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Abstract

Most approachesto structuredoutputpredictionrely on a hypothesisspaceof predictionfunctions
that computetheir outputby maximizinga linear scoringfunction. In this paperwe presenttwo
novel learningalgorithmsfor this hypothesisclass,anda statisticalanalysisof their performance.
Themethodsrely on ef�ciently computingthe �rst two momentsof thescoringfunctionover the
outputspace,andusingthemto createconvex objective functionsfor training. We reportexten-
sive experimentalresultsfor sequencealignment,namedentity recognition,andRNA secondary
structureprediction.

Keywords: structuredoutputprediction,discriminative learning,Z-score,discriminantanalysis,
PAC bound

1. Intr oduction

Thelast few yearshave seena growing interestin learningalgorithmsthatoperateover structured
data: given a setof training input-outputpairs, they learnto predict the outputcorrespondingto
a previously unseeninput, whereeither the input or the output (or both) aremorecomplex than
traditionaldatatypessuchasvectors.

Examplesof suchproblemsabound:learningto align biological sequences,learningto parse
strings,learningto translatenaturallanguage,learningto �nd theoptimalroutein agraph,learning
to understandspeech,andmuchmore.Thisproblemsettingsubsumesasaspecialcasethestandard
regression,binaryclassi�cation,andmulticlassclassi�cationproblems.In fact in many casesthe
structuredoutputpredictionapproachmatchespracticemoreclosely. However, thisbroadgenerality
andapplicabilitycomeswith anumberof signi�cant theoreticalandpracticalchallenges.

In standardregressionthe output spaceis real-valued,and in classi�cation the output space
consistsof a relatively smallunstructuredsetof labels. In contrast,in structuredoutputprediction
theoutputspaceis typically massive,containinga rich structurerelatingthedifferentoutputvalues
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with eachother. Becauseof this, eventhepredictiontaskitself requiresa search(or optimization)
over thecompleteoutputspace,which in itself is oftennontrivial. A fortiori, thetaskof learningto
predictposesimportantnew challengesin comparisonwith standardmachinelearningapproaches
suchasregressionandclassi�cation.

1.1 Graphical and Grammatical Models for Structur edData

An immediateapproachfor structuredoutput predictionwould be to usea probabilisticmodel
jointly over theinputandtheoutputvariables.Probabilisticgraphicalmodels(PGMs)or stochastic
context free grammars(SCFGs)aretwo examplesof techniquesthat allow oneto specifyproba-
bilistic modelsfor a varietyof inputsandoutputs,explicitly encodingthestructurethat is present.
For a giveninput, thepredictedoutputcanthenbefoundastheonethatmaximizesthea posteriori
probability. Thiswayof predictingstructuredoutputsis referredto asmaximumaposteriori(MAP)
estimation.Thelearningphasethenboilsdown to modelingthedistributionof thejoint of inputand
outputdata.

However, it is well known that this indirect approachof �rst modelingthe distribution (dis-
regardingthe predictiontaskof interest)andsubsequentlyusingMAP estimationfor prediction,
risksto besuboptimal.Insteadadirectdiscriminativeapproachis moreappropriate,whichdirectly
focuseson the predictiontaskof interest. Suchmethods,known asdiscriminative learningalgo-
rithms(DLAs), makepredictionsby optimizingascoringfunctionover theoutputspace,wherethis
scoringfunctionhasnotnecessarilyaprobabilisticinterpretation.

RecentlystudiedDLAs includemaximumentropy Markov models(McCallum et al., 2000),
conditionalrandom�elds (CRFs)(Laffertyetal.,2001),re-rankingwith perceptron(Collins,2002b),
hiddenMarkov perceptron(HMP) (Collins, 2002a),sequencelabelingwith boosting(Altun et al.,
2003a),maximalmargin (MM) algorithms(Altun et al., 2003b;Taskaret al., 2003;Tsochantaridis
et al., 2005),Gaussianprocessmodels(Altun et al., 2004),andkernelconditionalrandom�elds
(Lafferty etal., 2004).

Interestingly, boththegenerative modelingapproachandtheDLAs mentionedabove make use
of formally the samehypothesisclassof predictionfunctions. In particular, they all make useof
a scoringfunction that is linear in a setof parametersto scoreeachelementof the outputspace.
In the generative approach,this linear function is the log-probabilityof the joint of the input and
outputdata;in the discriminative approachthis canbe any linear function. The actualprediction
function then selectsthe output that achieves the highestvalue of the scoringfunction (i.e., the
highestscore). In thegenerative approachthis meansthat thea posteriori(log)-probabilityof the
outputis maximized,suchthattheMAP estimateis obtainedaspointedoutabove.

1.2 The Contrib utions of this Paper

In this paperwe will adoptthe hypothesisspaceof predictionfunctionsde�ned as above. The
distribution of scoresinducedby any hypothesisover all possibleoutputsis a centralconceptin
variousapproaches,andcanbeusedto comparehypotheses,andhenceto train. For exampleMM
approaches(Altun et al., 2003b;Taskaret al., 2003;Tsochantaridiset al., 2005)prescribeto seek
hypothesesthatmakethescoreof thecorrectoutputsin thetrainingsetlargerthanall incorrectones
(by acertainmargin).

We arguethat the problemcanbe betterapproachedby consideringthe entiredistribution of
the scoresover the outputspace,andin particularby computingits �rst two moments.Different
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choicesof parameterscanbe assessedby comparing(a functionof) thosemoments.Suchan ap-
proachwould accountfor all possibleoutputvaluesat once,ratherthanjust the oneswith a high
scoreas in the maximummargin approaches.However thesemomentscannotbe computedby
bruteforceenumeration:in all practicalcasestheoutputspaceis far too largeto exhaustively tra-
verseit. Neverthelessin this paperwe show how the�rst andsecondordermomentscanoftenbe
computedef�ciently by meansof dynamicprogramming(DP), without explicitly enumeratingthe
outputspace.Weprovidespeci�c examplesof how thesemomentscanbecomputedfor threetypes
of structuredoutputpredictionproblems:thesequencealignmentproblem,sequencelabeling,and
learningto parsewith acontext freegrammarfor RNA secondarystructureprediction.

We thenpresenttwo waysin which thesemomentscanbe usedto designa convex objective
functionfor alearningalgorithm.The �rst approachis themaximizationof theZ-score,acommon
statisticalmeasureof surprise,whichis largeif thescoresof thecorrectoutputsin thetrainingsetare
signi�cantly differentfrom thescoresof all incorrectoutputsin theoutputspace.We show thatthe
Z-scoreis a convex costfunction,suchthat it canbeoptimizedef�ciently . A secondapproach—
alsoconvex—is reminiscentof Fisher's discriminantanalysis(FDA). We call this new algorithm
SODA (structuredoutputdiscriminantanalysis)sincetheoptimizationcriterionis asimilarfunction
of the�rst andsecondorderstatisticsasin FDA.

We reportextensive experimentalresultsfor theproposedalgorithmsappliedto threedifferent
problemsettings:learningto align,sequencelabeling,andRNA folding.

Finally we derive learning-theoreticboundson the performanceof thesealgorithms,showing
that the SODA cost function is relatedto the rank of the correctoutputamongthe otheroutputs
andanalyzingits statisticalstability within theRademacherframework; additionally, we presenta
generalPAC boundthatappliesto any algorithmusingthishypothesisclass.

1.3 Outline of this Paper

Therestof thepaperis structuredasfollows: Section2 formally introducestheproblemof struc-
turedoutputlearningandthehypothesisspaceconsidered.Section3 dealswith thecomputationof
the�rst andsecondordermomentsof thescoredistribution throughDP. In Section4 we introduce
the two algorithms.In Section5 we presentour experimentalresults,andin Section6 we outline
learning-theoreticalbounds,whoseproof is however left for theappendix.

2. Learning to Predict Structur edOutputs

We addressthegeneralproblemof learninga predictionfunctionh : X ! Y , with Y a potentially
highly structuredspacecontaininga potentiallylargenumberN of elements.Thelearningis based
on a trainingsetof input-outputpairsT = f (x1; ȳ1); (x2; ȳ2); : : : ; (x` ; ȳ` )g drawn i.i.d. from some
�x ed but unknown distribution P(x;y) over X � Y . The inputs and the outputsmay be highly
structuredobjectsthatparameterizesequences,treesor graphs.For examplein sequencealignment
learningthe outputvariablesparameterizethe alignmentbetweentwo sequences,in sequencela-
belingy is thelabelsequenceassociatedto theobservedsequencex, andwhenlearningto parsey
representsaparsetreecorrespondingto agivensequencex.
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2.1 ScoringFunctions,Prediction Functions,and the HypothesisSpace

As in standardmachinelearningapproaches,we considerlearningmethodsthat choosethe pre-
diction function from a hypothesisspaceby minimizing a costfunction evaluatedon the training
data.To establishthetypeof hypothesisspacewe will consider, we will rely on thenotionscoring
function, which is a functions: X � Y ! R thatassignsanumericalscores(x;y) to apair (x;y) of
input-outputvariables.Furthermore,wewill assumethats is linearin aparametervectorq 2 Rd:

De�nition 1 (Linear scoring function) A linear scoring function is a function sq : X � Y ! R
de�nedas:

sq(x;y) = qT f (x;y); (1)

where thevectorf (x;y) = (f 1(x;y); f 2(x;y); : : : ; f d(x;y))T is de�nedbya speci�edsetof integer-
valuedfeature functionsf i : X � Y ! [0;C] for a �xed upperboundC.

Basedon this,wecande�ne predictionfunctionsasconsideredin thispaperasfollows:

De�nition 2 (Prediction function) Givena linear scoringfunctionsq, wecande�ne a prediction
functionhq : X ! Y as:

hq(x) = argmax
y2Y

sq(x;y): (2)

This typeof predictionfunctionhasbeenusedin previousapproachesfor structuredoutputpredic-
tion. For example,whenusinga discrete-valuedPGM to modelthe joint distribution of the input
andoutputdata,thelogarithmof theprobabilitydistribution is a linearscoringfunctionasde�ned
above. Thevectorf (x;y) is thenthevectorof suf�cient statistics,andtheparametervectorq corre-
spondsto thelogarithmsof thecliquepotentialsor conditionalprobabilities.Then,aMAP estimator
correspondsto a predictionfunctionasde�ned above. Furthermore,notethateachfeaturefunction
f i thatcountsasuf�cient statisticis eitheranindicatorfunction,or thesumof anindicatorfunction
evaluatedon a setof cliquesover which theparameterqi is reused.Therefore,eachof thefeatures
mustbeanintegerbetween0 andthenumberof cliquesC, asrequiredfor linearscoringfunctions
in De�nition 1.

Typically, in PGMstheparametersq would beinferredby MaximumLikelihood.On thecon-
trary in DLAs q is computedby minimizing criteria thataremoredirectly linkedto theprediction
performance.Moreover with DLAs richerfeaturevectors(with featuresnot necessarilyassociated
to cliquepotentialsor conditionalprobabilities)areallowedto describemoreeffectively therelation
betweeninput andoutputvariables.This meansthatthescoresq(x;y) loosesits interpretationasa
log-likelihoodfunction.

In summary, thehypothesisspaceweconsiderin thispaperis de�ned as:

H = f hq : q 2 Rdg: (3)

This is a slightly larger hypothesisspaceascomparedto the oneconsideredin PGMs,sincethe
parametersq arenot restrictedto representlog probabilities.

While we chooseto abandonthe probabilisticinterpretations,it is often worthwhile to keep
the analogywith PGMs in mind: they teachus when the evaluationof the predictionfunction
(2) canbecarriedout ef�ciently by meansof Viterbi-like algorithms,despitethehugesizeof the
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outputspaceY . In fact,it is oftenconvenientto de�ne or derive thescoringfunctionstartingfrom
a PGM, to ensurethat it is easilymaximizedby a dynamicprogrammingproceduresuchas the
Viterbi algorithm. Subsequentlytheconstraintson theparametersthataremeantto guaranteethat
thescoringfunctionis a log-probabilityfunctioncanberemoved,in orderto arrive at a hypothesis
spaceof theform (3).

2.2 Ideal LossFunctions

In orderto selectanappropriatepredictionfunctionfrom thehypothesisspace,acostfunctionneeds
to bede�ned. Herewe will provide anoverview of a few conceptuallyinterestingcostfunctions,
but whichareunfortunatelyhardto optimize.Nevertheless,they canoftenbeapproximatedasseen
from literature,andaswewill demonstratefurtheron.

Considera lossfunctionLq that mapsthe input x andthe true training output ȳ to a positive
realnumberLq(x; ȳ), in someway measuringthediscrepancy betweenthepredictionhq(x) andȳ.
Empiricalrisk minimizationstrategiesattemptto �nd thevectorq 2 Rd suchthattheempiricalrisk,
de�ned as:

Rq(T ) =
1
`

`

å
i= 1

Lq(xi ; ȳi)

is minimized,in hopesthat this will guaranteethat theexpectedlossEf Lq(x; ȳ)g is smallaswell.
Often it is bene�cial to introduceregularizationin orderto prevent over�tting to occur, but let us
�rst consideron theempiricalrisk itself.

Clearlythechoiceof thelossfunctionis critical,anddifferentchoicesmaybeappropriatein dif-
ferentsituations.Thesimplestoneis anaturalextensionof thezero-onelossin binaryclassi�cation
task,de�ned as:

LZO
q (x; ȳ) = I (hq(x) 6= ȳ)

whereI(�) is an indicatorfunction. Unfortunatelythezero-onelossfunction is discontinuousand
NP-hardto optimize. ThereforealgorithmssuchasCRFs(Lafferty et al., 2001)andMM methods
(Altun etal.,2003b)minimizeanupperboundonthis lossratherthanthelossitself, combinedwith
anappropriateregularizationterm.

However, in structuredoutputprediction,the zero-onelossis quite crude,in the sensethat it
makes no distinction in the type of mistake that hasbeenmade. For example,assumethat the
outputsy aresequencesof lengthm, or vectors:y = (y1;y2; : : : ;ym). In thatcase,awrongprediction
is likely to be lessdamagingif it is dueto only oneor a few incorrectlypredictedsymbolsin the
sequence.A betterlossfunctionthatdistinguishesincorrectpredictionsin thisway is theHamming
loss,originally proposedin Taskaretal. (2003)for MM algorithms:

LH
q (x; ȳ) = å

j
I (hq; j (x) 6= ȳ j );

countingthenumberof elements(i.e., thesymbolsin a sequence,or coordinatesin a vector)of the
outputwhereamistakehasbeenmade.

However, theHamminglossis not necessarilya goodmeasurefor theseverity of an incorrect
prediction. For example,certainsentencescanbe parsedin totally differentwaysthat canall be
correct,with a largeHammingdistanceseparatingthem. Similarly, RNA moleculescanhave two
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totally differentstablefold states,bothwith functionalrelevance.Therefore,whereperfectpredic-
tion of thedatacannotbeachievedusingthehypothesisspaceconsidered,it couldbemoreuseful
to measurethefractionof outputsfor which thescoreis rankedhigherthanfor thecorrectoutput.
This is themainmotivationto usewhatwecall therelative ranking(RR) loss:

LRR
q (x; ȳ) =

1
N

N

å
j= 1

I (s(x; ȳ) � s(x;y j )) ;

We refer to this loss as the relative ranking loss, sincethe rank divided by the total size of the
outputspaceN is computed.This lossandrelatedlossfunctionshave beenproposedin Freundet
al. (1998),SchapireandSinger(1999)andAltun etal. (2003a).

2.3 Playing with Sequences:Labeling, Aligning and Parsing

In order to further clarify the framework of structuredoutput learningwe presentthreetypical
problemswhich we will usein the rest of the paperas illustrative examples: sequencelabeling
learning,sequencealignmentlearningandparselearning.

2.3.1 SEQUENCE LABELING LEARNING

In sequencelabelingtasksa sequenceis taken asan input, andthe outputto be predictedis a se-
quencethatannotatesthe input sequence,that is, with a symbolcorrespondingto eachsymbolin
theinputsequence.Thisproblemarisesin severalapplicationsuchasgene�nding or proteinstruc-
turepredictionin computationalbiology or namedentity recognitionandpartof speechtaggingin
thenaturallanguageprocessing�eld. Traditionallya specialtypeof PGM,namelyhiddenMarkov
models(HMMs) (Rabiner, 1989),is usedin sequencelabeling,wheretheparameterscanbelearned
by maximumlikelihood,andsubsequentlypredictionscanbemadeby MAP estimation.In order
to derive a DLA for this setting,we will �rst derive thepredictionfunctioncorrespondingto MAP
estimationbasedon HMMs, andsubsequentlyremove theconstraintson theparametersthatallow
for theprobabilisticinterpretationof HMMs. Thenanappropriatecostfunctionfor discrimination
canbeoptimizedto selectagoodparametersetting.

In an HMM (Fig. 1) thereis a sequenceof observed variablesx = (x1;x2; :::;xm) 2 X which
will be the input in the terminologyof the paper, alongwith a sequenceof correspondinghidden
variablesy = (y1;y2; :::;ym) 2 Y , in thepresentterminologycorrespondingto theoutputsequence
to be predicted.Eachobserved symbolxi is an elementof the observed symbolalphabetSx, and
thehiddensymbolsyi areelementsof Sy, with no = jSxj andnh = jSyj therespectivealphabetsizes.
Thereforetheoutputspaceis Y = Sy

m, while X = Sx
m. Thenumberof cliquesC = 2m� 1 of the

HMM graphicalmodelis equalto thenumberof edges.
An HMM is de�nedasaprobabilisticmodelfor thejoint distributionof thehiddenandobserved

sequence,wherebyit is assumedthattheprobabilitydistributionof eachhiddensymbolyk depends
solely on the valueof the previous symbol in the sequenceyk� 1 (this is the Markov assumption
which is quanti�ed by P(ykjyk� 1)). Furthermore,it is assumedthat theprobabilitydistribution of
the observed symbolxk dependssolely on the valueof yk (quanti�ed by the emissionprobability
distribution P(xkjyk)). For simplicity, we ignoretheprobabilitydistribution of the �rst elementof
thehiddenchainin thisexposition.TheMAP estimatorpredictsthehiddensequencey thatis most
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Figure1: Thegraphof anHMM with m= 4.

likely giventheobservationsequencex. In formulas:

h(x) = argmax
y2Y

P(yjx) = argmax
y2Y

P(y;x)
P(x)

= argmax
y2Y

P(y)P(xjy);

= argmax
y2Y

m

Õ
k= 2

P(ykjyk� 1)
m

Õ
k= 1

P(xkjyk);

= argmax
y2Y

"
m

å
k= 2

logP(ykjyk� 1) +
m

å
k= 1

logP(xkjyk)

#

;

wherewemadeuseof thefactthattheargmaxof a functionis equalto theargmaxof its logarithm.
Thus,to fully specifytheHMM, oneneedsto considerall thetransitionprobabilities(denoted

ti j for i; j 2 Sy for thetransitionfrom symboli to j), andtheemissionprobabilities(denotedeio for
theemissionof symbolo 2 Sx by symboli 2 Sy). Usingthisnotation,wecanrewrite theprediction
functionasfollows (with I (�) equalto oneif theequalitiesbetweenbracketshold):

h(x) = argmaxy2Y å
i; j2Sy

log(ti j )
m

å
k= 2

I (yk� 1 = i;yk = j)

+ å
i2Sy;o2Sx

log(eio)
m

å
k= 1

I (yk = i;xk = o):

For simplicity of notationlet us replaceall logarithmsof parametersti j andeio by parameters
qi summarizedin a d = nhno + n2

h dimensionalparametervectorq. Additionally, let us summa-
rize the correspondingsuf�cient statisticså m

k= 2 I (yk� 1 = i;yk = j) andå m
k= 1 I (yk = i;xk = o) in a

correspondingfeaturevectorf (x;y) = [f 1(x;y) f 2(x;y) : : : f d(x;y)]T . (Note that thesesuf�cient
statisticscountthenumberof occurrencesof eachspeci�c transitionandemission.)Thenwe can
rewrite thepredictionfunctionin a linearform asrequired:

hq(x) = argmax
y2Y

qT f (x;y):

This predictioncanbeevaluatedef�ciently by meansof theViterbi algorithm. Note that in order
to learn the parametersby meansof maximumlikelihoodestimation,constraintsare imposedto
ensurethat they representlog-probabilities.In orderto arrive at a DLA that operatesin the same
setting,it suf�ces to ignoretheseconstraints,andto minimizeanappropriateempiricalrisk subject
to someregularization,asoutlinedin Section2.2. Moreover relaxingalsotheMarkov assumption
the proposedformulationcanbe extendedto the caseof arbitraryfeatures.In generalin fact the
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vectorf (x;y) containsnotonly statisticsassociatedto transitionandemissionprobabilitiesbut also
any featurethat re�ects the propertiesof the objectsrepresentedby the nodesof the HMM. For
examplein mostof thenaturallanguageprocessingtasks,featurevectorsalsocontaininformation
aboutspellingpropertiesof words. Sometimesalsothe so-called`overlappingfeatures'(Lafferty
et al., 2001)areemployed,which indicaterelationsbetweenobservationsandsomeprevious and
future labels. Most of DLAs dealingwith this taskhave proceededin this way (McCallumet al.,
2000;Lafferty etal., 2001;Collins,2002a;Altun etal., 2003a,b;Taskaretal., 2003).

2.3.2 SEQUENCE ALIGNMENT LEARNING

As secondcasestudied,we considerthe problemof learninghow to align sequences:given as
trainingexamplesa setof correctpairwiseglobalalignments,�nd theparametervaluesthatensure
sequencesareoptimallyaligned.This taskis alsoknown asinverseparametricsequencealignment
problem(IPSAP)andsinceits introductionin Gus�eld et al. (1994), it hasbeenwidely studied
(Gus�eld andStelling,1996;KececiogluandKim, 2006;Joachimsetal.,2005;PachterandSturm-
fels,2004;Sunetal., 2004).

Considertwo stringsS1 andS2 of lengthsn1 andn2 respectively. The stringsareorderedse-
quencesof symbolssi 2 S, with S a �nite alphabetof sizenS. In caseof biologicalapplications,
for DNA sequencesthealphabetcontainsthesymbolsassociatedwith nucleotides(S= f A;C;G;Tg),
while for aminoacidssequencesthealphabetis S= f A;R;N;D;C;Q;E;G;H; I ;L;K;M;F;P;S;T;W;Y;Vg.

An alignmentof two stringsS1 andS2 of lengthsn1 andn2 is de�ned asa pair of sequencesT1

andT2 of equallengthn � n1;n2 that areobtainedby taking S1 andS2 respectively andinserting
symbols� at variouslocationsin orderto arrive at stringsof lengthn. Two symbolsin T1 andT2

aresaidto correspondif they occurat thesamelocationin therespective string. If corresponding
symbolsareequal,this is calleda match. If they arenot equal,this is a mismatch. If oneof the
symbolsis a � , this is calledagap.

With eachpossiblematch,mismatchor gapa scoreis attached.To quantifythesescores,three
scoreparameterscanbe used: onefor matches(qm), one for mismatches(qs), andonefor gaps
(qg). In analogywith thenotationin this paper, thepair of givensequencesS1 andS2 representthe
input variablex while their alignmentis theoutputy. Thescoreof theglobalalignmentis de�ned
asthesumof this scoreover the lengthof T1 andT2, that is, asa linear functionof thealignment
parameters:

sq(x;y) = qT f (x;y) = qmm+ qss+ qgg

wheref (x;y) = [msg]T andm, sandg representthenumberof matches,mismatchesandgapsin the
alignment.Fig. 2 depictsapairwisealignmentbetweentwo sequencesandtheassociatedpathin the
alignmentgraph.ThenumberN of all possiblealignmentsbetweenS1 andS2 is clearlyexponential
in thesizeof thetwo strings.However, anef�cient DPalgorithmfor computingthealignmentwith
maximalscoreȳ is known in literature:theNeedleman-Wunschalgorithm(Needleman,1970).

The scoringmodelspresentedabove considera local form of gap penalty: the gap penaltyis
�x ed independentlyof theothergapsin thealignment.However for biological reasonsit is often
preferableto consideranaf�ne functionfor gappenalties,thatis to assigndifferentcostsif thegap
starts(gapopeningpenaltyqo) in agivenpositionor if it continues(gapextensionpenaltyqe). Then
thescoreof analignmentis:

sq(x;y) = qmm+ qss+ qoo+ qee
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Figure2: An alignmenty betweentwo sequencesS1 andS2 canbe representedby a path in the
alignmentgraph.

wherem, s, o ande representthe numberof match,mismatch,gap openingsandgap extensions
respectively andqm, qs, qo, qe arethe associatedcosts. As beforewe cande�ne the vectorsq =
[qm qs qo qe]T andf (x;y) = [mso e]T . Thereforethescoreis still a linearfunctionof theparameters
andthepredictioncanbecomputedby aDPalgorithm.

More often a differentmodel is consideredwherea (symmetric)scoringmatrix speci�esdif-
ferentscorevaluesfor eachpossiblepair of symbols. In generalthereared = nS(nS+ 1)

2 different
parametersin q associatedwith thesymbolsof thealphabetplustwo additionalonescorresponding
to the gap penalties.This meansthat to align sequencesof aminoacidswe have 210 parameters
to determineplus other2 parametersfor gap openingandgap extension. We denotewith z jk the
numberof pairswhereasymbolof T1 is j andit correspondsto asymbolk in T2. Again thescoreis
a linearfunctionof theparameters:

sq(x;y) = å
j � k

q jkzjk + qoo+ qee

andtheoptimalalignmentis computedby theNeedleman-Wunschalgorithm.

2.3.3 LEARNING TO PARSE

In learningto parsethe input x is given by a sequence,andthe output is given by its associated
parsetreeaccordingto acontext freegrammar. Usuallyweightedcontext-freegrammars(WCFGs)
(ManningandSchetze,1999)areusedto approachthisproblem.Learningto parsehasbeenalready
studiedasaparticularinstantiationof structuredoutputlearning,bothin naturallanguageprocessing
applications(Tsochantaridisetal.,2005;Taskaretal.,2004)andin computationalbiologyfor RNA
secondarystructurealignment(SatoandSakakibara,2005)andprediction(Do et al., 2006).In this
paperwe considerthe latter andwe useWCFGsto modelthe structureof RNA sequences.Two
examplesof RNA secondarystructurefor two sequencesareshown in Fig. 3.

A WCFGis de�ned as� ve tuples(¡ ;Sx;R;S;q), where¡ = f ¡ 1; : : : ; ¡ j¡ jg is a setof nontermi-
nals,Sx = f X1; : : : ;XjSxjg is a setof terminals,R= f ¡ i ! aj¡ i 2 ¡ ;a 2 (¡ [ Sx) � g is a setof rules,
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Figure3: Two examples of RNA secondary structures for two sequencesof the Rfam
database(Grif�ths-Jonesetal., 2003).

S2 ¡ is thestartingsymbol,andq is asetof weights.Weuserulesof theforms¡ i ! X, ¡ i ! ¡ j ¡ k,
¡ i ! X¡ jX0, and¡ i ! ¡ j0 ( j0> i). R is alsoindexedby anorderingf r1; : : : ; r jRjg andd = jRj. Each
nodein theparsetreey correspondsto a grammarrule andeachweightqi 2 q is associatedwith a
rule r i 2 R. Givenasequencex andanassociatedparsetreey wecande�ne a featurevectorf (x;y)
which containsa countof thenumberof occurrencesof eachof therulesin theparsetreey. Given
a parametervectorq, thepredictionfunctionhq(x) is computedby �nding thebestparsetree. For
SCFGs,this canbe doneef�ciently with the Cocke-Younger-Kasami(CYK) algorithm(Younger,
1967).

3. Computing the Momentsof the ScoringFunction

An interestingcorollaryof theproposedstructuredoutputapproachbasedon linearscoringfunc-
tionsis thatcertainstatisticsof thescores(x;y) canbeexpressedasfunctionof theparametervector
q. More speci�cally givenanobservedvectorx, we canconsiderthe �rst ordermomentor mean
M1;q (x) andthecenteredsecondordermomentor covarianceM2;q (x) of thescoresalongall pos-
sibleN outputvariablesy j . It is straightforward to seethatM1;q (x) is a linear functionof q, that
is,

M1;q (x) ,
1
N

N

å
j= 1

sq(x;y j )

= qT 1
N

N

å
j= 1

f (x;y j )

= qTµ

with µ = [µ1 : : :µd]T = 1
N å N

j= 1 f (x;y j ). Similarly, for thecovariance:

M2;q (x) ,
1
N

N

å
j= 1

(sq(x;y j ) � M1;q(x))2

= qT

 
1
N

N

å
j= 1

(f (x;y j ) � µ)( f (x;y j ) � µ)T

!

q
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= qTCq:

ThematrixC is amatrixwith elements:

cpq =
1
N

N

å
j= 1

(f p(x;y j ) � µp)( f q(x;y j ) � µq) (4)

=
1
N

N

å
j= 1

�
f p(x;y j )f q(x;y j )

�
� µpµq = vpq � µpµq

where1 � p;q � d.

3.1 Magic Moments

It shouldbe clear that in practicalstructuredoutput learningproblemsthe numberN of possible
outputvectorsassociatedto agiveninputx canbemassive. At �rst sight,this leaveslittle hopethat
the above sumscanever be computedfor realisticproblems.However, it turnsout that the same
ideasthat allow one to perform inferencein PGMsallow one to computethesesumsef�ciently
usingDP, beit with somewhatmorecomplicatedrecursions.

Theunderlyingideasto derive therecursionsfor µ arebasedon thecommutativity of thesemi-
ring thatis usedin theViterbi (or moregenerallythemax-productandrelatedalgorithms)in PGMs.
In particular, this recursionis usedin variousforms:

E

(
k

å
i= 1

ai

)

= E

(
k� 1

å
i= 1

ai

)

+ E f akg;

wheretheexpectationsarejointly over independentrandomvariablesai . For therecursionsfor the
secondordermoment(which canbeusedto computethecenteredsecondordermomentasshown
in (4)), thefollowing recursiveexpressionis appliedin differentvariations:

E

8
<

:

 
k

å
i= 1

ai

! 2
9
=

;
= E

8
<

:

 
k� 1

å
i= 1

ai

! 2
9
=

;
+ 2E

(

ak

k� 1

å
i= 1

ai

)

+ E
�

a2
k

	
;

whereagaintheexpectationsarejointly over independentrandomvariablesai . Notethatthemiddle
term on the right handside is computedby previous iterationsfor the �rst order moment. For
concreteness,wewill now considerseparatelythethreeillustrativescenariosintroducedabove.

3.2 SequenceLabeling Learning

Givena �x edinput sequencex, we show herefor thesequencelabelingexamplethat theelements
of µ andC canbecomputedexactlyandef�ciently by dynamicprogrammingroutines.

We �rst considerthevectorµ andconstructit in a way that the �rst nhno elementscontainthe
meanvaluesassociatedwith theemissionprobabilitiesandthe remainingn2

h elementscorrespond
to transitionprobabilities.Eachvalueof µ canbedeterminedby Algorithm 1.

In theemissionpart for eachelementa nh � m dynamicprogrammingtableµe
pq is considered.

Theindex p denotesthehiddenstate(1 � p � nh) andq refersto theobservation(1 � q � no). For
examplethe �rst componentof µ correspondsto theDP tableµe

11. In practiceeachcell of theDP
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tablecorrespondto a nodeof theHMM trellis. At thesametime anothernh � m DP table,denoted
by p, is consideredand�lled in a way thateachelementp(i; j) containsthenumberof all possible
pathsin the HMM trellis terminatingat position(i; j). Thena recursive relationis consideredto
computeeachelementµe

pq(i; j), 81 � j � m, 81 � i � nh. Basicallyat step(i; j) the meanvalue
µe

pq(i; j) is givensummingtheoccurrencesof emissionprobabilitiesepq at theprevioussteps(e.g.,
å i µe

pq(i; j � 1)p(i; j � 1)) with thenumberof pathsin theprevioussteps(if thecurrentobservation
x j is q andthecurrentstatey j is p) anddividing thisquantityby p(i; j).

In a similar way the meanvaluesassociatedto the transitionprobabilitiesarecomputed.Dy-
namicprogrammingtablesµt

pz, 1 � p;z � nh are�lled with recursive formulasin Algorithm 4 in
appendixE.

Analogouslythe elementsof the covariancematrix C canbe obtained. We have � ve setsof
values: variancesof emissionprobabilities(ce

pq, 1 � p � nh;1 � q � no), variancesof transition
probabilities(ct

pz, 1 � p;z � nh), covariancesof emissionprobabilities(ce
pqp0q0, 1 � p; p0 � nh;1 �

q;q0� no), covariancesof transitionprobabilities(ct
pzp0z0, 1 � p; p0;z;z0� nh) andmixedcovariances

(cet
pqp0z, 1 � p; p0;z� nh;1 � q � no). To determineeachof themweconsider(4) andwecomputethe

valuesve
pq, vt

pz, ve
pqp0q0, vt

pzp0z0 andvet
pqp0z sincethemeanvaluesarealreadyknown. Thiscomputation

is again performedfollowing Algorithm 1 but with recursive relationsgiven in Algorithm 4, in
appendixE (the number5, 11, 12 in Algorithm 4 aremeantto indicatethe lines of Algorithm 1
wheretheformulasmustbeinserted).

Algorithm 1 Computationof µe
pq for sequencelabelinglearning

1: Input: x = (x1;x2; :::;xm), p, q.
2:

3: for i = 1 to nh

4: p(i;1) := 1
5: if q = x1 ^ p = i, then µe

pq(i;1) := 1
6: end
7: for j = 2 to m
8: for i = 1 to nh

9: M := 0
10: p(i; j) := å i p(i; j � 1)
11: if q = x j ^ p = i, then M := 1

12: µe
pq(i; j) := å i (µ

e
pq(i; j � 1)+ M)p(i; j � 1)

p(i; j)
13: end
14: end
15:

16: Output: å i µ
e
pq(i;m)p(i;m)
å i p(i;m)

3.2.1 COMPUTATIONAL COST ANALYSIS

At �rst sight thecalculationof µ andC requiresrunninga DP algorithmlike Algorithm 1 d times
for µ andd2 times for C. Hencethe overall computationalcostseemsto dependstronglyon d.
However, mostof theDP routinesareredundantsincemany cellsof µ andC have thesamevalues.
In fact,thefollowing canbeshown:
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Proposition3 The numberof dynamicprogrammingroutinesrequired to calculateµ andC in-
creaseslinearly with thesizeof theobservationalphabet.

An outlineof proofcanbefoundin appendixA.
Algorithms1 and4 assumethat theHMM is `fully connected',that is, transitionsareallowed

from andto any possiblehiddenstatesandevery symbolcanbeemittedin every state.However,
this conditionis often not satis�ed in practicalapplications.We shouldpoint out that their adap-
tation for suchsituationsis straightforward andinvolvescomputingonly sumsthat correspondto
allowedpathsin theDP table.In this casethenumberof distinctparametersaswell asthecompu-
tationalcostincreaseswith respectto completemodels.However this effect maybeoffsetby the
fact thateachDP becomeslesstime consuming.Furthermorethemeanandthecovariancevalues
associatedto transitionprobabilitiesareindependentfrom observations.To calculatethemaclosed
form expressioncanbeusedwithout theneedof runningany DProutine.

Moreoverusuallyin mostapplicationsthesizeof theobservationalphabet(for examplethesize
of thedictionaryin a naturallanguageprocessingsystem)is very largewhile thesequencesto be
labeledareshort. This meansthat thenumberof distinctobservationsin eachsequencex is much
lower thanno. In suchcasesthenumberof differentvaluesin µ andC scaleslinearlywith it.

Wepointout thattheproposedalgorithmcanbeeasilyextendedto thecaseof arbitraryfeatures
in thevectorf (x;y) (notonly thoseassociatedwith transitionandemissionprobabilities).To com-
puteµ andC in thesesituationsthederivationof appropriateformulassimilar to thoseof µe

pq, ce
pq

andcet
pqp0z is straightforward.

3.2.2 ESTIMATING µ AND C BY RANDOM SAMPLING

Still, the computationalcost increaseswith the numberof featuressincefor HMMs that arenot
`fully connected',it mayoccurthat thenumberof differentvaluesin thematrixC scalesquadrat-
ically with the observationsalphabetsize no. However we show that in this caseaccurateand
ef�cient approximationalgorithmscanbeusedto obtaincloseestimatesof themeanandthevari-
ancevalueswith a signi�cantly reducedcomputationalcost.This canbeachievedby consideringa
�nite subsampleof all possiblevaluesfor theoutputy, ratherthanusingtheDP approaches.This
commentholdsgenerallyfor all learningproblemsconsideredin this paper, andwe comebackto
this in the theoreticaldiscussionin 6.1 aswell as in the experimentalresultsin 5 to supportthis
claimempirically.

3.3 SequenceAlignment Learning

For the sequencealignmentlearningtaskwe considerseparatelythe threeparametermodel, the
modelwith af�ne gappenaltiesandthemodelwith substitutionmatrices.

3.3.1 THE SIMPLEST SCORING SCHEME: MATCH, M ISMATCH, GAP

In this modelthevectorµ = [µm µs µg]T containstheaveragenumberof matches,mismatchesand
gapscomputedconsideringall possiblealignments.Its elementscanbeobtainedusingAlgorithm
2. In anutshell,thealgorithmworksasfollows. First,amatrixp is �lled. Everycell p(i; j) contains
the numberof all possiblealignmentsbetweentwo pre�xesof the stringsS1 andS2. In fact each
alignmentcorrespondsto apathin thealignmentgraphassociatedwith theDPmatrix. At thesame
timetheDPtablesfor µm, µs andµg aregradually�lled accordingto appropriaterecursiverelations.
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For exampleeachelementµm(i; j) is computeddividing thetotalnumberof matchesby thenumber
of alignmentsp(i; j). If a matchoccur in position(i; j) (M = 1) the total numberof matchesat
step(i; j) is obtainedaddingto thenumberof matchesin theprevioussteps(µm(i; j � 1)p(i; j � 1),
µm(i � 1; j � 1)p(i � 1; j � 1) andµm(i � 1; j)p(i � 1; j)) p(i � 1; j � 1) timesa match. Oncethe
algorithmis terminated,themeanvaluescanbereadin thecellsµm(n1;n2), µs(n1;n2) andµg(n1;n2).

ThecovariancematrixC is the3� 3matrixwith elementscpq, p;q2 f m;s;ggandit is symmetric
(csg = cgs, cmg = cgm, csm= cms). Eachvaluecpq canbeobtainedconsidering(4) andcomputingthe
associatedvaluesvpq with appropriaterecursive relations(seeAlgorithm 2).

3.3.2 AFFINE GAP PENALTIES

As beforewe cande�ne the vectorµ = [µm µs µo µe]T andthe covariancematrix C as the 4� 4
symmetricmatrix with elementscpq with p;q 2 f m;s;o;eg. The valuesof µ andC arecomputed
with DP. In particularµm, µs, vmm, vms andvss arecalculatedasabove, while the othervaluesare
obtainedwith the formulasin Algorithm 5 in appendixE. The termsvse andvso aremissingsince
they canbecalculatedwith thesameformulasof vme andvmo simply changingM with 1� M and
µm with µs. Note that in somesituationsfor low valuesof (i; j) sometermsarenot de�ned (i.e.,
p(i; j � 3) when j = 2). In suchsituationsthey mustbeignoredin thecomputation.

3.3.3 EXTENSION TO A GENERAL SCORING MATRIX

Theformulasillustratedin thepreviousparagraphscanbeextendedto thecaseof a generalsubsti-
tution matrix with minor modi�cations. Concerningthe meanvalues,µo andµe arecalculatedas
before.For theothersit is:

µzpq(i; j) :=
µzpq(i � 1; j)p(i � 1; j) + µzpq(i; j � 1)p(i; j � 1) + (µzpq(i � 1; j � 1) + M)p(i � 1; j � 1)

p(i; j)

whereM = 1 whentwo correspondingsymbolsin thealignmentareequalto p andq or vice versa
with p;q 2 S. The matrix C is a symmetricmatrix 212� 212. The valuesveo, vee and voo are
calculatedasabove. Thederivationof formulasfor vzpqzp0q0 is straightforwardfrom vms considering
theappropriatevaluesfor M andthemeanvalues.Theformulasfor vzo andvze follow with minor
modi�cation from vmo andvme.

3.4 Learning to Parse

For a given input stringx, let µp andcpq be themeanof occurrencesof rule p andthecovariance
betweenthenumbersof occurrencesof rulesp andq, respectively, thatis, theelementsof µ andC.
Thefollowing relationshold:

µp =
1
N

N

å
j= 1

f p(x;y j ) =
1
N

y p;

ncpq =
1
N

N

å
j= 1

�
f p(x;y j )f q(x;y j )

�
� µpµq =

1
N

gpq � µpµq;

whereN is thenumberof all possibleparsetreesassociatedto x, y p is thenumberof occurrences
of therule p in all theparsetreey j givenx, andgpq denotesthecooccurrencesof p andq.

To computeC andµ analgorithmbasedon a bottom-updynamicprogrammingcanbedevel-
oped. Similarly to sequencelabelingthreetypesof recurrenceequationsmustbe de�ned: oneto
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Algorithm 2 Computationof µ andC with matches,mismatchesandgaps.
1: Input: apairof sequencesS1 andS2.
2:
3: p(0;0) := 1
4: µm(0;0) = µs(0;0) = µg(0;0) := 0
5: vmm(0;0) = vms(0;0) = vss(0;0) = vsg(0;0) = vmg(0;0) = vgg(0;0) := 0
6: for i = 1 : n1
7: p(i;0) := 1
8: µg(i;0) := µg(i � 1;0) + 1
9: vgg(i;0) := vgg(i � 1;0) + 2µg(i � 1;0) + 1

10: end
11: for j = 1 : n2
12: p(0; j) := 1
13: µg(0; j) := µg(0; j � 1) + 1
14: vgg(0; j) := vgg(0; j � 1) + 2µg(0; j � 1) + 1
15: end
16: for i = 1 : n1
17: for j = 1 : n2
18: p(i; j) := p(i � 1; j � 1) + p(i; j � 1) + p(i � 1; j)
19: if s1(i) = s2( j) then M := 1 elseM := 0
20: µm(i; j) := µm(i� 1; j)p(i� 1; j)+ µm(i; j � 1)p(i; j � 1)+( µm(i� 1; j � 1)+ M)p(i� 1; j � 1)

p(i; j)

21: µs(i; j) := µs(i� 1; j)p(i� 1; j)+ µs(i; j � 1)p(i; j � 1)+( µs(i� 1; j � 1)+( 1� M))p(i� 1; j � 1)
p(i; j)

22: µg(i; j) := µg(i� 1; j)+ 1)p(i� 1; j)+( µg(i; j � 1)+ 1)p(i; j � 1)+ µg(i� 1; j � 1)p(i� 1; j � 1)
p(i; j)

23: vmm(i; j) := 1
p(i; j) (vmm(i � 1; j)p(i � 1; j) + vmm(i; j � 1)p(i; j � 1)

24: +( vmm(i � 1; j � 1) + 2Mµm(i � 1; j � 1) + M)p(i � 1; j � 1))
25: vss(i; j) := 1

p(i; j) (vss(i � 1; j)p(i � 1; j) + vss(i; j � 1)p(i; j � 1)
26: +( vss(i � 1; j � 1) + 2(1� M)µs(i � 1; j � 1) + (1� M))p(i � 1; j � 1))
27: vgg(i; j) := 1

p(i; j) (vgg(i � 1; j) + 2µg(i � 1; j) + 1)p(i � 1; j)
28: +( vgg(i; j � 1) + 2µg(i; j � 1) + 1)p(i; j � 1) + vgg(i � 1; j � 1)p(i � 1; j � 1))
29: vmg(i; j) := 1

p(i; j) (vmg(i � 1; j) + µm(i � 1; j))p(i � 1; j) + (vmg(i; j � 1)
30: + µm(i; j � 1))p(i; j � 1) + (vmg(i � 1; j � 1) + Mµg(i � 1; j � 1))p(i � 1; j � 1))
31: vsg(i; j) := 1

p(i; j) (vsg(i � 1; j) + µs(i � 1; j))p(i � 1; j) + (vsg(i � 1; j � 1)
32: +( 1� M)µg(i � 1; j � 1) + (vsg(i; j � 1) + µs(i; j � 1))p(i; j � 1))p(i � 1; j � 1))
33: vms(i; j) := 1

p(i; j) (vms(i � 1; j)p(i � 1; j) + vms(i; j � 1)p(i; j � 1)
34: +( vms(i � 1; j � 1) + Mµs(i � 1; j � 1) + (1� M)µm(i � 1; j � 1))p(i � 1; j � 1))
35: end
36: end
37:
38: Output:µm(n1;n2), µs(n1;n2), µg(n1;n2),
39: cmm(n1;n2) := vmm(n1;n2) � µm(n1;n2)2,
40: css(n1;n2) := vss(n1;n2) � µm(n1;n2)2,
41: cgg(n1;n2) := vgg(n1;n2) � µm(n1;n2)2,
42: cms(n1;n2) := vms(n1;n2) � µm(n1;n2)µs(n1;n2),
43: cmg(n1;n2) := vmg(n1;n2) � µm(n1;n2)µg(n1;n2),
44: csg(n1;n2) := vsg(n1;n2) � µs(n1;n2)µg(n1;n2)
45:
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computethenumberof parsetreesN, anotherthenumberof occurrencesy of eachparameter, and
thelatterthenumberof cooccurrencesgof eachpairof parameters.

For agiveninputstringx = (x1 x2 : : : xm), xs denotesthes-th symbolof x, andxsjt thesubstring
from thes-th symbolto thet-th symbol. We countthenumberof possibletreesN givenx with a
DP algorithmsuchastheCYK algorithm. We usetwo typesof auxiliary variables,p(s;t; ¡ i) and
p(s;t; ¡ i;a) which arethe numberof possibleparsetreeswhoseroot is ¡ i for substringxsjt , and
the numberof possibleparsetreeswhoseroot is appliedto rule ¡ i ! a for substringxsjt , where
(¡ i ! a) 2 R.

Thenp(s;t; ¡ i) is calculatedasfollows:

p(s;t; ¡ i) = å
a:(¡ i ! a)2¡

p(s;t; ¡ i;a);

where:

p(s;t; ¡ i ;a) =

8
>>>>>><

>>>>>>:

1 a = X 2 Sx, s= t, andX = xs,
t� 1

å
r= s

p(s; r; ¡ k1)p(r + 1;t; ¡ k2) a = ¡ k1¡ k2 ands< t,

p(s;t; ¡ k) a = ¡ k,
p(s+ 1;t � 1; ¡ k) a = X¡ kX0, X = xs, andX0= xt ,
0 otherwise.

Uponcompletionof therecursion,N = p(1;m;S) is thenumberof all possibleparsetreesgivenx.
We thencountthe numberof occurrencesof eachrule in all possibleparsetrees. y p(s;t; ¡ i)

denotesthenumberof occurrencesof rule p in all possibleparsetreeswhoseroot is ¡ i for xsjt . We
computey p(s;t; ¡ i) asfollows:

y p(s;t; ¡ i) = å
a:(¡ i ! a)2¡

y p(s;t; ¡ i;a);

where:

y p(s;t; ¡ i ;a)

=

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

1 a = X = xs, s= t,
andp = ¡ i ! X,

t� 1

å
r= s

(y p(s; r; ¡ k1)p(r + 1;t; ¡ k2)

+p(s; r; ¡ k1)y p(r + 1;t; ¡ k1))
+ I (p; ¡ i ! a)p(s; r; ¡ k1)p(r + 1;t; ¡ k2) a = ¡ k1¡ k2, ands< t,
y p(s;t; ¡ k) + I (p; ¡ i ! a)p(s;t; ¡ k) a = ¡ k,
y p(s+ 1;t � 1; ¡ k) + I (p; ¡ i ! a)p(s+ 1;t � 1; ¡ k) a = X¡ kX0ands+ 1 < t,
0 otherwise.

with I (p; ¡ i ! a) = 1 if p = (¡ i ! a), otherwiseit is I (p; ¡ i ! a) = 0. Then,y p(1;m;S) is the
numberof occurrencesof p in all parsetreesgivenx.

We countthenumberof cooccurrencesgpq(s;t; ¡ i) in eachpair p andq of rules.gpq(s;t; ¡ i;a)
denotesthenumberof cooccurrencesin all possibleparsetreeswhoserootis ¡ i for xsjt . Wecalculate
gpq(s;t; ¡ i) asfollows:

gpq(s;t; ¡ i) = å
a:(¡ i ! a)2¡

gpq(s;t; ¡ i;a);
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where:

gpq(s;t; ¡ i ;a)

=

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

0 a = X andp 6= q,
1 a = X andp = q = (¡ i ! a),
t� 1

å
r= s

�
gpq(s; r; ¡ k1)p(r + 1;t; ¡ k2)

+ p(s; r; ¡ k1)gpq(r + 1;t; ¡ k2)
+ y p(s; r; ¡ k1)y q(r + 1;t; ¡ k2)
+ y q(s; r; ¡ k1)y p(r + 1;t; ¡ k2)
+ I (p; ¡ i ! a) f (p;s; r;t; ¡ k1; ¡ k2)
+ I (q; ¡ i ! a) f (q;s; r;t; ¡ k1; ¡ k2)

+ I (p; ¡ i ! a)I (q; ¡ i ! a)p(s; r; ¡ k1)p(r + 1;t; ¡ k2)
�

a = ¡ k1¡ k2 ands< t,

gpq(s;t; ¡ k)
+I (p; ¡ i ! a)y q(s;t; ¡ i) +I (q; ¡ i ! a)y p(s;t; ¡ i)
+I (p; ¡ i ! a)I (q; ¡ i ! a)p(s;t; ¡ i) a = ¡ k,
gpq(s+ 1;t � 1; ¡ k)
+ I (p; ¡ i ! a)y q(s+ 1;t � 1; ¡ k)
+ I (q; ¡ i ! a)y p(s+ 1;t � 1; ¡ k)
+ I (p; ¡ i ! a)I (q; ¡ i ! a)p(s+ 1;t � 1; ¡ k) a = X¡ kX0, s+ 1 < t,

xs = X, andxt = X0,
0 otherwise

with f (p;s; r;t; ¡ k1; ¡ k2) = y p(s; r; ¡ k1)p(r + 1;t; ¡ k2) + p(s; r; ¡ k1)y p(r + 1;t; ¡ k2). Finally,
gpq(1;m;S) is thenumberof cooccurrencesof rulesp andq in all parsetreesgivenx.

In thefollowingsectionwediscusshow wecanusethecomputed�rst andsecondorderstatistics
to de�ne asuitableobjective functionwhichcanbeoptimizedfor structuredoutputlearningtasks.

4. Moment-basedApproachesto Structur edOutput Prediction

Supposewe have a trainingsetof input-outputpairsT = f (x1; ȳ1); (x2; ȳ2); : : : ; (x` ; ȳ` )g. Thetask
we consideris to �nd the parametervaluesq suchthat the optimal given outputvariablesȳi can
bereconstructedfrom xi , 8 1 � i � `. We want to ful�ll this taskby de�ning a suitableobjective
function which is a convex function of the �rst andsecondorderstatisticswe presentedbefore.
Basedon this ideawe introducetwo possibleapproaches.

4.1 Training Setsof SizeOne

To give anintuition of themainideabehindbothmethods,we �rst analyzethesituationwherethe
training set in madeof only onepair (x; ȳ). In this situation,both methodsare identical to each
other.

Theideais to considerthedistributionof thescoresfor all possibley. Wethende�ne ameasure
of separationbetweenthe scoreof the correct training output, and the entire distribution of all
scoresfor all possibleoutputs.Morespeci�cally, theobjectivefunctionweproposeis thedifference
betweenthescoreof the trueoutputandthemeanscoreof thedistribution, dividedby thesquare
rootof thevarianceasanormalization.Mathematically:

max
q

sq(x; ȳ) � M1;q (x)
p

M2;q (x)
= max

q

qTb
p

qTCq
(5)
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whereb = f (x; ȳ) � µ is thedifferencebetweenthefeaturevectorassociatedto theoptimaloutput
and the averagefeaturevector µ. Maximizing this objective over q meansthat we searchfor a
parametervectorq that makesthe scoreof the correctoutput ȳ asdifferentaspossiblefrom the
meanscore,measuredin numberof standarddeviations.Thiscorrespondsto awell known quantity
in statistics:the Z-score.Given the distribution of all possiblescores(i.e., given its meanandits
variance),theZ-scoreof thecorrectpair (x; ȳ) is de�ned asthenumberof standarddeviationsits
scores(x; ȳ) is away from themeanof thedistribution.

The Z-scoreis an interestingmeasureof separationbetweenthe correctoutputand the bulk
of all possibleoutputscorrespondingto a given input. Undernormalityassumptions,it is directly
equivalentto a p-value. Hence,maximizingtheZ-scorecanbe interpretedasmaximizingthesig-
ni�cance of thescoreof thecorrectpair: the larger theZ-score,themoresigni�cant it is, andthe
fewerotheroutputswouldachievea largerscore.If thenormalityassumptionis toounrealistic,one
couldstill applya (looser)Chebyshev tail boundto show thatthenumberof scoresthatexceedthe
scoreof a largetrainingoutputscoresq(x; ȳ) is small.

ToquantifythisconnectionbetweentheZ-scoreof atrainingpairandtherankof its scoreamong
all otherscores,wewould like to introduceanalternative formulationfor optimizationproblem(5).

Proposition4 Optimizationproblem(5) is equivalentto:

minq
1
N å N

j= 1x2
j

s.t. qT �
f (x; ȳ) � f (x;y j )

�
= 1+ x j 8 j

(6)

in thesensethat it is optimizedby thesamevalueof q or a scalarmultipleof it.

Proof Substitutingx j from the constraintin the objective, the objective of optimizationproblem
(6) is equivalentto:

1
N

qT
N

å
j= 1

(f (x; ȳ) � f (x;y j ))( f (x; ȳ) � f (x;y j ))
Tq�

2
N

qT
N

å
j= 1

(f (x; ȳ) � f (x;y j )) + 1

=
1
N

qT
N

å
j= 1

(µ� f (x;y j ))( µ� f (x;y j ))
Tq+ qT(f (x; ȳ) � µ)( f (x; ȳ) � µ)Tq

� 2(f (x; ȳ) � µ) + 1

= qTCq+ (qTb� 1)2:

Hence,theoptimizationproblem(6) is equivalentto:

minq qTCq+ (qTb� 1)2:

Now, notethat the objective in optimizationproblem(5) is invariantwith respectto scalingof q.
Hence,wecan�x thescalearbitrarily, andrequireqTb = 1. Theoptimizationproblemthenreduces
to (usingthemonotonicityof thesquareroot):

minq qTCq

s.t. qTb = 1:

Theoptimality conditionsof theformerareCq+ bbTq = b , Cq = (1� bTq)b, andtheLagrange
optimality conditionsof thelatterareCq = l b with l a Lagrangemultiplier. Hence,bothoptimal-
ity conditionsandoptimizationproblemsareequivalentin thesensethatthey areoptimizedby the
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sameq up to ascalingfactor.

The following interestingtheoremnow establishesthe link betweenthe relative ranking loss
LRR

q asde�ned in Section2.2andtheaboveoptimizationproblem.

Theorem5 (Relative ranking lossupper bound) LetusdenotebyL RRU
q (x; ȳ) thevalueof theob-

jectiveof optimizationproblem(6) evaluatedon trainingpair (x; ȳ):

LRRU
q (x; ȳ) =

1
N

N

å
j= 1

x2
i =

1
N

N

å
j= 1

�
qT �

f (x; ȳ) � f (x;y j )
�

� 1
� 2

:

Then,

LRRU
q (x; ȳ) � LRR

q (x; ȳ):

(TheRRU in thesuperscriptstandsfor RelativeRankingUpperbound.)
Proof Therankof sq(x; ȳ) amongall sq(x;y j ) for all possibley j is givenby thenumberof y j for
which qT �

f (x; ȳ) � f (x;y j )
�

� 0. Hence,this is thenumberof timesthatxi � � 1 in optimization
problem(6), suchthattheobjective is at leastaslargeastherankdividedby N, thatis, therelative
rank.

Additionally, we would like to point out thatoptimizationproblem(5) andequivalently (6) is
alsostronglyconnectedto Fisher'sdiscriminantanalysis(FDA). Intuitively, maximizingourobjec-
tive function correspondsto maximizingthe distancebetweenthe meanof the distribution of the
scoresfor all possibleincorrectpairsandthe`mean'of the`distribution' of thescorefor thesingle
correctoutput,normalizedby thesumof thestandarddeviations(notethatoneclassreducesto one
datapoint sotheassociatedstandarddeviation is zero). Then(5) is equivalentto performingFDA
whenoneclassreducesto asingledatapointasde�ned by thecorrecttraininglabel.

4.2 Training Setsof GeneralSizes

Having introducedthemain ideaon thespecialcaseof a trainingsetof size1, we now turn back
to thegeneralsituationwherewe areinterestedin computingtheoptimalparametervectorgivena
trainingsetT of ` pairsof sequences.We will considertwo differentgeneralizationsto which we
referastheZ-scorebasedapproach,andasstructuredoutputdiscriminantanalysis(SODA).

4.3 Z-scoreBasedAlgorithm

In the�rst generalization,wewill emphasizetheZ-scoreinterpretation.For trainingsetscontaining
morethanoneinput-outputpair, we needto rede�ne theZ-scorefor a setof ` pairsof sequences
T = f (x1; ȳ1); (x2; ȳ2); : : : ; (x` ; ȳ` )g. A naturalway is to do this basedon theglobalscore:thesum
of the scoresfor all sequencepairs in the set. Its meanis the sumof the meansfor all sequence
pairs(xi ; ȳi) separately, andcanbesummarizedby b̄ = å i bi . Similarly, for thecovariancematrix:
C̄ = å i Ci . Hence,theZ-scorede�nition cannaturallybeextendedto morethanoneinput-output
pairby usingb̄ andC̄ insteadof b andC in (5). In summary, extendingtheoptimizationproblem(5)
to thegeneralsituationof agiventrainingsetT , theoptimizationproblemweareinterestedin is:

maxq
qT b̄

p
qTC̄q

: (7)

2821



RICCI , DE BIE AND CRISTIANINI

The solutionof (7) canbe computedby simply solving the linear systemC̄q = b̄, whereC̄ is a
symmetricpositive de�nite matrix. If C̄ is not symmetricpositive de�nite, regularizationcanbe
introducedin a straightforward way (similar as in FDA) by solving (C̄+ l I )q = b̄ instead. This
effectively amountsto restrictingthenormof q to smallvalues.Thentheoptimalparametervector
can be obtainedextremely ef�ciently by using iterative methodssuchas the conjugate gradient
method.

4.3.1 INCORPORATING THE HAMMING DISTANCE

A nicepropertyof thisapproachis thatit canbeextendedto takeinto accounttheHammingdistance
betweentheoutputvectors.For eachpair (x;y) weconsiderthescore:

s(x;y) = qT f (x;y) + dH(y; ȳ) = q0T f 0(x;y)

wherewe have de�ned the vectorsq0T =
�
qT 1

�
and f 0(x;y)T =

�
f (x;y)T dH(y; ȳ)

�
. It is easy

to verify that the associatedoptimizationproblemhasthe sameform of (7) whenthe vectorsq0

and f 0 are considered.In practicethe covariancematrix C is augmentedwith onecolumn(and
onerow, sinceit is symmetric)containingthecovariancevaluesbetweenthe losstermandall the
otherparameters.We refer to this columnascd. Analogouslythe meanvector is augmentedby
onevalue (µd) that representsthe meanvalueof the termsdH(y; ȳ) computedalongall negative
pseudoexamples. When the Hammingdistanceis adoptedthe computationof µd and cd can be
realizedwith DP algorithms.For examplefor sequencelabelinglearningAlgorithm 1 is usedwith
recursive relationssimilar to thosein Algorithm 4.

4.3.2 Z-SCORE APPROACH WITH CONSTRAINTS

As asideremark,let usdraw aconnectionwith existingMM approachessuchasdescribedin Taskar
etal. (2003)andin Tsochantaridisetal. (2005).

Their approachto structuredoutputlearningis to explicitly searchfor the parametervaluesq
suchthattheoptimalhiddenvariablesȳi canbereconstructedfrom xi , 81 � i � `. In formulasthese
conditionscanbeexpressedas:

qT f (xi ; ȳi) � qT f (xi ;yi
j ) 81 � i � ` 81 � j � Ni : (8)

Thissetof constraintsde�nesaconvex setin theparameterspaceandits numberis massive,dueto
thehugesizeof theoutputspace.To obtainanoptimalsetof parametersq thatsuccessfullyful�ll
(8) usuallyan optimizationproblemis formulatedwith theseconstraints,togetherwith a suitable
objective function. In MM approachesfor examplethis objective functionis typically chosento be
thesquarednormof theparametervector.

Interestingly, usingthe Z-scoreasobjective function, we observe that most(andoften all) of
theconstraints(8) aresatis�edautomatically, which oftenleadsto a satisfactoryresultwith a good
generalizationperformancewithoutconsideringtheconstraintsexplicitly.

However, in thecaseswheretheresultof (7) still violatessomeof theconstraintsandonewishes
to avoid this,onecanchooseto imposetheseexplicitly. Theresultingoptimizationproblemis still
convex andit reducesto:

minq qTC̄q (9)

s.t., qT b̄ � 1

qT f (xi ; ȳi) � qT f (xi ;yi
j ) 81 � i � ` 81 � j � Ni :
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Wehavedevelopedanincrementalalgorithmthatimplementsproblem(9), shown in Algorithm
3 (seeTsochantaridisetal.,2005,for asimilarapproachandamoredetailedstudy).Firsta feasible
solutionis determinedwithout addingany constraints.Thenthefollowing stepsarerepeateduntil
convergence. For eachtraining example, the most likely hiddenvariablesare determinedby a
Viterbi-like algorithm. If its scoreis higherthanthegivenone,theassociatedconstraintis added
to thesetof constraintsof theproblem(9) and(9) is solved. Theconvergenceis guaranteedfrom
theconvexity of theproblem. Eachaddedconstraintprovidestheeffect of restrictingthe feasible
region.

Algorithm 3 Iterativealgorithmto incorporatetheactiveconstraints.

Input: ThetrainingsetT = f (x1; ȳ1)(x2; ȳ2) : : : (x` ; ȳ` )g

C := �
for i = 1; : : : ; ` computebi andCi

Computeb̄ := å i bi andC̄ := å i Ci

Findqopt solving(7)
Repeat

exit := 0
for i = 1; : : : ; `

Computeỹi := argmaxy qT
opt f (xi ;y)

If qT
opt(f (xi ; ȳi) � f (xi ; ỹi)) � 0
exit := 1
C := C[ f qT(f (xi ; ȳi) � f (xi ; ỹi)) � 0g
Findqopt solving(7) s.t.C

end
end

until exit = 1

Output:qopt

Often,realdatasetsdonotallow afeasiblesolutionq. A possiblewayto dealwith thisproblem
is by the introductionof slackvariablesor relaxingtheconstraintsby requiringthe inequalitiesto
hold subjectto thesmallpossibleused-de�nedtolerancee (Ricci et al., 2007).However, we argue
thatin suchcasessimplyoptimizingtheZ-scoreasdescribedearlierwithoutaddingany constraints
mayoffer anaturalandcomputationallyattractivealternative to usingsoft-margin constraints.

4.3.3 RELATED WORK

It is worth noting that theZ-scorehaspreviously beenusedin thecontext of sequencealignment,
althoughin previous work it was computedwith respectto different distributions. In Doolittle
(1981)Z-scoresareusedto assessthesigni�canceof a pairwisealignmentbetweentwo aminoacid
sequencesandarecomputedcalculatingthemeanandthestandarddeviation valuesover a random
sampletakenfrom a standarddatabaseor obtainedpermutingthegivensequence.A high Z-score
correspondsto analignmentthatis lesslikely to occurby chanceandthereforebiologicallysigni�-
cant.
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To ourknowledge,therearenomethodsto calculatetheZ-scoresonasetof randomsequences
in exactway. Theonly attemptto this aim is dueto Boothet al. (2004).They proposedanef�cient
algorithmthat �nds the standardizedscorein the caseof permutationsof the original sequences
but this approachis limited to theungappedsequences.We have to stressthatwe considera much
wider rangeof applications(not only sequencealignment)and a slightly different de�nition of
the Z-score: for example,for sequencealignmentfor eachpair of given sequencesthe meanand
standarddeviationarecomputedover thesetof all possiblealignments(alsowith gapsandnotonly
theoptimalones)withoutany permutations.

4.4 SODA: Structur edOutput Discriminant Analysis

Anotherway to extendproblem(5) to the generalsituationof a trainingsetT is to minimize the
empiricalrisk associatedto theupperboundon therelative rankinglossR RRU , de�ned in theusual
wayas:

RRRU
q (T ) =

`

å
i= 1

LRRU
q (xi ; ȳi):

This simplesummingof the lossfor individual datapointsleavesthe connectionwith FDA more
intact, hencethe nameSODA for structuredoutputdiscriminantanalysis. As usualin empirical
risk minimization,thehopeis thatminimizing theempiricalrisk will ensurethat theexpectedloss
E(x;ȳ)

�
LRRU

q (x; ȳ)
	

(heretherelative rankingloss)is smallaswell, andwe will shortlyprove that
this is the casein 6.1. Filling everything in, the resultingempirical risk minimization problem
becomes:

minq

`

å
i= 1

1
Ni

Ni

å
j= 1

x2
i j (10)

s.t. qT(f (xi ; ȳi) � f (xi ;yi
j )) = 1+ xi j 8i:

This is theoptimizationproblemwesolvein SODA. To solveit easily, andto elucidatemoreclearly
theanalogywith theZ-scoreapproach,we rewrite it onemoretimeasfollows.

Proposition6 Optimizationproblem(10) is equivalentto:

max
q

qTb�
p

qTC� q
(11)

where wehavede�ned b� = å i bi andC� = å i(Ci + bibi
T). Here, by equivalentwemeanthat the

optimalvaluesfor q differ by a constantscalingfactor only. It canbesolvedef�ciently by solving
thelinear systemof equationsC� q = b� .

Notethatthisoptimizationproblemhasthesameshapeas(7)andcanbesolvedagainwith conjugate
gradientalgorithms.
Proof We canfollow exactly thesameprocedureasin theproof of Theorem5 to show thatopti-
mizationproblem(11) is equivalentwith:

min
q

`

å
i= 1

qTCiq+ (qTbi � 1)2 , min
q

qT
`

å
i= 1

(Ci + bibT
i )q� 2qT

`

å
i= 1

bi + 1

, min
q

qTC� q� 2qb� + 1:
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MM HMP CRFs
Z-score 5:67e� 11 1:97e� 7 0:016
SODA 5:12e� 10 3:13e� 6 0:04

Table1: p-valuesfor level of noisep = 0:4 andfor anHMM with nh = 2 andno = 4.

Theoptimality conditionsis C� q = b� . In a similarwayasin theproofof Theorem5, wecanshow
that theoptimality conditionsof optimizationproblem(10) aregivenby C� q = l b� , leadingto the
samevaluefor q afterappropriatescaling.

5. Experimental Results

In thissubsectionweprovidesomeexperimentalresultsfor thethreeillustrativeexamplesproposed:
sequencelabeling,sequencealignmentandsequenceparselearning.

5.1 SequenceLabeling Learning

The�rst seriesof experiments,developedin thecontext of sequencelabelinglearning,analyzesthe
behavior of theZ-scorebasedalgorithmandof theSODA usingbotharti�cial dataandsequences
of text for namedentity recognition. The main aim of this sectionis to compareour approaches
with otherexistingDLAs onsmallandmediumsizedatasets.

5.2 Simulation Results

We�rst presentexperimentsthatdemonstratetherobustnessof ourapproachesin problemswith an
increasingdegreeof noise.Weconsidertwo differentHMMs, onewith nh = 2, no = 4 andonewith
nh = 3, no = 5, with assignedtransitionandemissionprobabilities.For thesemodels,we generate
hiddenandobservedsequencesof length100. The trainingsetsizeis �x ed to 20 pairs,while the
testsetis madeupof 100pairs.Thenweaddsomenoisewith probabilitiesp 2 [0;1] �ipping labels
in hiddensequences.More speci�cally we considerthreedifferent scenarios:absenceof noise
(p = 0), moderatelevel of noise(p = 0:2) andnoisydata(p = 0:4). After learningtheparameter,
thelabelingerror(averagenumberof incorrectlabels)is measured.Weobserve theperformanceof
theproposedapproachesin comparisonwith otherDLAs suchasCRFs,hiddenMarkov perceptron
(HMP) anda MM methodwith Hammingloss(SVM-structimplementationTsochantaridiset al.,
2005)andlinearkernel. The regularizationparametersassociatedto eachmethodaredetermined
basedon theperformanceonaseparatevalidationsetof 100sequencesgeneratedtogetherwith the
trainingandthe testsets.Resultsareaveragedover 1000training/testsamples.In bothcasesour
algorithmsoutperformothermethodsfor high level of noise,ascanbeexpected(Fig. 4). We also
observe slightly betterperformanceof the SODA with respectto the Z-scorebasedalgorithmfor
low p valueswhile with theZ-scoreasmallertesterroris achievedwith verynoisydata.

To assessthesigni�canceof theresultsobtainedcomparingour methodswith theotherDLAs
wealsorunsomepairedt-testsandcomputetheassociatedp-valuesfor boththeHMM modelsand
all thelevelsof noise.Hereweonly show the p-valuesobtainedby theexperimentswith high level
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Figure4: Averagenumberof incorrectlabelsatvaryinglevel of noisefor anHMM with (a)nh = 2
andno = 4 and(b) nh = 3 andno = 5.

MM HMP CRFs
Z-score 11:11e� 6 3:01e� 12 0:0076
SODA 8:8e� 4 5:45e� 10 0:16

Table2: p-valuesfor level of noisep = 0:4 andfor anHMM with nh = 3 andno = 5.

of noise(Tab. 1 andTab. 2) in orderto demonstratethatour approachessigni�cantly outperforms
HMP and the MM algorithm in situationswheredataare noisy. In this scenarioSODA andZ-
scoreachieve betterperformancethan CRFseven if in this casethe differenceof the test error
is lessevident. On the otherhandwe alsoobserve that for separabledata(absenceof noise)the
MM algorithmdoessigni�cantly betterthanour algorithms(e.g.,for theHMM modelwith nh = 2
andno = 4 the p-valueis 5:04e� 9 for SODA and1:06e� 11 for the Z-scorealgorithm). A similar
situationoccursalsofor theHMP (e.g.,for theHMM modelwith nh = 2 andno = 4 the p-valueis
8:65e� 5 for SODA and4:86e� 6 for theZ-scorealgorithm).However SODA andZ-scoreapproach
still outperformCRFs(e.g.,for theHMM modelwith nh = 2 andno = 4 the p-valueis 3:51e� 4 for
SODA and2:53e� 3 for theZ-scorealgorithm).

For this seriesof experimentswe also depict sometypical learningcurves computedfor all
DLAs considered.Weshow thecurvesassociatedto aHMM modelwith nh = 3, no = 5, sequences
of lengthequalto 50 andnoiselevel p = 0:2. In this casefor the MM algorithmthe soft margin
parameterC is setequalto 1 anda constante= 10� 12 speci�estheaccuracy for constraintsto be
satis�ed. The maximumnumberof iterationsof the averagedperceptronis T = 100. CRFsare
optimizedusinga conjugategradientmethod.Concerningour approacheswe plot resultsjust for
the SODA sincein this situation(moderatequantityof noise)the learningcurvesfor the Z-score
algorithmis almostsuperimposedto theSODA's one. For theSODA theregularizationparameter
is l = 10� 8. TheSODA performsbetterthanothermethodsandamongthecompetingDLAs, the
MM approachprovidesthebestperformance(Fig. 5.a). Moreover if for thesameexperimentwe
alsoexaminethe training time we observe (Fig. 5.b) that SODA is de�nitely fasterthanthe MM
algorithmespeciallyfor largerdatasets.
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Figure5: (a) Averagenumberof incorrect labelsand (b) computationaltime as function of the
trainingsetsizefor anHMM with nh = 3 andno = 5.

A furtherseriesof experimentshavebeenconductedto con�rm thetheoreticalresultspresented
in theprevioussubsection,thatis, wewantto show thatlearningwith SODA is effectively achieved
whenmeanandcovariancematricesareestimatedconsideringjust a smallsubsetof incorrectout-
puts(i.e., incorrecthiddenlabel sequences),taken by randomsampling. In fact in the situations
wherethe sizeof the hiddenandthe observed spaceis large andlong sequencesmustbe consid-
ered,the computationof b� andC� with DP canbe quite time consuming. Thenusing random
sampling,thecomputationalburdenof DP is avoidedandthe labelingaccuracy is still reasonably
high, if a suf�cient numberof possibleoutputsis sampled.To supportthis claim we conductthe
following experiment.Sequencesof length10 areconsidered.Thetrainingsetis �x edto 50 pairs,
thetestsetcontains100pairs.Sequencepairsaregeneratedwith a level of noisep = 0:2 obtained
by �ipping labels. We pick variousHMMs: the hiddenalphabetsize is �x ed, nh = 3, while no

varies.Theaveragelabelingerroron testsetandthetime requiredfor computationarereportedfor
SODA with exactmatrices,whenmatricesarecomputedon a setof 50 and200randompathsand
for theMM method.Resultsareshown in Fig. 6. While theperformancein termsof labelingerror
areessentiallythesamefor all thealgorithms(Fig. 6.a),thecomputationaladvantageconsidering
thetrainingtime for thesamplingapproachesis considerable(Fig. 6.b).

5.3 NamedEntity Recognition

Thesecondseriesof experimentshave beenperformedin thecontext of namedentity recognition
(NER). In NER phrasesin text mustbe classi�ed asbelongingto prede�nedcategoriessuchas
persons,organizations,locations,temporalandnumericalexpressions.

We consider300 sentencesextractedfrom the Spanishnews wire article corpususedfor the
SpecialSessionof CoNLL2002on NER. Our subsetcontainsmorethan7000tokens(about2000
unique)andeachsentencehasan averagelengthof 30 words. The hiddenalphabetis limited to
nh = 9 different labels,sincethe expressiontypesareonly persons,organizations,locationsand
miscellaneousnames.Ouraimhereis not to competewith largescaleNERsystemsbut to perform
comparisonwith previous methodsso we deliberatelychoosea small subsetandan experimental
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Figure6: (a) Labelingerroron testsetand(b) averagetrainingtime asfunctionof theobservation
alphabetsizeno.

setupsimilar to thatin Altun et al. (2003b).We performexperimentsinto differentsettings:HMM
features(the parametersto be determinedare the transitionandemissionprobabilities)(S1) and
HMM featuresof thepreviousandthenext words(S2). Experimentshave beenmadewith a 5-fold
crossvalidation. We comparetheperformancesof our approacheswith CRFs,HMP andtheMM
algorithmwith Hamminglossin (Altun et al., 2003b). For the SODA andthe Z-scorealgorithm
the regularizationparameteris l = 10� 8. For CRFswe useda public availablesoftware(Kudo,
2005)wherea quasi-newton optimizationtechniquemethodis usedfor optimization.For theMM
algorithma linearkernelis considered,C = 1 ande= 0:01. Thenumberof iterationsof theHMP
is T = 200.

The testerrors,reportedin Tab. 3, demonstratethecompetitivenessof theproposedmethods.
SODA outperformsall theotherapproachesfor S1, while it performsslightly worsethantheMM
algorithmfor featuresS2. On theotherhandfor S2 thebestperformanceis obtainedby theZ-score
algorithm.

Sincethelengthof featurevectorsis large,ourapproachesaregenerallyslower thanMM meth-
ods. For very large numbersof parameters,in fact, the time requiredto computeb� andC� may
exceedthe computationtime of competingMM approaches.However, in this case,the sampling
strategy canbe usedto approximatethe matricesC� andb� . For examplein the S1 setting,the
averagerunningtime for theSODA is about9967:47 secwhile with SVM-structthesametaskis
performedin 1043:16 sec. However with theuseof approximatematricescomputedsamplingon
150randompathsandsolvingthelinearsystemby a conjugategradientmethodthecomputational
time is only 656:46sec.

Z-score SODA MM HMP CRFs
S1 11.07 10.13 10.97 20.99 11.96
S2 7.89 8.27 8.11 13.78 8.25

Table3: Classi�cationerroron testsetonNER(300sentences).
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Z-score SODA MM HMP CRFs
S1 9.43 8.80 9.35 11.01 9.07
S2 8.57 8.01 7.33 7.83 8.40

Table4: Classi�cationerroron testsetonNER(1500sentences).

To addressthis problemof scalabilityof our approachwhenthenumberof featuresis largewe
alsodevelopedamethodfor solvingthelinearsystemsof SODA andof theZ-scoreapproachwhich
is ad hocfor problemssuchasNER wherethesizeof theobservationalphabetno (i.e., thesizeof
dictionary)tendsto behugewhile thesizeof thehiddenalphabetnh (i.e., thenumberof different
labels)is moderate.

The main problemof usingour algorithmsfor taskswith a large numberof featuresis repre-
sentedby the fact that the matricesC� andC̄ needsto be storedinto memory. Moreover solving
thecorrespondinglinearsystemswith conjugategradienttechniqueshascomputationalcostO(d2)
which is problematicwhen d is large. To overcomethesedif�culties we proposean approach
which exploits the sparsityandthe redundancy of the covariancematricesto limit the storagere-
quirementsand to solve the correspondinglinear systemwith reducedcomputationalcost. This
approachis brie�y presentedin appendixB in thecaseof sequencelabelingandHMM featuresbut
anextensionof it for otherpossiblecon�gurationsof featuresis possibleandquiteeasyto derive.

Using this methodwe areableto performexperimentsfor the NER taskon a large subsetof
theSpanishnews wire articlecorpusof CoNLL2002. We used1500sentenceswhich correspond
to a dictionaryof about10000differentwords.Thehiddenalphabetis again representedby nh = 9
differentlabels. Theexperimentalsettingis thesameof thesmall dataset: we considerthesame
con�guration for features(S1 andS2) andwe comparethe performancesof our approacheswith
CRFs(usingCRFstoolkit Kudo,2005),HMP andtheMM algorithmwith Hammingloss(SVM-
structimplementationTsochantaridisetal.,2005).Experimentshavebeenmadewith a5-fold cross
validation procedureand the regularizationparameterswhich provide betterperformanceshave
beensetfor all themethods.

Fromtheresults,shown in Tab. 4, we candraw similar conclusionsthat for thesmalldataset:
SODA outperformsall theotherapproachesfor S1, while theMM algorithmprovidesthesmallest
testerror for S2. It is somehow surprisingthat theHMP providesthesecondbestperformancefor
S2 despiteits simplicity. Weexplain this resultconsideringthatwith anincreasedsetof featuresthe
datatendto bemoreseparableandtheHMP tendto outperformourapproachesandCRFs.

Notethatwithouthaving developedanad hocmethodsuchasthatdescribedin appendixB we
would not have beenableto run this secondseriesof experimentson a normalmachinesinceour
d � d covariancematricesaretoo largeto �t into memory(d is about90000only for setof features
S1!). For sake of clarity we shouldalso say that sometimesusing this methodwe experienced
numericalproblems(especiallyfor small regularizationparameters)that areprobablydue to the
fact that theapproachis basedon formulasfor matrix inversions.Thereforein the futurewe plan
to developa bettermethod(e.g.,basedon updatingmatricesdecompositionssuchasCholesky) in
orderto overcomenumericaldif�culties.
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Figure7: Averagenumberof correctlyreconstructedhiddensequencesfor an HMM with nh = 2
andno = 4.

5.4 Z-scorewith Constraints

The lastseriesof experimentsshows someresultsassociatedwith theZ-scoreapproachwith con-
straints(9). We observe experimentallythatthis approachimprovestheperformanceof theuncon-
strainedproblem(7) if thenoisein thedatais limited (i.e., in thefeasibleor nearlyfeasiblecase).
For examplefor theexperimentsin Fig. 4 whenthenoiselevel is p= 0 with theconstrainedZ-score
thelabelingerroris 3:96and5:76 respectively for theHMM with nh = 2, no = 4 andfor theHMM
with nh = 3, no = 5 while for theunconstrainedproblemtheerroris 5:39and9:87 respectively.

Moreover, comparingAlgorithm 3 with other iterative approaches(HMP Collins 2002band
MM algorithm Tsochantaridiset al. 2005), the useof the Z-scoreas objective function ensures
that the numberof iterationsis generallymuch smaller. Then the computationalcost is greatly
reducedsinceaddingoneinequalitymeansrunningtheViterbi algorithm.To demonstratethis,we
performthe following experiment. A pair of observed andhiddensequencesof lengthm = 100
is considered.The taskis to estimatethevaluesof transitionandemissionprobabilitiessuchthat
theobservedsequencesaregeneratedby thehiddenone. Thenumberof constraintsneededin the
trainingphaseto reconstructthematricesis averagedon 100experiments.In Fig. 7 thehistograms
obtainedbinningthenumberof constraintsneededto reconstructtheoriginaltransitionandemission
probabilitiesis shown for an HMM with nh = 2 andno = 4. For sake of comparisonthe number
of constraintsneededwhenlearningis performedwith theperceptron(Collins, 2002b)anda MM
approach(Tsochantaridiset al., 2005)is alsoprovided.As expected,optimizingtheZ-score,much
lessconstraintsareneeded.

5.5 SequenceAlignment Learning

Thesecondseriesof experimentshasbeenperformedin thecontext of sequencealignmentlearning.
Theaim of this sectionis to comparetheperformanceof our algorithmswith a traditionalgenera-
tive approach.Amongtheproposedmethodswe presenttheresultsassociatedto SODA sincethe
performanceobtainedwith theZ-scorealgorithmarenearlyidentical.

We constructsubstitutionmatriceswith elementsgeneratedrandomlybut suchthat thevalues
on the main diagonalare larger than the other. In particularwe considertwo typesof matrices
associatedrespectively with a 3 parametermodel(i.e., matches,mismatchesandgaps)anda 211
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n SODA (3) SODA (211) Generative HMP
1 5:1� 1:2 96:12� 13:3 98:14� 14:5 93:8� 12:1
2 2:9� 0:8 84:7� 7:5 98:01� 12:2 83:98� 8:6
5 2:32� 1:0 74:81� 6:2 97:4� 7:4 76:13� 5:2
10 2:11� 0:7 60:08� 3:2 92:93� 5:2 57:93� 2:9
20 2:1� 0:5 43:18� 2:2 79:13� 4:2 42:68� 2:1
50 1:87� 0:3 35:56� 1:4 48:31� 2:9 31:92� 1:2
100 1:53� 0:4 30:84� 1:0 32:05� 1:5 28:4� 0:9
500 0:98� 0:3 23:47� 0:2 26:11� 0:6 21:7� 0:4

Table5: Classi�cationerror(meanandstandarddeviation)ontestsetasfunctionof thetrainingset
sizen.

parametermodels(substitutionmatrix plus gap penalty). Startingfrom thesematriceswe then
generaterandompairsof sequencesof length10 from a 20 letter alphabet.Pairs areconstructed
in a way that 50% of symbolsbetweenthe two sequencesareequal. The taskwe consideris to
reconstructthegivenmatricesstartingfrom trainingsetsof varyingsizen.

Table5 showstheresultsin termsof thetesterror(numberof incorrectlyalignedsequences),av-
eragedon100runs.A smallregularizationvaluel = 10� 12 is usedfor SODA. The�rst two columns
of Tab. 5 presentthe testerror for SODA respectively for the3 andthe211parametermodel. As
expectedfrom theory, the convergenceto zeroerror is fasterfor the 3 parametermodel. For the
211parametermodelwe alsocompareSODA with a generative sequencealignmentmodel,where
substitutionratesbetweenaminoacidsarecomputedusingLaplaceestimates.Thegappenaltymust
besetmanuallyandwe choosethevalueqg = � 0:1 which guaranteesthebestperformanceon the
testset. The third columnof Tab. 5 shows theassociatedresults:SODA performsbetterthanthe
generative approach,especiallyfor trainingsetof smallsize.We alsocomparetheperformanceof
our methodwith anotherdiscriminative approach:thehiddenMarkov perceptron.In this situation
thetesterrorof SODA is slightly largerthanthatof theHMP. This is in accordanceto whatweob-
serve in thesequencelabelinglearningtask: whendataarelinearly separableotherdiscriminative
approachesappearmoresuitablethanSODA.

For the SODA algorithmwith the 211 parametermodeland for a training set with n = 100
alignedpairswealsodepictthesubstitutionmatrixcomputedby SODA andwecompareit with the
given one. As onecaneasilyobserve, the computedmatrix hasa similar structureof the correct
matrix,having theelementswith highervalueson thediagonal(Fig. 8).

Notethat,in thecontext of sequencealignment,beingthenumberof parameterslimited atmost
to 211thetrainingphaseis not timeconsumingevenfor largetrainingset.In factthecomputational
costis dominatedby thecalculationof meanandcovariancematriceswhichcanbegreatlyspedup
by samplingwhile solving the linearsystemC� q = b� is indeedvery fast. Herewe only consider
training setsof size up to 500 pairs of sequencessincethe advantagein termsof test error for
SODA (andin generalfor all discriminative approaches)with respectto generative approachesis
moreevidentfor trainingsetsof smallsizes.

2831



RICCI , DE BIE AND CRISTIANINI

2 4 6 8 10 12 14 16 18 20

2

4

6

8

10

12

14

16

18

20

2 4 6 8 10 12 14 16 18 20

2

4

6

8

10

12

14

16

18

20

(a) (b)

Figure8: Comparisonbetweenagivensubstitutionmatrix(a)andthematrixcomputedwith SODA
(b) for n = 100.

accession no sequences max. length
RF00032 64 27
RF00260 35 51
RF00436 24 55
RF00164 29 43
RF00480 647 52

Table6: Summaryof thedatasetof RNA sequences

5.6 Learning to Parse

Lastly, we analyzetheRNA secondarystructurepredictionproblem:givenanRNA sequence,the
taskis to predictthebasepairsin thesequence.With weightedcontext-freegrammars,this predic-
tion canbeaccomplishedby parsingtheRNA sequence.To describebasepairsin RNA sequences,
weusedtheG6grammarin Dowell andEddy(2004),whichwecall G = f ¡ ;Sx;R;S;qg, where¡ =
f S;L;Fg, Sx = f a;u;g;cg, andR = f S ! LSjL;L ! aFujuFajgFcjcFgjgFujuFgjajujcjg;F !
aFujuFajgFcjcFgjgFujuFgjLSg. We considerRNA sequencesof � ve families(seeTab. 6) ex-
tractedfrom the Rfam database(Grif�ths-Joneset al., 2003). We usesequencesincluding only
standardbasepairs,thatis, a–u, c–g, andg–u.

Resultsfor theexperimentsconductedwith Z-scorewith constraints,with a generative model,
andwith thehiddenMarkov perceptronin a 5-fold crossvalidationsettingareshown. Weightsof
thegrammarareoptimizedwith a trainingset,andstructuresassociatedto sequencesin thetestset
arepredictedby the Viterbi algorithm. For the Z-scorewith constraints,the bestresultsobtained
varying the regularizationparameterare reported. For the HMP, valuesrangingfrom T=100 to
T=1000areusedasthenumberof iterations,andthebestresultis shown. For thegenerativemodel,
parametersareestimatedwith Laplacesmoothing.

We measuretheperformanceof themethodsin termsof sensitivity andspeci�city of predicted
basepairs.Thesensitivity is de�ned asthenumberof correctlypredictedbasepairsover thenumber
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of truebasepairs,andthespeci�city is thenumberof correctlypredictedbasepairsover thenumber
of predictedbasepairs.In Tab. 7, the valuesof sensitivity and speci�city correspondingto the
maximumproduct,are shown for eachalgorithm. The Z-scoreand the HMP have comparable
performancesandgenerallyoutperformthegenerativeapproach.For theZ-scoreapproachalsothe
averagenumberof constraintsis shown: it is worthnotingthatonly very few constraintsareneeded
for eachfamily, often lessthanthe numberof iterationsin the HMP by an orderof magnitudeor
more.

6. Statistical Learning Analysis

We presentheretwo learningtheoryresults. The �rst oneis speci�c for the ranking loss in any
algorithm using this hypothesisspace,and hencecovers the SODA algorithm. The secondone
appliesto any algorithmusingthezero-onelosswith this hypothesisclass,andhencecoversmost
previousapproaches.

Z-score (constr) Generative HMP
accession sens. spec. no constraints sens. spec. sens. spec.
RF00032 100 95.98 2.0 100 95.53 100 95.59
RF00260 98.77 94.80 6.0 98.97 100 98.57 98.90
RF00436 91.11 90.61 27.6 44.16 53.30 90.27 86.53
RF00164 76.14 73.47 37.8 65.51 62.55 87.06 78.32
RF00480 99.08 89.89 78.2 99.88 86.43 98.83 94.78

Table7: Predictionon5-fold crossvalidation.Averagesensitivity andspeci�city areshown.

6.1 RademacherTheory for SODA

Herewe presenta Rademacherboundfor the SODA showing that learningbasedon this upper
boundon the relative rank is effectively achieved. For full generality, we wantour boundto hold
alsoin thecasewherethematricesµ andC areestimatedby sampling,aswesuggestedin subsection
3.2.2. We alsoprovide someexperimentalresultsfor this in the following subsection.Hence,our
boundneedsto accountfor �niteness in two ways. First of all for eachinput-outputpair only a
limited numbern of incorrectoutputsmaybeconsideredto estimateµ andC; secondlyonly a �nite
number̀ of input-outputpairsis givenin thetrainingset.

In appendixC, we prove thefollowing theorem.It shows that theempiricalexpectationof the
estimatedloss(estimatedby computingC andb by randomsampling)is agoodapproximateupper
boundfor theexpectedloss.Herebyit is goodto keepin mind thatthis lossitself is anupperbound
for therelative rankingloss,suchthattheRademacherboundis alsoa boundon theexpectationof
therelative rankingloss.

Theorem7 (Rademacherbound for SODA) With probability at least1� d over the joint of the
randomsampleT andtherandomsamplesfromtheoutputspacefor each (x; ȳ) 2 T thatare taken
to approximatethe matricesC� and b� , the following boundholds for any q with squared norm
smallerthanc:

E(x;ȳ)
�
LRRU

q (x; ȳ)
	

� bE(x;ȳ)

n
bLRRU

q (x; ȳ)
o
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+ bE(x;ȳ)

n
R̂1;(x;ȳ)

o
+ R̂2

+ 3M

r
log(2`=d)

2n
+ 3M

r
log(2=d)

2`
:

wherebyweassumethat thenumberof randomsamplesfor each trainingpair is equalto n.
TheRademachercomplexity termsR̂1;(x;ȳ) andR̂2 decreasewith 1p

n and 1p
`

respectively, such
that theboundbecomestight for increasingn and`, aslongasn growsfasterthanlog(`).

For detailsrelatingto theexactvalueof theRademachercomplexity terms,thevalueof theconstant
M, andtheproofs,we referto theappendixC.

6.2 PAC Bound

In appendixD, we prove thefollowing theoremthatappliesto a genericDLA: givena trainingset
of samplepairs(xi ; ȳi), canwe learnto predicttheoutputfor a previously unseenobservation?For
example,givena trainingsetof alignedproteinsequences,canwe learnhow to align a previously
unseenpair? Or, given a training setof correctlyparsedsentences,canwe learnhow to parsea
previously unseensentence?To beclear, in this sectionwe considerthezero-onelossonly, which
hasbeenconsideredmostoftenin previouswork onstructuredoutputlearning.

DLAs directly learnthemodelparameterssuchthattheaccuracy of thepredictionis somehow
optimized.All thesealgorithmsarein somesenseempiricalrisk minimizers,in that they optimize
thepredictionperformanceon a trainingset.However till now therehave beenfew workstrying to
addressthequestionwhethera small empiricalrisk guaranteesa small expectedrisk. A �rst gen-
eralizationboundhasbeendevelopedby Collins for thecaseof theperceptronalgorithm(Collins,
2002a)and a capacityboundin termsof covering numbersfor the maximummargin approach
hasbeenproposedby Taskaret al. (2003). Theseboundshave subsequentlybeenreconsideredin
McAllester(2007)andhavebeenimprovedin orderto achieveconsistency for any arbitraryloss.In
thispaperweanswerthelearnabilityquestionaf�rmati vely from anotherpointof view, independent
of thelearningapproachtaken,andweproposeanew PAC boundwhichmakesuseof aresultwhich
boundsthecardinalityof thehypothesisspaceof predictionfunctionsderivedfrom DLAs.

We go backto theoriginal problemof structuredoutputlearning.Given is a trainingsetT =
f (x1; ȳ1); (x2; ȳ2); : : : ; (x` ; ȳ` )g of observation-outputpairs,with observationsxi 2 X andoutputs
ȳi 2 Y jointly drawn i.i.d. from anunspeci�edprobabilitydistributionP(x;y). BasedonT wewant
to infer a predictionfunctionhq : X ! Y suchthattheprobabilityP(hq(x) = ȳ) of anobservation-
outputpair (x; ȳ) with hq(x) = ȳ is aslargeaspossible.For learnability, thechoiceof hq shouldbe
restrictedto a limited hypothesisspace,andDLAs provideoneway to achieve this.

OurhypothesisspaceH is thespacecontainingall predictionfunctionshq with q 2 Rd, de�ned
as:

hq(x) = argmax
y2Y

sq(x;y) = argmax
y2Y

qT f (x;y);

andthis for a �x edfeaturemapf with integerfeaturesbetween0 andC.
For thishypothesisspacewecanprove (in appendixD) thefollowing theorem.

Theorem8 (On the PAC-learnability of structur edoutput prediction) Givenahypothesisspace
H of prediction functions hq as de�ned above. Furthermore, consider a training set T =
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f (x1; ȳ1); (x2; ȳ2); : : : ; (x` ; ȳ` )g of observation-outputpairs,sampledi.i.d. froma �xed but unknown
distribution. Then,with probability at least1� d over the randomsampleT , for anyhq 2 H for
which hq(xi) = ȳi for all (xi ; ȳi) 2 T theexpectedrisk canbeboundedas:

E(x;ȳ)� Df hq(x) 6= ȳg �
d2 log(2C) � (d � 2) log(d � 2) + d � log(d)

`
:

Wecanthusconcludethatlearningis guaranteedassoonas` >> d2 log(2C).
This resultprovesthatlearningbasedonDLAs canbeachievedeffectively, andd andC arethe

factorsthat arerelevant in determiningthe learningrate. Importantlythis boundholdsregardless
of the methodusedto estimatethe parametervectorq. Interestingly, it suggeststhat the number
C (boundedby to thenumberof cliquesfor DLAs derived from PGMs)is lessimportantthanthe
numberof parametersd.

Notethatthisboundonly holdsfor therealizablecase,suchthatits practicalrelevanceis limited.
Furthermore,unlike theresultsfrom McAllester(2007),thebounddoesnotdependon thenormof
theweightvectorq, makingit loosefor smallvaluesof kqk. Nevertheless,webelieveit is of interest
dueto thesimplicity of its derivationbasedon resultsfrom combinatoricsandbasicPAC theory.

7. Conclusions

We have presenteda formal framework for learningto predictover structuredoutputspaces.The
hypothesisspacewe consideris basedon linear scoringfunctions,much like mostprevious ap-
proachesto thisproblem.

The distribution of this linear scoringfunction over all possibleoutputscontainsinformation
that we canuseto train the parametersof the learningalgorithm. We cancomputeef�ciently the
�rst two momentsof this distribution, andwe usethemto derive convex objective functionsfor
parameteroptimization.

In this way, we have derivedtwo new ef�cient algorithmsfor structuredoutputpredictionthat
rely on thesestatistics,bothof whichcanbesolvedby solvingonelinearsystemof equations.

Interestingly, and thanksto the useof the moments,oneof the proposedobjective functions
(SODA) representsa convex upperboundon therelative rankingloss: thefractionof outputsfrom
theoutputspacethat rankbetterthanthecorrectoutput. Thanksto this property, SODA naturally
andadequatelydealswith theinfeasiblecasewherethereexistsno parametersettingfor which the
correctgivenpairsareoptimal. We justify this fact theoretically, providing a Rademacherbound,
andexperimentally, reportingresultsthat arecompetitive with existing methods,andbetterthan
othermethodsin theinfeasiblecase.
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Appendix A. Proof of Proposition3

Thenumberof DProutinesneededto computeµ andC are7no + 6.
In fact in generalin themeanvectorµ thereareno + 1 differentvalues.All theelementsasso-

ciatedto transitionprobabilitiesassumethesamevalueswhile for emissionprobabilityµe
pq = µe

ef ,
8 q = f .

We analyzethe structureof the matrix C. It is a symmetricblock matrix madebasicallyby
threecomponents:theblockassociatedto emissionprobabilities,thatof transitionprobabilitiesand
that relative to mixedterms.To computeit 6no + 5 DP routinesarerequired.In theemissionpart
thereare2no possibledifferentvaluessincece

pq = ce
ef , 8q = f , ce

pqp0q0 = 0, 8q 6= q0 andce
pqp0q0 =

ce
ef e0f 0 8q = q0 = f = f 0. In the transitionblock thereare only 5 possibledifferent values. In

particularfor the secondorder moments,it holds that ct
pz = ct

eg, 8p = z = e = g and ct
pz = ct

eg,
8p = e, z= g andp 6= z. For theremainingthreevaluesthereholdsthatct

pzp0z0 = 0, 8p 6= p0, z6= z0,
ct

pzp0z0 = ct
ege0g0, 8p = p0, z 6= z0, e = e0, g 6= g0 andct

pzp0z0 = ct
ege0g0, 8p 6= p0, z = z0, e 6= e0, g = g0.

Theblockrelative to mixedtermsis madeof 4no possibledifferentvalue.In factthereareno values
cet

pqp0z with p = p0= z0, no valuescet
pqp0z, with p = p0, p06= z0, no valuescet

pqp0z, with p = z0, p06= z0

andno valuescet
pqp0z, with p 6= p0, z6= z0.

Theredundancy in thestructureof matrixC andof thevectorµ canbeobservedin Fig. 9 for an
HMM with ns = 3 andno = 4.
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Figure9: Meanvectorandcovariancematrix for anHMM with ns = 3 andno = 4.

Appendix B. SolvingLinear Systemsfor Lar geFeatureSpaces

This paragraphprovidesa brief descriptionof anapproachfor solvingthelinearsystemsC� q = b�

andC̄q = b̄ avoiding to storethe entirematricesC� andC̄. This approachis suitedto sequence
labelingproblemsandHMM featuresandit is particularlyeffective for problemswhennh, thesize
of thehiddenstatealphabet,is smallandno, thesizeof theobservationalphabet,is large.

Wedescribetheprocedureto solveC� q = b� . In factit subsumesthemethodfor solvingC̄q = b̄.
Themainideabehindthisprocedureis thatexploiting thestructureof C� wecanstorejustapartof
it andcomputetheoptimalparametervectorq effectively.

ThematrixC� in caseof sequencelabelingandHMMs featuresis sparseandredundant.In fact
this matrix is given by the sumof two parts: C̄ = å i Ci andBBT = å i bibT

i . We �rst considerthe
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�rst partC̄ = å i Ci . EachCi is very sparseandhasa regularstructureasdiscussedin appendixA.
ThenalsothematrixC̄ hasthesamestructure,thatis, is amatrixmadeby four block:

C̄ =
�

E M
MT T

�
:

HereE denotesthe block associatedto emissionprobabilities,T that correspondingto transition
probabilitiesandM that relative to mixed terms. We are interestedin �nding the inverseof the
matrixC̄ without storingit entirely. Notethat in many situations(e.g.,sequencelabelingproblems
for text analysissuchas NER or POS)the emissionpart representsthe main bottleneckin the
computationof the inversesinceits sizeis dependenton no (e.g.,thesizeof thedictionary). The
sizeof the transitionpart insteadis usuallymoderatesinceit is given by n2

h (e.g., the numberof
differenttags).Theinverseof C̄ canbecomputedby:

C̄� 1 =
�

E� 1 + E� 1MP� 1MTE� 1 � E� 1MP� 1

� P� 1MTE� 1 P� 1

�

whereP = T � MTE� 1M representtheSchurcomplementof E. Theinverseof thematrixE canbe
computedeasilydueto thestructureof thematrixE. In factE is ablockmatrix:

E =

0

B
B
B
@

Ed Eo Eo � � � Eo

Eo Ed Eo � � � Eo
...

... ... ...
...

Eo � � � Eo Eo Ed

1

C
C
C
A

whereEd andEo arebothdiagonalmatrices.Thereforewecanrewrite thematrixE as:

E =

0

B
B
B
@

Ed � Eo 0 0 � � � 0
0 Ed � Eo 0 � � � 0
...

... ... ...
...

0 � � � 0 0 Ed � Eo

1

C
C
C
A

+

0

B
B
B
@

I
I
...
I

1

C
C
C
A

Eo
�

I I � � � I
�

= D+ HTEoH:

Thentheinversecanbecomputedeasilyconsideringtheformulafor theinverseof a sumof matri-
ces:

E� 1 = D� 1 � D� 1HT(I + EoHD� 1HT) � 1EoHD� 1

whereD is adiagonalmatrix. Dueto thespecialstructureof D, H andE, it turnsout thattheinverse
of E is alsoablockmatrixwith similar structureof E, thatis,

E� 1 =

0

B
B
B
@

Ēd Ēo Ēo � � � Ēo

Ēo Ēd Ēo � � � Ēo
...

... ... ...
...

Ēo � � � Ēo Ēo Ēd

1

C
C
C
A

whereĒd = (Ed � Eo) � 1 andĒo = Ēd(I + EoNHĒd) � 1Ēd (NH is a diagonalmatrix with elements
on themaindiagonalequalto nh). Thenit is not necessaryto computeandstoretheentirematrix
E� 1 but only thesmallblocksĒd andĒo.
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Oncethematrix E� 1 hasbeenobtainedthenthecomputationof theSchurcomplementP and
its inverseit is straightforward. This is not a time consumingproceduresinceits sizen2

h is typ-
ically small and E� 1 is very sparse. Due to the redundancy and the particularstructureof the
matrix M we canalsocomputequiteeasilyall theotherterms.In particularthematrix obtainedby
E� 1MP� 1MTE� 1 is a block matrix madeby nh � nh equalblocks.Thenit suf�ces to computeand
to storejustoneof eachblock.

The inverseof the matrix C̄ hasthenbeenobtainedandwe canuseit directly to computethe
solutionof the linearsystemfor theZ-scoreapproachq = C̄� 1b̄. Insteadif we want to obtainthe
optimal parametervectorassociatedto SODA we mustcomputethe solutionof the linear system
(C̄+ BBT)q = b� . In practicewhatweneedis amethodto performn rankoneupdates(onefor each
samplein thetrainingset)of theinverseof thematrix C̄ without storingthematricesC̄� 1 andBBT

entirely. WecanusetheSherman-Morrison-Woodbury formula:

C̄+ BBT = C̄� 1 � C̄� 1B(I + BTC̄� 1B)BTC̄� 1

to calculatethesolutionof our linearsystem:

q = (C̄+ BBT) � 1b� = C̄� 1b� � C̄� 1B(I + BTC̄� 1B)BTC̄� 1b� :

In practicewe �rst computez = C̄� 1b� andusethis valueto solve the linearsystemby Cholesky
decomposition:

(I + BTC̄� 1B)t = BTz:

Note that thecostof this operationis O(n3) but it is usuallymoderatesincen << d. Thecompu-
tationalcosthereis dominatedby thecalculationof z sincein theoryit requiresd3 multiplications.
Howeverin practicethiscostis still reasonablesinceC̄� 1 tendto besparse.Oncewehavecomputed
t wecanobtainoursolutionfor SODA simplyby q = z� C̄� 1Bt.

Appendix C. Proof of the RademacherBound

We considertwo typesof randomnessin our bound:therandomnessin choosingthe�nite sample
of traininginput-outputpairs,andtherandomnessin samplingfrom theoutputspacefor eachof the
traininginputs.Our aim is to provide a learningtheoryboundfor theexpectedrelative rankof the
scoresq(x; ȳ) amongall scoressq(x;y) for all y 2 Y .

More exactly, we are interestedin boundingE(x;ȳ)
�
LRRU

q (x; ȳ)
	

wherethe valueof the loss

LRRU
q (x; ȳ) = Ey

n�
qT (f (x; ȳ) � f (x;y)) � 1

� 2
o

is known to beanupperboundontherelativerank

of thescoreof (x; ȳ) amongall scoresof (x;y) for all possibley (seeTheorem5).
For clarity, let us�rst considera �x edtrainingpair (x; ȳ). We will derive a Rademacherbound

thatshows that the lossfunctionLRRU
q (x; ȳ) is approximatelyupperboundedby its empiricalesti-

matebLRRU
q (x; ȳ) = bEy

n�
qT (f (x; ȳ) � f (x;y)) � 1

� 2
o

, obtainedby averagingoverarandomsample

of n valuesof y. In particularwewill show thatwith aprobabilityof at least1� d1 over therandom
sampleof sizen:

LRRU
q (x; ȳ) � bLRRU

q (x; ȳ) + R̂1;(x;ȳ) + 3M

r
log(1=d1)

2n
;
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with R̂1;(x;ȳ) anempiricalRademachercomplexity term.TheconstantM is anupperboundon the
valueof LRRU

q (x; ȳ) valid for all allowableq, andis a �nite number. Suchanupperboundcanbe
computedasM = (C

p
dc+ 1)2, by consideringtheconstraintkqk2 � c andthe fact that for all d

features0 � f i(x;y) � C.
Second,we will show that the expectationof L RRU

q (x; ȳ) over (x; ȳ) is approximatelyupper
boundedby its empiricalexpectationover thetrainingsetof sizel . We will show thatwith proba-
bility at least1� d2 over thetrainingsetT of size`,

E(x;ȳ)
�
LRRU

q (x; ȳ)
	

� bE(x;ȳ)
�
LRRU

q (x; ȳ)
	

+ R̂2 + 3M

r
log(1=d2)

2`
;

with R̂2(T ) anempiricalRademachercomplexity term,andwith thesameconstantM.
Puttingthesetwo partialresultstogetherwith d1 = d

2` andd2 = d
2, wehaveshown thefollowing

theorem:

Theorem9 (Rademacherbound for SODA) With probability at least1 � d2 � `d1 = 1� d over
thejoint of therandomsampleT andtherandomsamplesfromtheoutputspacefor each (x; ȳ) 2 T ,
thefollowingboundholdsfor anyq with squarednormsmallerthanc:

E(x;ȳ)
�
LRRU

q (x; ȳ)
	

� bE(x;ȳ)

n
bLRRU

q (x; ȳ)
o

+ bE(x;ȳ)

n
R̂1;(x;ȳ)

o
+ R̂2

+ 3M

r
log(2`=d)

2n
+ 3M

r
log(2=d)

2`
:

The�rst termon theright handsideof theinequalityis theempiricalrisk, which is minimized
on the trainingset. Thenext two termsareRademachercomplexity terms,andwe will seebelow
that thesedecreaseto zerowith increasing̀ andn. Also the last two termsdecreaseto zerowith
increasing̀ andn, aslongasn is chosento increasefasterthanlog(`).

Both thesepartialresultscanbederivedby usingthegeneralizationerrorboundin Bartlettand
Mendelson(2002,Theorem2)andapplyingtheMcDiarmid'sconcentrationinequality(McDiarmid,
1989). In the following we show how to computeupperboundson the empirical Rademacher
complexities R̂1;(x;ȳ) andR̂2.

C.1 RademacherBound for the RelativeRank of a SinglePair

Givenatrainingpair(x; ȳ) andasetf y1;y2; : : : ;yng of n randomlysampledvaluesfor y correspond-
ing to x. For notationalconvenience,let usdenotej j = f (x; ȳ) � f (x;y j ). Thenwe canwrite the
empiricalestimateof thelossas

bLRRU
q (x; ȳ) =

1
n

n

å
j= 1

�
qT j j � 1

� 2
:

Using this notation, and with s a vector of length n containingthe independentlydistributed
Rademachervariabless j beinguniformly distributedover 1 and � 1, the Rademachercomplex-
ity termR̂1;(x;ȳ) canbewrittenandboundedas:

R̂1;(x;ȳ) = Es

(

max
q

�
�
�
�
�
2
n

n

å
j= 1

s j
�
qT j j � 1

� 2

�
�
�
�
�

)
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= Es

(

max
q

�
�
�
�
�
2
n

n

å
j= 1

s j
�
(qT j j )

2 � 2(qT j j ) + 1
�
�
�
�
�
�

)

� Es

(

max
q

2
n

 �
�
�
�
�

n

å
j= 1

s j (qT j j )
2

�
�
�
�
�
+

�
�
�
�
�

n

å
j= 1

2s j (qT j j )

�
�
�
�
�
+

�
�
�
�
�

n

å
j= 1

s j

�
�
�
�
�

! )

: (12)

The�rst equalityis thede�nition of theempiricalRademachercomplexity, andthesecondequality
is a trivial rewriting. The �rst inequalityholdssincetheabsolutevalueof thesumis smallerthan
or equalto the sumof absolutevalues. We now �rst usethe fact that the maximumof a sumof
functionsis smallerthanor equalto thesumof theirmaximato show that:

(12) �
2
n

Es

(

max
q

�
�
�
�
�

n

å
j= 1

s j (qT j j )
2

�
�
�
�
�
+ max

q

�
�
�
�
�

n

å
j= 1

2s j (qT j j )

�
�
�
�
�
+ max

q

�
�
�
�
�

n

å
j= 1

s j

�
�
�
�
�

)

=
2
n

Es

8
><

>:

vu
u
t max

q

 
n

å
j= 1

s j (qT j j )2

! 2
9
>=

>;

+
2
n

Es

8
><

>:

vu
u
t max

q

 
n

å
j= 1

2s j (qT j j )

! 2
9
>=

>;
+

2
n

Es

8
><

>:

vu
u
t max

q

 
n

å
j= 1

s j

! 2
9
>=

>;
: (13)

Herewe usedthe fact that the absolutevalueis the squareroot of the square,andthat the square
root of a positive function is maximizedwhenthat function itself is maximized. We proceedby
rewriting this expressionusingbracket notation,ha;bi denotingthe innerproductbetweenvectors
(or matrices)a andb. Furthermore,we usethe fact that the maximumof a sum(or expectation)
is smallerthanor equalto thesum(or expectation)of themaximaof theindividual sums,to show
that:

(13) �
2
n

vu
u
t Es

(

max
q

n

å
j ;k= 1

s jskhqqT ; j j j
T
j ihqqT ; j kj

T
k i

)

+
2
n

vu
u
t Es

(

max
q

n

å
j ;k= 1

4s jskhq; j j ihq; j ki

)

+
2
n

vu
u
t Es

(
n

å
j ;k= 1

s jsk

)

: (14)

Wenow invoketheCauchy-Schwartzinequality, andusethefactthatkqk2 � c andhencekqqTk2 �
c2, to show that:

(14) �
2
n

vu
u
t Es

(
n

å
j ;k= 1

s jskc2kj jk2kj kk2

)

+
2
n

vu
u
t Es

(
n

å
j ;k= 1

4cs jskkj jkkj kk

)

+
2
n

vu
u
t Es

(
n

å
j ;k= 1

s jsk

)

: (15)
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Sincefor i 6= k, thereholdsthatEs
�

s jsk
	

= 0 andEs

n
s2

j

o
= 1, wecan�nally write that:

(15) =
2

p
n

 

c

s
1
n

n

å
j= 1

kj jk4 + 2
p

c

s
1
n

n

å
j= 1

kj jk2 + 1

!

:

In summary, wehave foundthefollowing upperboundon the�rst empiricalRademachercom-
plexity:

Proposition10 (Rademachercomplexity R̂1;(x;ȳ)) TheRademachercomplexity termR̂1;(x;ȳ) can
beboundedas:

R̂1;(x;ȳ) �
2

p
n

 

c

s
1
n

n

å
j= 1

kj jk4 + 2
p

c

s
1
n

n

å
j= 1

kj jk2 + 1

!

;

which, giventheboundednessof kj jk, decreasesto zero asn increasesto in�nity , asrequired.

C.2 RademacherComplexity for the Empirical Expectationof the Loss

GivenarandomlysampledtrainingsetT = f (x1; ȳ1); (x2; ȳ2); : : : ; (x` ; ȳ` )g. Theempiricalexpecta-
tion of thelosscanbewrittenas:

bE(x;ȳ)
�
LRRU

q (x; ȳ)
	

=
1
`

`

å
i= 1

LRRU
q (xi ; ȳi)

=
1
`

`

å
i= 1

 
1
Ni

Ni

å
j= 1

(qT j i
j � 1)2

!

;

wherej i
j = f (xi ;yi

j ) � f (xi ; ȳi) andNi is thecardinalityof theoutputspacecorrespondingto xi .

For notationalconvenience,let usintroducethematrixF i containingall vectorsj i
j
T asits rows.

Thenwecanrewrite theexpectedlossfunctionin amorecompactform as:

bE(x;ȳ)
�
LRRU

q (x; ȳ)
	

=
1
`

`

å
i= 1

kF iq� 1k2

Ni

=
1
`

`

å
i= 1

hqqT ;F iTF i i � 2hq;F iT1i + h1;1i
Ni

:

Wehaverewritten this in a form thatcontainsa termlinearin qqT , a termlinearin q, andaconstant
term. It is exactly this decompositionof theempiricalexpectationof thelossthathasallowedusto
derive a boundon the Rademacherterm R̂1;(x;ȳ) , so we canfollow the sameprincipleshere. We
omit thedetailshere,andjust statetheresult:

Proposition11 (Rademachercomplexity R̂2) TheRademachercomplexity termR̂2 canbebounded
as:

R̂2 �
2

p
`

0

B
@c

vu
u
t 1

`

`

å
i= 1

 
å Ni

j ;k= 1(j i
j
T j i

k)
2

N2
i

!

+ 2
p

c

vu
u
t 1

`

`

å
i= 1












å Ni
j= 1 j i

j

Ni












2

+ 1

1

C
A ;

which againdecreasesto zero as` increasesto in�nity .
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Appendix D. Proof of the PAC Bound

Thissectioncontainstheproofof thePAC boundstatedin subsection6.2.

D.1 Bounding the EffectiveCardinality of the HypothesisSpace

Thenumberof possiblefunctionsmappingtheinput spaceon theoutputspaceis potentiallyhuge:
jY j jXj for an observation spaceof size jXj andan outputspaceof size jY j. To make this more
concrete,for theHMM predictionproblemdiscussedearlier, this is equalto

�
nm

h

� nm
o = nmnm

o
h , which

is doublyexponentialin thelengthof thesequencesm.
It would clearly be impossibleto achieve learningif we hadto considerall of thesepossible

functionsmappingobservationsontooutputs.However, we will show that thehypothesisclassof
predictionfunctionsde�ned abovecontainsonly averysmallsubsetof thesefunctions.Thismeans
that,while thecardinalityof functionshq is in�nite (onesuchfunctionfor eachq 2 Rd), theeffective
cardinalityis low, sincemany of thesefunctionsareequivalent.Wewill subsequentlyusethisupper
boundon theeffectivecardinalityto obtainaPAC boundon thegeneralization.

To upperboundtheeffectivecardinalityof thehypothesisspaceH , weborrow andreformulate
the so-calledfew inferencefunctionstheorem by Elizalde (to appear)in the terminologyof the
presentpaper:

Theorem12(Elizalde) Letd andC be�xed positiveintegers. Let f : X � Y ! f 0;1; : : : ;Cgd bea
�xed function (called the feature map). Then the hypothesisspace H de�ned as H =�

hqjhq(x;y) = argmaxyqT f (x;y)jq 2 Rd
	

hasaneffectivecardinality of at most

K =
2d2� d+ 1

(d � 2)!
Cd(d� 1) :

that is, thenumberof differentpredictionfunctionsin H is at mostK.

D.2 A PAC Bound for Learning Prediction Functions

Basedon theeffective cardinalityof thehypothesisspacewe cannow derive a PAC boundon the
expectedrisk. Let usderivetheboundfor thecasewheretheempiricalrisk is equalto zero.Deriving
a PAC boundin the caseof nonzeroempiricalrisk is a well-known variation(Vapnik,1998),and
wewill notdiscussit in thecurrentpaper.

The probability of classifyingall the ` training examplescorrectlywith any �x ed prediction
functionis:

P(all ` correctj p) � (1� p)` � exp(� ` p)

wherep is theexpectedrisk for thispredictionfunction.Howeverin general,thepredictionfunction
is chosenfrom thehypothesisspaceH . Theprobabilityover thesamplethatanyof K prediction
functionswith an expectederror rateof at leastp faultlesslyperformson all training examplesis
boundedby

P(all ` correct,for any predictionfunction 2 H j p) � K exp(� ` p);

whereK is the effective cardinalityof H . Hence,the probability to get a zerotraining seterror,
for any of thepredictionfunctionsandthusfor any of theparametervalues,is atmostK exp(� ` p),
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wherep is theminimal errorprobability. Thus,we foundanupperboundwhich holdswith con�-
denceat leastd for theexpectederrorratep as:

p �
log(K) � log(d)

`

As we have seenin Theorem12, the effective cardinality of H is upper boundedby K =
2d2� d+ 1

(d� 2)! Cd(d� 1) , andthus(usinglog(n!) � nlog(n) � n), wehaveproventheTheorem8.

Appendix E. Algorithms

Thissectioncontainsadditionalformulasthatcanbeusedfor momentscomputationrespectively in
caseof sequencelabeling(Algorithm 4) andof sequencealignment(Algorithm 5).

Algorithm 4 Extraformulasfor sequencelabeling
11: if z= i then M := 1
12: µt

pz(i; j) := å i µ
t
pz(i; j � 1)p(i; j � 1)+ Mp(p; j� 1)

p(i; j)

5: if q = x1 ^ p = i then ve
pq(i;1) := 1

11: if q = x j ^ p = i then M := 1

12: ve
pq(i; j) := å i (v

e
pq(i; j � 1)+ 2Mµe

pq(i; j � 1)+ M)p(i; j � 1)
p(i; j)

11: if q0= x j ^ p0= i then M1 := 1
if q = x j ^ p = i then M2 := 1

12: ve
pqp0q0(i; j) :=

å i (v
e
pqp0q0(i; j � 1)+ M1µe

pq(i; j � 1)+ M2µe
p0q0(i; j � 1))p(i; j � 1)

p(i; j)

5: if p = i then vt
pz(i;2) = 1

11: if p = i then M := 1

12: vt
pz(i; j) := å i (v

t
pz(i; j � 1)p(i; j � 1))+( 2Mµt

pz(p; j� 1)+ M)p(p; j� 1)
p(i; j)

11: if p0= j then M1 := 1
if p = j then M2 := 1

12: vt
pzp0z0(i; j) :=

(å i v
t
pzp0z0(i; j � 1)p(i; j � 1)+ M1µt

pz(p0; j � 1)p(p0; j � 1)+ M2µt
p0z0(p; j� 1)p(p; j� 1))

p(i; j)

11: if z0= i then M1 := 1
if q = x j ^ p = i then M2 := 1

12: vet
pqp0z(i; j) :=

(å i v
et
pqp0z(i; j � 1)p(i; j � 1)+ M1µe

pq(p0; j � 1)p(p0; j � 1)+ M2µt
p0z0(p; j)p(p; j))

p(i; j)
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Algorithm 5 Extraformulasfor af�ne gappenalties
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