena increases(cf. Figure 9(a)), it
is usuallyfar lower, and worsenwith larger networksor densernetworks(cf. Figures10 (a) and
(b)). However, SER(GCOS(a)) is converging fasterto SER(GOS) whena increases,which enables
to �nd relatively accurate resultsfor a � 0:01 (cf. Figure 9(c)). In addition, n doesnot affect
sensitivelySER(GCOS(a)) (cf. Figure 10 (c)), neitherdoesm̃ if a is enoughhigh, that is, a � 0:05
(cf. Figure10 (d)).

At �rst sight,theseresultssoundreallynegativewith regardto COSalgorithm,or moreexactly,
with regardto thesuper-structurelearnedby MMPC. However, althoughScore(GCOS(a)) is disap-
pointingly low, SER(GCOS(a)) is still relatively good:while SER(GOS) � 0:1,SER(GCOS) � 0:2 for
a assmallas0:01 in Figure9 (c). Of course,following Results6, we could think that for enough
high a, SER(GCOS(a)) � SER(GOS), but it seemsto behardlyfeasiblewhile usingMMPC: in this
case,whenIT arerelaxed(i.e.,a ! 1), falseedgesthatimprovethescorearelearnedfasterthanthe
trueonesmissing.Still, asit appearsin Figures10(c) and(d), for a = 0:75,COS�nds graphsnearly
asaccurateastheoptimalones.Therefore,whenOS is not feasible,COScouldbeanalternative
to greedysearches(suchsituationis studiedin following Sections).Interestingly, our assumption
aboutthepotentialinterestof a hill climbing startingfrom GCOS(a) areencouragedsinceGCOS(a)
hasa low scorewhile beingrelatively accurate.Next, we focusonCOS+.
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Figure10: Evolutionof ScoreandSERfor everyalgorithmdependingonn andm̃.

Results8 For anya, after post-processingScore(GCOS(a)+ ) is nearlyasgoodasScore(GOS) (cf.
Figure9 (a),Figures10(a)and(b)). GCOS(a)+ is in general moreaccuratethanGCOS(a) (cf. Figures
10(c) and(d)), but it is notalwaysthecase. Still, SERis clearly improvedfor a < 0:01(cf. Figure9
(c)): COS+couldbefeasibleon larger networkswhilegiving interestingresultsif suf�ciently small
a areused.

As expected,GCOS(a) is nota localoptima,andis at leastagoodstartingpoint to maximizethe
score.Figure9 (b) presentsa detailedview of Score(GCOS(a)+ ): with postprocessing,we cannot
besurethatScore(GCOS(a)+ ) increasesstrictly with a becauseof thegreedynatureof hill climbing.
For thesamereasons,previous resultsconcerningtheSERaretrueonly in average.To complete
Results8, we shouldremarkthat post-processingalsoappearsto improve SERfor densegraphs
(cf. Figure10 (d)). This is probablydueto thefact thatMMPC missesmany trueedgeswhenthe
structureis dense:thegreedysearchwouldaddmoretrueedgesmissingthanfalseones,improving
consequentlytheSER.

To summarizethis section,TCOSis superiorto OS in termsof structureaccuracy, while per-
forming faster. However, whenS is learnedfrom data,COScannotperformaswell asOS.One
ef�cient strategy to improvebothscoreandaccuracy of GCOS is to proceedto apost-processingun-
constrainedhill climbing search.With suchanimprovement,bothscoreandaccuracy of GCOS(a)+
becomesimilar for any a used,despitea relative superiorityfor highersigni�cance levels. Con-
sequently, it would be interestingto compareCOSandCOS+to greedysearches,to seeif they
enableto learnef�ciently moreaccurategraphsthanothermethods,while beinggivenincomplete
super-structures.
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Figure11: Score,SERandtimeof everyalgorithmdependingonn andm̃.

5.4 COSand COS+Compared to Heuristic Searches

In this last seriesof experiment,we compareCOS and COS+ to other greedysearches.The
structuralconstraintis learnedwith MMPC anda = 0:05, it is usedby COSandalsoby a con-
strainedhill climbing search(MMHC). Like COS+,GMMHC is usedto startan unconstrainedhill
climbing (MMHC+). Finally, a classichill climbing searchfrom the emptygraphis alsoconsid-
ered(HC). Actually, OS is also performed,but it is not directly referredin this section. Every
n 2 [6;10;14;18;20], m̃2 [1;1:5;2;2:5;3], d 2 [500;1000;5000;10000] areconsideredandcriteria
areaveragedoverg = 30graphs:in total 3000graphsareused.

Figure11 presentsthe threecriteria in function of n andm̃; hered = 5000. Synopticresults
arepresentedin Figures12 and13, andsummarizedin Tables3 and4. To obtain thesetables,
we orderedalgorithmsby scorefor all the 100 triplets (n;m̃;d) (the scoresafter averagingover
the g graphswereused). Subsequently, we countedthe numberof timeseachalgorithmwasat
a given rank: If two algorithmshadequalresults,they weregiven the samerank (cf. Table3).
We thenperformeda similar rankingby comparingSER;the �rst rankedalgorithmbeingtheone
that minimizedSER(cf. Table4). In Figures12 and13 ranksarerepresentedby colorsandall
algorithmscan be directly comparedfor every triplet (n;m̃;d). However, while consideringthe
impact of theseresults,one shouldtake the fact that criteria are comparedafter averaginginto
accountsinceit accentuatesthecontrastbetweenalgorithms.
Results 9 In general, Score(GCOS+ ) � Score(GMMHC+ ) � Score(GHC) � Score(GCOS) �
Score(GMMHC) (cf. Figures11 (a), (b), 12 andTable3). In otherwords,thesuper-structure penal-
izesthescorein comparisonwith HC; however, startinga greedysearch froma constrainedoptimal
graphenablesto �nd betterscoresthanHC.

Many of theseinequalitiesarenaturallyfollowing thede�nition of thealgorithms;anotherpart
comesfrom the fact that S is incompleteand penalizesthe scoreof the results. Moreover, our
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Algorithm 1st 2nd 3rd 4th 5th

COS+ 84 8 8 0 0
MMHC+ 12 70 18 0 0

HC 7 28 65 0 0
COS 0 1 8 91 0

MMHC 0 0 1 8 91

Table3: Classi�cationby score.

Algorithm 1st 2nd 3rd 4th 5th

COS+ 85 9 6 0 0
COS 14 52 22 12 0

MMHC+ 6 29 28 35 2
MMHC 0 12 34 31 23

HC 1 2 17 24 56

Table4: Classi�cationby SER.

experimentscon�rm that in nearlyevery caseScore(GCOS+ ) > Score(GMMHC+ ) > Score(GHC); A
reasoncouldbethatbothconstrainedalgorithms�nd goodconstrainedoptima,whicharenotlocally
optimalwhenwithdrawing theconstraint.Then,sinceGCOS is betterthanGMMHC , it leadsto better
localoptimawhenapplyingtheHC post-processing.
Results10In general, SER(GCOS+ ) � SER(GCOS) � SER(GMMHC+ ) � SER(GMMHC) � SER(GHC)
(cf. Figures11 (c), (d), 13 andTable4). Thesuperiorityof COSandCOS+is particularly clear
with larger datasets(cf. Figure13).

PreviousresultsareexperimentallymoreconfusedthanResults9 sincethereareno theoretical
evidencesaboutSERwhile comparingalgorithms,especiallyasregardsto MMHC+ andMMHC.
However, COS+is clearly demonstratedto be in generalthe mostaccuratesearch.Interestingly,
COS+canbeviewedasa bridgebetweenOS(whena = 1) andHC (whena = 0). Of course,as
long asOS is feasible,andwithout a soundconstraint,COS+is not really needed.However, it is
of a certaininterestfor n > 30. Its superiorityascomparedto HC comesfrom the fact that some
parentsetsareoptimally learnedby COSeven with the constraint.Suchparentsetscould not be
learnedby thegreedystrategy of HC in any cases:asfor examplein thecaseof a XOR structure
or any con�gurationsfor which HC shouldaddseveralparentsin thesametime to obtaina score
improvement.Thatway, a HC startingfrom GCOS would bene�t from suchcorrectparentsetsand
�nd moreaccurategraphsthanaHC startingfrom theemptygraph.

Although for the small networks consideredhere(n � 20) our algorithmsareasfastasother
greedyapproaches(cf. Figures11 (e) and (f)), of coursetheir exponentialcomplexity keepsus
from applyingthemto really largenetworkswithout decreasinga. Therefore,COSis restrictedto
beusedonly for smallnetworksor sparseones(Figure5 (d) givesan ideaof whatkind of graphs
canbeconsidered).COS+couldbeusedfor largergraphsby usinglower a aswe will seein the
next experiment.

5.5 A RealCase:The ALARM Network

In this lastexperiment,we illustrateapracticalusageof COSandCOS+by studyingawell-known
Bayesiannetwork example,the ALARM network (Beinlich et al., 1989). This graphhasn = 37
discretevariableshaving from 2 to 4 states:it is too large to be learnedby OS.The maximalin-
degreeis c = 4, the maximalneighborhoodis m = 6, and the structureis relatively densesince
m̃ � 2:5. Incidentally, the trueskeletonentails86818458� 226 connectedsubsets:if it wasgiven
asa prior knowledge,Algorithm 2 could be applied. However, as in previous experiments,S is
learnedby using MMPC. Nevertheless,a shouldbe enoughsmall so that the super-structureis
sparseenoughto let executeCOS.
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COS COS+ MMHC MMHC+ HC
d = 3000 BIC -33340.5 -32849.5 -33492 -33116.1 -33299.3
a = 10� 4 SER 0.15 0.12 0.29 0.38 0.45

t = 24 Time(s) 4.6 7.1 3.6 6.0 5.0

d = 3000 BIC -33680.8 -32821.4 -33653.2 -33133.2 -33349.9
a = 10� 7 SER 0.17 0.10 0.29 0.39 0.47

t = 4 Time(s) 3.5 6.0 2.7 5.3 5.1

d = 10000 BIC -107834 -106246 -108035 -106808 -107383
a = 10� 7 SER 0.13 0.08 0.26 0.37 0.51
t = 270 Time(s) 10.5 19.2 14.7 23.4 18.8

d = 10000 BIC -108753 -106468 -108420 -107066 -107571
a = 10� 10 SER 0.15 0.10 0.25 0.35 0.49

t = 72 Time(s) 9.1 17.7 12.8 21.4 18.0

Table5: Averagedcriteriafor somepairs(d;a) considered.

Weconsiderthesamealgorithmsthanin Section5.4,apartfrom OS.Thesigni�cancelevel used
to learntheskeletonof MMHC is alwayssetto 0.01,while varioussmallvaluesof a aretestedwhen
learningthesuper-structureusedby COS.For everyd 2 [3000;5000;10000], westartby learningS
with MMPC(a) to run COSafterwards.Since,theexecutiontime of COScanbehugedepending
on S, COSis stoppedif its executionexceeds20 seconds(on a clusterof 96 CPUsof 1050MHz
each,with a total memoryof 288GB).In thatcase,theexperienceis restartedon a new setof data.
If COS�nishes on time,all otheralgorithmsarealsoapplied.Previousstepsarerepeated20 times
for everypair (d;a). Wealsocountthenumbert of timesthatCOShadto berestarted.Finally, the
criteriaareaveragedover the20 learnedgraphsasin thepreviousSections.

In all casesresultsweresensiblythesame:Table5 presentstheresultsobtainedwith themin-
imal andmaximalvaluesof d anda considered.With larger datasets,smallersigni�cant levels
arerequiredin orderto obtainan enoughsparseS sincetrue edgesarelearnedmorecon�dently.
This is why, we canobserve thatt decreaseswith smallera andincreaseswith largerd (cf. Table
5). Therefore,for d = 10000we tried valuesof a 2 [10� 7; � � � ;10� 10], while for otherdatasets
a 2 [10� 4; � � � ;10� 7]. In Figures14 (a) and(b), box plot is usedto layout the SERandscoreof
everyalgorithmover the20repetitionsof structurelearningfor d = 5000anda = 10� 7. Figures14
(c) and(d) representtheSERof COSandCOS+dependingond anda, respectively.

Results11 COS+ is the bestalgorithm in termsof score, followedby MMHC+ (cf. Table 4 and
Figure 14 (a)), while COS+ and COSlearn the mostaccurate networks(cf. Table 4 and Figure
14 (b)). Accuracyof thesealgorithmsis not markedly modi�ed by smallera (cf. Figure (d)) and
slightly improveswith bigger datasets(cf. Figure14 (c)).

In otherwords,thepresentresultsarein totalagreementwith theonesderivedfrom smallerand
randomnetworks in the previous section. Actually, with ALARM network the contrastbetween
algorithmsis evenclearer. This is probablybecauserandomnetworksareharderto learnthanreal
onessincetheparametersrandomlyselectedcanentail nearlyunfaithful probabilitydistributions.
Interestingly, evenwith thesmallesta used(i.e.,a = 10� 10 in thecaseof d = 10000),only around
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6 edgesweremissingto Sin orderto besound.Besides,althoughCOSranin few secondsfor some
S, oneextra edgein thesamesuper-structurecould leadto drasticallylongercomputations.Such
a problemis easilyunderstoodin termsof thenumberof connectedsubsetsandunderlinethefact
thatsomeedgescontributeparticularlyto theincreaseof jCon(S)j. Thereforeit couldbeinteresting
to developa methodto selectandwithdraw someedgesfrom a learnedsuper-structure,to enable
COS+for largernetworks: thisway, extremelysmalla wouldnotberequiredanymore.

6. Discussionand Conclusion

To concludeour discussion,we would like to recall andsummarizethemain resultsof our actual
research.First, it is possibleto reducethecomplexity of anoptimalsearchof anexponentialfactor
by using a structuralconstraintsuchas a super-structure. It is then possibleto considerlarger
networkshaving a sparseskeleton. Moreover, if this super-structureis sound,theaccuracy of the
resultinggraphis improved. Consequently, moreattentionshouldbepaidto learningsoundsuper-
structuresratherthantrueskeletonfrom data. This shouldbeaneasiertaskandit might improve
both speedandaccuracy of othersearchstrategiesaswell, exceptgreedyHC. Next, we outline
bellow somestrategiesthatcouldbene�t from asoundsuper-structure.

In addition,currentIT methodsthat learna skeletoncanbe usedfor approximatinga super-
structureby relaxingtheindependency testing.However, asrevealedourexperimentswith MMPC,
soundsuper-structuresarerarely learnedexceptfor high valuesof a that impliesdenserstructures
andespeciallya long computation.Although someotherIT approaches,suchasthe randomized
versionof GS (Margaritis andThrun,2000),could solve the problemof complexity, they would
probablyfacethesamedif�culty to learnef�ciently at leastevery trueedge.Indeed,they werede-
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signedfrom theviewpointof learningthetrueskeleton,andtherebythey shouldalsorejectpotential
extraedges.Learningsoundandsparsesuper-structuresis aproblemthatrequiresto beconsidered
asawhole,which is notourmainconcernin thepresentpaper. Therefore,to offsettheincomplete-
nessof thesuper-structureslearnedwith MMPC thatweakenstheresultsof ouralgorithmCOS,we
developeda greedypostprocessedsearchCOS+.Thisalgorithmenablesto balancebetweenspeed
andaccuracy asit setsup a bridgebetweenoptimal searchandhill climbing search.In practice,
COS+is demonstratedwith successon theALARM network. It is theoreticallyfeasiblefor graphs
of any sizesbut leadsto a problemfor selectingthesigni�cancelevel; further, we expectthat the
largeris thegraph,thelessCOS+shouldimproveoverHC.

Therefore,our futureresearchwill concentrateon anelaborationof new greedystrategiesthat
bene�t from super-structureconstraint. As shown in Section4.2, if S is not having a very high
maximaldegree(i.e.,m< 20),F canbecalculatedevenfor largenetworks.Then,by usingformula
(3) of Section3.2 we canbuild in linear time thebestconstrainedgraphof a givenordering.This
wayafastgreedysearchover topologicalorderingsis ef�ciently feasible.With agoodsetof greedy
operations,a constrainedoptimal graphcould be quickly approachedusinga hill climbing over
orderings,without having to calculateM values.Moreover, evenfor higherm, by �xing a limited
numberof parentsc, we could also manageto calculateF. Consequently, suchordering-based
strategy is theoreticallyfeasiblefor any network sizeandonly needto beevaluatedexperimentally.

Our secondidea concernsonly constrainedoptimal searches.When looking for an optimal
graphonA 2 Con(S), if thereexistsXi 2 A suchthatAnf Xig isunconnected,anoptimalgraphcanbe
foundon anothermanner. We just needto considereverycandidateparentseton theneighborhood
of Xi , andsearchfor eachof themseparatelyan optimal graphon eachconnectedcomponentof
Anf Xig. Thus,if S is a tree,it would befeasibleto �nd anoptimalgraphin polynomialtime with
this differentstrategy. Then,we coulddevelopanalgorithmthatwould changeSinto a tree,learn
anoptimalgraphthatwouldbepost-processedgreedilyto addmissingedges.

Besides,as illustratedin Section4.4, COS can be usedfor large graphs,if S is suf�ciently
sparse.Alternatively, whenlearninga super-structure,a “score” couldbegivento every edgethat
would evaluatethe “strength” of the dependency represented.For example,the highestp-value
encounteredwhile learningthesuper-structurewith anIT approachcouldbeused.Thus,COScould
beusedsequentially:thesubsetof thestrongestedgeswould beconsidered�rst, while learninga
temporaryoptimal graphthat would be usedasa prior knowledgefor a secondsearch,this time
optimally “adding” a secondsetof edges.Therefore,by consideringsuccessively all theedgesof
S by a suf�cient numberof sparselayers,we might beableto approximateaccuratelyanoptimal
graph.Thisstrategy is potentiallyinterestingsinceit alwaysassumesthegraphasawhole,although
the layer of edgesshouldbe mainly unconnectedto allow COSto be appliedto large networks.
However, otherstrategiessuchasrebuilding optimally thestructurelocally beforemerging results
couldalsobedeveloped.

Finally if any of thesealgorithmsweregiving convincing empiricalproofsof their capacities
to learnaccuratelylargenetworks,we alsowould like to designstrategiesfor learningsparseand
soundsuper-structures.
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Appendix A.

Proof of Proposition 1. The completeproof we found is long, complex, andnot of the greatest
theoreticalinterest.Hencewe will only presentthemainstepsof thedemonstrationherewithout
explicitly developingeverystep.

� We startby consideringany binary tree,which canbe generatedby successively applying
the following operationto the tree reducedto one leaf: Selecta leaf, and changeit to a
nodewith two leaves. Then,for the setof treesthat have beengeneratedby applyingthis
transformationt times,we de�ne U(t) asthe maximumnumberof sub-treesin thesetrees,
andV(t) asthe maximumnumberof sub-treesthat includea given leaf. Given sucha tree
T, we apply the transformationto a leaf Li . This generatesa nodeN0

i and two leavesL0
i1

andL0
i2, wheretheprime indicatesthatwe refer to theelementsof thenewly generatedtree

T0. By calling Sub(L) the setof sub-treesthat containL, we have: sincejSub(Li)j � V(t),
jSub(L0

i1)j � 1+ 2V(t). If Li hadabrotherL j , wecanshow thatjSub(L0
j )j � 5

2V(t) sinceonly
half thesub-treesof Sub(L j ) containLi . Then,for leavesLk at agreaterdistancefrom Li than
L j , sincetheproportionof sub-treesof Sub(Lk) thatalsocontainLi is decreasing,Sub(L0

k) is
lessincreased.Thus,wecanconcludethatV(t + 1) < 5

2V(t), andthatV(t) < U(t) < O(( 5
2)t).

Finally, sincen = 2t � 1, wederive thatjCon(S)j < O(a3
n) with a3 =

q
5
2.

� Hereafter, we canapplythesamereasoningto any k-tree,and�nd thatjCon(S)j < O(a k+ 1
n)

with ak+ 1 = ( 2k+ 1
2 )

1
k .

� Then,start the fastidiouspart of the demonstrationby consideringa connectedforestS of
maximaldegreem. Theideaof thedemonstrationis to �rst show thatwhenwe considertwo
nodesof the tree,we cantransferfrom onenodeto the otherevery sub-rootedtreeswhile
only increasingthenumberof connectedsubsets(actuallyit is possibleto expressexactly the
variationin thenumberof connectedsubsetsdependingon theuniquepathbetweenthetwo
nodesandsub-rootedtreesof thenodesin this path).Then,by selectingoneof thenodesof
degreem from S, and�xing it astheroot R0, we cansequentiallybuild a nearlym-1-treeS0,
exceptfor the root, andmaybefor onenodeRi , while increasingthe numberof connected
subsets.We do this by consideringdepthby depthdescendantsof R0 andtransferringsub-
rootedtreesfrom oneto theotheruntil all of themat a givendepthhave m� 1 or 0 children,
takingsub-rootedtreesdeeperif necessary. Then,if thesonsof Ri arenot all leaves,we can
continueto apply transformationsbetweenit andits descendantsuntil obtaininga nearlym-
1-treeS” exceptfor its root,andoneof its nodesthatcontainonly p leaves.Sincep � m� 1,
we addm� p leavesto this node,andwe selectasthe root of this �nal treeSf oneof the
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leaves;Sf is like a m-1-treeexceptfor theroot thathasonly oneson. In sucha case,we can
usethe resultsfound for suchstructures,neitherthe root will sensitively affect the number
of connectedsubsets,nor thenodesthatwe addedat theend;becausethey canbeput in the
constantof O(am

n), which is anupperboundsincewebuilt Sf alwaystakingcareto increase
thenumberof connectedsubsets.
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