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Abstract

Classicalapproachesisedto learn Bayesiannetwork structurefrom datahave disadwantagesn
termsof compleity andlower accurag of their results. However, a recentempirical study has
shavn thata hybrid algorithmimprovessensitvely accurag andspeedit learnsa skeletonwith an
independenctest(IT) approachandconstrainson the directedacyclic graphs(DAG) considered
during the search-and-sconghase. Subsequent|ywe theorizethe structuralconstraintby intro-
ducingthe conceptof superstructureS, which is an undirectedgraphthat restrictsthe searchto
networks whoseskeletonis a subgraphof S. We develop a superstructureconstrainecbptimal
search(COS):its time compleity is upperboundedoy O(gn"), wheregy, < 2 depend®nthemax-
imal degreemof S. Empirically, compl«ity depend®ntheaveragedegreermandsparsestructures
allow largergraphsto be calculated.Our algorithmis fasterthanan optimal searchby several or-
dersandeven nds moreaccurateresultswhengiven a soundsuperstructure. Practically S can
be approximatedy IT approachessigni cancelevel of thetestscontrolsits sparsenesgnabling
to control the trade-of betweenspeedandaccurag. For incompletesuperstructuresa greedily
post-processedersion(COS+)still enablego signi cantly outperformotherheuristicsearches.

Keywords: Bayesiannetworks, structurelearning, optimal search,superstructure,connected
subset

1. Intr oduction

It is impossibleto understandarge raw setsof dataobtainedfrom a hugenumberof correlated
variables.Thereforejn orderto simplify thecomprehensionf thesystemyariousgraphicamodels
have beendevelopedtio summarizenteractiondetweersuchvariablesn a synopticgraph.Among
theexisting models Bayesiametworkshave beenwidely employedfor decadein variousdomains
including arti cial intelligence(Glymour, 2001), medicine(Cowell et al., 1999), bioinformatics
(Friedmanet al., 2000),andeven economy(Segal et al., 2005)andsociology(Heckerman,1996).
Bayesiametworks compactlyrepresent joint probability distribution P over the setof variables,
using DAG to encodeconditionalindependenciebetweenthem (Pearl,1988). The popularity of
this modelis primarily dueto its high expressve power, enablingthe simultaneousnvestigation of
compl« relationshipsetweemmary variablesof a heterogeneousature(discreteor continuous).
Further for Bayesiametwork modelinferencefrom datais comparatiely simpler;incompleteor
noisydataarealsousableandprior knowledgecanbeincorporatedWhenthe DAG or structureof
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the modelis known, the parameter®f the conditionalprobability distributionscanbe easily t to
thedata;thus,the bottleneckof modelinganunknaovn systemis to infer its structure.

Overthe previousdecadesyariousresearchlirectionshave beenexploredthrougha numerous
literatureto dealwith structurelearning,which let us proposethe following obsenrations. Maxi-
mizing a scorefunctionover the spaceof DAGsis a promisingapproactowardslearningstructure
from data.A searclstratgy calledoptimalsearcHOS)have beendevelopedto nd thegraphshav-
ing the highestscore(or global optima)in exponentialtime. However, sinceit is feasibleonly for
smallnetworks(containingup to thirty nodes)jn practiceheuristicsearcheareused.Theresulting
graphsare local optimaandtheir accurag strongly dependson the heuristicsearchstratgy. In
generalgivenno prior knowledge thebeststratgy is still abasicgreedyhill climbing search(HC).
In addition, Tsamardinogtal. (2006)proposedo constrainthe searctspaceby learninga skeleton
usingan IT-basedtechniquebeforeproceedingo a restrictedsearch.By combiningthis method
with aHC searchthey developeda hybrid algorithmcalledmax-minhill-climbing (MMHC) thatis
fasterandusuallymoreaccurate.

In the presentstudywe areinterestedn OS sincethe optimal graphswill corvergeto thetrue
modelin the samplelimit. We aim to improve the speedof OSin orderto applyit to larger net-
works; for this, a structuralconstraintcould be of a valuablehelp. In orderto keepthe asymptotic
correctnes®f OS, the constrainthasto authorizeat leastthe edgesof the true network, but it can
containalsoextra edges.Following this minimal conditionthat shouldrespecta constrainton the
skeletongto be sound,we formalizea e xible structuralconstraintover DAGs by de ning the con-
ceptof a superstructure.This is anundirectedgraphthatis assumedo containthe skeletonof the
truegraph(i.e.,thetrueskeleton).In otherword, thesearchspacds thesetof DAGsthathave asub-
graphof the given superstructureasa skeleton. A soundsuperstructure(that effectively contains
the true skeleton)could be provided by prior knowledgeor learnedfrom datamuch more easily
(with a higherprobability) thanthe true skeletonitself. Subsequentlywe considerthe problemof
maximizinga scorefunction given a superstructure,andwe derive a constrainedptimal search,
COS,that nds aglobaloptimumover therestrictedsearchspace.Not surprisingly our algorithm
is fasterthanOS sincethe searchspaces smaller;moreprecisely its computationatompleity is
proportionalto the numberof connectedsubsetof the superstructure. An upperboundis derived
theoreticallyandaveragecomplity is experimentallyshavedto dependon the averagedegreeof
the superstructure. Concretely for sparsestructuresour algorithm can be appliedto larger net-
worksthanOS (with an averagedegreearound2.1, graphshaving 1.6 timesmorenodescould be
considered) Moreover, for a soundsuperstructure Jearnedgraphsaremoreaccuratehanuncon-
strainedoptima: this is becausesomeincorrectedgesareforbidden,evenif their additionto the
graphimpraovesthescore.

Sincethe sparsenesdirectly affects the speed,and thereforethe feasibility of our searchiit
remainsto proposeefcient methodsto learna soundand sparsesuperstructureswithout prior
knowledge.Thisis out of the scopeof this presenpaperwherewe focuson the enunciatiorof our
constraintjts applicationto optimal searchandoptimizationsof its implementation Nevertheless,
in orderto demonstrat®ur algorithmin practice,we proposea rst basicstratgy to approximate
a superstructurefrom data. The ideais to use“relaxed” independeng testingto obtainan undi-
rectedgraphthat may containthe true skeletonwith a high probability, while yet beingsparse.In
that case,we canconsiderthe signi cancelevel of the independengtests,a, asatool to choose
betweeraccurag (high valuesreturndensebut probablysoundstructuresiandspeed(low values
give sparsebut incompletestructures) We testedour propositionon MMPC, the IT-basedstrategy
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usedby Tsamardinogtal. (2006)in MMHC; our choicewasmotivatedby the goodresultsof their
algorithmthatwe alsoincludein our comparatie study MMPC appeargo be a goodmethodto
learnrobustandrelatively sparseskeletonsunfortunatelysoundnesg achievedonly for high sig-
ni cance levels,a > 0.9, implying along calculationanda denseistructure.Practically whenthe
constraintis learnedwith a = 0:05, in termsof accurag, COSis worsethanOS sincethe super
structureis usuallyincomplete;still, COSoutperformsmostof thetime greedysearchesalthough
it nds graphsof lower scores.Resultinggraphscanbe quickly improved by applyingto thema
post-processingnconstrainetiill-climbing (COS+).Duringthat nal phasescoresarestrictly im-
proved,andusuallyaccuray also. Interestingly evenfor really low signi cancelevels(a 10 %),
COS+returnsgraphsmoreaccurateandof a higherscorethanbothMMHC andHC. COS+canbe
seerasabridgebetweerHC (whena tendsto 0) andOS(whena tendsto 1) andcanbeappliedup
to a hundrednodesby selectingalow enoughsigni cancelevel.

This paperis organizedasfollows. In Section2, we discusghe existing literatureon structure
learning.We clarify our notationin Section3.1andreintroducedSin Section3.2. Then,in Section
4,thecoreof thispaperwe de ne superstructuresandpresenouralgorithm,proofsof its comple-
ity andpracticalinformationfor implementationSection5 detailsour experimentaproceduresnd
presentgheresults. Section5.1.4brie y recallsMMPC, the methodwe usedduring experiments
to learnthe superstructuredrom data. Finally, in Section6, we concludeandoutline our future
works.

2. RelatedWorks

Thealgorithmsfor learningthe Bayesiametwork structurethathave beenproposedintil now can
beregroupednto two differentapproachesyhich aredescribedelow.

2.1 IT Approach

This approachincludesIC algorithm (inductive causation)Pearl,1988), PC algorithm (after its

authors,Peterand Clark) (Spirteset al., 2000), GS algorithm (grow and shrink) (Margaritis and
Thrun,2000),andTPDA algorithm(three-phaséependencanalysisChengetal., 2002). All of

thembuild the structureto be consistentwvith the conditionalindependencieamongthe variables
that are evaluatedwith a statisticaltest (G-square partial correlation). Usually, algorithmsstart
by learningthe skeleton of the graph(by propagting constraintson the neighborhoodof each
variable)andthenedgesare orientedto copewith dependenciesevealedfrom data. Finally, one
network is retainedfrom the equialentclassconsistenwith the seriesof tests. Underthe faithful

conditionof P, suchstratgjieshave beenprovento build a graphcornverging to thetrue network as
the size of the dataapproache nity . Moreover, their compleity is polynomial,assuminghat
the maximaldegreeof the network, thatis, the maximalsize of hodesneighborhoodis bounded
(Kalisch and Buhlmann,2007). However, in practice,the resultsare mixed becausef the tests
sensitvity to noise: sincethesealgorithmsbasetheir decisionson a single or few tests,they are
proneto accumulaterrors(MargaritisandThrun,2000). Worse they canobtainasetof conditional
independenciethatis contradictory or that cannotbe faithfully encodedoy a DAG, leadingto a

failureof thealgorithm.Moreover, exceptfor sparseraphstheirexecutiontime is generallylonger
thanthatof algorithmsfrom the scoringcriteria-base@pproach{Tsamardinogtal., 2006).
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2.2 Scoring Criteria-Based Approach

Search-and-scommethodsare favored in practiceand consideredas a more promisingresearch
direction. Thissecondamily of algorithmsusesascoringcriterion,suchastheposteriomprobability
of thenetwork giventhedata,in orderto evaluatehow well agivenDAG ts empiricalresults,and
returnsthe one that maximizedthe scoringfunction during the search. Sincethe searchspaceis
known to be of a superexponentialsize on the numberof nodesn, thatis, O(n!2(9)) (Robinson,
1973),an exhaustve searchis practicallyinfeasible,implying that variousgreedystratgies have
beenproposedo brovseDAG spacesometimesequiringsomeprior knowledge.
Amongthem,the state-of-the-argreedyhill climbing (HC) stratey, althoughit is simpleand
will nd only alocally optimal network, remainsone of the mostemployed methodin practice,
especiallywith largernetworks. Thereexist variousimplementationsisingdifferentempiricaltricks
to improve the scoreof theresults,suchasTABU list, restarting simulatedannealingpr searching
with differentorderingsof the variables(Chickering et al., 1995; Bouckaert,1995). However a
traditionalandbasicalgorithmwill processn thefollowing manner:

Startthe searchfrom a givenDAG, usuallytheemptyone.

Then,from a list of possibletransformationgontainingat leastaddition, withdrawval or re-
versalof anedge selectandapplythetransformatiorthatimprovesthe scoremostwhile also
ensuringthatgraphremainsagyclic.

Finally repeatpreviousstepuntil strictimprovementdo the scorecanno longerbefound.

More detailsaboutourimplementatiorof HC aregivenin Section5.1.3.Suchanalgorithmcan
be usedevenfor large systemsandif the numberof variablesis really high, it canbe adaptedy
reducingthe setof transformationgonsideredor by learningparentsof eachnodesuccessiely. In
ary case this algorithm nds alocal optimumDAG but without any assertioraboutits accurag
(besidedts score). Further the resultis probablyfar from a global optimal structure,especially
whennumberof nodesincreases.However, optimizedforms of this algorithm obtainedby using
oneor moretricks have beenconsideredo bethebestsearchstratgiesin practiceuntil recently

Othergreedystratgieshave alsobeendevelopedin orderto improve eitherthe speedor accu-
ragy of HC one: sparsecandidate(SC, Friedmanet al., 1999)that limits the maximal numberof
parentsand estimatecandidateparentsfor eachnodebeforethe search greedyequialentsearch
(GES,Chickering,2002b)thatsearchemto the spaceof equivalenceclassegPDAGs),andoptimal
reinsertionOR, MooreandWong,2003)thatgreedilyappliesanoptimalreinsertiortransformation
repeatediyonthegraph.

SCwasoneof the rst to proposeareductionin thesearctspacetherebysensitiely improving
the scoreof resultingnetworks without increasingthe compleity too muchif candidateparents
are correctly selected.However, it hasthe disadwantageof a lack of e xibility, sinceimposinga
constanhumberof candidatgparentgo every nodecouldbe excessie or restrictive. Furthermore,
themethodsandmeasureproposedo selectthe candidatesjespitetheirintuitive interest have not
beenprovedto includeat leastthetrue or optimal parentdor eachnode.

GEShasthe bene t thatit exploits a theoreticallyjusti ed direction. Main scoringfunctions
have beenprovedto be scoreequivalent(Chickering, 1995),thatis, two equivalentDAGSs (repre-
sentingthe samesetof independencieamongvariables)have the samescore. Thusthey de ne

2254



FINDING OPTIMAL BAYESIAN NETWORK GIVEN A SUPER-STRUCTURE

equialentclassesver networksthatcanbe uniquelyrepresentetty CPDAGs. Therefore search-
ing into the spaceof equialent classeseduceshe numberof caseghat have to be considered,
sinceoneCPDAG representseveral DAGs. Further by usingusualsetsof transformationgadapted
to CPDAGSs, the spacebrovsedduring a greedysearchbecomesanore connectedjncreasingthe
chance®f nding abetterlocal maximum.Unfortunatelythe spaceof equivalentclasseseemdo
beof thesamesizeorderthanthatof DAGs,andanevaluationof thetransformation$or CPDAGsis
moretime consuming.Thus,GESis severaltimesslowerthanHC, andit returnssimilar results.In-
terestingly following the comparatie studyof Tsamardinotal. (2006),if structuralerrorsrather
thanscoresareconsiderecisa measuref the quality of theresults GESis betterthana basicHC.

In thecaseof OR,thealgorithmhadtheadwantagdo consideanew transformatiorthatglobally
affectsthegraphstructureateachstep:thissomehav enableshesearcho escapeeadilyfromlocal
optima. Moreover, the authorsdevelopedef cient data-structureto rationalizescoreevaluations
andretrieve easilyevaluationof theiroperatorsThus,it is oneof thebestgreedymethodsproposed,;
however, with increasingdata thealgorithmwill collapsedueto memoryshortage.

Anotherproposedlirectionwasusingthe K2 algorithm(CooperandHerslovits, 1992),which
constraintghe causalorderingof variables.Suchorderingcanbe seento be atopologicalordering
of the true graph, provided that sucha graphis agyclic. Basedon this, the authorsproposeda
stratgy to nd anoptimal graphby selectingthe bestparentsetof a nodeamongthe subsetsof
nodesprecedingit. The resultinggraphcan be the global optimal DAG if it acceptsthe same
topologicalordering. Thereforegivenanoptimalordering,K2 canbeseenasanoptimalalgorithm
with atime andspacecompleity of O(2"). Moreover, for somescoringfunctions,branch-pruning
canbe usedwhile looking for the bestparentsetof a node(Suzuki,1998),therebyimproving the
compl«ity. However, in practice,a greedysearchthat considersaddingandwithdrawing a parent
is appliedto selecta locally optimal parentset. In addition,the resultsare stronglydependingon
the quality of theordering.Someinvestigationshave beenmadeto selectbetterorderingsTeyssier
andKaoller, 2005)with promisingresults.

2.3 RecentProgress

Onecanwonderaboutthefeasibility of nding aglobally optimalgraphwithouthaving to explicitly
checkevery possiblegraph,sincenothingcanbe assertedvith respecto the structuralaccurag of
thelocal maximafoundby previousalgorithms.In agenerakase]earningBayesiametwork from
datais anNP-hardproblem(Chickering,1996),andthusfor largenetworks,only suchgreedyalgo-
rithmsareused.However, recently algorithmsfor global optimizationor exactBayesiarinference
have beenproposedOtt et al., 2004; Koivisto and Sood,2004; Singhand Moore, 2005; Silander
andMyllym aki, 2006)andcanbeappliedup to afew tensof nodes.Sincethey all principally share
the samestratgy thatwe will introducein detailsubsequentlywe will referto it asoptimalsearch
(0S).Evenif suchamethodcannotbe of a greatusein practice,it could validateempirically the
search-and-scompproachoy letting us studyhow a global maximumcorvergesto thetrue graph
whenthedatasizeincreasesAlso, it couldbeameaningfulgold standardo judgethe performances
of greedyalgorithms.

Finally, a recentnoteworthy stepwas performedwith the min-max hill climbing algorithm
(MMHC, Tsamardino%t al., 2006), sinceit wasempirically provedto be the fastestandthe best
methodin termsof structuralerror basedon the structuralhammingdistance.This algorithmcan
be consideredisa hybrid of thetwo approachesdlt rst learnsanapproximatiorof the skeletonof
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thetruegraphby usingan|T stratgy. It is basedon a subroutinecalledmin-max-parents-children
(MMPC) thatreconstructshe neighborhooaf eachnode;G-squardestsareusedto evaluatecon-
ditional independencies.The algorithm subsequentlyproceedgo a HC searchto build a DAG
limiting edgeadditionsto the onepresenin theretrieved skeleton. As aresult,it follows a similar
techniquethanthatof SC,exceptthatthe numberof candidatgparentds tunedadaptvely for each
node,andthatthe chosencandidatesre soundin the samplelimit. It is worth to noticethatthe
skeletonlearnedn the rst phasecandiffer from the oneof the nal DAG, sinceall edgeswill not
be for sureaddedduring the greedysearch.However, it will be certainlya cover of the resulting
graphskeleton.

3. De nitions and Preliminaries

In this section,after explaining our notationsandrecallingsomeimportantde nitions andresults,
we discussstructureconstrainingandde ne the conceptof a superstructure.Section3.3is dedi-
catedto OS.

3.1 Notation and Resultsfor BayesianNetworks

In therestof the paper we will useuppercaselettersto denoterandomvariables(e.g., X, Vi) and
lower-casdettersfor thestateor valueof thecorrespondingariableqe.g.,xi, v;). Bold-facewill be
usedfor setsof variablege.qg.,Pa;) or values(e.qg.,pa;). We will dealonly with discreteprobability
distributions and completedatasetsfor simplicity, althougha continuousdistribution casecould
alsobeconsideredisingour method.

GivenasetX of nrandomvariableswe would lik e to studytheir probability distribution Py. To
modelthis systemwe will useBayesiametworks:

De nition 1. (Pearl,1988;Spirtesetal.,2000;Neapolitan2003) LetP bea discretejoint probabil-
ity distribution of the randomvariablesin somesetV, andG = (V;E) bea directedacyclicgraph
(DAG). We call (G; P) a Bayesiametwork (BN) if it satis esthe Markov condition,that is, eath
variableis independendf any subsebf its non-descendantariablesconditionedon its parents.
Wewill denotehesetof theparentof avariableV; in agraphG by Pa;, andby usingthe Markov
condition,we canprove thatfor ary BN (G; P), thedistribution P canbefactoredasfollows:

P(V)= P(Vi; Vp) = O P(VijPa):
Vi2Vv

Thereforeto represent BN, the graphG andthejoint probability distribution have to be en-
coded;for thelatter, every probability P(V; = vijPa; = pa;) shouldbespeci ed. G directly encodes
someof the independenciesf P andentailsothers(Neapolitan,2003). More precisely all inde-
pendencieentailedin a graphG are summarizedoy its skeletonand by its v-structures(Pearl,
1988). Consequentlytwo DAGs having the sameskeletonandv-structuresentail the samesetof
independencieshey aresaidto beequivalen{Neapolitan2003). Thisequialencerelationde nes
equivalentclassever spaceof DAGsthatareunambiguouslyepresentetty completedhartially
directedacyclic graphs(CPDAG) (Chickering,2002b). Finally, if all andonly the conditionalin-
dependenciesuein adistribution P areentailedby the Markov conditionappliedto a DAG G, we
saythatthe BayesiarNetwork (G; P) is faithful (Spirtesetal., 2000).
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In our casewe will assumehatthe probability distribution Py over the setof randomvariables
X is faithful, thatis, thatthereexists a graphGq, suchthat(Gg; Po) is a faithful Bayesiametwork.
AlthoughtherearedistributionsP thatdo notadmitafaithful BN (for examplethecasevhenparents
areconnectedo a nodevia a parity or XOR structure),suchcasesareregardedas‘“rare” (Meek,
1995),whichjusti es our hypothesis.

To studyX, we aregivenasetof dataD following thedistribution Py, andwetry to learnagraph
G, suchthat(G; Py) is afaithful Bayesiametwork. The graphwe arelooking for is probablynot
uniquebecausearny memberof its equvalentclasswill alsobecorrect;however, thecorresponding
CPDAG is unique.SincetheremaybenumerougraphsG to which Py is faithful, severalde nitions
arepossiblefor the problemof learninga BN. We chooseasNeapolitan(2003):

De nition 2. LetP, beafaithful distributionandD bea statisticalsampleollowingit. Theproblem
of learning the structue of a BayesianmnetworkgivenD is to inducea graphG sothat (G; P) is
a faithful BN, thatis, G and Gy are on the sameequivalentclass,and both are called the true
structuie of the systenstudied.

In every IT-basedor constraint-basedlgorithm,thefollowing theoremis usefulto identify the
skeletonof Gg:

Theorem 1. (Spirtesetal., 2000) In a faithful BN (G; P) onvariablesV, there is an edge between
thepair of nodesxX andY if andonlyif X depend®nY conditioningon everysubse¥ includedin
VnfX;Yg.

Thus,from thedata,we canestimateheskeletonof Gg by performingconditionalindependengc
tests(GlymourandCooper,1999; Chenget al., 2002). We will returnto this pointin Section4.1
sincehighersigni cancelevelsfor thetestcouldbeusedto obtaina cover of theskeletonof thetrue
graph.

3.2 General Optimal Search

Beforepresentingour algorithm,we shouldreview the functioningof an OS. Amongthe few arti-
clesonoptimalsearch(Ott etal., 2004;Koivisto andSood,2004; SinghandMoore, 2005; Silander
andMyllym aki, 2006),0tt andMiyano (2003)areto our knowledgethe rst to have publishedan
exactalgorithm. In this sectionwe presenthe algorithmof Ott et al. (2004)for summarizingthe
main idea of OS. While investigating the problemof exact model averaging,Koivisto and Sood
(2004) independenthyproposedanotheralgorithmthat alsolearn optimal graphsproceedingon a
similar way. As for Singhand Moore (2005),they presenteda recursve implementatiorthatis
lessefcient in termsof calculation;however, it hasthe adwvantagethat potentialbranch-pruning
rulescanbe applied.Finally, SilanderandMyllym aki (2006)detaileda practicallyef cient imple-
mentationof the search:the mainadwantageof their algorithmis to calculateef ciently thescores
by usingcontingeng tables(still computationatompleity remainsthe same). They empirically
demonstratethatoptimalgraphscouldbelearnedupton= 29.

To understanchow OS nds global optimain O(n2") without having to explicitly checkev-
ery DAG possible we must rst explain how a scorefunctionis de ned. Variousscoringcriteria
for graphshave beende ned, including BayesiarDirichlet (speci cally BDe with uniform priors,
BDeu) (Heckermanet al., 1995), Bayesianinformation criterion (BIC) (Schwartz, 1978), Akaike
informationcriterion (AIC) (Akaike, 1974),minimumdescriptionlength(MDL) (Rissanen1978),
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andBayesiametwork and nonparametricegressioncriterion (BNRC) (Imoto et al., 2002). They
areusuallycostlyto evaluate;however, dueto the Markov condition,they canbe evaluatedocally:

Score(G; D) = § scor(X;; Pa;; D):
i=1

This propertyis essentialto enableef cient calculation, particularly with large graphs,and
is usually supposedvhile de ning analgorithm. Anotherclassicalattribute is scoreequialence,
which meanghattwo equialentgraphswill have the samescore.It wasprovedto be the casefor
BDe, BIC, AIC, andMDL (Chickering,1995). In our study we will useBIC, therebyour scoreis
local andequvalent,andour taskwill beto nd a DAG over X thatmaximizesthe scoregiventhe
dataD. Exploiting scorelocality, Ott et al. (2004)de ned for every nodeX; andevery candidate
parentsetA X nfXg:

Thebestlocal scoreon X;: Fs(Xi;A) = IgIE}AXSCOE(Xi;B;D) :

Thebestparentsetfor X;: Fp(Xi; A) = argmaxscore(X;;B;D) .
B A

Fromnow we omit writing D whenreferringto the scorefunction. Fs canbe calculatedecur
sively onthesizeof A usingthefollowing formulas:

Fs(Xi; 0)
Fs(Xi; A)

scor(X;; 0); 1)
max(scoe(X; A); @?Z(FS()Q ;ANf X)) (2)

Calculationof F, directly follows; we will sometimesiseF asashorthando referto thesetwo
functions. Noticing thatwe candynamicallyevaluateF, onecanthink thatit is thusdirectly pos-
sibleto nd thebestDAG. However, it is alsoessentiato verify thatthe graphobtaineds agyclic
andhencethatthereexistsatopologicalorderingoverthevariables.

De nition 3. Letw beanorderingde nedonA X andH = (A;E) bea DAG. We saythatH is
w-linearif andonly if w(X;) < w(X;) for everydirectededge (Xi; Xj) 2 E.
By usingF, andgivenanorderingw on A we derive the bestw-lineargraphG,, as:

Gy = (AJEy), with (Xj;X) 2 E,, if andonly if X; 2 Fp(X; Predy(X)): 3
Here,G,, is directly obtainedby selectingfor eachvariableX; 2 A its bestparentsamongthenodes
precedingX; in the orderingw referredas Pred,(X) = fX; with w(Xj) < w(Xj)g. Therefore,to
achiere OS,we needto nd anoptimalw , thatis, atopologicalorderingof anoptimal DAG. With
thisend,we de ne for everysubsetA X notempty:

Thebestscoreof graphsG onA: Mg(A) = méaxScore(G)

Thelastnodeof anoptimalorderingon A: M;(A)
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Anotherwayto interpretM, (A) is asasink of anoptimalgraphon A, thatis, anodethathasno
children.Mg andM; aresimply initialized by:

8% 2 X : Ms(f Xig) = scor(X;;0); (4)
M (fXig) = X:

WhenjAj = k> 1, weconsidermanoptimalgraphG onthatsubsetindw oneof its topological
ordering.The parentsof thelastelementX; arefor sureF,(X; ;B; ), whereB; = Anf X;g, thusits
localscores F5(X ;B ). Moreover, thesubgraplof G inducedwhenremaoving X; mustbeoptimal
for B; ; thus,its scoreis Mg(B; ). Thereforewe canderive aformulato de ne M, recursvely:

Mi(A) = X = agmaxFs(Xj; Bj) + Ms(Bj)): (5)
Xj2A

This alsoenablesusto calculateMs directly. We will useM to referto bothMg andM,. M can
be computeddynamicallyandM, enablesusto build quickly anoptimalorderingw ; elementsare
nd in reverseorder:

WhileT 6 0
w (M(T)) = |Tj
T=TnM|(T)

Thereforethe OSalgorithmis summarizedy:

Algorithm 1 (OS). (Ott etal.,2004)
(@) Initialize 8%; 2 X, Fs(Xi; 0) andFp(X;; 0) with (1)

(b) ForeachX; 2 X andeachA XnfXg:
Calculatels(Xi; A) andFp(Xi; A) using(2)

(c) Initialize 8X;, Ms(f Xig) andM, (f X;g) using(4)

(d) ForeachA X withjAj> 1:
CalculateMg(A) andM;, (A) using(5)

(e) Build anoptimalorderingw using(6)
() Returnthebestw -lineargraphG,, using(3)

Notethatin steps(b) and(d) subsetsA areimplicitly consideredy increasingsizeto enable
formulae(2) and(5). With respecto computationatompleity, in steps(a) and(b) F is calculated
for n2" ! pairsof variableandparentcandidateset. In eachcase,onescoreexactly is computed.
Then,M is computedover the 2" subsetof X (step(c) and(d)). w andG,, arebothbuild in O(n)
time at step(e) and(f); thus, the algorithmhasa total time compleity of O(n2") and evaluates
n2" 1 scores. Here, time compleity refersto the numberof times that the formulae (2) or (5)
are computed;however, it shouldbe pointedout that theseformulaerequireat leastO(n) basic
operations.

2259



PERRIER

As proposedOttetal.,2004),0Scanbespeedip by constrainingvith aconstant themaximal
sizeof parentsets.Thislimitation is easilyjusti able, asgraphshaving mary parentfor anodeare
usuallystronglypenalizedoy scorefunctions. In that case the computationatompleity remains
thesame;only formulas(2) is constrainedandscore(X;; A) is notcalculatedvhenjAj > c. Conse-
quently thetotal numberof scoreevaluateds reducedo O(n®* 1), whichis adecisie improvement
sincecomputinga scoreis costly

Thespaceompleity of Algorithm 1 canbeslightly reducedy regycling memoryasmentioned
(Ottetal., 2004). In fact,whencalculatingfunctionsF andM for subset of sizek, only values
for subset®f sizek 1 arerequired.Therefore py computingsimultaneouslyhesetwo functions,
whenvaluesfor subset®of a given size have beencomputedthe memoryusedfor smallersetcan
bereused However, to beableto accesss,,, we shouldrede ne M, to storeoptimalgraphsinstead
of optimalsinks. The worstmemoryusagecorrespondso k = bjc+ 1 whenwe have to consider
approximaterO(&nﬁ) sets:thisapproximatiorcomesrom Stirling formulaappliedto the binomial
coefcient of n andbjc (bxc is the highestinteger lessthanor equalto x). At thattime, O(IO n2")
bestparentsetsarestoredby F, andO( %) graphsby M. Sincea parentsetrequiresO(n) spaceand

a graphO(n?), we derive that the maximal memoryusagewith regycling is O(n%Z”), while total
memoryusageof F in Algorithm 1 wasO(n?2"). Actually, sinceAlgorithm 1 is feasibleonly for
smalln, we canconsidethatasetrequiresO(1) spacdrepresentedy Iesstrbank integersonax-bit
CPUIf n< kx): in thatcasealso,thememorystorageas dividedby afactor’ n with regycling.

Ott etal. (2005)alsoadaptedheiralgorithmto list asmary suboptimabraphsasdesired.Such
capacityis preciousin orderto nd which structuralsimilarities are sharedby highly probable
graphsparticularlywhenthescorecriteriauseds notequialent. However, for anequialentscore,
sincethelisted graphswill be mainly on the sameequialentclassesthey will probablynot bring
moreinformationthanthe CPDAG of anoptimalgraph.

4. Super-Structur e Constrained Optimal Search

Compareto a bruteforce algorithmthat would browse all searchspace OS achiezed a consider
ableimprovement. Graphsof aroundthirty nodesarestill hardly computedandmary small real
networks suchasthe classicalALARM network (Beinlich et al., 1989)with 37 variablesare not
feasibleat all. The questionof anoptimal algorithmwith a lower complity is still open. In our
casewe focuson structuralconstrainto reducethe searchspaceanddevelopafasteralgorithm.

4.1 Super-Structure

To keepthe propertythat the result of OS corvergesto the true graphin the samplelimit, the
constrainshouldatleastauthorizethetrue skeleton.Sinceknowing thetrue skeletonis a strongas-
sumptionandlearningit with highcon dencefrom nite datais ahardtask,we proposedo consider
amore e xible constrainthan xing theskeleton.To this end,we introducea superstructureas:

De nition 4. AnundirectedgraphS= (V; Eg) is saidto bea superstructureofaDAG G = (V;Eg),
if the skeletonof G, G%= (V;Ego) is a subgaphof S(i.e, Ece Es). We saythat S containsthe
skeletonof G.

Consideringa structurdearningtask,a superstructureSis saidto betrue or soundif it contains
thetrueskeleton;otherwisdt is saidincomplete Finally we proposeo studythe problemof model
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Figurel: In asearchconstrainedy S G; couldbe consideredut not G, becausdiXy; Xsi 6ZEs.

inferencefrom datagiven a superstructureS Sis assumedo be sound,andthe searchspaceis
restrictedto DAGs whoseskeletonsare containedin S asillustratedin Figure 1. Actually, the
“skeleton” learnedby MMPC is usedasa superstructurein MMHC. In fact, the skeletonof the
graphreturnedby MMHC is not provento be the samethanthe learnedone; someedgescanbe
missing. It is the samefor the candidateparentsin SC. Thus,the ideaof superstructurealready
existed,but we de ne it explicitly, which hasseveraladwantages.

First, adedicatederminologyenablegso emphasizéwo successie andindependenphasesn
structurelearningproblem: on one hand, learningwith high probability a soundsuperstructure
S (sparsef possible);on the otherhand,given suchstructure,searchingef ciently the restricted
spaceandreturningthe bestoptimumfound (global optimumif possible). This problemcutting
enableso malke clearerthe role and effect of eachpart. For example,sinceSC and MMHC use
the samesearchcomparingtheir resultsallow usdirectly to evaluatetheir superstructurelearning
approach.Moreover, while conceving a searchstratgy, it could be of a greatuseto considera
superstructuregiven. This way, insteadof startingfrom a generalintractablecase we have some
framework to assistreasoning:we give somepossibledirectionsin our future work. Finally, this
mannetto apprehendhe problemalreadyintegratesheideathatthetrue skeletonwill notbegiven
by anIT approachhencejt could be betterto learna bit densersuperstructureto reducemissing
edgeswhich shouldimprove accurag.

Finally, we shouldexplain how practically a soundsuperstructureS can be inferred. Even
without knowledge aboutcausality a quick analysisof the systemcould generatea rough draft
by determiningwhich interactionsareimpossible;localization,natureor temporalityof variables
often forbid evidently mary edges.In addition, for ary IT-basedtechniqueto learnthe skeleton,
the neighborhoof variablesor their Markov blanket couldbe usedto geta superstructure.This
one shouldbecomesoundwhile increasingthe signi cance level of the tests: this is becausave
only needto reducefalsenggative discovery. Althoughthe methodusedin PC algorithmcould be
agoodcandidateo learna not sparsebut soundsuperstructurewe illustrateourideawith MMPC
in Section5.1.

4.2 Constraining and Optimizing

Fromnow on, we will assumehatwe aregivena superstructureS= (X;Es) over X. Wereferto
the neighborhoof avariableX; in Sby N(X), thatis, the setof nodesconnectedo X; in S(i.e.,
fXj J hX; Xji 2 Esg); mis the maximaldegreeof S thatis, m= maxx2x jN(X)j. Our taskis to
globally maximizethe scorefunctionover our reducedsearchspace.
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Sincethe parentof every X; areconstrainedo beincludedin N(X;), thefunctionF hasto be
de nedonly for 8BA  N(X;). Consequentlycomputatiorof F in step(b) becomes:

(b*) ForeachX 2 X andeachA  N(X)
CalculateFs(X;; A) andFp(X; A) using(2)

Only the underlinedparthasbeenmodi ed; clearly, F still canbe computedrecursvely since
8X; 2 A, thesubsetnf X;g is alsoincludedin N(X;), andits F valueis alreadyknown. With this
slight modi cation, thetime compleity of computingF become€(n2™), whichis a decisve im-
provementopeningmary perspecties;moredetailsaregivenattheendof this section.However, to
keepformulae(5) and(3) correct,F(X;; A) for any subsefA hasto bereplacedy F(Xi; A\ N(X)).
Beforesimplifying the calculationof M, it is necessaryo introducethe notionof connectivity

De nition 5. Givenan undirectedgraph S= (X;Eg), a subsetA X is saidto be connectedf
A 6 0 andthesubgaphof Sinducedby A, Sa, is connectedcf. Figure 2).
In our study connectiity will alwaysreferto the connectiity in the superstructureS. Con(S)
will refertothesetof connectedubset®f X. In addition,eachnotemptysubsebf X canbebroken
down uniquelyinto thefollowing family of connectedubsets:

De nition 6. GivenanundirectedgraphS= (X;Es) andasubsefA X, letS = (Cy;E1); :S=
(Cp;Ep) bethe connecteccomponent®f the inducedsubgaph Sa. ThesubsetLC;; ;Cp are
calledthe maximalconnectedgubset®f A (cf. Figure 3).

Themostimportantpropertyof themaximalconnectedubset<,; ;C, of asubset is that,
whenp> 1 (i.e., whenA 6Xon(9)) for ary pair C;, Cj withi 6 j, C;\ C; = 0 andthereis no
edgedn Sbetweemodesof Cj andnodesof C;. Next we shaw thatthevalueof M for subsetshat
areunconnectedio not have to be explicitly calculatedwhich is the secondandlastmodi cation

2262



FINDING OPTIMAL BAYESIAN NETWORK GIVEN A SUPER-STRUCTURE

of Algorithm 1. Thevalidity of our algorithmis simultaneouslyroved.

Theorem 2. A constainedoptimalgraphcanbefoundby computingVl only overCon(S).

Proof: First, let considera subsetA 6Zon(S), its maximalconnectegsubsety; ;C, (p> 1),

andanoptimalconstrainedAG G = (A;E ). SinceG is constrainedy the superstructure and

following thede nition of themaximalconnectedubsetstherecannotbeedgesn G betweerary

elementin C; andary elementin C; if i 6 j. Thereforetheedgesof G canbedividedin p sets
E=Ei[ [ Epwith G = (Ci;Ej) aDAG overeveryC;. Moreover, all G; areoptimalconstrained
graphsotherwiseG would notbe. Consequentlywe canderive thetwo following formulas:

P

Ms(A) = & My(Ci); (7)
i=1

Mi(A) = M|(Cy): (8)

Formula(7) directly follows our previousconsiderationthatmaximizingthe scoreover A is equiv-
alentto maximizingit over eachC; independentlysincethey cannotaffecteachother Actually, any
M;(C;) is anoptimalsink andcouldbe selectedn (8); we choseM;(C1) sinceit is accesseflaster
whenusingthe datastructureproposedn Section4.3for M. By using(7) and(8) the value of M
for unconnectegubsetxanbe directly computedf neededrom the valuesof smallerconnected
subsetsThereforewe proposeo computeM only for connectedsubsetdy replacingstep(d) with
(d ) in Algorithm 2 describedbelan. Sinceeachsingletonf X;g is connectedstep(c) is not raising
aproblem.In step(d ) we considerA 2 Con(S) andapplyformula(5), if thereis X; 2 A suchthat
Bj = Anf X;jgis notconnectedwe thencandirectly calculateMs(B;) by applying(7). thevaluesof
M;s for themaximalconnectedubset®f B; arealreadycomputedsincethesesubsetsireof smaller
sizesthanA. ThereforeM;(A) andMg(A) canbe computed.Finally, it is alsopossibleto retrieve
w from (6) by using(8) if T is notconnectedwhich concludethe proof of this Theorem. [ |

We cannow formulateour optimizedversionof Algorithm 1 for optimal DAG searchcondi-
tionedby a superstructureS:

Algorithm 2.
(@) Initialize 8X; 2 X, Fs(Xi;0) andF,(X;;0) with (1)

(b*) ForeachX; 2 X andeachA  N(X)
Calculatef(Xi; A) andFp(X;; A) using(2)

(c*) Initialize 8X;, Mg(f X;g) andM; (f Xig) using(4)

(d*) ForeachA 2 Con(S) with jAj> 1
CalculateMg(A) andM;(A) using(5) and(7)

(e*) Build anoptimalorderingw using(6) and(8)
() Returnthebestw -lineargraphG,, using(3)

Theunderlinedpartsof Algorithm 2 arethe modi cationsintroducedn Algorithm 1. Compu-
tationalcompleity andcorrectnes®f (b ) hasalreadybeenpresented With Theorem2, validity
of ouralgorithmis assuredandsincein (c ) and(d ) every elementof Con(S) areconsiderednly
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once,thetotal computationatompleity is in O(n2™+ jCon(9)j); hereagain compleity refersto
thenumberof timesformulae(2) or (5) arecomputed We will describén thenext Sectionamethod
to considemnly connectedgubsetsandcomeover the numberof connectegubset®f Sin Section
4.4. Although setoperatorsare usedhearily in our algorithm, suchoperationscanbe ef ciently
implementedandconsidereaf a negligible costascomparedo otheroperationssuchasscorecal-
culations.Concerninghe compleity of calculatingF, O(n2™) is in factalarge upperbound. Still,
sinceit dependnly linearly on the size of the graphs,F canbe computedor graphsof ary size
if theirmaximaldegreeis lessthanaroundthirty. This enablesusageof this functionin new search
stratgiesfor mary realsystemshatcouldnotbe consideredvithout constraintWe shouldremark
that somecasef intereststill cannotbe studiedsincethis upperlimitation on m constrainsalso
the maximalnumberof childrenof every variables. However, this dif culty concernsalsomary
IT-approachesincetheir compleity alsodependgxponentiallyon m (seeTsamardinogtal. 2006
for MMPC andKalisch and Buhimann2007for PC). Finally, like in Algorithm 1, the numberof
scorexcalculateccanbereducedo O(nnf) by constrainingon the numberof parents.

Although the numberof M andF valuescalculatedis strictly reduced,a potentialdravback
of Algorithm 2 is that memorycannotbe regycled arymore. First, when (5) is usedduring step
(d ), now F5(Xi;Bj\ N(X)) is required,andnothingcanbe saidaboutjB;\ N(X;)j implying that
we shouldstoreevery value of Fs computedbefore. Similar agumentshold for F, in caseM, is
usedto storeoptimal graphsandfor Mg andM, becausg7) and(8) could have to be usedarytime
during (d ) and (e ) respectiely. However, sincespacecompleity of F is O(n2™) andthe one
of M is O(jCon(9)j) (cf. next section),if mis boun'gedAIgorithm 2 shoulduselessmemorythan
Algorithm 1 evenwhenregycling memory(i.e., O(" n2") assuminghat a settakesO(1) space).
This softenthe signi canceof regycling memoryin our case.

Finally, sinceour presentatiorof Algorithm 2 is mainly formal, we should detail how it is
practically possibleto browseef ciently only the connectedsubsetof X. For this, we presenin
the next sectiona simpledatastructureto storevaluesof M anda methodto build it.

4.3 Representationof Con(S)

For every A 2 Con(S) wede ne N(A) = SmA N(X) nA, thatis thesetof variablesneighboring
Ain S Forevery X; 627, wenoteA = A[ fXg, it is connectedf andonly if X; 2 N(A). Finally,
for a subsetA not empty let min(A) be the smallestindex in A, thatis, min(A) = i meansthat
X 2 A and8X; 2 A; j i; by corvention,min(®) = 0. Now we introducean auxiliary directed
graphG?” = (Con(S?;E?), whereCon(S)? = Con(S) [ f0g andthesetof directededgesE? is such
thatthereis an edgefrom A to B if andonly if A B andjBj = jAj+ 1. In otherwords,with
the cornventionthat N(0) = X, E? = f(A;A’); 8A 2 Con(S)? and8X% 2 N(A)g. Actually, G? is
trivially a DAG sincearcsalwaysgo from smallerto biggersubsetsFinally, let de ne H asbeing
the spanningreeobtainedrom thefollowing depth- rst-searc{DFS)on G” :

Thesearchstartsfrom 0.

While visiting A 2 Con(S)?: for all X, 2 N(A) consideredy increasingndices(i.e., such
thatk; < < Kp, wherep = jN(A)j) visit the child A; if it wasnotyetdone. Whenall
childrenaredone the searctbacktracks.

Sincethereis a pathfrom the empty setto every connectedsubsetin G?, the nodesof the tree
H represenunambiguoushCon(S)?. We useH asa datastructureto storethe valuesof M in
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Figure4: G” andH for agivenS. Fb(A) is indicatedin redabove eachnodein H.

Algorithm 2; this structures illustratedby anexamplein Figure4. Further we proposea methodto

build H directly from Swithout having to build G? explicitly. First, we noticethataftervisiting A,

every B 2 Con(S) suchthatB A have beenvisitedfor sure.Whenvisiting A, we shouldconsider
only thechildrenof A thatwerenotyetvisited. For this,we de ne:

Fb(A) is thesetof forbiddenvariablesof A, thatis: for everyB 2 Con(S) withB A, B has
beenalreadyvisitedif andonlyif B AT with X; 2 Fb(A).

By de ning recursvely this forbiddensetfor every child of A that hasnot yet beenvisited, we
derive thefollowing methodto build H:

Method 1.

1: Createtherootof H (i.e., 0), andinitialize Fb(0) = 0.

2 ForifromOton 1,andforall Ain H suchthatjAj =i

3: SetFb = Fb(A),

4. For every Xy, 2 N(A)nFb(A) consideredy increasingndices
5: Addto A thechild Ay in H andde ne Fb(Ay ) = Fb

6 UpdateFb = Fb,’

The correctnes®f Method1 is provenin the next Theorem.In orderto derive thetime com-
plexity of step(d ) in termsof basicoperationswhile usingMethod1 in Algorithm 2, let consider
thatthe calculationtakesplaceon a x-bit machineandthatn is at maximumfew timesgreaterthan
X. Thus,subsetsequiresO(1) spaceandary operationon subsetaredonein O(1) time, except
min(A) (in O(log(n)) time).

Theorem 3. ThefunctionM canbe computedn timeandspaceproportionalto O(jCon(S)j), upto
somepolynomialfactors. With Method1, M is computedn O(log(n)n?jCon(S)j) timeandrequires

O(jCon(9)j) space

Proof: First, to prove correctnessf Method1, we shaw thatif Fb(A) is correctlyde nedin regard
to our DFS,thesearchfrom A proceedsasexpectedandthatbeforebacktrackingevery connected
supersebf A hasbeenvisited. The casewhenall the variablesneighboringA areforbiddenbeing
trivial, we directly considerall the elementsX,,; ;Xg, of N(A)nFb(A) by increasingindices
likein DFS(with p  1). Then,Ap shouldbevisited rst, andFb(Ay ) = Fb(A) because8X; 2

2265



PERRIER

Fb(A) amongthe superset®f A}“ thereis alsothe superset®f A‘k”;j. Now let supposehat the
forbiddensetswere correctlyde ned andthatthe visits correctly proceededintil A;: if i = pby
hypothesiswe explored every connectedsuperset®f the childrenof A andthe searchbacktrack
correctly Otherwisewe shouldde ne Fb(Ay ) = Fb(A)[ X9l [ fXqg= Fb(Ay ) totake
into accountall supersetsisited duringthe previousrecursve searchesAlthoughMethod1 does
notproceedecursvely (to follow thede nition of M), sinceit useshe sameformulaeto de ne the
forbiddensets,andsinceFb(0) is correctlyinitialized, H is built asexpected.

To beableto acces®asilyM(A), we keepfor every nodeanauxiliary setde ned by Nb(A) =
N(A)nFb(A) thatis easilycomputedasprocessingMethod 1. Sincethereis O(jCon(S)j) nodes
in H, eachstoringa valueof M andtwo subsetgequiringO(1) spacethe assertioraboutspace
compleity is correct.

Finally, building a noderequiresO(1) setoperationsTo accesdM(A) evenfor anunconnected
subsetwe proceedn thefollowing manner:we startfrom theroot,andde ne T = A. Then,when
we rushedthenodeB A, with i = min(Nb(B)\ T), we withdraw X; from T, andgo down to the
it child of B. If i = O thenif T = 0 we foundthenodeof A; otherwisewe rushedthe rst maximal
connectedomponentf A, thatis, C, of whichwe canaccumulatéhe M valuein orderto apply(7)
or (8). In thatcasewe continuethe searchby restartingfrom the root with the variablesremaining
in T. In ary casesat maximummin is usedO(n) timesto nd M(A), implying atime compleity
of O(log(n)n?) for formula(5). [ |

It is interestingto notice that, even without memoizationthe valuesof M canbe calculated
in differentordet For example,by calling H; the subtreeof H startingfrom f Xig, only valuesof
M over H;j suchthat j i arerequired. Thenit is feasibleto calculateM from Hy to Hy, which
couldbeusedto applysomebranch-pruningulesbasedn known valuesof M or to applydifferent
strat@iesdependingon thetopologyof the connectedubsettheseareonly suppositions.

More practically otherapproacttould be proposedo build a spanningreeof G” andMethod
1is presentedhereonly to completeourimplementatiorandillustrate Theorem3. We shouldnote
thatonecanalsoimplementthe calculationof M over Con(S) in atop-davn fashionusingmemo-
izationandanauxiliary functionto list maximalconnectedomponent®f a subset However, such
implementationsvill belessef cient bothin spaceandtime compleity. Evenwithout considering
thecostof recursve programminglisting connectedcomponentss in O(nm). Then,in orderto not
wastean exponentialfactorof memory self balancedreesshouldbe usedto storethe memorized
valuesof M: it would requireO(n) time to accessa valueandup to O(n?) if (7) is used. This
shouldbe repeatedd(n) timesto apply (5), which implies a compleity of aroundO(n3jCon(9)j).
Consequentlywe believe thatMethod1 is a competitve implementatiorof step(d ).

4.4 Counting ConnectedSubsetsof a Graph

To understandhe compleity of Algorithm 2, the asymptoticbehaior of jCon(S)j should be
derived, dependingon someattributesof S. Comparingthe trivial casesof a linear graph(i.e.,
m  2)wherejCon(S)j = O(n?) andastargraph(i.e., onenodeis the neighborof all others)where
jCon(9)j= 2" 1+ n 1 clearlyindicatesthatjCon(S)j dependsstronglyon the degreesof Srather
thanonthenumberof edgesor numberof cycles. Oneimportantresultfrom Bjorklundetal. (2008)
is thatjCon(S)j = O(b?) with by, = (2™ 1 l)ﬁ acoefcient thatonly depend®n the maximal
degreemof S,
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Figure5: Experimentablerivation of gy, ds andfimax, (M).

Still, sincethis upperboundis probablyover-estimatedyve tried to evaluatea betteroneexper
imentally For every pair (m;n) of parametergonsidered we randomlygenerated00 undirected
graphsS pushingtheir structuregowardsa maximizationof the numberof connectegsubsetsFor
this, all the nodeshadexactly m neighborsandS shouldat leastbe connected.Then,sinceaftera

rst seriesof experimentghe mostcomple structuresappearedo be similarto full (m 1)-trees,
with a root having m childrenandleavesbeingconnectedo eachother only suchstructuresvere
considerediuring a secondseriesof experiments.Finally, for eachpair (m; n), from the maximal

numberR,. ,, of connectedsubsetgound, we calculatedexp(@)) in orderto searchfor anex-
ponentialbehaior asshovn in Figure5(a).

Results1. Our experimentaimeasuesled usto proposethatjCon(S)j = O(gn") (cf. Figure 5(a)).
Theweakpointof our stratey is thatmoregraphsshouldbe considemwhile increasingn, since
thenumberof possiblegraphsalsoincreasesUnfortunatelythisis hardlyfeasiblein practicesince
countinggetslongerwith larger graphs. NeverthelessResults1 were con rmed during a more
detailedstudyof thecasem= 3 usingl0timesmoregraphsandupto n= 30. In addition,eventhis
estimatedupperboundis practically of a limited interestsinceit still dramaticallyoverestimates
jCon(9)j for real networks. Real networks arenot, in general,asregular and as densegraphsas
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Compleity Algorithm 1 (OS) | Algorithm 2 (COS)
Time (steps) O(n2") O(jCon(9)j)
in details O(n?2") O(log(n)n%jCon(9)j)
scorescomputed n2" O(n2™M)
if jPaj < c Q(n™h) o(nnf)
Space o( (n)2" O(jCon(9)j)

Tablel: Improvementachiezedby COS.

S jCon(9)j somevalues
Tree-like | O(ap) az 158,a;, 1.65,as 1.707
General | O(bp) bz 1:968,b, 1:987,bs 1:995
Measured| O(dy) e 181,00 192,05 1.96
Inaverage| O(d3) | dis 1:3,dr 1:5,dps 1:63,d3 1.74

Table2: Resultson jCon(9)j

the onesusedin previous experiments.To illustratethat O(gy") is a pessimisticupperbound,we

derivedthetheoreticaupperboundof jCon(S)j for tree-like structuresf maximaldegreem. Thisis

givenasanexample,althoughit might help estimationof jCon(S)j for structureshaving abounded
numberof cycles. The proofis deferredto the Appendix.

Proposition 1. If Sis a forest,thenjCon(S)j = O(ap,) witha, = (zmTl”)ﬁ

Finally, we studiedtheaveragesizeof jCon(9)j for alargerangeof averagedegreesm. For each
pair (n; M) consideredye generated 0000randomgraphsandaveragedhe numberof connected
subsetdo obtainR,. m. No constraintvasimposedon m, sincegraphsweregeneratedby randomly
addingedgesuntil b”%‘c. In eachcasewe calculatedexp(—™ '”(R” ) )) to searchfor anasymptoticbe-
havior onm.

Results2. On average, for superstructues havingan average degree of m, jCon(S)j increases
asymptoticallyasO(dg") , seeFigure 5(b) and(c) for more details.
BasedontheassumptiorthatAlgorithm 1 is feasibleat maximumfor graphsof sizenmay, = 30
(SilanderandMyllym aki, 2006),we calculatedimay, (M) = nmaxll"z(z)) thatcanbeinterpretecasan
estimationof the maximalsize of graphsthatcanbe consideredy Algorithm 2 dependingon .
As shavn in Figure5(d), onaveragejt shouldbefeasibleto considergraphshaving upto 50 nodes
with Algorithm 2 if M= 2. Moreover, since Ilmodm = 1, our algorithm canbe appliedto graphs

of ary sizesif they areenoughsparse Unfortunatelythe casewhenm< 2 is notreally interesting
sinceit impliesthatnetworksaremainly unconnected.

To conclude we summarizeandcomparethe time and spacecompleities of both Algorithms
in Table 1, using the samehypothesison the size of a subsetas Section4.3. We neglectedthe
compleity dueto F in our algorithm,which is justi ed if mis not huge. Concerningthe space
compl«ity of Algorithm 1, the maximal spaceneededwhile regycling memoryis used. Results
on O(jCon(9)j) arelistedin Table2. If superstructuresS arerelatvely sparseandhave a bounded
maximal degree,the speedimprovementof Algorithm 2 over Algorithm 1 shouldincreasesxpo-
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nentiallywith n. Moreover, our algorithmcanbe appliedto somesmallreal networks thatarenot
feasiblefor Algorithm 1.

5. Experimental Evaluation

Although the demonstrationsoncerningcorrectnessnd compleity of Algorithm 2 enableus to
anticipateresultsobtainedexperimentally someessentiapointsremainto bestudied . Amongthem,
we shoulddemonstratgracticallythat, in the absencef prior knowvledge, it is feasibleto learna
soundsuperstructurewith a relaxed IT approach.We chooseto testour propositionon MMPC
(Tsamardinoset al., 2006) in Section5.2; the detailsof this algorithm are brie y reintroduced
in Section5.1.4. Secondly we compareCOSto OS to con rm the speedimprovementof our
methodandstudythe effect of usinga soundconstrainin Section5.3. We alsoshouldevaluatethe
worseningin termsof accurag dueto the incompletenessf an approximatedsuperstructure.in
this casewe proposeandevaluatea greedymethod,COS+,to improve substantiallythe resultsof
COS.In Sections.4,we compareour methoddo othergreedyalgorithmsto shav that,evenwith an
incompletesuperstructure,COS,andespeciallyCOS+,are competitve algorithmsto studysmall
networks. Finally we illustratethis point by studyingthe ALARM Network (Beinlich etal., 1989)
in Section5.5,abenchmarlof structurdearningalgorithmfor which OSis notfeasible.

5.1 Experimental Approach

Exceptin thelastrealexperimentwe areinterestedn comparingnethodor algorithmsfor various
setof parameterssuchas: the sizeof the networksn, their averagedegreerm (to measuresffect of
sparsenessn Algorithm 2), the sizeof dataconsidered! andthe signi cancelevel a usedto learn
the superstructure.

5.1.1 NETWORKS AND DATA CONSIDERED

Dueto the sizellimitation imposedby Algorithm 1, only small networks canbe learned. Further
sincethereit is hardly feasibleto nd mary real networks for every pair (n; M) of interest,we
randomlygeneratedhe networksto which we apply structurelearning. Givena pair (n; M), DAGs
of sizen aregeneratedby addingrandomlyb@c edgeswhile assuringhatcyclesarenot created.

For simplicity, we consideredonly Booleanvariables;therefore,Bayesiannetworks are ob-
tainedfrom eachDAG by generatingconditionalprobabilitiesP(X; = OjPa; = pa}‘) for all X; and
all possiblepal by choosinga randomrealnumberin ]0; 1[. Then,d dataarearti cially generated
from suchBayesiametworks, by following their entailedprobability distribution.

Finally, the dataare usedto learna network with every algorithmand somecriteria are mea-
sured. In orderto generalizeour results,we repeatg timesthe previous stepsfor eachquadruplet
(n;i;a;d). Thevaluesof eachcriterion of comparisorfor every algorithmareaveragedon theg
learnedgraphs.

5.1.2 COMPARISON CRITERIA

While learningBayesiametworks, we evaluatethe performancesf every algorithmon threecrite-
ria. Sincethelearningtaskconsistan the maximizationof the scorefunction,a naturalcriterionto
evaluatethe quality of thelearnednetwork is its score.In our experimentswve useBIC becaus®f
its speedof evaluation.Sincewe areinterestedn comparingresultsin termsof scoredependingn
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n or Min adiagramwe do not directly represenscoreqtheir valueschangeradically for different
parametershut usea scoreratio to the optimalscore: % wherethelabelof thegraphindi-
cateswhich Algorithm wasused.Thebetteris the scoreobtainedby analgorithm,thecloserto 1 is
its scoreratio. We preferredto usethe bestscoreratherthanthe scoreof thetrue network, because
the true network is rarely optimal; its scoreis even strongly penalizedf its structureis denseand
datasetsaresmall. Thereforeijt is not corvenientto useit asareferencean termsof score.

The secondcriterion is a measureof the compl«ity estimatedoy the executiontime of each
algorithm,referredasTime Of coursethisis notthe mostreliableway to estimatecompleity, but
sincecalculationsaredoneon the samemachine andsincemeasuresreaveragedon few similar
calculations,executiontime shouldapproximatecorrectly the compleity. To avoid bias of this
criterion, commonroutinesare sharedamongalgorithms(suchasthe scorefunction, the structure
learningmethodandthehill climbing search).

Finally, sinceour aim is to learna true network, we usea structuralhammingdistancethat
compareshelearnedgraphwith theoriginal one.As proposedn Tsamardinogtal. (2006),to take
into consideratiorequivalenceclassesthe CPDAGs of both original andlearnedDAGs are built
andcompared.This de nesthe structuralerrorratio SERof alearnedgraph,which is the number
of extra, missing,andwrongly orientededgesdivided by the total numberof edgesn the original
graph.In ourcasewe penalizenrongly orientededgenly by half, becauseve considethaterrors
in the skeletonaremore“grave” thanthosein edgesorientation. The reasons not only visual: a
missingedge,or an extra edge,implies more mistalesin termsof conditionalindependenciem
generatthanwrongly orientedones. Moreover, in CPDAGSs, the factthatan edgeis not correctly
orientedis often causedby extra or missing edges. Furthermore,sucha modi cation doesnot
intrinsically changetheresults sinceit bene tsevery algorithmon the samemanner

5.1.3 HiLL CLIMBING

Althoughhill climbing searcheareusedby differentalgorithms we implementecnly onesearch
thatis usedin all casesThis searclcanconsidera structuralconstraintS, andis givenagraphGinj
fromwhichto startthesearchThenit processeassummarizedn Section2.2,selectingateachstep
the besttransformatioramongall edgewithdrawvals, edgereversalsand edgeadditionsaccording
to the structureconstraint. The searchstopsas soonsas the scorecannotbe strictly improved
arymore. If severaltransformationgnvolve the sameincreaseof the score the rst transformation
encountereds applyed. This impliesthatthe resultswill dependon the orderingof the variables;
however, sincethe graphsconsideredare randomlygeneratedtheir topological orderingis also
random andin averagetheresultsfoundby our searchshouldnot be biased.

5.1.4 REcALL ON MMPC

In Section5.3 atrue superstructureis givenasa prior knowledge;otherwisewe shouldusean IT-
approacho approximatehe structuralconstraintS from data. SinceMMHC algorithmis included
in our experiments we decidedto illustrate our ideaof relaxed independeng testingon MMPC
stratgy (Tsamardinotal., 2006).

In MMPC, the following independeng testis usedto infer independencieamongvariables.
Giventwo variablesX; andX;, it is possibleto measuref they areindependentonditioningon a
subsetof variablesA  Xnf X;; X;g by usingthe G? statistic(Spirteset al., 2000),underthe null
hypothesisof conditionalindependeng holding. Referringby N2* to the numberof timesthat
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Xi = a, X; = bandA = c simultaneouslyn thedata,G? is de ned by:

NabCNC
2 _ 2 abc

ab;c

The G? statisticis asymptoticallydistrioutedasc? underthe null hypothesis.The c? testreturns
a p-value,P 1 (X; XjjA), thatcorrespondso the probability of falselyrejectingthe null hypothesis
givenit is true;in MMPC, the effective numberof parametersle ned in SteckandJaaklola (2002)

is usedasdegreeof freedom.Thusgivenasigni cancelevel a, if Pt a null hypothesiss rejected,
thatis, X; andX; areconsideredisconditionallydependentOtherwise the hypothesiss accepted
(akbusingsomehav of themeaningof thetest),andvariablesaredeclarecconditionallyindependent.
Themainideaof MMPC is: givenaconditioningsetA, insteadof consideringpnly Pyt (Xi; XjjA) to

decidedependenyg it is morerobustto considerana/fFﬁT(Xi ; XjjB); thatway, the decisionis based

on moretests;p-valuesalreadycomputedarecachedandreusedo calculatethis maximal p-value.
Finally, MMPC build theneighborhooaf eachvariableX; (calledthesetof parentsandchildren,or
PC) by addingsuccessiely potentialneighborsof X; from atemporarysetT. While conditioning
on the actualneighborhoodPC, the variable Xy 2 T that minimizesthe maximal p-valuede ned
beforeis selectedbecausdt is thevariablethe mostrelatedto X;. During this phasegvery variable
thatappearsndependenof X is not considerecarymoreandwithdravn from T. ThenwhenX is
addedto PC, wetestif all neighborsarealwaysconditionallydependentif somearenot, they are
withdravn from PC andnot consideredrymore. This procesendswhenT becomegmpty

We presentfurther the detailsof our implementationof MMPC, referredas Method 2; it is
slightly differentfrom the original presentatiorof MMPC, but the main stepsof the algorithmare
thesame.Onecanprove by usingTheoreml thatif theindependenciearecorrectlyestimatedthis
Methodshouldreturnthetrueskeleton which shouldbethecasdn the sampldimit. Aboutcompu-
tationalcompleity, onecanderive that MMPC shouldcalculatearoundO(n?2™) testsin average.
However, nothingcanbe saidin practiceaboutthe maximalsize of PC, especiallyif mary false
dependenciesccurs.Thereforethetime compleity of MMPC canbein theworstcaseO(n%2").

Method 2 (MMPC). (Tsamardinosetal., 2006)
1: For8X% 2 X
2. Initialize PC= 0 andT = X nf Xig
While T 6 0
For8X;2 T, if EE“%)C(HT(X‘;XJjB) > a thenT = Tnf Xjg
De ne X, = )TzigéngéHT(Xi;ijB) andPC= PCJ[ fXg
For8X; 2 PCnf Xcg,if max R1(X;X;jB)> a ThenPC= PCnf Xjg
B PQTfX;g
N(X) = PC

: For8X; 2 X and8X; 2 N(X;)
If X; 62N(X;) ThenN(X) = N(X;)nf X;g

o N o g Aw

5.2 Learning a Super-structur e with MMPC

To emphasizehe feasibility of learninga superstructurefrom data,we study how changeghe
skeletonlearnedby MMPC while a increasesgonsideringvariouscasef (n; m; d). As proposed
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Figure6: Effectsof d anda ontheresultsof Method?2.

before,we averageour criteriaof interestover g = 50 differentgraphsfor every setof parameters.
In the presentcaseour criteriaare: the time of executionTime, the ratio of wrong edgegmissing
andextra) Error, andthe ratio of missingedgesMiss of the learnedskeleton. Here again, these
ratiosare de ned while comparingto the true skeletonanddividing by its total numberof edges
b%ﬁc. While learninga skeleton, Error shouldbe minimized; however in the caseof learninga
superstructure Missis the criterionto minimize.
Results3 lima 1 Misqa) = 0, which validatesour propositionof usinghighera to learn super
structues (cf. Figure 6(a)). Of course we obtain the sameresults with increasing data,
limg ¥ Misga) = 0. However, sincewhena ! 1, Timga) O(n?2" 2), highvaluesof a canbe
practically infeasible(cf. Figure 6(b)). Theefore, to escapea time-consumingtructue-learning
phasea shouldbekeptunder0:25if usingMMPC.

In Figure6(a),onecanalsonoticethatError is minimizedfora  0:01,thatis why suchvalues
areusedwhile learninga skeleton.Next, we summarizehe effect of n andm onthecriteria:

Results4 Increasinga improvesuniformly the ration of missingedgesindependentlyf n and m
(cf. Figure 7(c) and(d)). Misga) is not strongly affectedby increasingn but it is by increasingm;
thusfor densegraphs,the superstructuesapproximatedoy MMPC will probablynotbe sound.

Previousstatementouldbeexplainedby thefactthatwhenmincreasesthe sizeof conditional
probability tablesof eachnodeincreasesnormously Thus, the probability of creatingweak or
nearlyunfaithful dependenciebetweena nodeandsomeof its parentsalsoincreases.Therefore,
theproportionof edgeghataredif cult to learnincreasesiswell. To completeanalysisof Figure?,
we cannotice asexpectedthat Time increase®n a polynomialmannerwith n (cf. Figure7 (e)),
which penalizesspeciallythe usageof higha. Error(a) is minimizedin generafor a = 0:01 or
a = 0:05dependingnn andm: for agivenm, lowera (suchasa = 0:01) arebetterchoicesvhen
n increasegcf. Figure7(a)); corversely if Mincreasedor a x edn, highera (suchasa = 0.05)
arefavored(Figure7(b)). This canbejusti ed, sinceif mis relatively high, highera thataremore
permissve in termsof dependenciewill misslessedgesasopposedo lower oneswith nite set
of data.

In conclusion,althougha  0:01 is preferablewhile learninga skeletonwith MMPC, higher
signi cance leves can be usedto reducethe numberof missingedges,and approximatea super
structure. Still, in this case,dueto the exponentialtime compleity of MMPC if a is too high,
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valuesof a shouldbe selectedo compromiséetweertime compleity andratio of missingedges.
Exceptfor n < 30 with m < 2:5 wherea = 0:25 is feasibleand gives good results,the learned
superstructurewill be probablyincomplete gspeciallyif theoriginal graphis dense:consequently
COSwill notperformaswell asOSwhenSis approximatedvith MMPC.
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5.3 Comparisonof OSand COS

In this secondseriesof experimentwe compareAlgorithm 1 andAlgorithm 2 overalargesampling
of graphsfor con rming andevaluatingresultspresentedn Tablel1. Algorithm 1, referredasOS,
is always given the true maximal numberof parentsc for eachstructurelearning: this way, its
executiontime is considerablyreduced,and we could conductour experimentsin a reasonable
time. Still, to emphasizéhatthis prior knowledgeis considerablyimproving the speedof OS,we
alsoconsideredanotherversionof Algorithm 1 thatusesin all casesa standardnaximalnumber
of parentsequalto 10: it is referredas OS*. Regarding Algorithm 2, two casesare took into
consideration:

TCOS:asoundsuperstructures givento thealgorithm;we usethetrue skeleton.

COSa@): Sis learnedrom thedataby usingMMPC anda signi cancelevel a: awiderange
of valuesaretested.

However, we know from previous sectionthat MMPC will probablylearnan incompletesuper

structure,andthat Gcoga) Will be penalizedbothin its scoreandaccurag. Therefore we check
the effect of applyinga post-processingnconstrainedhill climbing searchstartingfrom Geoga)-

In fact, Gcoga) mMight not be a local optimumif the superstructureconstraintis removed; fur-

ther, it could be a good startingpoint for a hill climbing search. The postprocessedersionof

COSis referredas COS+. Finally we compareall thosealgorithmsfor every n 2 [6;8; ;20Q],

m2 [1;1.5; ;3],d2[50G1000 ;1000Q while averagingthe criteria of interestover g = 30

graphs:in total 4800randomgraphswereused.Sincetherewasno relevantdifferenceslepending
ond, only theresultsfor d = 10000arereportedhere.

Results5 As expected,TCOSand COS@) proceedexponentiallyfasterthan OS,evenwitha 1
(cf. Figures8 (a) and (b)).

Interestingly the speedactorin Figure8(a),is not purely exponential especiallyfor higherm.
Thisis becausethe compleity of OSis dueto the costlyO(n®) scorecalculationgherec = O(m))
andthe O(2") stepgb) and(d) thatdominatethe complexity only for largen. As for TCOS, it only
calculate®D(n) scoresandneedsaroundO(dy,) steps.Thus,thespeedactorstartsby increasingast
with n becausef the O(n°) scoreof OS,beforedecreasingo behae asymptoticallyasO( % n).
In Figure 8(b), the compleity of OS* is alsorepresentedwithout limitation on the numberof
parentsthe speedatio would be purely exponential.

To evaluatethe quality of the graphslearneddependingon the algorithmused,for n= 12 and
m= 2 we comparethe SERandthe scoreratio of Gcogay andGepga)y+ dependingon a with the
onesof Gos andGrcosin Figure9. Thenin Figurel10, thecriteriaarerepresentedependingnn
(with m= 2:5), andon m (with n = 16) for every algorithms:here,just threedifferentvaluesof a
areconsidered0.001,0.05and0.75).

Results6 In avetage, Grcos hasa slightly lower scoke than Gog (cf. Figure 9 (b)), but it is more
accurate (cf. Figure 9 (c), Figures10 (c) and(d)): it impliesthat global optimacontainin geneal
extra edges.Hence Algorithm2 is prefemableif a soundconstaint is known.

This importantresultemphasizesgain thatthe optimaof a scorefunctionwith nite dataare
not the true networks usually: somefalseedgesimprove the scoreof a graph. Therefore,struc-
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tural constraintshouldbe generalizedvheneer a soundsuperstructureis known: by doingso,the
resultinggraphsalthoughhaving alower scorecanbe moreaccuratelt is the casefor TCOS.

Results7 AlthoughScore(Geoga)) corvergesto Score(Gos) whena increasegct. Figure 9(a)), it

is usuallyfar lower, and worsenwith larger networksor densemetworks(cf. Figures10 (a) and

(b)). However, SER(Gcoga)) is conveming fasterto SER(Gos) whena increaseswhich enables
to nd relatively accuiate resultsfor a  0:01 (cf. Figure 9(c)). In addition, n doesnot affect
sensitivelySER(Gcoga)) (cf. Figure 10 (c)), neitherdoesm if a is enoughhigh, thatis,a  0.05

(cf. Figure 10 (d)).

At rst sight,theseresultssoundreally negative with regardto COSalgorithm,or moreexactly,
with regardto the superstructurelearnedoy MMPC. However, althoughScore(Gcoga)) is disap-
pointingly low, SER(Gcogay) is still relatively good:while SER(Gos)  0:1, SER(Gcos)  0:2for
a assmallas0:01in Figure9 (c). Of course following Results6, we could think thatfor enough
higha, SER(Gcoga)) SER(Gos), butit seemso be hardlyfeasiblewhile usingMMPC: in this
casewhenlT arerelaxed(i.e.,a! 1),falseedgedhatimprovethescorearelearnedasterthanthe
trueonesmissing.Still, asit appearén Figuresl0(c) and(d), for a = 0:75,COS nds graphsearly
asaccurateasthe optimal ones. Therefore whenOS is not feasible,COS could be an alternatve
to greedysearchegsuchsituationis studiedin following Sections).Interestingly our assumption
aboutthe potentialinterestof a hill climbing startingfrom Gcoga) areencouragedinceGeogay
hasalow scorewhile beingrelatively accurateNext, we focuson COS+.
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Figure10: Evolution of ScoreandSERfor every algorithmdependingon n and.

Results8 For anya, after post-pocessingscore(Geoga)+ ) is nearly as goodas Score(Gos) (cf.
Figure9 (a), Figures10(a) and(b)). Gcoga)+ iSin generl moreaccurtethanGeoga) (cf. Figures
10(c) and(d)), butit is notalwaysthecase Still, SERis clearlyimprovedfor a < 0:01(cf. Figure9
(c)): COS+couldbefeasibleonlarger networkswhile giving interestingresultsif sufciently small
a areused.

As expected Gcoga) Is Notalocal optima,andis atleastagoodstartingpointto maximizethe
score.Figure9 (b) presentsa detailedview of Score(Geogay+ ): With postprocessingywe cannot
besurethatScore(Geogay+ ) increasestrictly with a becausef thegreedynatureof hill climbing.
For the samereasonsprevious resultsconcerninghe SERaretrue only in average.To complete
Results8, we shouldremarkthat post-processinglso appeardo improve SERfor densegraphs
(cf. Figure10 (d)). Thisis probablydueto thefactthat MMPC missesmary true edgesvhenthe
structures densethegreedysearchwould addmoretrue edgesmissingthanfalseones,mproving
consequentlyhe SER.

To summarizehis section,TCOSis superiorto OSin termsof structureaccurayg, while per
forming faster However, whenS is learnedfrom data, COS cannotperformaswell asOS. One
efcient stratgy to improve bothscoreandaccurag of Gepgis to proceedo a post-processingn-
constrainedill climbing search With suchanimprovement,bothscoreandaccurag of Geoga)+
becomesimilar for ary a used,despitea relative superiorityfor highersigni cancelevels. Con-
sequentlyit would be interestingto compareCOS and COS+to greedysearchesto seeif they
enableto learnef ciently moreaccurategraphsthanothermethodswhile beinggivenincomplete
superstructures.
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Figurell: Score, SERandtime of every algorithmdependingon n andm.

5.4 COSand COS+Comparedto Heuristic Searches

In this last seriesof experiment,we compareCOS and COS+to other greedysearches. The
structuralconstraintis learnedwith MMPC anda = 0:05, it is usedby COSandalsoby a con-
strainedhill climbing searc(MMHC). Like COS+,Guymuc is usedto startan unconstrainedhill
climbing (MMHC+). Finally, a classichill climbing searchfrom the emptygraphis alsoconsid-
ered(HC). Actually, OSis also performed,but it is not directly referredin this section. Every
n2 [6;10;14;18;20], M2 [1;1.5; 2;2:5; 3], d 2 [500, 1000 5000 1000Q areconsideredndcriteria
areaveragedover g = 30graphs:in total 3000graphsareused.

Figure 11 presentghe threecriteriain function of n andm; hered = 5000. Synopticresults
are presentedn Figures12 and 13, and summarizedn Tables3 and4. To obtainthesetables,
we orderedalgorithmsby scorefor all the 100 triplets (n; rf; d) (the scoresafter averagingover
the g graphswere used). Subsequentlywe countedthe numberof times eachalgorithmwas at
a givenrank: If two algorithmshad equalresults,they were given the samerank (cf. Table 3).
We thenperformeda similar rankingby comparingSER;the rst ranked algorithmbeingthe one
that minimized SER (cf. Table4). In Figures12 and 13 ranksarerepresentedby colorsandall
algorithmscan be directly comparedfor every triplet (n;m;d). However, while consideringthe
impact of theseresults,one shouldtake the fact that criteria are comparedafter averaginginto
accountinceit accentuatethe contrastbetweerlgorithms.

Results 9 In general, Score(Geos:) Score(Gmmuc+) Score(Gpe) Score(Geos)
Score( Gumnc) (cf. Figures1l1 (a), (b), 12 and Table 3). In otherwords, the superstructuie penal-
izesthescor in comparisorwith HC; howerer, startinga greedyseach froma constainedoptimal
graphenablego nd betterscoresthanHC.

Many of theseinequalitiesarenaturallyfollowing thede nition of thealgorithms;anothempart
comesfrom the fact that S is incompleteand penalizesthe scoreof the results. Moreover, our
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Algorithm | 1St | 2nd [ 3rd | 4th [ 5th Algorithm | 1St [ 2nd [ 3rd | 4th [ 5th
COS+ |84 8 8 0 0 COS+ |85 9 6 0| O
MMHC+ | 12| 70 | 18 | O 0 COS 14| 52 (22|12 | O
HC 7128 |65| 0 0 MMHC+ | 6 | 29 | 28 | 35| 2
COS 0 1 8 191 O MMHC 0 |12 | 34| 31| 23
MMHC 0 0 1 8 | 91 HC 1 2 17 | 24 | 56
Table3: Classi cationby score. Table4: Classi cationby SER.

experimentson rm thatin nearlyevery caseScore(Geosr ) > Score(Gumnc+) > Score(Gue); A

reasorcouldbethatbothconstraine@lgorithmsnd goodconstraineaptima,whicharenotlocally

optimalwhenwithdraving theconstraint.Then,sinceG¢os is betterthanGyunc, it leadsto better
local optimawhenapplyingthe HC post-processing.

Results10In geneal, SER(GC()S.) SER(Gcos) SER(G|\/||\/||-|(;Jr ) SER(GMMHc) SER(GH(;)
(cf. Figures11 (c), (d), 13 and Table 4). Thesuperiorityof COSand COS+is patrticularly clear
with larger datasets(cf. Figure 13).

PreviousresultsareexperimentallymoreconfusedhanResults9 sincethereareno theoretical
evidencesaboutSERwhile comparingalgorithms,especiallyasregardsto MMHC+ andMMHC.
However, COS+is clearly demonstratedo be in generalthe mostaccuratesearch. Interestingly
COS+canbeviewedasa bridgebetweenOS (whena = 1) andHC (whena = 0). Of course as
long asOSis feasible,andwithout a soundconstraint,COS+is not really needed.However, it is
of a certaininterestfor n > 30. Its superiorityascomparedo HC comesfrom the factthatsome
parentsetsare optimally learnedby COS even with the constraint. Suchparentsetscould not be
learnedby the greedystrateyy of HC in ary cases:asfor examplein the caseof a XOR structure
or ary con gurationsfor which HC shouldadd several parentsin the sametime to obtaina score
improvement.Thatway, a HC startingfrom Gcos would bene t from suchcorrectparentsetsand
nd moreaccurateggraphshanaHC startingfrom theemptygraph.

Althoughfor the small networks considerechere(n  20) our algorithmsare asfastasother
greedyapproachegcf. Figuresl1l (e) and(f)), of coursetheir exponentialcompleity keepsus
from applyingthemto really large networks without decreasin@. Therefore COSis restrictecto
be usedonly for small networks or sparseones(Figure5 (d) givesanideaof whatkind of graphs
canbe considered). COS+could be usedfor larger graphsby usinglower a aswe will seein the
next experiment.

5.5 A RealCase: The ALARM Network

In this lastexperimentwe illustratea practicalusageof COSandCOS+by studyinga well-knowvn
Bayesianmetwork example,the ALARM network (Beinlich et al., 1989). This graphhasn= 37
discretevariableshaving from 2 to 4 states:it is too large to be learnedby OS. The maximalin-
degreeis ¢ = 4, the maximal neighborhoods m= 6, andthe structureis relatively densesince
M  2:5. Incidentally the true skeletonentails86818458 226 connectedsubsetsif it wasgiven
asa prior knowledge, Algorithm 2 could be applied. However, asin previous experiments,S is
learnedby using MMPC. Neverthelessa shouldbe enoughsmall so that the superstructureis
sparseenoughto let executeCOS.
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Figurel2: Comparisorby score:for every (n; m; d), theworseis therankof analgorithm
(i.e.,theloweris thescore) thedarlker is the box.

COS+ COS MMHC+ MMHC HC

3

d o

Figurel3: Comparisorby SER:for every (n; m; d), theworseis therankof analgorithm
(i.e.,thehigheris the SER),thedarlkeris thebox.
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COS COS+ | MMHC | MMHC+ HC
d= 3000 | BIC |-33340.5|-32849.5| -33492 | -33116.1] -33299.3
a=10* | SER 0.15 0.12 0.29 0.38 0.45
t=24 | Time(s) 4.6 7.1 3.6 6.0 5.0
d= 3000 | BIC |-33680.8| -32821.4| -33653.2| -33133.2] -33349.9
a=10 " | SER 0.17 0.10 0.29 0.39 0.47
t=4 Time(s) 3.5 6.0 2.7 5.3 5.1
d= 10000] BIC | -107834| -106246]| -108035| -106808 | -107383
a=107 | SER 0.13 0.08 0.26 0.37 0.51
t=270 | Time(s)| 10.5 19.2 14.7 23.4 18.8
d= 10000] BIC | -108753| -106468]| -108420| -107066 | -107571
a=10 1| SER 0.15 0.10 0.25 0.35 0.49
t=72 | Time(s) 9.1 17.7 12.8 21.4 18.0

Table5: Averageccriteriafor somepairs(d;a) considered.

We consideithesamealgorithmsthanin Section5.4,apartfrom OS.Thesigni cancelevel used
to learntheskeletonof MMHC is alwayssetto 0.01,while varioussmallvaluesof a aretestedvhen
learningthe superstructureusedby COS.For everyd 2 [300Q 5000 1000(Q, we startby learningS
with MMPC(a) to run COSafterwards. Since,the executiontime of COScanbe hugedepending
on S, COSis stoppedf its executionexceeds20 secondgon a clusterof 96 CPUsof 1050 MHz
each,with atotal memoryof 288GB).In thatcase the experiencds restarten a new setof data.
If COS nishes ontime, all otheralgorithmsarealsoapplied. Previous stepsarerepeate®0 times
for every pair (d; a). We alsocountthenumbert of timesthatCOShadto berestartedFinally, the
criteriaareaveragecover the 20 learnedgraphsasin the previous Sections.

In all casegesultsweresensiblythe same:Table5 presentghe resultsobtainedwith the min-
imal and maximalvaluesof d anda considered.With larger datasets,smallersigni cant levels
arerequiredin orderto obtainan enoughsparseS sincetrue edgesare learnedmore con dently.
This is why, we canobsene thatt decreasewith smallera andincreasesvith largerd (cf. Table
5). Therefore,for d = 10000we tried valuesof a 2 [10 7; ;10 19, while for otherdatasets
a2[10 % :10 7]. In Figuresl4 (a) and(b), box plot is usedto layout the SER and scoreof
every algorithmover the 20 repetitionsof structureearningfor d = 5000anda = 10 ‘. Figuresl4
(c) and(d) representhe SERof COSandCOS+dependingond anda, respectiely.

Results 11 COS+is the bestalgorithmin termsof scoe, followedby MMHC+ (cf. Table 4 and
Figure 14 (a)), while COS+and COSlearn the mostaccumte networks(cf. Table 4 and Figure
14 (b)). Accuracy of thesealgorithmsis not markedly modi ed by smallera (cf. Figure (d)) and
slightly improveswith bigger datasets(cf. Figure 14 (c)).

In otherwords,thepresentesultsarein totalagreementvith theonesderivedfrom smallerand
randomnetworks in the previous section. Actually, with ALARM network the contrastbetween
algorithmsis evenclearer This is probablybecauseandomnetworks areharderto learnthanreal
onessincethe parametersandomlyselectedcanentail nearly unfaithful probability distributions.
Interestingly evenwith thesmallesta used(i.e.,a = 10 °in thecaseof d = 10000),only around
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Figurel4: Somedetailedresultson ALARM network.

6 edgesveremissingto Sin orderto be sound.BesidesalthoughCOSranin few second$or some
S oneextra edgein the samesuperstructurecould leadto drasticallylongercomputations.Such
a problemis easilyunderstoodn termsof the numberof connectedubsetandunderlinethe fact
thatsomeedgesontrikute particularlyto theincreasef jCon(S)j. Thereforet couldbeinteresting
to develop a methodto selectandwithdrav someedgesfrom a learnedsuperstructure to enable
COS+for largernetworks: thisway, extremelysmalla would not berequiredarymore.

6. Discussionand Conclusion

To concludeour discussionwe would like to recallandsummarizethe main resultsof our actual
researchFirst, it is possibleto reducethe compleity of anoptimalsearchof anexponentialfactor
by using a structuralconstraintsuchas a superstructure. It is then possibleto considerlarger
networks having a sparseskeleton. Moreovery, if this superstructureis sound,the accurag of the
resultinggraphis improved. Consequentlymoreattentionshouldbe paidto learningsoundsuper
structuregatherthantrue skeletonfrom data. This shouldbe an easiertaskandit mightimprove
both speedand accurag of othersearchstratgjies aswell, exceptgreedyHC. Next, we outline
bellov somestratgjiesthatcouldbene t from asoundsuperstructure.

In addition, currentIT methodsthat learna skeletoncanbe usedfor approximatinga super
structureby relaxingtheindependengtesting.However, asrevealedour experimentsvith MMPC,
soundsuperstructuresarerarely learnedexceptfor high valuesof a thatimplies denserstructures
andespeciallya long computation. Although someotherIT approachessuchasthe randomized
versionof GS (Margaritis and Thrun, 2000), could solve the problemof compleity, they would
probablyfacethe samedif culty to learnefciently atleasteverytrueedge.Indeedthey werede-
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signedfrom theviewpointof learningthetrue skeleton,andtherebythey shouldalsorejectpotential

extra edgesLearningsoundandsparsesuperstructuress a problemthatrequiresto be considered
asawhole,whichis notour mainconcernn thepresenpaper Thereforeo offsettheincomplete-
nessof thesuperstructuresearnedwith MMPC thatwealenstheresultsof our algorithmCOS,we

developeda greedypostprocessedearchCOS+.This algorithmenablego balancebetweerspeed
andaccurag asit setsup a bridge betweenoptimal searchandhill climbing search.In practice,
COS+is demonstratedvith succes®nthe ALARM network. It is theoreticallyfeasiblefor graphs
of ary sizesbut leadsto a problemfor selectingthe signi cancelevel; further, we expectthatthe

largeris thegraph,thelessCOS+shouldimprove over HC.

Thereforeour future researctwill concentraten an elaboratiorof new greedystratgiesthat
bene t from superstructureconstraint. As shovn in Section4.2, if Sis not having a very high
maximaldegree(i.e.,m< 20),F canbecalculatedevenfor large networks. Then,by usingformula
(3) of Section3.2we canbuild in lineartime the bestconstrainedyraphof a given ordering. This
way afastgreedysearclovertopologicalorderingss ef ciently feasible.With agoodsetof greedy
operationsa constrainecoptimal graphcould be quickly approachedising a hill climbing over
orderings without having to calculateM values.Moreover, evenfor higherm, by xing alimited
numberof parentsc, we could also manageto calculateF. Consequentlysuchordering-based
stratgy is theoreticallyfeasiblefor arny network sizeandonly needto be evaluatedexperimentally

Our secondidea concernsonly constrainedptimal searches.Whenlooking for an optimal
graphonA 2 Con(9), if thereexistsX; 2 A suchthatAnf X;gis unconnectedanoptimalgraphcanbe
foundon anothemanner We just needto considerevery candidatearentseton the neighborhood
of X;, andsearchfor eachof them separatelyan optimal graphon eachconnecteccomponenf
AnfX;g. Thus,if Sis atree,it would be feasibleto nd anoptimalgraphin polynomialtime with
this differentstratgy. Then,we could develop analgorithmthatwould changeSinto atree,learn
anoptimalgraphthatwould be post-processegreedilyto addmissingedges.

Besides,asillustratedin Section4.4, COS can be usedfor large graphs,if Sis sufciently
sparse Alternatively, whenlearninga superstructurea “score” could be givento every edgethat
would evaluatethe “strength” of the dependeng represented.For example,the highestp-value
encounteregdvhile learningthesuperstructurewith anlT approactcouldbeused.Thus,COScould
be usedsequentially:the subsebf the strongesedgeswvould be consideredrst, while learninga
temporaryoptimal graphthat would be usedas a prior knowledgefor a secondsearch this time
optimally “adding” a secondsetof edges.Therefore by consideringsuccessiely all the edgesof
Sby a sufcient numberof sparsdayers,we might be ableto approximateaccuratelyan optimal
graph.Thisstrat@y is potentiallyinterestingsinceit awaysassumethegraphasawhole,although
the layer of edgesshouldbe mainly unconnectedo allow COSto be appliedto large networks.
However, otherstratgiessuchasrekuilding optimally the structurelocally beforemeging results
couldalsobedeveloped.

Finally if ary of thesealgorithmswere giving corvincing empirical proofsof their capacities
to learnaccuratelylarge networks, we alsowould like to designstratgiesfor learningsparseand
soundsuperstructures.
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Appendix A.

Proof of Proposition 1. The completeproof we foundis long, comple, andnot of the greatest
theoreticalinterest. Hencewe will only presenthe main stepsof the demonstratioherewithout
explicitly developingevery step.

We startby consideringary binary tree, which can be generatedy successiely applying
the following operationto the tree reducedto one leaf: Selecta leaf, and changeit to a
nodewith two leaves. Then,for the setof treesthat have beengeneratedy applyingthis
transformatiort times,we de ne U(t) asthe maximumnumberof sub-treesn thesetrees,
andV(t) asthe maximumnumberof sub-treeshatincludea givenleaf. Givensuchatree
T, we apply the transformatiorto a leaf L. This generates nodeN? andtwo leaves LY
and Li°2, wherethe primeindicatesthat we referto the elementf the newly generatedree
TC By calling Sub(L) the setof sub-treeghat containL, we have: sincejSub(L;)j  V(t),
jSub(LY)j 1+ 2v(t). If Li hadabrotherl j, we canshaw thatjSub(L?)j 5V (t) sinceonly
half thesub-treeof Sub(L ) containL;. Then,for leavesLy atagreatedistancerom L; than
L, sincethe proportionof sub-treef Sub(L) thatalsocontainL; is decreasingSub(L?) is
lessincreasedThus,we canconcludethatV/ (t + 1) < 3V(t), andthatV(St) < U(t) < O((2)Y.

Finally, sincen= 2t 1, wederivethatjCon(S§)j < O(as") with az = g

Hereafterwe canapplythe samereasoningo ary k-tree,and nd thatjCon(S)j < O(ay+1")
with age1 = (Z5h)k.

Then, startthe fastidiouspart of the demonstratiorby consideringa connectedorest S of
maximaldegreem. Theideaof thedemonstrations to rst shav thatwhenwe considertwo
nodesof the tree, we cantransferfrom one nodeto the otherevery sub-rootedreeswhile
only increasinghe numberof connectedubsetgactuallyit is possibleto expressexactly the
variationin the numberof connectedsubsetsiependingon the uniquepathbetweerthe two
nodesandsub-rootedreesof the nodesin this path). Then,by selectingoneof the nodesof
degreemfrom S, and xing it astheroot Ry, we cansequentiallybuild a nearlym-1-treeS’,
exceptfor the root, and maybefor one nodeR;, while increasingthe numberof connected
subsets.We do this by consideringdepthby depthdescendantsf Ry andtransferringsub-
rootedtreesfrom oneto the otheruntil all of themata givendepthhavem 1 or O children,
taking sub-rootedreesdeepeiif necessaryThen,if thesonsof R; arenotall leaves,we can
continueto applytransformationdetweerit andits descendantsntil obtaininga nearlym-
1-treeS’ exceptfor its root,andoneof its nodesthatcontainonly p leaves.Sincep m 1,
we addm p leavesto this node,andwe selectasthe root of this nal treeS; oneof the
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leaves; St is like am-1-treeexceptfor theroot thathasonly oneson. In sucha case we can
usethe resultsfound for suchstructuresneitherthe root will sensitvely affect the number
of connectedsubsetsnor the nodesthatwe addedat the end; becausehey canbe putin the
constanbf O(an"), whichis anupperboundsincewe built S; alwaystakingcareto increase
thenumberof connectedubsets. |
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