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Abstract

Most approacheto structuredoutputpredictionrely on a hypothesispaceof predictionfunctions
that computetheir outputby maximizinga linear scoringfunction In this paperwe presenttwo
novel learningalgorithmsfor this hypothesisclass,anda statisticalanalysisof their performance.
The methodsely on ef ciently computingthe rst two momentsof the scoringfunction over the
outputspace andusingthemto createconvex objective functionsfor training. We reportexten-
sive experimentalresultsfor sequencalignment,namedentity recognition,and RNA secondary
structureprediction.

Keywords: structuredoutputprediction,discriminatize learning,Z-score,discriminantanalysis,
PAC bound

1. Intr oduction

Thelastfew yearshave seena growing interestin learningalgorithmsthat operateover structured
data: given a setof training input-outputpairs, they learnto predictthe outputcorrespondingo
a previously unseerinput, whereeitherthe input or the output (or both) are more complex than
traditionaldatatypessuchasvectors.

Examplesof suchproblemsabound:learningto align biological sequencedgearningto parse
strings,learningto translatenaturallanguagelearningto nd the optimalroutein agraph,learning
to understandpeechandmuchmore. This problemsettingsubsumesasaspecialcasehestandard
regression pinary classi cation,and multiclassclassi cationproblems.In factin mary caseshe
structurecbutputpredictionapproachmatchegpracticemoreclosely However, thisbroadgenerality
andapplicabilitycomeswith a numberof signi cant theoreticalindpracticalchallenges.

In standardregressionthe outputspaceis real-valued,andin classi cation the outputspace
consistof arelatively smallunstructuredetof labels. In contrast,in structuredoutputprediction
the outputspacses typically massve, containingarich structurerelatingthe differentoutputvalues
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with eachother Becausef this, eventhe predictiontaskitself requiresa search(or optimization)
over thecompleteoutputspacewhichin itself is oftennontriial. A fortiori, thetaskof learningto
predictposedsmportantnew challengesn comparisorwith standardnmachinelearningapproaches
suchasregressiomandclassi cation.

1.1 Graphical and Grammatical Models for Structured Data

An immediateapproachfor structuredoutput predictionwould be to usea probabilistic model
jointly overtheinputandthe outputvariables.Probabilisticgraphicaimodels(PGMs)or stochastic
context free grammarqSCFGs)aretwo examplesof techniqueghat allow oneto specify proba-
bilistic modelsfor a variety of inputsandoutputs,explicitly encodingthe structurethatis present.
For agiveninput, the predictedoutputcanthenbe foundasthe onethatmaximizesthe a posteriori
probability Thisway of predictingstructuredutputsis referredto asmaximuma posteriori(MAP)
estimation.Thelearningphaseahenboils down to modelingthedistribution of thejoint of inputand
outputdata.

However, it is well known that this indirect approachof rst modelingthe distribution (dis-
regarding the predictiontask of interest)and subsequentlyising MAP estimationfor prediction,
risksto be suboptimal.lnsteada directdiscriminative approachs moreappropriatewhich directly
focuseson the predictiontask of interest. Suchmethods known asdiscriminatvve learningalgo-
rithms(DLAs), make predictionsby optimizingascoringfunctionovertheoutputspacewherethis
scoringfunctionhasnot necessarilya probabilisticinterpretation.

RecentlystudiedDLAs include maximumentropy Markov models(McCallum et al., 2000),
conditionalrandomelds (CRFs)(Lafferty etal.,2001),re-rankingwith perceptror{Collins,2002b),
hiddenMarkov perceptron(HMP) (Collins, 2002a),sequencdabelingwith boosting(Altun etal.,
2003a),maximalmagin (MM) algorithms(Altun etal., 2003b;Taskaret al., 2003; Tsochantaridis
et al., 2005), Gaussiamprocessmodels(Altun et al., 2004), and kernel conditionalrandom elds
(Lafferty etal., 2004).

Interestingly boththe generatre modelingapproactandthe DLAs mentionedabore make use
of formally the samehypothesisclassof predictionfunctions. In particular they all make useof
a scoringfunctionthatis linearin a setof parameterso scoreeachelementof the outputspace.
In the generatre approachthis linear functionis the log-probability of the joint of the input and
outputdata;in the discriminatve approactthis canbe ary linear function. The actualprediction
function then selectsthe output that achieves the highestvalue of the scoringfunction (i.e., the
highestscore). In the generatie approacithis meanshatthe a posteriori(log)-probability of the
outputis maximized suchthatthe MAP estimatds obtainedaspointedout above.

1.2 The Contrib utions of this Paper

In this paperwe will adoptthe hypothesisspaceof predictionfunctionsde ned asabore. The
distribution of scoresinducedby ary hypothesisover all possibleoutputsis a centralconceptin
variousapproachesandcanbe usedto comparehypothesesandhenceto train. For exampleMM
approachegAltun etal., 2003b;Taskaret al., 2003; Tsochantaridi®t al., 2005) prescribeto seek
hypotheseshatmale thescoreof thecorrectoutputsin thetrainingsetlargerthanall incorrectones
(by acertainmamgin).

We amguethatthe problemcanbe betterapproachedyy consideringthe entire distribution of
the scoresover the outputspace andin particularby computingits rst two moments.Different
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choicesof parameterganbe assesselly comparing(a function of) thosemoments.Suchan ap-
proachwould accountfor all possibleoutputvaluesat once,ratherthanjust the oneswith a high
scoreasin the maximummaigin approaches.However thesemomentscannotbe computedby
bruteforce enumerationin all practicalcaseghe outputspaces far too large to exhaustvely tra-
verseit. Neverthelessn this paperwe shov how the rst andsecondordermomentscanoftenbe
computedef ciently by meansof dynamicprogramming(DP), without explicitly enumeratinghe
outputspace We provide speci ¢ examplesof how thesemomentanbe computedor threetypes
of structuredoutputpredictionproblems:the sequencalignmentproblem,sequencéabeling,and
learningto parsewith a contet freegrammarfor RNA secondangtructureprediction.

We thenpresentwo waysin which thesemomentscanbe usedto designa corvex objective
functionfor alearningalgorithm.The rst approachis themaximizationof theZ-scoreacommon
statisticaimeasur@f surprisewhichis largeif thescoref thecorrectoutputsin thetrainingsetare
signi cantly differentfrom the scoresof all incorrectoutputsin the outputspace We show thatthe
Z-scoreis a corvex costfunction, suchthatit canbe optimizedef ciently. A secondapproach—
also corvex—is reminiscentof Fishers discriminantanalysis(FDA). We call this nev algorithm
SODA (structuredbutputdiscriminantanalysiskincethe optimizationcriterionis asimilarfunction
of the rst andsecondrderstatisticsasin FDA.

We reportextensie experimentalesultsfor the proposedalgorithmsappliedto threedifferent
problemsettings:learningto align, sequencéabeling,andRNA folding.

Finally we derwve learning-theoreti®oundson the performanceof thesealgorithms,shaving
thatthe SODA costfunctionis relatedto the rank of the correctoutputamongthe other outputs
andanalyzingits statisticalstability within the Rademacheirameawvork; additionally we presenta
generalPAC boundthatappliesto ary algorithmusingthis hypothesislass.

1.3 Outline of this Paper

Therestof the paperis structuredasfollows: Section2 formally introducesthe problemof struc-
turedoutputlearningandthe hypothesisspaceconsideredSection3 dealswith the computatiorof
the rst andsecondrdermomentsof the scoredistribution throughDP. In Section4 we introduce
the two algorithms. In Section5 we presenbour experimentalresults,andin Section6 we outline
learning-theoreticdboundswhoseproofis however left for theappendix.

2. Learning to Predict Structur ed Outputs

We addresghe generalproblemof learninga predictionfunctionh: X! Y, with Y a potentially
highly structuredspacecontaininga potentiallylarge numberN of elementsThelearningis based

x ed but unknavn distribution P(x;y) over X Y. The inputs and the outputsmay be highly

structurecbbjectsthatparameterizeequencegreesor graphs.For examplein sequencalignment
learningthe outputvariablesparameterizehe alignmentbetweentwo sequencesn sequencda-

belingy is the label sequencassociatedo the obsered sequence, andwhenlearningto parsey

representsa parsetreecorrespondingo a givensequence.
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2.1 Scoring Functions, Prediction Functions, and the HypothesisSpace

As in standardmachinelearningapproacheswe considerlearningmethodsthat choosethe pre-
diction function from a hypothesisspaceby minimizing a costfunction evaluatedon the training
data.To establishthetype of hypothesisspacewe will consideywe will rely onthenotionscoring
function whichis afunctions: X Y ! R thatassignsanumericalscores(x;y) to apair (x;y) of
input-outputvariables Furthermorewe will assumehatsis linearin a parametexectorq 2 R¢:

De nition 1 (Linear scoringfunction) A linear scoringfunctionis a functionsg: X Y ! R
de nedas:

s(Y) = aTf (% y); 1)

wheethevectorf (x;y) = (f 1(x;y); f2(X;y); i3 fd(x;y))T is de nedby a speci edsetof integer-
valuedfeatue functionsf; : X Y ! [0;C]for a xed upperboundC.

Basedon this, we cande ne predictionfunctionsasconsideredn this paperasfollows:

De nition 2 (Prediction function) Givena linear scoringfunctionsy, we cande ne a prediction
functionhg: X! Y as:

hg(x) = algr)g%x S(xy): 2

Thistype of predictionfunctionhasbeenusedin previousapproachefor structuredutputpredic-

tion. For example,whenusinga discrete-aluedPGM to modelthe joint distribution of theinput

andoutputdata,the logarithm of the probability distribution is alinearscoringfunctionasde ned

above. Thevectorf (x;y) is thenthevectorof sufcient statisticsandthe parametevectorq corre-

sponddgo thelogarithmsof thecliquepotentialsor conditionalprobabilities. Then,aMAP estimator
correspondso a predictionfunctionasde ned above. Furthermorenotethateachfeaturefunction

f; thatcountsasufcient statisticis eitheranindicatorfunction,or thesumof anindicatorfunction

evaluatedon a setof cliguesover which the parameten; is reused.Therefore gachof thefeatures
mustbe anintegerbetweerD andthe numberof cliquesC, asrequiredfor linear scoringfunctions
in De nition 1.

Typically, in PGMsthe parameters) would be inferredby Maximum Lik elihood. On the con-
traryin DLAs q is computedby minimizing criteriathataremoredirectly linkedto the prediction
performanceMoreover with DLAS richerfeaturevectors(with featuresnot necessarilyassociated
to clique potentialsor conditionalprobabilities)areallowedto describanoreeffectively therelation
betweennput andoutputvariables.This meanghatthe scoresq(X;y) loosesits interpretatiorasa
log-likelihoodfunction.

In summarythe hypothesisspacewe considerin this paperis de ned as:

H = fhg:q2 RY: (3)

This is a slightly larger hypothesisspaceas comparedo the one consideredn PGMs, sincethe
parameters arenotrestrictedto representog probabilities.

While we chooseto abandorthe probabilisticinterpretationsijt is often worthwhile to keep
the analogywith PGMsin mind: they teachus when the evaluationof the predictionfunction
(2) canbe carriedout ef ciently by meansof Viterbi-like algorithms,despitethe hugesize of the
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outputspaceY . In fact, it is oftencorvenientto de ne or derive the scoringfunction startingfrom

a PGM, to ensurethat it is easily maximizedby a dynamicprogrammingproceduresuchasthe

Viterbi algorithm. Subsequentlyhe constrainton the parametershataremeantto guaranteghat
the scoringfunctionis alog-probabilityfunctioncanbe remaoved,in orderto arrive at a hypothesis
spaceof theform (3).

2.2 |ldeal LossFunctions

In orderto selectanappropriatgredictionfunctionfrom thehypothesispaceacostfunctionneeds
to be de ned. Herewe will provide anovervien of afew conceptuallyinterestingcostfunctions,
but which areunfortunatelyhardto optimize.Neverthelessthey canoftenbeapproximatedsseen
from literature,andaswe will demonstratéurtheron.

Considera lossfunctionL 4 that mapsthe input x andthe true training outputy to a positive
realnumberlL4(x;y), in someway measuringhe discrepang betweerthe predictionhg(x) andy.
Empiricalrisk minimizationstratgjiesattempto nd thevectorq?2 RY suchthattheempiricalrisk,
de nedas:

R(T)= <& o)
i=
is minimized, in hopesthatthis will guaranteehatthe expectedossEf Lq(x;y)g is smallaswell.
Oftenit is bene cial to introduceregularizationin orderto preventover tting to occur, but let us
rst considerontheempiricalrisk itself.

Clearlythechoiceof thelossfunctionis critical, anddifferentchoicesmaybeappropriaten dif-
ferentsituations.Thesimplestoneis a naturalextensionof thezero-ondossin binaryclassi cation
task,de ned as:

LEOGY) = 1(hg(x) 6 Y)

wherel () is anindicatorfunction. Unfortunatelythe zero-ondossfunctionis discontinuousand
NP-hardto optimize. ThereforealgorithmssuchasCRFs(Lafferty etal., 2001)andMM methods
(Altun etal., 2003b)minimizeanupperboundonthislossratherthanthelossitself, combinedwith
anappropriateegularizationterm.

However, in structuredoutputprediction,the zero-ondossis quite crude,in the sensehat it
makes no distinctionin the type of mistale that hasbeenmade. For example,assumehat the

is likely to be lessdamagingf it is dueto only oneor afew incorrectlypredictedsymbolsin the
sequenceA betterlossfunctionthatdistinguishesncorrectpredictionsn thiswayis theHamming
loss,originally proposedn Taskaretal. (2003)for MM algorithms:

Ly (xy) = al(hgi(x) 6 ¥));
J

countingthe numberof elementgi.e., the symbolsin a sequencegr coordinatesn a vector)of the
outputwherea mistale hasheenmade.

However, the Hamminglossis not necessarilya good measurdor the severity of anincorrect
prediction. For example,certainsentencesanbe parsedn totally differentwaysthatcanall be
correct,with a large Hammingdistanceseparatinghem. Similarly, RNA moleculescanhave two
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totally differentstablefold statespothwith functionalrelevance.Therefore whereperfectpredic-
tion of the datacannotbe achiered usingthe hypothesisspaceconsideredit could be moreuseful
to measurehe fraction of outputsfor which the scoreis ranked higherthanfor the correctoutput.
Thisis themainmotivationto usewhatwe call therelative ranking(RR) loss:

\
a ls(xy)  sxy));

=1

Zl=

LE(x:y) =

We refer to this loss asthe relative rankingloss, sincethe rank divided by the total size of the
outputspaceN is computed.This lossandrelatedlossfunctionshave beenproposedn Freundet
al. (1998),SchapireandSinger(1999)andAltun etal. (2003a).

2.3 Playing with SequencesLabeling, Aligning and Parsing

In orderto further clarify the frameawvork of structuredoutputlearningwe presentthreetypical
problemswhich we will usein the restof the paperasillustrative examples: sequencédabeling
learning,sequencalignmentearningandparseearning.

2.3.1 SEQUENCE LABELING LEARNING

In sequencéabelingtasksa sequencés taken asan input, andthe outputto be predictedis a se-
guencethatannotateshe input sequencethatis, with a symbolcorrespondingo eachsymbolin
theinputsequenceThis problemarisesn severalapplicationsuchasgene nding or proteinstruc-
ture predictionin computationabiology or namedentity recognitionandpartof speechaggingin
the naturallanguageprocessingeld. Traditionallya specialtype of PGM, namelyhiddenMarkov
models(HMMs) (Rabiner1989),is usedin sequencéabeling,wheretheparametersanbelearned
by maximumlik elihood,and subsequentlpredictionscanbe madeby MAP estimation.In order
to derive aDLA for this setting,we will rst derive the predictionfunctioncorrespondingo MAP
estimationbasedon HMMs, andsubsequentlyemove the constraintoon the parametershatallow
for the probabilisticinterpretatiorof HMMs. Thenanappropriatecostfunctionfor discrimination
canbeoptimizedto selectagoodparametesetting.

In anHMM (Fig. 1) thereis a sequencef obsered variablesx = (X1;%2;::;;Xm) 2 X which
will betheinputin theterminologyof the paper alongwith a sequencef correspondindhidden
variablesy = (y1;¥2;:::;¥m) 2 Y, in the presenterminologycorrespondingo the outputsequence
to be predicted. Eachobsered symbolx; is an elementof the obsered symbolalphabetS,, and
thehiddensymbolsy; areelementf Sy, with n, = jS,j andny = jSyj therespectie alphabetizes.
Thereforethe outputspaces Y = S, while X = S,™. The numberof cliquesC = 2m 1 of the
HMM graphicalmodelis equalto the numberof edges.

An HMM is de ned asaprobabilisticmodelfor thejoint distribution of thehiddenandobsered
sequenceyherebyit is assumedhatthe probability distribution of eachhiddensymbolyy depends
solely on the value of the previous symbolin the sequenceik 1 (this is the Markov assumption
which is quanti ed by P(ykjyk 1)). Furthermorejt is assumedhatthe probability distribution of
the obsenred symbolxx dependssolely on the value of yi (quanti ed by the emissionprobability
distribution P(xxjyk)). For simplicity, we ignorethe probability distribution of the rst elementof
thehiddenchainin this exposition. The MAP estimatormpredictsthe hiddensequencg thatis most
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Hidden variables:
W)=~ ¥ feg Entties
Q e Observed variables:

x (e.g. words in a sentence)

Figurel: Thegraphof anHMM with m= 4.

likely giventheobserationsequence. In formulas:

N P(y;x)
arg%@xP(yJX) = arg%gx P

h(x) = arggﬂze\l(xP(y) P(Xjy);

Ju _ Jy _
agmaxQ P(ykiyk 1) O P(Xiyk);
Y2Y > k=1 "
J . % .
agmax g logP(ykiyk 1)+ a logP(xqjyk) ;
y2y =5 k=1

wherewe madeuseof thefactthatthe agmaxof a functionis equalto theargmaxof its logarithm.
Thus,to fully specifythe HMM, oneneeddo considerall the transitionprobabilities(denoted
tjj fori; j 2 S, for thetransitionfrom symboli to j), andthe emissionprobabilities(denoteds, for
theemissionof symbolo 2 S, by symboli 2 Sy). Usingthis notation,we canrewrite the prediction
functionasfollows (with 1( ) equalto oneif theequalitiesbetweerbracketshold):

m
h(x)= agmaxpy & log(tij) & 1(yk 1= ;%= j)
i;j2sy k=2

m
+ & logeo) & 1(yk=i;x= 0):
i25y;02S, k=1

For simplicity of notationlet us replaceall logarithmsof parameters;; ande, by parameters
gi summarizedn ad = nyny + nﬁ dimensionalparametenectorq. Additionally, let us summa-
rize the correspondingsufcient statisticsa -, (yk 1= i;yk = j) and&l,1(yk = i;% = 0) in a
correspondindeaturevectorf (x;y) = [f 1(X;y) f2(X;y) ::: fq(X;y)]". (Notethatthesesufcient

statisticscountthe numberof occurrence®f eachspeci ¢ transitionandemission.) Thenwe can
rewrite the predictionfunctionin alinearform asrequired:

— T ).
h() = amgmaxaf (xy):

This predictioncanbe evaluatedef ciently by meansof the Viterbi algorithm. Note thatin order
to learnthe parameterdy meansof maximumlikelihood estimation,constraintsare imposedto
ensurethatthey representog-probabilities.In orderto arrive at a DLA that operatesn the same
setting,it sufces to ignoretheseconstraintsandto minimize anappropriateempiricalrisk subject
to someregularization,asoutlinedin Section2.2. Moreover relaxingalsothe Markov assumption
the proposedormulationcanbe extendedto the caseof arbitraryfeatures.In generalin factthe
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vectorf (x;y) containsnotonly statisticsassociatedb transitionandemissionprobabilitiesbut also
ary featurethatre ects the propertiesof the objectsrepresentedby the nodesof the HMM. For
examplein mostof the naturallanguageprocessindasks featurevectorsalsocontaininformation
aboutspelling propertiesof words. Sometimesalsothe so-called overlappingfeatures'(Lafferty
etal., 2001)areemployed, which indicaterelationsbetweenobsenrationsand someprevious and
future labels. Most of DLAs dealingwith this taskhave proceededn this way (McCallumetal.,
2000;Lafferty etal., 2001;Collins, 2002a;Altun etal., 2003a,b:Taskaretal., 2003).

2.3.2 SEQUENCE ALIGNMENT LEARNING

As secondcasestudied,we considerthe problemof learninghow to align sequencesgiven as
training examplesa setof correctpairwiseglobalalignments,nd the parameteraluesthatensure
sequenceareoptimally aligned.This taskis alsoknown asinverseparametricsequencealignment
problem(IPSAP) and sinceits introductionin Gus eld et al. (1994),it hasbeenwidely studied
(Gus eld andStelling,1996;KececiogluandKim, 2006;Joachimsetal., 2005;Pachterand Sturm-
fels,2004;Sunetal.,2004).

Considerntwo stringsS; and S, of lengthsn; andn, respectrely. The stringsare orderedse-
quencef symbolss 2 S, with S a nite alphabebf sizens. In caseof biological applications,
for DNA sequencethealphabetontainghesymbolsassociateavith nucleotideS= f A; C; G Tg),
while for aminoacidssequencethealphabets S= fA;R;N;D;C;QE;GH;| ;L;K;MF;P;S; T;WY; Vg.

An alignmentof two stringsS; andS; of lengthsn; andn; is de ned asa pair of sequences;
andT, of equallengthn np;n, thatareobtainedby taking S; andS, respectiely andinserting
symbols atvariouslocationsin orderto arrive at stringsof lengthn. Two symbolsin T; and T,
aresaidto correspondf they occurat the samelocationin the respectie string. If corresponding
symbolsare equal,this is calleda matd. If they arenot equal,this is a mismatb. If oneof the
symbolsisa , thisis calledagap.

With eachpossiblematch,mismatchor gap a scoreis attached.To quantifythesescoresthree
scoreparametergan be used: one for matchegqm), onefor mismatchegqs), and one for gaps
(ag)- In analogywith the notationin this paper the pair of givensequence$§,; andS, representhe
input variablex while their alignmentis the outputy. The scoreof the globalalignmentis de ned
asthe sumof this scoreover the lengthof T; andT,, thatis, asa linear function of the alignment
parameters:

5(XY) = q'F(Xy) = gmM+ QsS+ g9

wheref (x;y) = [msg]" andm, sandg representhenumberof matchestnismatchesndgapsin the
alignment.Fig. 2 depictsapairwisealignmentbetweeriwo sequenceandtheassociategathin the
alignmentgraph. Thenumber of all possiblealignmentdetweers; andS; is clearlyexponential
in the sizeof thetwo strings.However, anef cient DP algorithmfor computingthe alignmentwith
maximalscorey is known in literature:the Needleman-Whnschalgorithm(Needleman1970).

The scoringmodelspresentedibore considera local form of gap penalty: the gap penaltyis
x edindependenthof the othergapsin the alignment. However for biological reasonst is often
preferablgo consideranaf ne functionfor gap penaltiesthatis to assigndifferentcostsif the gap
starts(gapopeningpenaltyq,) in agivenpositionor if it continueggapextensionpenaltyge). Then
the scoreof analignmentis:

S(X;y) = gmm+ gsS+ Qo0+ Qe€
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ATGCTTTC

&
.3'1 =ATGCTTTC T
X =
SZ=CTGTCGCC g
C
ATGCTTTC-—-—- G
N= c
-—-CTGTCGCC c

dx,y)=[ #matches #mismatches #gaps]

Figure2: An alignmenty betweentwo sequence$; and S, canbe representedy a pathin the
alignmentgraph.

wherem, s, o ande representhe numberof match,mismatch,gap openingsand gap extensions
respectrely andqgm, gs, Jo, ge arethe associateaosts. As beforewe cande ne the vectorsq =
[0m Os 0o Qe andf (x;y) = [mso€]". Thereforehescoreis still alinearfunctionof theparameters
andthepredictioncanbe computedoy a DP algorithm.

More often a differentmodelis consideredvherea (symmetric)scoringmatrix speci es dif-
ferentscorevaluesfor eachpossiblepair of symbols. In generalthereared = wgﬁl) different
parameteri g associateavith the symbolsof thealphabeplustwo additionalonescorresponding
to the gap penalties. This meansthatto align sequencesf aminoacidswe have 210 parameters
to determineplus other2 parametergor gap openingandgap extension. We denotewith zji the
numberof pairswhereasymbolof T; is j andit correspond$o asymbolk in T,. Againthescoreis
alinearfunctionof theparameters:

sq0GY) = & GjkZik+ Qo0+ gee
ik

andtheoptimalalignmentis computedy the Needleman-Whnschalgorithm.

2.3.3 LEARNING TO PARSE

In learningto parsethe input x is given by a sequenceandthe outputis given by its associated
parsetreeaccordingto a context freegrammar Usuallyweightedcontect-freegrammargWCFGs)
(ManningandSchetze1999)areusedto approactthis problem.Learningto parsenasbeenalready
studiedasaparticularinstantiatiorof structuredutputlearning bothin naturalanguagerocessing
applicationgTsochantaridigtal.,2005; Taskaretal., 2004)andin computationabiology for RNA
secondangtructurealignment(SatoandSakakibara2005)andprediction(Do etal., 2006). In this
paperwe considerthe latter andwe use WCFGsto modelthe structureof RNA sequencesTwo
examplesof RNA secondangtructurefor two sequenceareshovn in Fig. 3.
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Figure3: Two examples of RNA secondary structures for two sequencesof the Rfam
databas€Grif ths-Jonesetal., 2003).

S2 j isthestartingsymbol,andq is asetof weights.We userulesof theforms; i ! X, ii! i jik

nodein the parsetreey corresponds$o agrammarrule andeachweightq; 2 q is associatedvith a
ruler; 2 R. Givenasequence andanassociategarsetreey we cande ne afeaturevectorf (x;y)
which containsa countof the numberof occurrencesf eachof therulesin the parsetreey. Given
aparametewectorq, the predictionfunctionhq(x) is computedoy nding the bestparsetree. For
SCFGsthis canbe doneefciently with the Cocke-YoungerKasami(CYK) algorithm(Younger,
1967).

3. Computing the Moments of the Scoring Function

An interestingcorollary of the proposedstructuredoutputapproactbasedon linear scoringfunc-
tionsis thatcertainstatisticsof thescores(x;y) canbeexpresseasfunctionof theparametevector
g. More speci cally givenan obsened vectorx, we canconsiderthe rst ordermomentor mean
M1,q(x) andthe centeredsecondordermomentor covarianceMaq(X) of the scoresalongall pos-
sible N outputvariablesy;. It is straightforvard to seethatMz,q(X) is alinearfunctionof g, that
is,

Myq(X) s(X3Y))

Zl=
= ‘“ QJOZ

Qoz "~

— T+ .
= Ay 1f(><,y,)

= q'pu

with p= [pg:: ]’ = %é'j\'zlf (X;y;). Similarly, for the covariance:

Mag() . < 8 (S(6Y) Mug(¥)?
=1 I

=

A (Fxy) WExy) W' d
N 2y

= qT

2812



MAGIC MOMENTS FOR STRUCTURED OUTPUT PREDICTION

= q'Cq:
ThematrixC is amatrix with elements:

1

Cpq (fFp(;y))  Hp)(Fa(Xy))  Hg) 4)

N
o]
a
j=1
N
o
a

Zl~ Z]

fp(y)fa(XYj)  HpHg= Vpg  Hplg
1

wherel p;q d.

3.1 Magic Moments

It shouldbe clearthatin practicalstructuredoutputlearningproblemsthe numberN of possible
outputvectorsassociatedb agiveninputx canbemassve. At rst sight,thisleaveslittle hopethat
the above sumscanever be computedfor realistic problems. However, it turnsout thatthe same
ideasthat allow oneto performinferencein PGMsallow oneto computethesesumsef ciently
usingDPR, beit with somavhatmorecomplicatedecursions.

Theunderlyingideasto derive therecursiondor p arebasedn the commutatiity of the semi-
ring thatis usedin the Viterbi (or moregenerallythe max-productindrelatedalgorithms)in PGMs.
In particular this recursionis usedin variousforms:

«. ) ( )

J3 k1
E aa = E aa +Efag;
i=1 i=1
wherethe expectationsarejointly overindependentandomvariablesa;. For therecursiondor the
secondordermoment(which canbe usedto computethe centeredsecondordermomentasshavn
in (4)), thefollowing recursve expressioris appliedin differentvariations:
2, 'l g2 )
<k = < k1 = k 1
E. 4a . = E. @da . +2 ada +E & ;
©i=1 ' ©i=l ' i=1

whereagainthe expectationsarejointly overindependentandomvariablesa;. Notethatthemiddle
term on the right handside is computedby previous iterationsfor the rst order moment. For
concretenessye will now considerseparatelyhethreeillustrative scenariosntroducedabove.

3.2 Sequencd.abeling Learning

Givena x edinput sequence, we shav herefor the sequencéabelingexamplethatthe elements
of pandC canbecomputedexactly andef ciently by dynamicprogrammingoutines.

We rst considerthe vectorpy andconstructit in a way thatthe rst nh,n, elementsontainthe
meanvaluesassociateavith the emissionprobabilitiesandtheremainingnﬁ elementscorrespond
to transitionprobabilities.Eachvalueof p canbedeterminedy Algorithm 1.

In the emissionpartfor eachelementan, m dynamicprogrammingablep‘gq is considered.
Theindex p denoteghehiddenstate(1 p np) andqrefersto theobseration(1 g no). For
examplethe rst componenof p correspondso the DP tablep$;. In practiceeachcell of the DP
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tablecorrespondo a nodeof the HMM trellis. At the sametime anothem, m DP table,denoted
by p, is considerednd lled in awaythateachelementp(i; j) containshe numberof all possible
pathsin the HMM trellis terminatingat position(i; j). Thenarecursve relationis consideredo

computeeachelemenm‘gq(i; ),81 j m81l i ny Basicallyatstep(i;j) the meanvalue
Hpq(i; J) is givensummingthe occurrencesf emissionprobabilitiesepq atthe previoussteps(e.g.,
a; u‘;q(i; i Dp(i;j 1)) with the numberof pathsin the previous stepg(if the currentobsenration

Xj is g andthecurrentstatey; is p) anddividing this quantityby p(i; j).

In a similar way the meanvaluesassociatedo the transitionprobabilitiesare computed.Dy-
namicprogrammingablesu‘pz, 1 p;z n,are lled with recursve formulasin Algorithm 4 in
appendixE.

Analogouslythe elementsof the covariancematrix C canbe obtained. We have ve setsof
values: variancesof emissionprobabilities(cp,, 1 p  Mhyl g no), variancesof transition
probabilities(ctpz, 1 p;z ny), covarianceof emissionprobabilities(cgqp ol pip° oyl
a:q° no), covariancef transitionprobabiIities(ctpzpozo, 1 p;p®zZ n,) andmixedcovariances
(c‘lf)t o 1 p;p®z m;l q ny). Todetermineeachof themwe consider(4) andwe computehe

q
valuesvgg, Vi Voo Vi @NAVE, o, Sincethemeanvaluesarealreadyknown. This computation
is again performedfollowing Algorithm 1 but with recursve relationsgiven in Algorithm 4, in
appendixE (the number5, 11, 12 in Algorithm 4 are meantto indicatethe lines of Algorithm 1

wheretheformulasmustbeinserted).

Algorithm 1 Computatiorof L, for sequencéabelinglearning

1 Input: x = (X1; %255 %m), P, G-

2

3: fori= 1tony

4: p(i;1) =1

5: if g=x1” p=i,thenpy(i;1) == 1
6: end

7. for j= 2tom

8: fori= 1tony

9: M:=0

10: p(i;j) = a;p(i;j 1)

11: ifg=x;" p=i,thenM:=1
12: l-l?)q(i; j) = &i(Mpg(is p?;rj)l\/l)p(l,J 1)
13: end

14: end

15: . e ]

16: Output: 8iHpamp(tim)

aip(i;m)

3.2.1 COMPUTATIONAL COST ANALYSIS

At rst sightthe calculationof p andC requiresrunninga DP algorithmlike Algorithm 1 d times
for p andd? timesfor C. Hencethe overall computationakostseemsto dependstronglyon d.

However, mostof the DP routinesareredundansincemary cellsof pandC have the samevalues.
In fact,thefollowing canbe shavn:
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Proposition3 The numberof dynamicprogrammingroutinesrequired to calculatet andC in-
creasedinearly with the sizeof the observatioralphabet.

An outline of proofcanbefoundin appendixA.

Algorithms 1 and4 assumehatthe HMM is “fully connected'thatis, transitionsareallowed
from andto ary possiblehiddenstatesandevery symbolcanbe emittedin every state. However,
this conditionis often not satis ed in practicalapplications.We shouldpoint out that their adap-
tation for suchsituationsis straightforvard andinvolves computingonly sumsthat correspondo
allowed pathsin the DP table. In this casethe numberof distinctparameteraswell asthe compu-
tationalcostincreasesvith respecto completemodels. However this effect may be offset by the
factthateachDP becomedesstime consuming.Furthermorehe meanandthe covariancevalues
associatedb transitionprobabilitiesareindependentrom obsenrations.To calculatethema closed
form expressiorcanbe usedwithout the needof runningary DP routine.

Moreover usuallyin mostapplicationghessizeof theobsenationalphabetfor examplethesize
of the dictionaryin a naturallanguageprocessingsystem)is very large while the sequenceto be
labeledareshort. This meanghatthe numberof distinctobserationsin eachsequence is much
lowerthann,. In suchcaseghe numberof differentvaluesin pandC scaledinearly with it.

We pointoutthatthe proposedlgorithmcanbeeasilyextendedo the caseof arbitraryfeatures
in thevectorf (x;y) (notonly thoseassociateavith transitionandemissionprobabilities).To com-
putep andC in thesesituationsthe derivation of appropriatdormulassimilar to thoseof p‘gq, cf,q
andcj o, is straightforvard.

3.2.2 ESTIMATING LAND C BY RANDOM SAMPLING

Still, the computationakostincreasesvith the numberof featuressincefor HMMs that are not
“fully connected'jt may occurthatthe numberof differentvaluesin the matrix C scalesquadrat-
ically with the obsenationsalphabetsize n,. However we shav thatin this caseaccurateand
ef cient approximatioralgorithmscanbe usedto obtaincloseestimate®f the meanandthe vari-

ancevalueswith asigni cantly reduceccomputationatost. This canbe achieved by consideringa
nite subsamplef all possiblevaluesfor the outputy, ratherthanusingthe DP approachesThis

commentholdsgenerallyfor all learningproblemsconsideredn this paper andwe comebackto

this in the theoreticaldiscussionin 6.1 aswell asin the experimentalresultsin 5 to supportthis

claimempirically.

3.3 SequenceéAlignment Learning

For the sequencalignmentlearningtask we considerseparatelythe three parametemodel, the
modelwith af ne gappenaltiesandthe modelwith substitutionmatrices.

3.3.1 THE SIMPLEST SCORING SCHEME: MATCH, MISMATCH, GAP

In this modelthe vectorp = [um s ko] containsthe averagenumberof matchesmismatchesnd
gapscomputedconsideringall possiblealignments.lts elementsanbe obtainedusingAlgorithm

2. In anutshell thealgorithmworksasfollows. First,amatrixp is lled. Everycellp(i; j) contains
the numberof all possiblealignmentsbetweentwo pre xesof the stringsS; andS,. In facteach
alignmentcorrespond$o a pathin the alignmentgraphassociatedavith the DP matrix. At thesame
timethe DP tablesfor uy, ps andpg aregradually lled accordingo appropriateecursve relations.
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For exampleeachelementun(i; j) is computeddividing thetotal numberof matchedy the number
of alignmentsp(i; j). If amatchoccurin position(i;j) (M = 1) the total numberof matchesat
step(i; j) is obtainedaddingto the numberof matchesn the previoussteps(um(i;j Dp(i;j 1),
Mn(i ;7 DpGi 1) 1 andpn(i L p@ L)) p(i 1;j 1) timesamatch. Oncethe
algorithmis terminatedthemearvaluescanbereadin thecellspm(ng; n2), Bs(n1; n2) andpg(ng; ).

ThecovariancematrixCisthe3 3 matrixwith elementg,q, p;q2 f m;s; gg andit is symmetric
(Csg= Cgs; Cmg= Cgm, Csm= Cmg). Eachvaluecpq canbeobtainedconsidering4) andcomputingthe
associatedtaluesvpq with appropriateecursve relations(seeAlgorithm 2).

3.3.2 AFFINE GAP PENALTIES

As beforewe cande ne the vectorp = [um Hs Mo Me]| andthe covariancematrix C asthe4 4
symmetricmatrix with elementsc,q with p;q 2 fm;s;0;eg. The valuesof pandC arecomputed
with DP. In particularpm, Ms, Vimm Vms andvss are calculatedasabove, while the othervaluesare
obtainedwith the formulasin Algorithm 5 in appendixE. Thetermsvse andvs, are missingsince
they canbe calculatedwith the sameformulasof viyne andvye simply changingM with 1 M and
Mm with ls. Notethatin somesituationsfor low valuesof (i; j) sometermsarenot de ned (i.e.,
p(i;j 3)whenj = 2). In suchsituationshey mustbeignoredin thecomputation.

3.3.3 EXTENSION TO A GENERAL SCORING MATRIX

Theformulasillustratedin the previous paragraphsanbe extendedto the caseof a generakubsti-
tution matrix with minor modi cations. Concerningthe meanvalues,y, and| arecalculatedas
before.For theothersit is:

Mg LR L0) + Hzpg(i5] DP(5] D+ (Mgt L7 D+ M)p(i 1) 1)

p(i; J)
whereM = 1 whentwo correspondingymbolsin thealignmentareequalto p andq or vice versa
with p;q2 S. The matrix C is a symmetricmatrix 212 212. The valuesveo, Vee and vy, are
calculatedasabove. Thederivation of formulasfor Va2 is straightforvard from v,s considering

the appropriatevaluesfor M andthe meanvalues. The formulasfor v,, andvye follow with minor
modi cation from Vo andvme

Mzpg(i5 1) =

3.4 Learning to Parse

For agiveninput stringx, let yp andcpq be the meanof occurrence®f rule p andthe covariance
betweerthe numbersof occurrencesf rulesp andq, respectiely, thatis, the elementof pandC.
Thefollowing relationshold:

Hp = léle (X'y-)-ly ;
i Nj=1 P N P
1Y 1
ey = Sa Falypfalxy)  Hobg= Ga Mok
j=1

whereN is the numberof all possibleparsetreesassociatedo x, y p is the numberof occurrences
of therule piin all the parsetreey; givenx, andgyq denotesghe cooccurrencesf p andg.

To computeC and L an algorithmbasedon a bottom-updynamicprogrammingcanbe devel-
oped. Similarly to sequencéabelingthreetypesof recurrenceequationamustbe de ned: oneto
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Algorithm 2 Computatiorof pandC with matchesmismatchesndgaps.

1: Input: a pair of sequence$§; andS,.

2:

3: p(0;0):=1

4: um(0;0) = ps(0;0) = pg(0;0) := 0

5: Vmm(0;0) = Vms(0; 0) = Vs(0; 0) = Vsg(0; 0) = Vmg(0; 0) = Vgg(0;0) := 0
6: fori=1:m

7: p(i;0) =1

8: Mg(i50) :== pg(i L,0)+ 1

9: Vgg(i;0) i= vgg(i  L,0)+ 2u9(i 1,00+ 1

10: end

11: for j=1:mp

12: p(0;j) =1

13: Hg(0; ) == g(0;j 1+1

14: Vgg(0; J) == vgg(0; ] 1)+ 2ug(0;] 1D+ 1

15: end

16: fori=1:ng

17: forj=1:ny

18: pi;)=p0 Lj D+p@;j D+pi 1))

19: if s1(i) = s2(j) thenM ;= 1lelseM := 0

20: Hen(i; ) 1= Hm(i L)p( 1))+ pm(i l)p(lpé l))+( (i L] D+Mp(i Lj 1)

21 us(is j) = ps(i Lpp( L)+ ps(izi (i (l)+§ ps(i L) D+(1 M)p(i Lj 1)

22: Hg(i: J) = H(i L+ Dp(i L)+ Hg(is 1)p+(|1))p(ll Dtugli Lj Dpli Lj 1)

23: Vir(is 1) 1= gty Vel LR L 0) + v § - 1R(5 1)

24: (Vi L] D+2Mpy(i L) D+ M)p(i 1) 1)

25: Vs(ii 1) = i (Veli LRG0 L)+ vsdisj LGz 1)

26: Hvsi L) D+2(1 Mps(i L) D+ M)p(i Lj 1)

27 Vao(i: ) = i (Vesi LiD)+ 200 L)+ Dp(i 1))

28: H(vgg(ii] D+ 2493057 D+ Dp;j D+vgl L) Dpi 1) 1)
29: Vg1 1) = iy (el 1 D+ i 1) L))+ (mglii ] 1)

30: +um(i ] D)p(s] D+ (vimgi 1] L+ Mpg(i Lj D)p(i 1] 1))
31: Vsgis J) = Wl;j)(ng(i Li)+us(i Lippl L+ (vsli L 1)

32: +H1 Mpg(i L] D+ (vse(i; ] D+ ps(izy )pGi;j D)pl 1) 1)
33: Vmg(i; j) = Wl;j)(vms(i Lppi 1))+vmdisj Dp(isj 1)

34: Hvmdi 1] D+Mps(i L) D+ (1 Mpa(i Lj D)p(i 1) 1))
35: end

36: end

37:

38: Output: Pm(n1;n2), Hs(N1;N2), Hg(N1;n2),

39: Cmm(M;N2) = Vmm(M; N2) umml,nz)

40: Css(N1;M2) = Vss(N1;N2) P15 N2)%,

41 Cag(N1;N2) 1= Vgg(Na;Nn2) Hm(nl;nz)z,

42: Cms(N1;M2) := Vmg(N1;N2)  Hm(N1; N2) Ps(Ng; n2),

43: Cmg(N1;N2) 1= Vmg(N1;N2)  Hm(N1; N2) pg(N1; N2),

44: Csg(N1;Mp) 1= Veg(N1;N2)  Hs(Ng;n2) Hg(Ng; )

45:
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computethe numberof parsetreesN, anotherthe numberof occurrencey of eachparameterand
thelatterthe numberof cooccurrenceg of eachpair of parameters.

Foragiveninputstringx = (Xp X2::: Xm), Xs denoteghes-th symbolof x, andxg; thesubstring
from the s-th symbolto thet-th symbol. We countthe numberof possibletreesN given x with a
DP algorithmsuchasthe CYK algorithm. We usetwo typesof auxiliary variablesp(s;t; i) and
p(sit;ii;a) which arethe numberof possibleparsetreeswhoseroot is j j for substringxg, and
the numberof possibleparsetreeswhoseroot is appliedto rule j ;! a for substringxg:, where
(ii! a)2R

Thenp(s;t;j i) is calculatedasfollows:

p(sti)= a p(stiia);

a:;(ji! a)2j
where:

1 a=X28Sy,s=t,andX = X,
1

A P(Shik)p(r+ Ltik,) a=ikik ands<t,

r=s

p(sit;i k) a=jk

p(s+ Lt 1) a= Xj kX% X = x5, andX®= x,
0 otherwise.

p(sit;ii;a) =

* WA/ NI/ 0O

Uponcompletionof therecursionN = p(1; m;S) is thenumberof all possibleparsetreesgivenx.

We thencountthe numberof occurrence®f eachrule in all possibleparsetrees. y p(s;t;j i)
denoteghe numberof occurrencesf rule p in all possibleparsetreeswhoserootis j  for xg. We
computey p(s;t;j i) asfollows:

ye(stin= A& yp(stiia);

a:(ii! a)2i
where:
yp(st;ei i;a)
1 a=X=Xg,S=1,
andp=ij;i! X,
tol
a (Yp(srik)p(r+ Lt;ik,)
r=s
= % (S k)Y p(r+ Lit5i k)

+HI(pii! a)p(snik)p(r+ Lt)ik,) a=jkik,ands<t,
yp(stii+ 1(pii! a)p(st;ik) a=ik

yp(s+ Lt Li+I(pii! a)p(s+Lt 1w a=Xj «XPands+ 1< t,
0 otherwise.

with I(p;ii! a)= 1if p=(ji! a),otherwiseitisI(p;ii! a)= 0. Then,yp(1,m;S) is the
numberof occurrencesf p in all parsetreesgivenx.

We countthe numberof cooccurrencegpq(s;t; i i) in eachpair p andq of rules. gpy(s;t;i ;@)
denoteshenumberof cooccurrenceis all possibleparserreesvhoserootis j j for xg;. We calculate
Opqg(Sit;i i) asfollows:

- ) — o - .. . .
gpq(svtll I) - a. gpq(satd iva)v
aii! a)2j
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where:

gpq(sit;8i i;a)
0 a= Xandp6 q,
1 a=Xandp=q=(ji! a),
t 1
& G(STi)P(r+ Lt

r=s

+P(S;15i k) Gpg(r + Lt i k)
+Yp(Shik)Yq(r+ Ltik,)
+Yq(Shik)yp(r+ Lit)ik,)
+H(pii! a)f(psntyik:ik)
+1(qii! a)f(gsntik,ik)

= +H1(pii! al@ii! a)psnik)p(r+ Ltiik,) a=jkikands<t,
Gog(St;i k)
H(pii! a)yqg(stiii)Hl(gii! a)yp(stii)
H(pii! a)l(gii! a)p(stii) asjk

Opg(S* Lt 1;i k)
+1(pii! a)yq(s+ Lt Lk
+1(gii! a)yp(st Lt Lk

+I(pii! a)l(giii! a)p(s+ Lit L) a=XjX%s+1<t,
xs= X, andx = X°
0 otherwise

with f(p;shtiksik) = Yp(Shik)pP(r+ Ltik) + p(snik)yp(r + Litik,). Finally,
Opg(1;m; S is thenumberof cooccurrencesf rulesp andq in all parsetreesgivenx.
In thefollowing sectionwe discusshow we canusethecomputedrst andsecondrderstatistics
to de ne a suitableobjective functionwhich canbe optimizedfor structurecbutputlearningtasks.

4. Moment-basedApproachesto Structur ed Output Prediction

we consideris to nd the parametevaluesq suchthat the optimal given outputvariablesy' can
bereconstructedromx', 8 1 i . Wewantto ful ll thistaskby de ning a suitableobjective
function which is a corvex function of the rst and secondorder statisticswe presentedefore.
Basedon thisideawe introducetwo possibleapproaches.

4.1 Training Setsof SizeOne

To give anintuition of themainideabehindbothmethodswe rst analyzethe situationwherethe
training setin madeof only onepair (x;y). In this situation,both methodsare identicalto each
other

Theideais to considetthedistribution of thescoredor all possibley. Wethende ne ameasure
of separatiorbetweenthe scoreof the correcttraining output, and the entire distribution of all
scoredor all possibleoutputs.More speci cally, theobjective functionwe proposes thedifference
betweerthe scoreof the true outputandthe meanscoreof the distribution, divided by the square
root of thevarianceasa normalization Mathematically:

S(6Y) Mig(¥) _ q'b
max = maxp—— 5
q " Magq(®) 9  g'Cq ©)
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whereb = f(x;y) pis thedifferencebetweerthe featurevectorassociatedo the optimal output
andthe averagefeaturevector .. Maximizing this objective over g meansthat we searchfor a
parametewnector g that makesthe scoreof the correctoutputy asdifferentas possiblefrom the
meanscore measured numberof standardieviations. This correspond$o awell knowvn quantity
in statistics:the Z-score. Given the distribution of all possiblescoreg(i.e., givenits meanandits
variance) the Z-scoreof the correctpair (x;y) is de ned asthe numberof standarddeviationsits
scores(x;y) is away from the meanof thedistribution.

The Z-scoreis an interestingmeasureof separatiorbetweenthe correctoutputand the bulk
of all possibleoutputscorrespondingo a giveninput. Undernormality assumptionsit is directly
equialentto a p-value. Hence,maximizingthe Z-scorecanbe interpretedas maximizingthe sig-
ni cance of the scoreof the correctpair: the largerthe Z-score ,the moresigni cant it is, andthe
fewer otheroutputswould achieve alargerscore.If the normalityassumptioris too unrealisticone
couldstill applya (looser)Chebyshe tail boundto shav thatthe numberof scoreghatexceedthe
scoreof alargetrainingoutputscoresy(x;y) is small.

To quantifythisconnectiorbetweertheZ-scoreof atrainingpairandtherankof its scoreamong
all otherscoreswe wouldlik e to introduceanalternatve formulationfor optimizationproblem(5).

Proposition4 Optimizationproblem(5) is equivalento:
ming §&%L % )
st. q" f(y) f(xy) =1+x; 8]
in thesensdhatit is optimizedoy the samevalueof g or a scalarmultiple of it.
Proof Substitutingx; from the constraintin the objective, the objective of optimizationproblem
(6) is equivalentto:

N N
SaT A0 Ty (FR Ty )Ta 2aT AR ooy +1
j=1 j=1
N
= %qTé(u FOGy)( fosy)Ta+ g™ (fqy) wfesy) W'a
i=1
2A1(x3) W+ 1
= q'Ca+(a’b 1%

Hence the optimizationproblem(6) is equialentto:
ming q'Cq+(q'b 1)

Now, notethatthe objective in optimizationproblem(5) is invariantwith respecto scalingof q.
Hencewecan x thescalearbitrarily, andrequireq"b= 1. Theoptimizationproblemthenreduces
to (usingthe monotonicityof the squareroot):

ming q'Cq
st. gq'b=1:
The optimality conditionsof the formerareCq+ bb'q= b, Cq= (1 b'q)b, andtheLagrange

optimality conditionsof the latterareCq = | b with | aLagrangemultiplier. Hence both optimal-
ity conditionsandoptimizationproblemsareequvalentin the sensdahatthey areoptimizedby the
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sameq up to a scalingfactor |

The following interestingtheoremnow establisheshe link betweenthe relative rankingloss
L;Rasde nedin Section2.2 andtheabove optimizationproblem.

Theorem 5 (Relative ranking lossupper bound) Letusdenoteby L Z%(x;y) thevalueof theob-
jectiveof optimizationproblem(6) evaluatedon training pair (X;y):

[ RRY (- _:L<'1\|2_1<'>\I T f(x: f (x: 12
q (Xy) = Nalxi = Nal a fixy) f(xy)
j= j=
Then,
LY 6y Lgray):
(TheRRU in thesuperscripstanddor Relatve RankingUpperbound.)
Proof Therankof sy(x;y) amongall sq(X;y;) for all possibley; is given by the numberof y; for

whichq™ f(x;y) f(xy)) 0. Hence thisis the numberof timesthatx; 1in optimization
problem(6), suchthatthe objective is atleastaslarge astherankdivided by N, thatis, therelative
rank. |

Additionally, we would like to point out that optimizationproblem(5) andequialently (6) is
alsostronglyconnectedo Fishers discriminantanalysig(FDA). Intuitively, maximizingour objec-
tive function correspondso maximizingthe distancebetweenthe meanof the distribution of the
scoredor all possibleincorrectpairsandthe "'mean’'of the “distribution’ of the scorefor the single
correctoutput,normalizedby the sumof the standardieviations(notethatoneclassreducedo one
datapoint sothe associatedtandardieviation is zero). Then(5) is equivalentto performingFDA
whenoneclassreduceso asingledatapointasde ned by the correcttraininglabel.

4.2 Training Setsof General Sizes

Having introducedthe mainideaon the specialcaseof atraining setof size1, we now turn back
to the generakituationwherewe areinterestedn computingthe optimal parameterectorgivena
trainingsetT of = pairsof sequencesWe will considertwo differentgeneralizationso which we
referasthe Z-scorebasedapproachandasstructuredoutputdiscriminantanalysis(SODA).

4.3 Z-score BasedAlgorithm

In the rst generalizationwe will emphasizéheZ-scoreinterpretation For trainingsetscontaining
morethanoneinput-outputpair, we needto rede ne the Z-scorefor a setof * pairsof sequences

of the scoresfor all sequenceairsin the set. Its meanis the sumof the meansfor all sequence
|o_airs(xi;37') separatelyandcanbe summarizedy b= §;b;. Similarly, for the covariancematrix:
C = 4,C;. Hence,the Z-scorede nition cannaturallybe extendedto morethanoneinput-output
pair by usingb andC insteadof b andC in (5). In summaryextendingthe optimizationproblem(5)
to thegenerakituationof agiventrainingsetT , the optimizationproblemwe areinterestedn is:

q'b
may, PpP——: @)
q'Cq
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The solution of (7) canbe computedby simply solving the linear systemCq = b, whereC is a
symmetricpositive de nite matrix. If C is not symmetricpositve de nite, regularizationcanbe
introducedin a straightforvard way (similar asin FDA) by solving (C+ | 1)q = b instead. This
effectively amountgo restrictingthe normof q to smallvalues.Thenthe optimal parametewector
can be obtainedextremely ef ciently by using iterative methodssuchas the conjugate gradient
method.

4.3.1 INCORPORATING THE HAMMING DISTANCE

A nicepropertyof thisapproachs thatit canbeextendedo take into accountheHammingdistance
betweerthe outputvectors.For eachpair (x;y) we considetthescore:

s(;y) = q'f (y) + du(y:y) = a7 F Ix;y)

wherewe have de ned thevectorsq® = q" 1 andf9x;y)T = f(x;y)T du(y;y) . It is easy
to verify that the associatedptimizationproblemhasthe sameform of (7) whenthe vectorsq®
andf % are considered. In practicethe covariancematrix C is augmentedvith one column (and
onerow, sinceit is symmetric)containingthe covariancevaluesbetweerthe losstermandall the
other parameters We refer to this columnascy. Analogouslythe meanvectoris augmentedy

onevalue (Uy) that representshe meanvalue of the termsdy (y;y) computedalongall negative
pseudoramples. Whenthe Hammingdistanceis adoptedthe computationof pg andcqy canbe
realizedwith DP algorithms.For examplefor sequencéabelinglearningAlgorithm 1 is usedwith

recursve relationssimilar to thosein Algorithm 4.

4.3.2 Z-SCORE APPROACH WITH CONSTRAINTS

As asideremark letusdrav aconnectiorwith existingMM approachesuchasdescribedn Taskar
etal. (2003)andin Tsochantaridigtal. (2005).
Their approacho structuredoutputlearningis to explicitly searchfor the parametewaluesq

suchthattheoptimalhiddenvariablesy' canbereconstructefomx', 81 i . In formulasthese
conditionscanbe expresseds:
qif(;y) qif(xiy)) 81 i T 81 j N (8)

This setof constraintgle nesacorvex setin the parametespaceandits numberis massie, dueto
the hugesizeof the outputspace.To obtainanoptimal setof parameters| thatsuccessfullyful Il
(8) usuallyan optimizationproblemis formulatedwith theseconstraintsfogetherwith a suitable
objective function. In MM approachefor examplethis objective functionis typically choserto be
the squarechormof the parametewector

Interestingly usingthe Z-scoreas objectve function, we obsere that most (and often all) of
the constraintg8) aresatis ed automaticallywhich oftenleadsto a satistctoryresultwith a good
generalizatiorperformanceavithout consideringhe constraintsxplicitly.

However, in thecaseavheretheresultof (7) still violatessomeof theconstraintandonewishes
to avoid this, onecanchooseo imposetheseexplicitly. Theresultingoptimizationproblemis still
corvex andit reducedo:

ming q'Cq 9)
st, g'b 1
q'f(x;y) a'f(<;yl) 81 i 81 j N
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We have developedanincrementablgorithmthatimplementgroblem(9), shovn in Algorithm
3 (seeTsochantaridigtal., 2005,for asimilar approactanda moredetailedstudy).Firstafeasible
solutionis determinedvithout addingary constraints.Thenthe following stepsarerepeatedintil
cornvergence. For eachtraining example, the mostlikely hiddenvariablesare determinedby a
Viterbi-like algorithm. If its scoreis higherthanthe given one, the associatedonstraintis added
to the setof constraintf the problem(9) and(9) is solved. The corvergenceis guaranteedrom
the corvexity of the problem. Eachaddedconstraintprovidesthe effect of restrictingthe feasible
region.

Algorithm 3 Iterative algorithmto incorporatethe active constraints.
Input: ThetrainingsetT = f (x:y)(x%¥2) :::(X ;¥ )g

C:=

Computeb:= §;bj andC := §;C;
Find qopt solving(7)
Repeat
exit:=0
fori= 1;:::;°
Computey' := argmaxy dgf (X';y)
It ae(F O FO4F) 0
exit:=1
C:= C[ fq'(f(x;y) f(x'§)) Og
Find gopt solving(7) s.t.C
end
end
until exit= 1

Output: qopt

Often,realdatasetsdo notallow afeasiblesolutiong. A possiblewvay to dealwith this problem
is by theintroductionof slackvariablesor relaxingthe constraintsy requiringthe inequalitiesto
hold subjectto the small possibleused-de nedolerancee (Ricci etal., 2007). However, we argue
thatin suchcasesimply optimizingthe Z-scoreasdescribedarlierwithoutaddingany constraints
may offer a naturalandcomputationallyattracte alternatve to usingsoft-magin constraints.

4.3.3 RELATED WORK

It is worth noting thatthe Z-scorehaspreviously beenusedin the context of sequencalignment,
althoughin previous work it was computedwith respectto different distributions. In Doolittle
(1981)Z-scoresareusedto assesshe signi cance of a pairwisealignmentbetweertwo aminoacid
sequenceandarecomputectalculatingthe meanandthe standardieviation valuesover arandom
sampletakenfrom a standarddatabaser obtainedpermutingthe given sequenceA high Z-score
correspondso analignmentthatis lesslikely to occurby chanceandthereforebiologically signi -
cant.
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To our knowledge thereareno methodgo calculatethe Z-scoreson a setof randomsequences
in exactway. Theonly attemptto this aimis dueto Boothetal. (2004). They proposedanef cient
algorithmthat nds the standardizedcorein the caseof permutationf the original sequences
but this approachs limited to the ungappedsequencesiWe have to stresghatwe considera much
wider rangeof applications(not only sequencealignment)and a slightly differentde nition of
the Z-score: for example,for sequencalignmentfor eachpair of given sequencethe meanand
standardleviation arecomputedver the setof all possiblealignmentgalsowith gapsandnot only
theoptimal ones)withoutary permutations.

4.4 SODA: Structured Output Discriminant Analysis

Anotherway to extend problem(5) to the generalsituationof a trainingsetT is to minimize the
empiricalrisk associatedo the upperboundon therelative rankinglossR RV | de ned in theusual
way as:

REP(T) = 4 LFV(y):
i=1

This simple summingof the lossfor individual datapointsleavesthe connectionwith FDA more
intact, hencethe nameSODA for structuredoutputdiscriminantanalysis. As usualin empirical
risk minimization,the hopeis thatminimizing the empiricalrisk will ensurehatthe expectedoss
Ex:y) ng(x;)_/) (heretherelative rankingloss)is smallaswell, andwe will shortly prove that
this is the casein 6.1. Filling everythingin, the resultingempirical risk minimization problem
becomes:
o 1N

ming a o a Xj (10)
i=1"" j=1
st gqT(f(hy)  FOdGYh) = 1+ x5 8i:

Thisis theoptimizationproblemwe solvein SODA. To solveit easily andto elucidatemoreclearly
theanalogywith the Z-scoreapproachwe rewrite it onemoretime asfollows.

Proposition6 Optimizationproblem(10)is equivalento:

q'b

maxp—— (11)
9 g'Cq

whee we havede nedb = §;bj andC = &;(C; + bib"). Here, by equivalentwe meanthat the

optimalvaluesfor g differ by a constantscalingfactor only. It canbe solvedefciently by solving

thelinear systenof equation<C q= b .

Notethatthisoptimizationproblemhasthesameshapeas(7) andcanbesolvedagainwith conjucate
gradientalgorithms.

Proof We canfollow exactly the sameprocedureasin the proof of Theorem5 to shav that opti-
mizationproblem(11)is equialentwith:

rrgné q'Cia+ (q'h 1) mqian A(Ci+bb)a 29" bi+1
i=1 i=1 i=1
., ming'Cq 2gb +1:
q
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MM HMP CRFs
Z-score 567 T 1:97e 7 0016
SODA 512 10 313 % 004

Tablel: p-valuesfor level of noisep = 0:4 andfor anHMM with n, = 2 andn, = 4.

Theoptimality conditionsisC g = b . In asimilarway asin the proof of Theoremb, we canshow
thatthe optimality conditionsof optimizationproblem(10) aregivenby C q= | b , leadingto the
samevaluefor q afterappropriatescaling. |

5. Experimental Results

In this subsectionve provide someexperimentalesultsfor thethreeillustrative examplegproposed:
sequencéabeling,sequencalignmentandsequenc@arseearning.

5.1 Sequencd.abeling Learning

The rst seriesof experimentsdevelopedin the contet of sequencéabelinglearning,analyzeghe
behaior of the Z-scorebasedalgorithmandof the SODA usingbotharti cial dataandsequences
of text for namedentity recognition. The main aim of this sectionis to compareour approaches
with otherexisting DLAs on smallandmediumsizedatasets.

5.2 Simulation Results

We rst presenexperimentghatdemonstratéherobustnes®f ourapproachem problemswith an
increasinglegreeof noise.We considertwo differentHMMSs, onewith n, = 2, n, = 4 andonewith
N, = 3, Ny = 5, with assignedransitionandemissionprobabilities.For thesemodels,we generate
hiddenandobsered sequencesf length100. Thetraining setsizeis x edto 20 pairs,while the
testsetis madeup of 100pairs. Thenwe addsomenoisewith probabilitiesp 2 [0;1] ipping labels
in hiddensequencesMore speci cally we considerthreedifferent scenarios:absenceof noise
(p= 0), moderatdevel of noise(p = 0:2) andnoisydata(p = 0:4). After learningthe parameter
thelabelingerror (averagenumberof incorrectlabels)is measuredWe obsenre the performancef
theproposedpproaches comparisorwith otherDLAs suchasCRFs,hiddenMarkov perceptron
(HMP) anda MM methodwith Hammingloss (SVM-structimplementationrsochantaridigt al.,
2005)andlinear kernel. The regularizationparametersissociatedo eachmethodare determined
basedntheperformancen a separatevalidationsetof 100sequencegeneratedogethemwith the
training andthe testsets. Resultsare averagedover 1000training/testsamples.In both casesour
algorithmsoutperformothermethodgor high level of noise,ascanbe expected(Fig. 4). We also
obsere slightly betterperformanceof the SODA with respecto the Z-scorebasedalgorithmfor
low p valueswhile with the Z-scorea smallertesterroris achiezedwith very noisydata.

To assesshe signi cance of the resultsobtainedcomparingour methodswith the otherDLASs
we alsorun somepairedt-testsandcomputethe associateg-valuesfor boththe HMM modelsand
all thelevelsof noise.Herewe only shawv the p-valuesobtainedoy the experimentswith high level
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Figure4: Averagenumberof incorrectlabelsatvaryinglevel of noisefor anHMM with (&) n, = 2
andn, = 4 and(b) n, = 3andn, = 5.
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o

MM HMP CRFs
Z-score 11:11e ® 3:01e 2 0:0076
SODA 88 4 545 10 016

Table2: p-valuesfor level of noisep = 0:4 andfor anHMM with n, = 3andn, = 5.

of noise(Tah 1 andTah 2) in orderto demonstrat¢hatour approachesigni cantly outperforms
HMP andthe MM algorithmin situationswheredataare noisy. In this scenariosSODA and Z-

scoreachiare betterperformancehan CRFseveniif in this casethe differenceof the testerror
is lessevident. On the otherhandwe also obsenre that for separablalata(absencef noise)the

MM algorithmdoessigni cantly betterthanour algorithms(e.g.,for the HMM modelwith n,, = 2

andn, = 4 the p-valueis 5:04e ° for SODA and1:06e 1! for the Z-scorealgorithm). A similar

situationoccursalsofor theHMP (e.g.,for the HMM modelwith n, = 2 andn, = 4 the p-valueis

8:65 ° for SODA and4:86e © for the Z-scorealgorithm). However SODA andZ-scoreapproach
still outperformCRFs(e.g.,for the HMM modelwith n, = 2 andn, = 4 the p-valueis 3:51e * for

SODA and2:53e 3 for theZ-scorealgorithm).

For this seriesof experimentswe also depict sometypical learning curves computedfor all
DLAs consideredWe shav the curvesassociatetbo aHMM modelwith n, = 3, ng = 5, sequences
of lengthequalto 50 andnoiselevel p = 0:2. In this casefor the MM algorithmthe soft magin
paramete€ is setequalto 1 anda constante= 10 12 speci esthe accurayg for constraintgo be
satis ed. The maximumnumberof iterationsof the averagedperceptroris T = 100. CRFsare
optimizedusinga conjucate gradientmethod. Concerningour approachesve plot resultsjust for
the SODA sincein this situation(moderatequantity of noise)the learningcurvesfor the Z-score
algorithmis almostsuperimposetb the SODA's one. For the SODA theregularizationparameter
is| = 10 8 The SODA performsbetterthanothermethodsandamongthe competingDLAs, the
MM approachprovidesthe bestperformancdFig. 5.a). Moreover if for the sameexperimentwe
alsoexaminethe training time we obsene (Fig. 5.b)that SODA is de nitely fasterthanthe MM
algorithmespeciallyfor largerdatasets.
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Figure5: (a) Averagenumberof incorrectlabelsand (b) computationatime as function of the
training setsizefor anHMM with n, = 3andn, = 5.

A furtherseriesof experimentshave beenconductedo con rm thetheoreticaresultspresented
in the previoussubsectionthatis, we wantto shav thatlearningwith SODA is effectively achieved
whenmeanandcovariancematricesare estimatedconsideringust a small subsef incorrectout-
puts (i.e., incorrecthiddenlabel sequences}aken by randomsampling. In factin the situations
wherethe size of the hiddenandthe obsered spaceis large andlong sequencemustbe consid-
ered,the computationof b andC with DP canbe quite time consuming. Then using random
sampling,the computationaburdenof DP is avoidedandthe labelingaccuray is still reasonably
high, if a sufcient numberof possibleoutputsis sampled.To supportthis claim we conductthe
following experiment.Sequencesf length10 areconsideredThetraining setis x edto 50 pairs,
thetestsetcontains100 pairs. Sequenc@airsaregeneratedvith alevel of noisep = 0:2 obtained
by ipping labels. We pick variousHMMs: the hiddenalphabetsizeis x ed, n, = 3, while ng
varies.Theaveragdabelingerrorontestsetandthetime requiredfor computatiorarereportedor
SODA with exactmatriceswhenmatricesare computedon a setof 50 and200randompathsand
for the MM method.Resultsareshavn in Fig. 6. While the performancen termsof labelingerror
areessentiallythe samefor all the algorithms(Fig. 6.a),the computationahdwantageconsidering
thetrainingtime for the samplingapproachess considerablé€Fig. 6.b).

5.3 NamedEntity Recognition

The secondseriesof experimentshave beenperformedin the context of namedentity recognition
(NER). In NER phrasesn text mustbe classi ed as belongingto prede ned cateyoriessuchas
personsprganizations|ocationstemporalandnumericalexpressions.

We consider300 sentencegxtractedfrom the Spanishnews wire article corpususedfor the
SpecialSessiornof CoNLL2002on NER. Our subsettontainsmorethan7000tokens(about2000
unigue)and eachsentencénasan averagelength of 30 words. The hiddenalphabetis limited to
n, = 9 differentlabels,sincethe expressiontypesare only personsorganizationsJocationsand
miscellaneousames.Our aim hereis notto competewith large scaleNER systemdout to perform
comparisorwith previous methodsso we deliberatelychoosea small subsetandan experimental
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Figure6: (a)Labelingerrorontestsetand(b) averagetrainingtime asfunctionof the obsenation
alphabesizen,.

setupsimilarto thatin Altun etal. (2003b).We performexperimentsnto differentsettings:HMM

features(the parameterso be determinedare the transitionand emissionprobabilities)(S) and
HMM featuresof the previousandthe next words(S). Experimentshave beenmadewith a 5-fold
crossvalidation. We comparethe performance®f our approachesvith CRFs,HMP andthe MM

algorithmwith Hamminglossin (Altun et al., 2003b). For the SODA andthe Z-scorealgorithm
the regularizationparameteiis | = 10 8. For CRFswe useda public available software (Kudo,
2005)wherea quasi-ngiton optimizationtechniquemethodis usedfor optimization. For the MM

algorithma linearkernelis consideredC = 1 ande= 0:01. The numberof iterationsof the HMP
isT = 200.

Thetesterrors,reportedin Tah 3, demonstratéhe competitvenessof the proposednethods.
SODA outperformsall the otherapproachefor S;, while it performsslightly worsethanthe MM
algorithmfor featuresS. Ontheotherhandfor S the bestperformances obtainedby the Z-score
algorithm.

Sincethelengthof featurevectorsis large,our approachearegenerallyslowverthanMM meth-
ods. For very large numbersof parametersin fact, the time requiredto computeb andC may
exceedthe computationtime of competingMM approachesHowever, in this case the sampling
strat@y canbe usedto approximatethe matricesC andb . For examplein the § setting,the
averagerunningtime for the SODA is about996747 secwhile with SVM-structthe sametaskis
performedin 104316 sec. However with the useof approximatematricescomputedsamplingon
150randompathsandsolvingthelinear systemby a conjugategradientmethodthe computational
timeis only 656.46 sec.

Z-score SODA MM HMP CRFs
S 11.07 10.13 10.97 20.99 11.96
S 7.89 8.27 8.11 13.78 8.25

Table3: Classi cationerrorontestseton NER (300sentences).
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Z-score SODA MM HMP CRFs
S 9.43 8.80 9.35 11.01 9.07
S 8.57 8.01 7.33 7.83 8.40

Table4: Classi cationerrorontestseton NER (1500sentences).

To addresghis problemof scalabilityof our approactwhenthe numberof featureds largewe
alsodevelopedamethodfor solvingthelinearsystemsf SODA andof theZ-scoreapproaciwhich
is ad hocfor problemssuchasNER wherethe size of the obserationalphaben, (i.e., the sizeof
dictionary)tendsto be hugewhile the sizeof the hiddenalphabeiy, (i.e., the numberof different
labels)is moderate.

The main problemof usingour algorithmsfor taskswith a large numberof featuress repre-
sentedby the factthat the matricesC andC needsto be storedinto memory Moreover solving
the correspondindinear systemswith conjugategradienttechniquesascomputationatostO(d?)
which is problematicwhend is large. To overcomethesedif culties we proposean approach
which exploits the sparsityandthe redundang of the covariancematricesto limit the storagere-
guirementsandto solve the correspondindinear systemwith reducedcomputationakost. This
approachs brie y presentedh appendixB in the caseof sequencéabelingandHMM featuresbut
anextensionof it for otherpossiblecon gurationsof featuress possibleandquite easyto derive.

Using this methodwe are ableto performexperimentsfor the NER taskon a large subsetof
the Spanishnews wire article corpusof CoNLL2002. We used1500sentencesvhich correspond
to adictionaryof about10000differentwords. The hiddenalphabeis again representetdy n, = 9
differentlabels. The experimentalsettingis the sameof the small dataset: we considerthe same
con guration for features(S; and ) andwe comparethe performance®f our approachesvith
CRFs(using CRFstoolkit Kudo, 2005),HMP andthe MM algorithmwith Hammingloss (SVM-
structimplementatiornmsochantaridigtal., 2005). Experimenthave beenmadewith a5-fold cross
validation procedureand the regularizationparametersvhich provide better performanceshave
beensetfor all themethods.

Fromtheresults,shavn in Tah 4, we candrawv similar conclusionghatfor the smalldataset:
SODA outperformsall the otherapproachefor S, while the MM algorithmprovidesthe smallest
testerrorfor $. It is somehav surprisingthatthe HMP providesthe secondbestperformanceor
S despitets simplicity. We explainthis resultconsideringhatwith anincreasedetof featureshe
datatendto bemoreseparableandthe HMP tendto outperformour approacheandCRFs.

Note thatwithout having developedanad hocmethodsuchasthatdescribedn appendixB we
would not have beenableto run this secondseriesof experimentson a normalmachinesinceour
d dcovariancematricesaretoolargeto t into memory(d is about90000only for setof features
S!). For sale of clarity we shouldalso say that sometimesusing this methodwe experienced
numericalproblems(especiallyfor small regularizationparametersjhat are probablydueto the
factthatthe approachs basedon formulasfor matrix inversions. Thereforein the future we plan
to develop a bettermethod(e.g.,basedon updatingmatricesdecompositionsuchasCholesk) in
orderto overcomenumericaldif culties.
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Figure7: Averagenumberof correctlyreconstructedhiddensequencefor an HMM with n,, = 2
andng = 4.

5.4 Z-scorewith Constraints

The last seriesof experimentsshavs someresultsassociatedvith the Z-scoreapproachwith con-
straints(9). We obsere experimentallythatthis approachimprovesthe performancenf the uncon-
strainedproblem(7) if the noisein the datais limited (i.e., in the feasibleor nearlyfeasiblecase).
For examplefor theexperimentsn Fig. 4 whenthenoiselevelis p= 0 with theconstrained-score
thelabelingerroris 3:96 and5:76 respectiely for theHMM with ny, = 2, ny = 4 andfor the HMM
with n, = 3, ng = 5 while for theunconstrainegroblemthe erroris 5:39 and9:87 respecitiely.

Moreover, comparingAlgorithm 3 with other iterative approachegHMP Collins 2002band
MM algorithm Tsochantaridist al. 2005), the use of the Z-scoreas objective function ensures
that the numberof iterationsis generallymuch smaller Thenthe computationakostis greatly
reducedsinceaddingoneinequalitymeangunningthe Viterbi algorithm. To demonstrat¢his, we
performthe following experiment. A pair of obsered and hiddensequencesf lengthm= 100
is considered.Thetaskis to estimatethe valuesof transitionand emissionprobabilitiessuchthat
the obsered sequencearegeneratedy the hiddenone. The numberof constraintsieededn the
training phaseto reconstructhe matricesis averagedn 100 experimentsin Fig. 7 the histograms
obtainedinningthenumberof constraintsieededo reconstructheoriginaltransitionandemission
probabilitiesis shavn for an HMM with n, = 2 andn, = 4. For sake of comparisorthe number
of constraint;eededvhenlearningis performedwith the perceptronCollins, 2002b)anda MM
approachTsochantaridigtal., 2005)is alsoprovided. As expected optimizingthe Z-score,much
lessconstraintsareneeded.

5.5 SequenceAlignment Learning

Thesecondseriesnf experimenthasbeenperformedn thecontext of sequencalignmentearning.
Theaim of this sectionis to comparethe performanceof our algorithmswith a traditionalgenera-
tive approach.Amongthe proposednethodswe presenthe resultsassociatedo SODA sincethe
performancebtainedwith the Z-scorealgorithmarenearlyidentical.

We constructsubstitutionmatriceswith elementggeneratedandomlybut suchthatthe values
on the main diagonalare larger thanthe other In particularwe considertwo typesof matrices
associatedespectrely with a 3 parametemodel(i.e., matchesmismatchesndgaps)anda 211
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SODA (3) SODA (211)  Generative HMP
51 1.2 9612 133 9814 145 938 121
29 038 847 75 9801 122 8398 8.6
5 2:32 1.0 7481 62 974 74 7613 52
10 211 07 60.08 3.2 9293 52 5793 29
20 21 05 4318 22 7913 4.2 4268 21
50 1:.87 0:3 3556 14 4831 29 3192 1.2
100 153 04 30:84 1.0 3205 1.5 284 09
500 098 03 2347 0:2 26:11 06 217 04

N R3S

Table5: Classi cationerror(meanandstandardieviation) ontestsetasfunctionof thetrainingset
sizen.

parametemodels(substitutionmatrix plus gap penalty). Startingfrom thesematriceswe then
generateandompairsof sequencesf length 10 from a 20 letter alphabet. Pairs are constructed
in a way that 50% of symbolsbetweenthe two sequencesre equal. The taskwe consideris to
reconstructhe givenmatricesstartingfrom training setsof varyingsizen.

Table5 shavstheresultsn termsof thetesterror(numberof incorrectlyalignedsequencesgv-
eragedn 100runs.A smallregularizatiorvaluel = 10 '?isusedfor SODA. The rst two columns
of Tah 5 presenthetesterrorfor SODA respectiely for the 3 andthe 211 parametemodel. As
expectedfrom theory the corvergenceto zeroerroris fasterfor the 3 parametemodel. For the
211 parametemodelwe alsocompareéSODA with a generatie sequencalignmentmodel,where
substitutiorratesbetweeraminoacidsarecomputedisingLaplaceestimatesThegappenaltymust
be setmanuallyandwe choosethevalueqg =  0:1 which guaranteethe bestperformancenthe
testset. Thethird columnof Tah 5 shavs the associatedesults: SODA performsbetterthanthe
generatie approachespeciallyfor training setof smallsize. We alsocomparethe performancenf
our methodwith anotherdiscriminatize approachthe hiddenMarkov perceptronln this situation
thetesterrorof SODA is slightly largerthanthatof the HMP. Thisis in accordanceéo whatwe ob-
sene in the sequencéabelinglearningtask: whendataarelinearly separabletherdiscriminatve
approacheappeamoresuitablethanSODA.

For the SODA algorithmwith the 211 parametemodel and for a training setwith n = 100
alignedpairswe alsodepictthe substitutiormatrix computedoy SODA andwe comparet with the
givenone. As onecaneasily obsere, the computedmatrix hasa similar structureof the correct
matrix, having the elementawith highervalueson thediagonal(Fig. 8).

Notethat,in thecontet of sequencalignment beingthe numberof parametermited at most
to 211thetrainingphasds nottime consumingavenfor largetrainingset. In factthecomputational
costis dominatedby the calculationof meanandcovariancematriceswhich canbe greatlyspedup
by samplingwhile solvingthe linearsystemC g = b is indeedvery fast. Herewe only consider
training setsof size up to 500 pairs of sequencesincethe adwvantagein termsof testerror for
SODA (andin generalfor all discriminative approachesyvith respecto generatre approachess
moreevidentfor trainingsetsof smallsizes.
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Figure8: Comparisorbetweeragivensubstitutiormatrix (a) andthe matrix computedvith SODA

(b) for n= 100.

accession n° sequences max.length

RF00032 64 27
RF00260 35 51
RF00436 24 55
RF00164 29 43
RF00480 647 52

Table6: Summaryof thedatasetof RNA sequences

5.6 Learning to Parse

Lastly, we analyzethe RNA secondanstructurepredictionproblem: givenan RNA sequencethe
taskis to predictthe basepair$n the sequenceWith weightedcontext-free grammarsthis predic-
tion canbe accomplishedby parsingthe RNA sequenceTo describebasepairsn RNA sequences,
we usedthe G6 grammaitin Dowell andEddy (2004),whichwecallG= f ;S R; S qg, wherej =
fSL;Fg, Sx= faju;g;cg, andR=fS! L3L;L! aFujuFajgFcjcFgjgFujuFgjajujcjg;F !
aFujuFajgFcjcFgjgFujuFgjLSy. We considerRNA sequencesf ve families(seeTah 6) ex-
tractedfrom the Rfam databas€Grif ths-Joneset al., 2003). We use sequence@cluding only
standardasepairsthatis, a—u, c—g, andg-u.

Resultsfor the experimentsconductedwvith Z-scorewith constraintswith a generatre model,
andwith the hiddenMarkov perceptronn a 5-fold crossvalidationsettingare shavn. Weightsof
thegrammarareoptimizedwith atrainingset,andstructuresassociatedo sequencem thetestset
are predictedby the Viterbi algorithm. For the Z-scorewith constraintsthe bestresultsobtained
varying the regularizationparameteiare reported. For the HMP, valuesrangingfrom T=100to
T=1000areusedasthenumberof iterations,andthe bestresultis shovn. For thegeneratre model,
parameterareestimatedvith Laplacesmoothing.

We measureghe performancef the methodsn termsof sensitvity andspeci city of predicted
basepairsThesensitvity is de ned asthenumberof correctlypredictecbasepairsverthenumber
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of truebasepairsandthe speci city is the numberof correctlypredictecbasepairgver the number
of predictedbasepairs.In Tah 7, the valuesof sensitvity and speci city correspondingo the
maximum product, are shovn for eachalgorithm. The Z-scoreand the HMP have comparable
performanceandgenerallyoutperformthe generatre approachFor the Z-scoreapproactalsothe
averagenumberof constraintss shavn: it is worth notingthatonly very few constraintsareneeded
for eachfamily, oftenlessthanthe numberof iterationsin the HMP by an orderof magnitudeor
more.

6. Statistical Learning Analysis

We presentheretwo learningtheoryresults. The rst oneis speci ¢ for the rankinglossin ary
algorithm using this hypothesisspace,and hencecoversthe SODA algorithm. The secondone
appliesto ary algorithmusingthe zero-ondosswith this hypothesisclass,andhencecoversmost
previousapproaches.

Z-score (constr) Generative HMP
accession sens. spec. n°constraints sens. spec. sens. spec.
RF00032 100 95.98 2.0 100 95.53 100 95.59
RF00260 98.77 94.80 6.0 98.97 100 98.57 98.90
RF00436 91.11 90.61 27.6 44,16 53.30 90.27 86.53
RF00164 76.14 73.47 37.8 65.51 62.55 87.06 78.32
RF00480 99.08 89.89 78.2 99.88 86.43 98.83 94.78

Table7: Predictionon 5-fold crossvalidation. Averagesensitvity andspeci city areshowvn.

6.1 RademacherTheory for SODA

Here we presenta Rademacheboundfor the SODA shawving that learningbasedon this upper
boundon the relative rankis effectively achieved. For full generality we wantour boundto hold
alsoin thecasewherethematriceguandC areestimatedy sampling aswe suggesteth subsection
3.2.2. We alsoprovide someexperimentalresultsfor this in the following subsectionHence,our
boundneedsto accountfor nitenessin two ways. First of all for eachinput-outputpair only a
limited numbem of incorrectoutputsmaybe consideredo estimatg. andC; secondlyonly a nite
number of input-outputpairsis givenin thetrainingset.

In appendixC, we prove the following theorem.It showvs thatthe empiricalexpectationof the
estimatedoss(estimatedy computingC andb by randomsampling)is a goodapproximateupper
boundfor theexpectedoss.Herebyit is goodto keepin mind thatthis lossitself is anupperbound
for therelative rankingloss,suchthatthe Rademachebpoundis alsoa boundon the expectationof
therelative rankingloss.

Theorem 7 (Rademacherbound for SODA) With probability at leastl d over the joint of the
randomsamplel andtherandomsamplesromtheoutputspacefor eac (x;y) 2 T thataretaken
to approximatethe matricesC andb , the following boundholdsfor any q with squaed norm
smallerthanc:

n o)
Ex:y) LqRFU (x:y) IiE’(X;Y’) bgm (x;y)
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n_ o
+ Bxy Rixy *+Ro
r— - .
M log(2'=d) +3M Iog(?zd):
2n 2

wheebywe assumehat the numberof randomsamplegor ead training pair is equalto n.
TheRademaler compleity termsR 1,(x.yy andR 2 deceasewith pl—ﬁ and ek respectivelysudh

thatthe boundbecomesight for increasingn and ", aslong asn growsfasterthanlog(").

For detailsrelatingto theexactvalueof theRademacherompleity terms thevalueof theconstant
M, andthe proofs,we referto theappendixC.

6.2 PAC Bound

In appendixD, we prove thefollowing theorenthatappliesto agenericDLA: givenatrainingset
of samplepairs(x';y'), canwe learnto predictthe outputfor a previously unseerobsenation? For
example,givenatraining setof alignedproteinsequences;anwe learnhow to align a previously
unseerpair? Or, given a training setof correctly parsedsentencesganwe learnhow to parsea
previously unseersentence?o beclear in this sectionwe considerthe zero-ondossonly, which
hasbeenconsiderednostoftenin previouswork on structurecbutputlearning.

DLAs directly learnthe modelparametersuchthatthe accurag of the predictionis somehav
optimized.All thesealgorithmsarein somesenseempiricalrisk minimizers,in thatthey optimize
the predictionperformancen a training set. However till now therehave beenfew workstrying to
addresghe questionwhethera smallempiricalrisk guaranteea small expectedrisk. A rst gen-
eralizationboundhasbeendevelopedby Collins for the caseof the perceptroralgorithm(Collins,
2002a)and a capacityboundin termsof covering numbersfor the maximummargin approach
hasbeenproposedy Taskaret al. (2003). Theseboundshave subsequentiypeenreconsideredn
McAllester(2007)andhave beenimprovedin orderto achieve consisteng for ary arbitraryloss.In
this papemwwe answetthelearnabilityquestioraf rmati vely from anothepoint of view, independent
of thelearningapproachaken,andwe proposeanew PAC boundwhich makesuseof aresultwhich
boundsthe cardinalityof the hypothesisspaceof predictionfunctionsderivedfrom DLAS.

We go backto the original problemof structuredoutputlearning. Givenis atrainingsetT =

y' 2'Y jointly dravni.i.d. from anunspeci edprobabilitydistribution P(x;y). Basecon T wewant
to infer a predictionfunctionhg : X! 'Y suchthatthe probability P(hy(x) = y) of anobsenration-
outputpair (x;y) with hy(x) = y is aslargeaspossible.For learnability the choiceof hy shouldbe
restrictedto alimited hypothesisspaceandDLAs provide oneway to achiese this.

OurhypothesisspaceH is thespacecontainingall predictionfunctionshq with ¢ 2 RY, de ned
as:

— . — T v\ -
hg(x) = argglga\\(xsq(x,y)—argg;gxqf(x,y),

andthisfor a x edfeaturemapf with integerfeaturesbetweerD andC.
For this hypothesisspacewe canprove (in appendixD) thefollowing theorem.

Theorem 8 (On the PAC-learnability of structur ed output prediction) Givenahypothesispace
H of prediction functionshy as de ned above Furthermoe, considera training set T =
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distribution. Then,with probability at leastl d over therandomsampleT , for anyhq 2 H for
which hg(x') = y for all (x';¥") 2 T theexpectedisk canbeboundedhs:

d’log(2C) (d 2)log(d 2)+d log(d)

Exy) pfha(x) € yg

We canthusconcludethatlearningis guaranteedssoonas” >> d?log(2C).

Thisresultprovesthatlearningbasedn DLAs canbeachiered effectively, andd andC arethe
factorsthatarerelevantin determiningthe learningrate. Importantlythis boundholdsregardless
of the methodusedto estimatethe parametewvectorg. Interestingly it suggestghatthe number
C (boundedby to the numberof cliquesfor DLAs derived from PGMs)is lessimportantthanthe
numberof parametersl.

Notethatthisboundonly holdsfor therealizablecase suchthatits practicalrelevanceis limited.
Furthermoreunlike theresultsfrom McAllester (2007),the bounddoesnot dependbn the normof
theweightvectorg, makingit loosefor smallvaluesof kgk. Neverthelesswe believeit is of interest
dueto the simplicity of its derivationbasedn resultsfrom combinatoricandbasicPAC theory

7. Conclusions

We have presentedh formal framework for learningto predictover structuredoutputspaces.The
hypothesisspacewe consideris basedon linear scoringfunctions, muchlike most previous ap-
proachedgo this problem.

The distribution of this linear scoringfunction over all possibleoutputscontainsinformation
thatwe canuseto train the parametersf the learningalgorithm. We cancomputeef ciently the
rst two momentsof this distribution, and we usethemto derive corvex objective functionsfor
parametepptimization.

In this way, we have derived two new ef cient algorithmsfor structuredoutputpredictionthat
rely onthesestatistics both of which canbe solved by solvingonelinear systemof equations.

Interestingly and thanksto the useof the moments,one of the proposedobjective functions
(SODA) representa corvex upperboundon therelative rankingloss: thefraction of outputsfrom
the outputspacethatrank betterthanthe correctoutput. Thanksto this property SODA naturally
andadequatelyealswith the infeasiblecasewherethereexists no parametesettingfor which the
correctgiven pairsareoptimal. We justify this facttheoretically providing a Rademachebound,
and experimentally reportingresultsthat are competitve with existing methods,and betterthan
othermethoddn theinfeasiblecase.
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Appendix A. Proof of Proposition 3

Thenumberof DP routinesneededo computey andC are7n, + 6.

In factin generalin the meanvectorp therearen, + 1 differentvalues.All the elementsasso-
ciatedto transitionprobabilitiesassumethe samevalueswhile for emissionprobability pi5, = Mt
8q=f.

We analyzethe structureof the matrix C. It is a symmetricblock matrix madebasically by
threecomponentstheblock associatetb emissiorprobabilities thatof transitionprobabilitiesand
thatrelative to mixedterms. To computeit 6n, + 5 DP routinesarerequired.In the emissionpart
thereare 2n, possibledifferentvaluessincecy, = cg, 89 = f, cgqpoqo = 0,8q6 g’and C%qpqlo =
0 84 = = f = f0 In the transitionblock thereare only 5 possibledifferentvalues. In
particularfor the secondorder momentsiit holdsthatc},, = ¢y, 8p= z= e= g andcj, =
8p= e z= gandp6 z Fortheremainingthreevaluesthereholdsthatc! , ,o= 0,8p 6 p’z6 ?’

p
Clpon = ctege%o,_Sp: p_o, 26 2, e= e g6 goandctpzlpozoz_ Chyer» 8P6 P’ 2= 2 e6 € g= ¢°
Theblockrelative to mixedtermsis madeof 4n, possibledifferentvalue.In facttherearen, values
Coype With p= pO= z0 no valuescs, o, with p= p° p°6 2 n, valuesc, o, with p= 2, p°6 2°
andn, valuescy, ,, with p6 p° 26 2°

Theredundang in the structureof matrix C andof thevectorpy canbeobseredin Fig. 9 for an
HMM with ng= 3 andng = 4.

5 10 15 20

(a) (b)

Figure9: Meanvectorandcovariancematrix for anHMM with ng= 3 andn, = 4.

Appendix B. Solving Linear Systemsfor Lar ge Feature Spaces

This paragraplprovidesa brief descriptionof anapproacHor solvingthelinearsystem< q= b
andCqg = b avoiding to storethe entire matricesC andC. This approachis suitedto sequence
labelingproblemsandHMM featuresandit is particularlyeffective for problemswhenny, the size
of thehiddenstatealphabetjs smallandn,, thesizeof theobserationalphabetjs large.

We describeéheprocedurdo solveC q= b . In factit subsumethemethodfor solvingCq = b.
Themainideabehindthis proceduras thatexploiting the structureof C we canstorejusta partof
it andcomputethe optimal parametewrectorq effectively.

ThematrixC in caseof sequencéabelingandHMMs featureds sparseandredundantin fact
this matrix is given by the sumof two parts:C = &;C; andBBT = &;b; biT. We rst considerthe
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rst parté = 4;Ci. EachC; is very sparseandhasa regular structureasdiscussedn appendixA.
Thenalsothe matrix C hasthe samestructurethatis, is a matrix madeby four block:

= E M

C= w7

Here E denoteghe block associatedo emissionprobabilities, T that correspondingdo transition
probabilitiesand M that relative to mixed terms. We areinterestedn nding the inverseof the
matrix C without storingit entirely Notethatin mary situations(e.g.,sequencdéabelingproblems
for text analysissuchas NER or POS)the emissionpart representghe main bottleneckin the
computationof the inversesinceits sizeis dependenbn n, (e.g.,the sizeof the dictionary). The
size of the transitionpart insteadis usually moderatesinceit is given by nﬁ (e.g.,the numberof

differenttags).Theinverseof C canbe computedoy:
~1_ E+EWMPIME?! E!MP!?
C= P IMTE ! P!

whereP=T MTE M representhe Schurcomplemenbf E. Theinverseof thematrix E canbe
computedeasilydueto the structureof thematrix E. In factE is ablock matrix:

1
Ed Eo Eo EO

%Eo Ed Eo E0§
E=B . . . . .
Eo EO Eo Ed

whereEy andE, arebothdiagonalmatrices.Thereforewe canrewrite thematrix E as:
0 1 0 1
Eq Eo 0 0 0 I
0 I
. + . CEo I 1 I
Eo I

% 0 Eqg Eo O

E= - . . 0
0 0 0 Eg

Thentheinversecanbe computeckasilyconsideringheformulafor theinverseof a sumof matri-

ces:

= D+ HTEH:

E'=D?' DMY"(I+E(HD H") EHD *?

whereD is adiagonaimatrix. Dueto the specialstructureof D, H andE, it turnsoutthattheinverse
of E is alsoablock matrix with similar structureof E, thatis,

0o - - = — 1
Ed Eo Eo Eo
El_%Eo Eq Eo E0§
Eo EO EO Ed

whereEq = (Eq Eo) !andEgy= Eg(l + EoNnEqg) 1Eg (Nn is adiagonalmatrix with elements
on the main diagonalequalto np). Thenit is not necessaryo computeandstorethe entire matrix
E ! butonly thesmallblocksE4 andE,.
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Oncethe matrix E ! hasbeenobtainedthenthe computationof the Schurcomplemen® and
its inverseit is straightforvard. This is not a time consumingproceduresinceits size nﬁ is typ-
ically smalland E ! is very sparse. Due to the redundang and the particular structureof the
matrix M we canalsocomputequite easilyall the otherterms.In particularthe matrix obtainedby
E IMP MTE lisablock matrixmadeby n, n, equalblocks. Thenit sufces to computeand
to storejustoneof eachblock.

Theinverseof the matrix C hasthenbeenobtainedandwe canuseit directly to computethe
solutionof the linear systemfor the Z-scoreapproachy = C 'b. Insteadif we wantto obtainthe
optimal parametewrectorassociatedo SODA we mustcomputethe solutionof the linear system
(C+ BB")q= b . In practicewhatwe needs amethodto performn rankoneupdategonefor each
samplein thetraining set)of theinverseof the matrix C without storingthe matricesC * andBBT
entirely We canusethe Sherman-Morrison-\bdhury formula:

1

c+BB'=C?! C'Bu+B'C 'BB'C?

to calculatethe solutionof our linearsystem:
qg=(C+BB") b =C ' C 'BU+B'C 'B)B'C 'b:

In practicewe rst computez = C 'b andusethis valueto solve the linear systemby Cholesly
decomposition:

(1+B’C 'B)t=B"z

Note thatthe costof this operationis O(n?) but it is usuallymoderatesincen << d. The compu-
tationalcosthereis dominatedby the calculationof z sincein theoryit requiresd® multiplications.
Howeverin practicethis costis still reasonablsinceC * tendto besparseOncewe have computed
t we canobtainour solutionfor SODA simplybyg= z C 'Bt.

Appendix C. Proof of the RademacherBound

We considertwo typesof randomnes@ our bound:therandomnesg choosingthe nite sample
of traininginput-outputpairs,andtherandomnesi samplingfrom theoutputspacedor eachof the
traininginputs. Our aim is to provide a learningtheoryboundfor the expectedrelative rank of the
scoresy(x;y) amongall scoressq(x;y) forally 2 Y.

More exactlthe areinterestedn boundicng(x;y) LC?FU(X;Y) wherethe value of the loss

Le (xy) = By q (Fcy) f(xy) 17 isknowntobeanupperboundontherelatverank
of thescoreof (x;y) amongall scoresof (x;y) for all possibley (seeTheorenb).

For clarity, let us rst considera x edtrainingpair (x;y). We will derive aRademachenound
thatshavs thatthe quqc,function L(';FU (x;y) is appr(g)ximatelyupperboundeoby its empiricalesti-
matng*FU(x;V) = I’Ey a" (F(xy) f(xy) 1 2 , Obtainedby averagingoverarandomsample
of nvaluesof y. In particularwe will shav thatwith a probabilityof atleastl d; overtherandom
sampleof sizen:

r—
log(1=ch) .

LeV () BER(xy)+ Ry + M =
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with Iil;(x;y) anempiricalRademachectompleity term. Theconstani is anupperboundonthe
valueof LEY(x;y) valid for all allowableq, andis a nite number Suchanupperboundcanbe
computedasM = (C dc+ 1)?, by consideringhe constraintkgk? ¢ andthe factthatfor all d
featuredd fi(x;y) C.

Second,we will shav that the expectationof Lg‘FU (x;y) over (x;y) is approximatelyupper
boundedby its empiricalexpectationover thetraining setof sizel. We will shawv thatwith proba-
bility atleastl d, overthetrainingsetT of size",

r

- log(1=dy)
Exy Lo (Y  Bxy LFY(GY) +Rz+3M —
with R(T) anempiricalRademachecompleity term,andwith the sameconstani.
Puttingthesetwo partialresultstogethemith d; = ZQ andd, = % we have shavn thefollowing
theorem:

Theorem 9 (Rademacherbound for SODA) With probability at leastl d, "di= 1 dover
thejoint of therandomsamplel andtherandomsamplegromtheoutputspaceor eac (x;y) 2 T,
thefollowing boundholdsfor anyq with squaednormsmallerthanc:

n (0]
E(X,y) LCTFU (X,y) E(X,y) DCTFU (X,y)
n 0}
+ Iig(X;r)7) Ryxy + Rzr
o gy 092=0) o Tog(2=d).
2n 2

The rst termon theright handsideof theinequalityis the empiricalrisk, which is minimized
on the training set. The next two termsare Rademachecomplity terms,andwe will seebelow
thatthesedecreasdo zerowith increasing andn. Also thelasttwo termsdecreasdo zerowith
increasing andn, aslongasn is choserto increasdasterthanlog(’).

Both thesepartialresultscanbederived by usingthe generalizatiorerrorboundin Bartlettand
Mendelsorn(2002,Theoren®) andapplyingtheMcDiarmid's concentratioinequality(McDiarmid,
1989). In the following we shav how to computeupperboundson the empirical Rademacher
compleities R 1(x.yy andR .

C.1 RademacherBound for the Relative Rank of a Single Pair

ing to x. For notationalconveniencelet usdenotgj ; = f(x;y) f(xy;). Thenwe canwrite the
empiricalestimateof thelossas
. 2
q'] 1
j=1

Using this notation, and with s a vector of length n containingthe independenthdistributed
Rademachevariabless j being uniformly distributedover 1 and 1, the Rademachecomplex-
ity termR 1,x,yy canbewrittenandboundedas:

( )

é _ _ E 2 cr>] ) T 1 2
LKy) = s man n _alsj al;
J:

Sl
Qo5

bR (x¥) =
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( )
20 . .
= B max_gsj(a'j)* 2Aq7)+1
o ., 8 . g )
B, maxc & siap?+ A2siip+ &s; (12
a N = =1 i=1

The rst equalityis thede nition of theempiricalRademachetompleity, andthe secondequality
is atrivial rewriting. The rst inequalityholdssincethe absolutevalue of the sumis smallerthan
or equalto the sumof absolutevalues. We now rst usethe fact that the maximumof a sum of
functionsis smallerthanor equalto the sumof their maximato shaw that:

2 ( g J g :

(12) “Es max g sj(q'j ;)* + max g 2sj(q'j ;) + max q s
.9
I 2=

8
= B,

<
Q

n
max A si(q'j ;)2
: ,-?1 i(aij) >

8 .9 8\lﬂ

2 22 2
2 2

+ —Eg + —Eg {J
n_> n

o<

n
max a 2si(d'j )

n
max Q sj : (13)
=1 i=

"V
Q

Herewe usedthe fact thatthe absolutevalueis the squareroot of the square andthatthe square
root of a positive function is maximizedwhenthat function itself is maximized. We proceedby
rewriting this expressiorusingbraclet notation,hg; bi denotingthe inner productbetweervectors
(or matrices)a andb. Furthermorewe usethe factthat the maximumof a sum (or expectation)
is smallerthanor equalto the sum(or expectation)of the maximaof theindividual sums to shov
that:

V Vi \
2? € - )
(13 S Es max @ sjskhoa’ij i Jihag'ijd ¢
n 9 jk=1
2\6 ¢ - ) ZM S )
L2 Es max § 4sjsihg;j jihaj i+ 2t Es & SiSk : (14)
n 4 jk=1 n k=1

We now invoke the Caucly-Schwartzinequality andusethefactthatkgk? ¢ andhencekqq'k?
c?, to shaw that:

V / \
u { )
2f g . .
(14 “LEs A sjskc?kj jkkj (k2
n o
k=1
ZE — ) ZE S—
+H Es j-%-14CSjSkkj J-kkj K +ﬁ Es j'élstk : (15)
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n o
Sincefor i 6 k, thereholdsthatEs sjsx = OandEs sJ2 = 1,wecan nally write that:
Ma — M a — !
(15 = é c %é ki ka+ 2" %é ki K2+ 1
j= j=1

1

In summarywe have foundthefollowing upperboundonthe rst empiricalRademachecom-
plexity:

Proposition 10 (Rademachercomplexity R 1Y) TheRademahercompIe(itytermFAQ 1,x;y) can

beboundeds:
s__ s 1

n
Lok ke’ LAk ket
Ni=1 ji=1

T Qo5
Sk

which, giventheboundednessfkj ;k, decieasedo zeo asn increasego in nity, asrequired.

C.2 RademacherComplexity for the Empirical Expectation of the Loss

GivenarandomlysampledrainingsetT = f (x%;y1): (x%;y2)::::;(X ;¥ )g. Theempiricalexpecta-
tion of thelosscanbewritten as:

faLRR’(X'y)

i=

1o 1N . |

“a fa(qTJ',- 12
N 2y

i=1

E(X;y) L(I;FU (X, )_/)

wherej § = f(x';y)  f(X;¥') andN; is thecardinalityof the outputspacecorrespondingo x'.
For notationalconveniencelet usintroducethematrix F ' containingall vectors ‘jT asits rows.
Thenwe canrewrite the expectedossfunctionin amorecompactorm as:

1o kFig 1k2
By Lg(y) faqT
i=1 i
_ }é hgq";FTF 2hgFT i+ b i

i=1 N

We have rewritten thisin aform thatcontainsatermlinearin qq', atermlinearin g, andaconstant
term. It is exactly this decompositiorof the empiricalexpectationof thelossthathasallowedusto
derive a boundon the Rademacheterm R 1.y, sowe canfollow the sameprincipleshere. We
omit thedetailshere,andjust statetheresult:

Proposition 11 (Rademachercomplexity R») TheRademakercompleity termR , canbebounded
as:
0 v v 1
2 ﬁl & (JJ)2 u1‘a-j'-2
FAQZ p— = M + 2p I = é “i=lg + 1& :
) 1 N i=1 Ni

Qo .

i
which again deceasedo zeo as " increasego in nity .
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Appendix D. Proof of the PAC Bound

This sectioncontainsthe proof of the PAC boundstatedn subsectior6.2.

D.1 Bounding the Effective Cardinality of the HypothesisSpace

Thenumberof possiblefunctionsmappingtheinput spaceon the outputspaces potentiallyhuge:
jY jiXi for an obsenation spaceof sizejXj andan outputspaceof sizejYj. To male this more
concretefor theHMM predictionproblemdiscusseearlier thisis equalto n!’ " = nhm'"@, which
is doublyexponentialin thelengthof the sequencem.

It would clearly be impossibleto achiese learningif we hadto considerall of thesepossible
functionsmappingobsenationsonto outputs. However, we will shav thatthe hypothesisclassof
predictionfunctionsde ned above containsonly avery smallsubsebf thesefunctions.Thismeans
that,while thecardinalityof functionshg isin nite (onesuchfunctionfor eachqg 2 RY), theeffective
cardinalityis low, sincemary of thesefunctionsareequivalent. We will subsequentlysethisupper
boundon the effective cardinalityto obtaina PAC boundon thegeneralization.

To upperboundthe effective cardinalityof the hypothesispaceH , we borrav andreformulate
the so-calledfew inferencefunctionstheolem by Elizalde (to appear)in the terminology of the
presenpaper:

Theorem 12 (Elizalde) Letd andC be xed positiveintegers. Letf : X Y ! f0;1;:::;Cg% bea
xed function (called the featue map). Then the hypothesisspace H dened as H =
hgihg(X;y) = argmax/qTf(x;y)jq 2 RY hasan effectivecardinality of at most

2d2 d+1

_ did 1).
K= T2 2)!0 :

thatis, thenumberof differentpredictionfunctionsin H is at mostK.

D.2 A PAC Bound for Learning Prediction Functions

Basedon the effective cardinality of the hypothesisspacewe cannow derive a PAC boundon the
expectedisk. Letusderivetheboundfor thecasevheretheempiricalrisk is equalto zero. Deriving
a PAC boundin the caseof nonzeroempiricalrisk is a well-known variation (Vapnik, 1998),and
we will notdiscusst in thecurrentpaper
The probability of classifyingall the * training examplescorrectlywith ary x ed prediction
functionis:
P(all* correctip) (1 p) exp( “p)

wherep is theexpectedisk for this predictionfunction. Howeverin generalthe predictionfunction
is chosenfrom the hypothesisspaceH . The probability over the samplethatany of K prediction
functionswith anexpectederror rate of at leastp faultlesslyperformson all training examplesis
boundedby

P(all * correct,for ary predictionfunction 2 Hjp) Kexp( "p);

whereK is the effective cardinalityof H. Hence,the probability to geta zerotraining seterror,
for ary of the predictionfunctionsandthusfor ary of the parametewralues,s at mostK exp( " p),
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wherep is the minimal error probability Thus,we foundanupperboundwhich holdswith con -
denceatleastd for theexpectederrorrate p as:

log(K) log(d)

As we have seenin Theorem12, the effective cardinality of H is upper boundedby K =
2 |+
%Cd(d D andthus(usinglog(n!) nlog(n) n), we have proventhe Theoren8.

Appendix E. Algorithms

This sectioncontainsadditionalformulasthatcanbe usedfor momentscomputatiorrespectiely in
caseof sequencéabeling(Algorithm 4) andof sequencealignment(Algorithm 5).

Algorithm 4 Extraformulasfor sequencéabeling

11:if z= i then Mt:= 1
. ai (50 DpG;i )+ Mp(p;j 1
12: IJtpz(li i) = & HpAic] )p(;(li;j)) p(p:j 1)

Srifg=x " p=ithenvpy(i;l) =1
11:ifq=x; » p=ithenM:=1

. ey L Ai(Vpg(isl D+ 2MPB(] D+ M)p(i;j 1)
12: 505 4) = P pé’iq;j)

11:if = x; » p°=ithenM;:= 1
ifg=x; » p=ithenMy:=1
_ AR il D MuBi D+ Mokl D)pGii D)
12'V§qp°q°(" )= = p(i:1) ;

5: if p=ithenvi(i;2) =1
11:if p=ithenM = 1

- 8] Dpis] D) 2Miby(pi 1)+ M)p(p:j 1
12:th2(|;]) :=a(p(|J )p(isj ))+(p(i;j;1p(pl )+ M)p(pij 1)

11:if p°= jthenM;:= 1

if p= jthenMy = 1 .

) oy @Vl DpGT D+ Mk (PR Dp(pS] D+ Mok oi(pii Dp(pij 1)
12'\}pzp°z°("1) a . : p(i:)) ;

11:if 2= ithenM;:= 1
ifg=x; » p=ithenMy:=1

, &V (i DRGi D Mue(p®] DP(R®] D+ MatkoolR(p)
12: Vi 1) = @)
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Algorithm 5 Extraformulasfor af ne gappenalties
be(i31) = gap(eli LG L))+ PG 20)+ ke(i ] 1p(isj 1)
+p(i;] 2+ (i Lj Dp(i 1) 1)
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