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Abstract

Conformal prediction uses past experience to determine precise levels of confidence in new pre-
dictions. Given an error probability e, together with a method that makes a prediction y of a label
y, it produces a set of labels, typically containing y, that also contains y with probability 1 e
Conformal prediction can be applied to any method for producing ¥: a nearest-neighbor method, a
support-vector machine, ridge regression, etc.

Conformal prediction is designed for an on-line setting in which labels are predicted succes-
sively, each one being revealed before the next is predicted. The most novel and valuable feature of
conformal prediction is that if the successive examples are sampled independently from the same
distribution, then the successive predictions will be right 1 e of the time, even though they are
based on an accumulating data set rather than on independent data sets.

In addition to the model under which successive examples are sampled independently, other
on-line compression models can also use conformal prediction. The widely used Gaussian linear
model is one of these.

This tutorial presents a self-contained account of the theory of conformal prediction and works
through several numerical examples. A more comprehensive treatment of the topic is provided in
Algorithmic Learning in a RandomWobrld, by Vladimir Vovk, Alex Gammerman, and Glenn Shafer
(Springer, 2005).

Keywords: confidence, on-line compression modeling, on-line learning, prediction regions

1. Intr oduction

How goodis your predictiony? If you arepredictingthelabely of a new object,how con dentare
youthaty = y? If thelabely is anumber how closedo you think it is to §? In machinelearning,
thesequestionsare usuallyansweredn a fairly roughway from pastexperience.We expectnew
predictionsto fareaboutaswell aspastpredictions.

Conformalpredictionusespastexperienceto determinepreciseevels of con dencein predic-
tions. Givena methodfor makinga predictiony, conformalpredictionproducesa 95% prediction
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SHAFER AND VOVK

region—a setG*% that containsy with probability at least95%. Typically G*%° alsocontainsthe
predictiony. We call y the point prediction andwe call G*% the region prediction In the caseof
regressionwherey is anumber G>% is typically aninterval aroundy. In the caseof classi cation,
wherey hasa limited numberof possiblevalues,G*%> may consistof a few of thesevaluesor, in
theidealcasejustone.

Conformalpredictioncanbe usedwith any methodof point predictionfor classi cationor re-
gressionincludingsupport-ectormachinesgecisiortrees poostingheuralnetworks,andBayesian
prediction. Startingfrom the methodfor point prediction,we constructa nonconformitymeasue,
which measurefiow unusualan examplelooks relative to previous examples,andthe conformal
algorithmturnsthis nonconformitymeasurento predictionregions.

Given a nonconformitymeasurethe conformalalgorithmproducesa predictionregion G® for
every probabilityof errore. TheregionGFisa(1 €)-predictionregion; it containsy with probabil-
ity atleastl e. Theregionsfor differente arenestedwhene; e, sothatl e isalowerlevel
of con dencethanl e, wehare G G=. If G° containsonly a singlelabel (theidealoutcome
in the caseof classi cation),we may askhow small e canbe madebeforewe mustenlage G° by
addinga secondabel;the correspondingalueof 1  eis thecon dencewe asserin the predicted
label.

As we explain in 84, the conformalalgorithmis designedor an on-line setting,in which we
predictthe labelsof objectssuccessiely, seeingeachlabel after we have predictedit andbefore
we predictthe next one. Our predictiony, of the nth labely, may useobsenedfeaturesx, of the

mayalsodependnthesedetails.Readersnostinterestedn implementingheconformalalgorithm
may wish to look rst at the elementaryexamplesin 84.2.1and 84.3.1andthenturn backto the
earliermoregeneramaterialasneeded.

As we explain in 82, the on-line pictureleadsto a new conceptof validity for predictionwith
con dence.Classicallya methodfor nding 95% predictionregionswasconsideredalid if it had
a 95% probability of containingthe label predicted becausdy the law of large numberst would
thenbecorrect95%of thetime whenrepeatedhappliedto independentlatasets.But in theon-line
picture,we repeatediyapply a methodnot to independentlatasetsbut to anaccumulatinglataset.

andxn. 1 to predicty,. 1, andsoon. For a 95%on-linemethodto bevalid, 95% of thesepredictions
mustbecorrect.Underminimalassumptions;onformalpredictionis valid in thisnew andpowerful
sense.

Onesettingwhereconformalpredictionis valid in thenew on-linesensés theonein whichthe
examples(xi;y;) aresampledndependentlyfrom a constanfpopulation—thais, from a x ed but
unknovn probability distribution Q. It is alsovalid underthe slightly wealer assumptiorthatthe
examplesareprobabilisticallyexchangeable(see§3) andunderotheron-line compressiommodels,
including the widely usedGaussiarlinear model (see85). The validity of conformalprediction
underthesemodelsis demonstrateth AppendixA.

In additionto the validity of a methodfor producing95% predictionregions,we arealsointer
estedn its ef ciency. It is ef cient if the predictionregionis usuallyrelatively smallandtherefore
informative. In classi cation,we would like to seea 95% predictionregion sosmallthatit contains
only thesinglepredictedabely,. In regressionwe would lik e to seea very narraw interval around
thepredictechumbery,.
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TUTORIAL ON CONFORMAL PREDICTION

The claim of 95% con dencefor a 95% conformalpredictionregion is valid underexchange-
ability, no matterwhat the probability distribution the examplesfollow andno matterwhat non-
conformity measurds usedto constructthe conformalpredictionregion. But the ef ciency of
conformalpredictionwill dependonthe probabilitydistribution andthe nonconformitymeasurelf
we think we know the probability distribution, we may choosea nonconformitymeasurehat will
beefcient if we areright. If we have prior probabilitiesfor Q, we mayusetheseprior probabilities
to constructa point predictory, anda nonconformitymeasure.ln the regressioncase ,we might
useasyn, the meanof the posteriordistribution for y, giventhe rst n 1 examplesandxy; in the
classi cation case we might usethe label with the greatesiposteriorprobability This strateyy of

rst guaranteeingalidity undera relatively weak assumptiorand then seekingef ciency under
strongerassumptionsonformsto advicelong givenby JohnTukey andothers(Tukey, 1986;Small
etal., 2006).

Conformalpredictionis studiedin detailin AlgorithmicLearningin a Randombrld, by Vovk,
GammermanandShafen2005).A recentexpositionby GammermamndVovk (2007)emphasizes
connectionswith the theory of randomnessBayesianmethods,andinduction. In this article we
emphasizehe on-line conceptof validity, the meaningof exchangeabilityandthe generalization
to other on-line compressiormodels. We leave asidemary importanttopics that are treatedin
AlgorithmicLearningin a Randombrld, including extensionsheyondthe on-line picture.

2. Valid Prediction Regions

Our conceptof validity is consistenwith a tradition that can be tracedbackto JerzyNeyman's
introductionof con denceintenals for parametergNeyman,1937)andevento work by Laplace
and othersin the late 18th century But the shift of emphasigo prediction(from estimationof
parametersandto the on-line setting (whereour predictionrule is repeatedlyupdated)involves
somerearrangemerdf thefurniture.

The mostimportantnovelty in conformalpredictionis thatits successie errorsare probabilis-
tically independentThis allows usto interpret‘being right 95% of thetime” in anunusuallydirect
way. In 82.1,we illustratethis point with a well-worn example,normally distributedrandomvari-
ables.

In 82.2, we contrastcon dencewith full- edged conditional probability This contrasthas
beenthetopic of endlesslebatebetweerthosewho nd con dencemethodsnformative (classical
statisticianslandthosewho insistthatfull- edged probabilitiesbasedon all one's informationare
alwayspreferablegvenif the only availableprobabilitiesarevery subjectve (Bayesians)Because
the debateusuallyfocuseson estimatingparametersatherthanpredictingfuture obserations,and
becausesomereaderanay be unavare of the debate we take the time to explain thatwe nd the
concepiof con denceusefulfor predictionin spiteof its limitations.

2.1 An Example of Valid On-Line Prediction

A 95% predictionregion is valid if it containsthe truth 95% of the time. To make this more
precisewe mustspecifythesetof repetitionservisioned.In theon-linepicture thesearesuccessie
predictionsbasedon accumulatinginformation. We make one prediction after anothey always
knowing the outcomeof the precedingpredictions.

To male clearwhatvalidity meansaindhow it canbeobtainedn thison-linepicture,we consider
predictionunderanassumptioroftenmadein a rst coursein statistics:
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Randomvariablesz;; z;::: areindependentlydravn from a normal distribution
with unknavn meanandvariance.

Predictionunderthis assumptionwasdiscussedh 1935by R. A. Fisher who explainedhow to give

predictionrule, illustrateits applicationto data,andexplainwhy it is valid in the on-line setting.
As we will see,the predictionsgiven by Fishers rule aretoo weakto be interestingfrom a
modernmachine-learningerspectie. This is not surprising,becauseave are predictingz, based

favorablebut morecomplicatedset-upwherewe know somefeaturesc, of thenew exampleandcan

usebothx, andthe old examplesto predictsomeotherfeaturey,. But the simplicity of the set-up

2.1.1 FISHER'S PREDICTION INTERVAL

Supposene obsere the z in sequence.After observingzy and z,, we startpredicting; for n =

sofar:

but we wantto give aninterval thatwill containz, 95% of thetime. How canwe do this? Hereis
Fishers answer(1935):

1. In additionto calculatingthe averagez, 1, calculate

n 1

R Y
5%1--n221(2| Zn 1)5

whichis sometimesalledthe samplevariance We canusuallyassumehatit is non-zero.

2. In atableof percentilesfor t-distributions, nd t%°2°, the point that the t-distribution with
n 2 degreesof freedomexceedsexactly 2:5% of thetime.

3. Predictthatz, will bein theintenal

. n
Zn1 t9%%°s, —— (1)

Fisherbasedhis procedureon thefactthat

.
Zy Zy1 n 1

Sh1 n

hasthe t-distribution with n 2 degreesof freedom,which is symmetricaboutQ. This implies
that(1) will containz, with probability 95%regardlessof the valuesof the meanandvariance.
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2.1.2 A NUMERICAL EXAMPLE

We canillustrate (1) usingsomenumbersgeneratedn 1900 by the studentsof EmanuelCzuber
(1851-1925).Thesenumbersareintegers,but they theoreticallyhave a binomial distribution and
arethereforeapproximatelynormally distributed?

17:20,10;17;12;,15;19,22,17,19,14,22;18;17;13;12;18, 15,17

Fromthem,we calculate
Z19= 1653, S19= 3:31L:

The upper2:5% point for the t-distribution with 18 degreesof freedom,t%:22%, is 2:101. Sothe
predictioninterval (1) for zoo comesoutto [9:40;24:13).

Takinginto accounburknowledgethatz,o will beaninteger, we cansaythatthe95%prediction
is thatzo will beanintegerbetweenl0and?24,inclusive. This predictionis correct;zyg is 16.

2.1.3 ON-LINE VALIDITY

Fisherdid not have the on-line picturein mind. He probablyhadin mind a picturewherethe for-
mula(l) is usedrepeatedlyput in entirelyseparatg@roblems.For example we might conductmary
separatexperimentghateachconsistof draving 100randomnumberdrom a normaldistribution
andthenpredictinga 101stdraw using(1). Eachexperimentmightinvolve a differentnormaldis-
tribution (a differentmeanandvariance) but provided the experimentsareindependentrom each
other the law of large numberswill apply Eachtime the probabilityis 95%thatz;o; will bein the
interval, andsothis eventwill happerapproximately95%of thetime.

The on-line story may seemmore complicated pecausehe experimentinvolvedin predicting

in the second.But asa masterof the analyticalgeometryof the normaldistribution (Fisher,1925;
Efron, 1969),Fisherwould have noticed,hadhethoughtaboutit, thatthis overlapdoesnotactually
matter As we shav in AppendixA.3, theevents

r

: n . n
S 10:025 5 .+ 0025
Zn1 Lo S n1 Zn L1t o S e n 1

(2)

for successie n areprobabilisticallyindependenin spiteof the overlap. Becauseof thisindepen-
dencethelaw of large numbersagain applies. Knowing eachevent hasprobability 95%, we can
concludethatapproximately95% of themwill happenWe call the events(2) hits.
Thepredictioninterval (1) generalizeso linearregressiorwith normallydistributederrors,and
on-line hits remainindependentn this generalsetting. Even thoughformulasfor theselinear
regressionpredictionintervals appearin textbooks,the independencef their on-line hits wasnot
notedprior to our work on conformalprediction.Lik e Fisher thetextbookauthorsdid not have the

1. Czubers studentgandomlydrew balls from an urn containingsix balls, numberedL to 6. Eachtime they drew a
ball, they notedits label andputit backin the urn. After each100 draws, they recordedthe numberof timesthat
the ball labeledwith a 1 wasdravn (Czuber,1914, pp. 329-335). This shouldhave a binomial distribution with
Barameterioo and1=6, andit is thereforeapproximatelynormalwith mean100=6 = 16:67 andstandardieviation

500=36= 3:73.
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on-line settingin mind. They imaginedjust onepredictionbeingmadein eachcasewheredatais
accumulated.

We will returnto the generalizatiorto linear regressionin 85.3.2. Therewe will derive the
textbook intervals as conformalpredictionregions within the on-line Gaussianlinear mode] an
on-line compressiomodelthat usesslightly wealer assumptionshanthe classicalassumptiorof
independenandnormally distributederrors.

2.2 Con dence SaysLessthan Probability.

Neyman's notion of con dencelooks at a procedurebeforeobsenationsare made. Beforeary of
thez areobsened,theevent(2) involvesmultiple uncertaintiesz, 1, s, 1, andz, areall uncertain.
Theprobabilitythatthesethreequantitieswill turnout sothat(2) holdsis 95%.

We mightaskfor morethanthis. It is afterwe obsenethe rst n 1 exampleshatwe calculate
Z, 1 ands, 1 andthencalculateheintenal (1), andwewouldlik e to beableto sayatthis pointthat
thereis still a 95% probabilitythatz, will bein (1). But this, it seemsis askingfor too much. The
assumptionsve have madeareinsufcient to enableusto nd anumericalprobability for (2) that

but it involvesthe unknavn meanandvarianceof the normaldistribution.

Perhapghe matteris bestunderstoodrom the game-theoretipoint of view. A probabilitycan
be thoughtof asan offer to bet. A 95% probability, for example,is an offer to take eitherside of
abetat 19 to 1 odds. The probability is valid if the offer doesnot put the personmakingit at a
disadwantagejnasmuchasalong sequencef equallyreasonablefferswill notallow anopponent
to multiply the capitalhe or sherisks by a large factor(ShaferandVovk, 2001). Whenwe assume
a probabilitymodel(suchasthe normalmodelwe just usedor the on-line compressionmodelswe
will studylater), we areassuminghatthe models probabilitiesarevalid in this sensebeforeary
examplesareobsenred. Mattersmay be differentafterwards.

the set(3), we maywantto withdraw the offer.

Particularly striking instance®f this phenomenoanarisein the caseof classi cation,where
thereareonly nitely mary possiblelabels. We will seeone suchinstancein 84.3.1,wherewe
considera classi cationproblemin which thereareonly two possiblelabels,s andv. In this case,
thereareonly four possibilitiesfor the predictionregion:
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William S. Gossett RonaldA. Fisher JerzyNeyman
1876-1937 1890-1962 1894-1981

Figurel: Threein uential statisticians. Gossettwho worked asa statisticianfor the Guinness
brewery in Dublin, introducedthe t-distribution to English-speakingtatisticiangStu-
dent,1908). Fisher whoseappliedandtheoreticawork invigoratedmathematicastatis-
ticsin the 1920sand 1930s,re ned, promoted,and extendedGossett work. Neyman
wasoneof themostin uential leadersn thesubsequenhovemento useadvancedorob-
ability theoryto give statisticsa rmer foundationandfurtherextendits applications.

The third and fourth casescan occur even thoughG*% s valid. When the third casehappens,
the prediction,thoughuninformatve, is certainto be correct. Whenthe fourth casehappensthe
predictionis clearlywrong. Thesecasesare consistentvith the predictionbeingright 95% of the
time. But whenwe seethemarise,we know whetherthe particularvalue of n is one of the 95%
wherewe areright or the oneof the 5% wherewe arewrong,andsothe 95%will notremainvalid
asaprobabilityde ning bettingodds.

In the caseof normally distributedexamples Fishercalledthe 95% probability for z, beingin
theinterval (1) a“ ducial probability” andheseemdo have believedthatit would notbesusceptible
toagamblingopponentvhoknowsthe rst n 1 exampleqseeFisher,1973,pp.119-125) Butthis
turnedoutnotto bethecasgRobinson1975). For thisandrelatedreasonsmostscientistsvho use
Fishers methodshave adoptedheinterpretatiorofferedby Neyman,whowroteabout‘con dence”
ratherthan ducial probabilityandemphasizedhata con dencelevel is a full- edged probability
only beforewe acquiredata. It is the procedureor method,not the interval or region it produces
whenappliedto particulardata,thathasa 95% probability of beingcorrect.

Neyman's conceptof con dencehasenduredn spite of its shortcomings.It is widely taught
andusedin almostevery branchof science Perhapst is especiallyusefulin the on-line setting. It
is usefulto know that95%of our predictionsarecorrectevenif we cannotassertafull- edged 95%
probabilityfor eachpredictionwhenwe male it.

3. Exchangeability

areexchangeablés slightly wealer thanthe morefamiliarassumptiorthatthey aredravn indepen-
dentlyfrom a probability distribution.
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In our book (Vovk et al., 2005), conformalpredictionis rst explainedunderthe assumption

assumenly exchangeabilityirom the outset,hopingthatthis will make thelogic of the methodas
clearaspossible.Oncethis logic is clear it is easyto seethatit works not only for the exchange-
ability modelbut alsofor otheron-line compressiomodels(85).

In this sectionwe look at the relationshipbetweenexchangeabilityandindependencandthen
give a backward-lookingde nition of exchangeabilitythat canbe understoodjame-theoretically
We concludewith alaw of large numberdor exchangeablsequencesyhichwill provide thebasis
for our con dencethatour 95% predictionregionsareright 95% of thetime.

3.1 Exchangeability and Independence

Althoughthede nition of exchangeabilitywe just gave maybeclearenoughat anintuitive level, it
hastwo technicalproblemsthatmake it inadequat@asa formal mathematicatie nition: (1) in the

sameprobability distribution Q, andareindependentThentheir joint distribution satis es

Pr(zz2 At & 11 & 2y 2 An) = Q(A1)  Q(Aw)

Exchangeabilitympliesthatvariableshave the samedistribution. Onthe otherhand,exchange-
ablevariablesneednot beindependentindeed whenwe averagetwo or moredistinctjoint proba-
bility distributionsunderwhichvariablesareindependentye usuallygetajoint probabilitydistribu-
tion underwhich they areexchangeabléaveragingpreseresexchangeabilityput notindependent
(averagingusuallydoesnot presere independence)Accordingto a famoustheorenmby de Finetti,
anexchangeablgint distributionfor anin nite sequencef distinctvariableds exchangeablenly
if it isamixtureof joint distributionsunderwhichthevariablesareindependenfHewitt andSavage,
1955).As Tablel shaws, thepictureis morecomplicatedn the nite case.

2. We leave asidetechnicalitiesnvolving measurability
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Pf(21= H&Zzz H) Pl'(21= H&22:T)
P(z2=T&z=H) | Plz=T&2=T)

0:81 | 0:09 0:41 | 0:09 0:10 | 0:40
0:09 | 0:01 0:09 | 0:41 0:40 | 0:10

Tablel: Examplesof exchangeability We considewariablesz; andz,, eachof whichcomesoutH
or T. Exchangeabilityequireonly thatPr(z;= H& 2= T) = Pz = T & = H): Three
examplesof distributionsfor z; andz, with this propertyareshovn. On theleft, z; and
2, areindependenandidentically distributed; bothcomeout H with probability0:9. The
middle exampleis obtainedby averagingthis distribution with the distribution in which
the two variablesareagain independenandidentically distributedbut T's probability is
0:9. Thedistributionontheright, in contrastcannoteobtainedy averagingdistributions
undemwhichthevariablesareindependenandidenticallydistributed. Examplesf thislast
type disappeaaswe askfor alargerandlargernumberof variablesto be exchangeable.

%%@ 41 13|14 |77

Figure2: Ordering the tiles. JoegivesBill a bagcontaining ve tiles, andBill arrangeshem
to form the list 43477. Bill can calculateconditional probabilitiesfor which z had
which of the ve values. His conditionalprobability for zs = 4, for example,is 2=5.
Thereare (50)=(2!)(2!) = 30 ways of assigningthe ve valuesto the ve variables;
(z1;22; 23,24, 25) = (4, 3,4;7;7) is one of these,andthey all have the sameprobability,
1=30.

3.2 Backward-Looking De nitions of Exchangeability

Anotherway of de ning exchangeabilitylooks backwardsfrom a situationwherewe know the
Scrabbl€ , putstheN tilesin a bag,shalesthe bag,andgivesit to Bill to inspect.Bill seesheN

values(somepossiblyequalto eachother)withoutknowing their original order Bill alsoknowsthe
conditioningthis joint distribution on his knowledgeof thebag. Thejoint distribution is exchange-

ableif andonly if theseconditionalprobabilitiesarethe sameasthe probabilitiesfor the resultof
orderingthetiles by successiely draving themat randomfrom the bagwithout replacement.
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To male this into a de nition of exchangeabilitywe formalizethe notion of abag. A bag (or
multiset asit is sometimegalled)is a collectionof elementdn which repetitionis allowed. It is
like a setinasmuchasits elementsareunorderedbut like a list inasmuchasan elementcanoccur

informationaboutthe ordering.
Herearethreeequialentconditionson the joint distribution of a sequencef randomvariables

is equalto the probability that successie randomdravings from the bagB without replace-
mentproducesrst ay, thenay 1, andsoon, until the lastelementremainingin the bagis
a;.

2. Foraryn,1 n N, z,isindependentf z,.1;:::;zy giventhebag*z;:::; z,+andfor ary
bagB of sizen,

. k
Pr(zo= aj*z1;:::;za+= B) = = (4)

0 . if B6 *ag;:::;ant

bersof timesthey occur (If thea areall distinct,the expressiom;! ng!=(N!) reducego
1=(N').)

Weleaveit to thereadetto verify thatthesethreeconditionsareequialentto eachother Thesecond

condition,whichwe will emphasizeis representegictorially in Figure3.
Thebackward-lookingconditionsarealsoequialentto the de nition of exchangeabilityusing

permutationggiven on p. 378. This equialenceis elementaryin the casewhereevery possible

is zero, becauseahe conditionalprobability on the left-handside of (5) is thende ned only with
probability oneby thejoint distribution. We do not explorethesecomplicationshere.

3.3 The Betting Inter pretation of Exchangeability

The framework for probability developedin Shaferand Vovk (2001) formalizesclassicalresults
of probability theory suchasthe law of large numbersastheoremsf gametheory: a bettorcan
multiply the capitalherisksby alargefactorif theseresultsdo nothold. This allows usto express
the empiricalinterpretatiorof given probabilitiesin termsof betting,usingwhatwe call Cournot's
principle: theoddsdeterminedy the probabilitieswill notallow a bettorto multiply the capitalhe
or sherisksby alargefactor(Shafer,2007).

380



TUTORIAL ON CONFORMAL PREDICTION

Z ¥4) N 1 N
6 6 6 6
2 — v — zinpt—  —fzpiinzy ot — Yzt

familiar with Bayesnets(Cowell et al., 1999)will recognizethis diagramasan exam-
ple; conditionalon eachvariable,a joint probability distribution is givenfor its children
(thevariablesto which arrons from it point), andgiventhe variable,its descendantare
independenobf its ancestors.

By applyingthis ideato the sequenc®f probabilities(4), we obtaina bettinginterpretatiorof
exchangeability Think of JoeandBill astwo playersin a gamethat movesbackwardsfrom point
N in Figure3. At eachstep,Joeprovidesnew informationandBill bets.Designateby Ky thetotal
capitalBill risks. He beginswith this capitalat N, andat eachstepn he betson whatz, will turn
outto be. Whenhebetsat stepn, he cannotrisk losingmorethanhehasat thatpoint (becauséeis
not risking morethanKy in the whole game),but otherwisehe canbetasmuchashe wantsfor or
againsteachpossiblevaluea for z, attheodds(k=n) : (1 k=n), wherek is thenumberof elements
in thecurrentbagequalto a.

equalto $1. This givesthefollowing protocol:
THE BACKWARD-LOOKING BETTING PROTOCOL
Players: Joe Bill
KN = 1.
Joeannounces bagBy of sizeN.
FORn= N;N 1;:::;2;1
Bill betson z, atoddssetby (4).
Joeannounceg, 2 By,.
Kn 1:= Ky + Bill' snetgain.
Bn 1 = Bn n*Zn+

Constraint: Bill mustmove sothathis capitalK,, will be nonneative for all n no matterhow Joe
moves.

Our bettinginterpretatiorof exchangeabilityis thatBill will notmultiply hisinitial capitalKy by a
largefactorin this game.

The permutatiorde nition of exchangeabilitydoesnot leadto anequallysimplebettinginter-

determinedy the mereassumptiorof exchangeability
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3.4 A Law of LargeNumbersfor ExchangeableSequences

As we notedwhenwe studiedFishers predictioninterval in 82.1.3 thevalidity of on-lineprediction
requiresmorethanhaving a high probability of a hit for eachindividual prediction. We alsoneed
a law of large numbers,so that we can concludethat a high proportionof the high-probability
predictionswill be correct. As we shav in 8A.3, the successie hits in the caseof Fishers region
predictorareindependentso thatthe usuallaw of large numbersapplies.Whatcanwe sayin the
caseof conformalpredictionunderexchangeability?

thefollowing de nitions.

An eventE is ann-event wherel n N, if its happeningor failing is determinecby the

P(Ej*z1;:::iz01) € (6)

Theinequalitysaysthatthis randomvariablenever exceeds.
As we will seein the next section,the successie errorsfor a conformalpredictorare e-rare
n-events.Sothevalidity of conformalpredictionfollows from the following informal proposition.

In AppendixA, we formalizethis propositionin two ways: classicallyandgame-theoretically
Theclassicalpproachappealgo the classicalweaklaw of large numberswhichtells usthatif

thenthereis avery high probabilitythatthefractionof the eventsthathapperwill becloseto e. We
shawv in 8A.1thatif (6) holdswith equality thenE,, aremutuallyindependenandeachof themhas
unconditionalprobability e. Having the inequalityinsteadof equalitymeansthatthe E, areeven
lesslikely to happenandthiswill notreversethe conclusionthatfew of themwill happen.

The game-theoreti@pproachs morestraightforvard, becausehe game-theoretiversionlaw
of largenumbersdoesnotrequireindependencer exactlevelsof probability In thegame-theoretic
frameawork, the only questionis whetherthe probabilitiesspeci ed for successie eventsarerates
atwhich a bettorcanplacesuccessie bets. The Backward-LookingBetting Protocolsaysthatthis
is the casefor e-rare n-events. As Bill movesthroughthe protocolfrom N to 1, heis allowed
to bet against eacherror E,, at a rate correspondingo its having probability e or less. So the
game-theoretieveaklaw of large numbergShaferandVovk, 2001,pp. 124-126)appliesdirectly.
Becausethe game-theoretidramenork is not well known, we stateand prove this law of large
numbersspecializedo the Backward-LookingBetting Protocol,in 8A.2.

4. Conformal Prediction under Exchangeability

We arenow in a positionto statethe conformalalgorithmunderexchangeabilityandexplain why it
producesalid nestedoredictionregions.
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one after the otherandrepeatedlypredictwhat we will obsere next. But in the secondcasewe
have moreto go on whenwe malke eachprediction.

1. Prediction from old examplesalone Justbeforeobservingz,, we predictit basedon the

Predictionfrom old examplesmay seenrelatively uninterestinglt canbe considered specialcase
of predictionusingfeaturesx, of new examples—theasein which thex, provide noinformation,
andthisspeciakasenve mayhavetoolittle informationto make usefulpredictions Butits simplicity
malkes predictionwith old examplesaloneadwantageousisa settingfor explaining the conformal
algorithm,andaswe will see|t is thenstraightforvardto take accountof the new informationx,.

Conformalpredictionrequiresthatwe rst choosea nonconformitymeasurewhich measures
how differenta new exampleis from old examples.In 84.1,we explain how nonconformitymea-
surescanbe obtainedfrom methodsof point prediction. In 84.2, we stateandillustratethe con-
formal algorithmfor predictingnen examplesfrom old examplesalone.In 84.3,we generalizeo
predictionwith thehelpof featuresof anen example.ln 84.4,we explainwhy conformalprediction
produceghe bestpossiblevalid nestedpredictionregionsunderexchangeability Finally, in §4.5
we discusgheimplicationsof the failure of the assumptiorof exchangeability

For somereadersthe simplicity of the conformalalgorithmmay be obscuredy its generality
andthescopeof our preliminarydiscussiorof nonconformitymeasureswWe encouragsuchreaders
to look rst at 84.2.1,84.3.1,and 84.3.2,which provide largely self-containedaccountsof the
algorithmasit appliesto somesmalldatasets.

4.1 Nonconformity Measures

Thestartingpoint for conformalpredictionis whatwe call a nonconformityneasue, areal-valued
function A(B; 2) thatmeasuresiow differentan examplez is from the examplesin a bagB. The
conformalalgorithmassumeshat a nonconformitymeasureénasbeenchosen.The algorithmwill
producevalid nestedpredictionregionsusingary real-\valuedfunction A(B; z) asthenonconformity
measure.But the predictionregionswill be ef cient (small) only if A(B;2 measuresvell how
differentzis from theexamplesin B.

A methodz(B) for obtainingapointpredictionz for anew examplefrom abagB of old examples
usuallyleadsnaturallyto anonconformitymeasureéi. In mary casesye only needto addaway of
measuringhedistanced(z; ) betweertwo examples Thenwe de ne A by

A(B;2) := d((B);2): (7)

Thepredictionregionsproducedy theconformalalgorithmdo notchangevhenthenonconformity
measureA is transformedmonotonically If A is nonngjative, for example, replacingA with A2
will make no difference. Consequentlythe choice of the distancemeasured(z 29 is relatively
unimportant.Theimportantstepin determininghe nonconformitymeasure is choosinghe point
predictorz(B).
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To be more concrete supposehe examplesarereal numbersandwrite zg for the averageof
thenumberdn B. If we take this averageasour point predictorz(B), andwe measurdhe distance
betweentwo realnumberdy theabsolutevalueof their differencethen(7) becomes

AB2 = jzs Z: (8)

If we usethe medianof the numbersin B insteadof their averageasZ(B), we geta differentnon-
conformity measurewhich will producedifferentpredictionregionswhenwe usethe conformal
algorithm. On the otherhand,aswe have alreadysaid,it will make no differencef we replacethe
absolutedifferenced(z,) = jz 4 with the squaredifferenced(z,2) = (z 7?2, thussquaring
A

We canalsovary (8) by includingthe new examplein the average:

A(B;2) := j(averageof zandall theexamplesn B) z: 9
Thisresultsin the samepredictionregionsas(8), becauséf B hasn elementsthen

j(averageof zandall theexamplesn B) z = Nzg+ z 7 = n . L
J g p 1= 51 = ps @

andaswe have said,conformalpredictionregionsarenot changedyy a monotonictransformation
of the nonconformitymeasureln the numericalexamplethatwe give in 84.2.1below, we use(9)
asour nonconformitymeasure.

Whenwe turn to the casewherefeaturesof a new objecthelp us predicta new label, we will
consideramongothers thefollowing two nonconformitymeasures:

Distanceto the nearest neighbors for classi cation. SupposeB = *z;:::;z, 1+ wWhereeach
Z consistsof a numberx; anda nonnumericalabely;. Again we obsenre x but noty for a new

examplez= (x;y). Thenearest-neighbanethod nds thex; closestto x andusesits labely; asour
predictionof y. If thereareonly two labels,or if thereis no naturalway to measurehe distance
betweerlabels,we cannotmeasurénow wrong the predictionis; it is simply right or wrong. But

it is naturalto measurehe nonconformityof the new example(x;y) to the old examples(x;;y;)

by comparingx's distanceto old objectswith the samelabelto its distanceto old objectswith a

differentlabel. For example we canset

minfjx, x:1 i n 1yi=vyg

minfjx, x:1 i n 1vi6yg
_distanceo Z s nearesteighborin B with thesameabel
~ distanceto Z s nearesheighborin B with a differentlabel

A(B;2) :

(10)

Distanceto aregressionline. Suppos@ = *(x1;y1);:::;(X;¥1)+ wherethex; andy; arenumbers.
Themostcommonway of tting aline to suchpairsof numberds to calculatethe averages

|
xji and y,:= Vi
j=1

x
I
I Qo—

1

andthenthecoefcients
al_1(x Xy

b= ———— and a=y bXx:
ajzl(xj Xi)?
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Thisgivestheleast-squagsliney = a + bjx. Thecoefcients a andb, arenotaffectedif we change
theorderof thez; they dependonly onthebagB.

for anew examplez= (x;y), thentheleast-squaregredictionof y is
y=an 1+ by 1x (11)
We canusetheerrorin this predictionasa nonconformitymeasure:
AB:9:=Jy ¥i=]jy (an 1% by 1Xi:

We canobtainothernonconformitymeasuresy usingothermethoddo estimatealine.
Alternatively, we canincludethe nenv exampleasoneof theexamplesusedto estimateheleast

squaredine or someotherregressionline. In this case,it is naturalto write (xn;yn) for the nev

example.Thena, andb, designataéhe coefcients calculatedrom all n examplesandwe canuse

iyi  (@n+ bnx)j (12)

to measureghe nonconformityof eachof the (x;;y;) with the others.In generaltheinclusionof the
new examplesimpli es theimplementatioror at leastthe explanationof the conformalalgorithm.
In the caseof leastsquaresit doesnot changehe predictionregions.

4.2 Conformal Prediction from Old ExamplesAlone

Supposewne have chosena nonconformitymeasureA for our problem. Given A, and given the
assumptionthatthez; areexchangeableye now de ne avalid predictionregion

F(z;:5520 1) Z;

whereZ is the examplespace. We do this by giving an algorithmfor deciding,for eachz 2 Z,
whetherz shouldbeincludedin theregion. For simplicity in statingthis algorithm,we provisionally
usethesymbolz, for z, asif we wereassuminghatz, is in factequalto z.

The Conformal Algorithm Using Old ExamplesAlone

Algorithm:

1. Provisionally setz, := z

numberof i suchthatl i nanda; an .

3. Setp,:= -

If Z hasonly afew elementsthis algorithmcanbeimplementedn abrute-forceway: calculate
p; for everyz2 Z. If Z hasmary elementswe will needsomeotherway of identifying the z
satisfyingp, > e.
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from the othersaszis, in the sensaneasuredy A. Sothealgorithmtells usto form a prediction
region consistingof the z thatarenot amongthe fraction e mostout of placewhenthey areadded
to thebagof old examples.

Pearsortheoryfor hypothesisestingandcon denceintenals (Lehmann,1986). In the Neyman-
Pearsonheory we testa hypothesiH usingarandomvariableT thatis likely to belargeonly if H
is false.Oncewe obsere T = t, we calculatepy := P(T tjH): WerejectH atlevel eif py e
Becausehis happensinderH with probabilityno morethane, we candeclarel e con dencethat
thetrue hypothesisH is amongthosenot rejected.Our proceduranakesthesechoicesof H andT:

ary of thea;. Its obsenedvalueis a,. So

pH=Pr(T anj*z1;::5z0 1,28 = p2

ap is amonga fractione or fewer of the a; thatarestrictly largerthanall the othera;, andthis can
have probabilityatmoste whenthea; areexchangeableSoit follows from Informal Propositionl

undertheassumptiorihatthe z areindependenandnormally distributed. We usedit to predictzyg
whenthe rst 19z are

17;20;10,17:12,15;19,22;17:19;14;,22;18;17;13,12,18;15,17:

Takinginto accounibur knowledgethatthe z areall integers,we arrived atthe 95% predictionthat
2y is anintegerbetweenl0to 24, inclusive.

What canwe predictaboutzyg at the 95% level if we drop the assumptiorof normality and
assumenly exchangeability?To producea 95%predictionintenval valid undertheexchangeability
assumptioralone,we reasonasfollows. To decidewhetherto includea particularvaluez in the
interval, we considertwenty numberghatdependn z

First, the deviation of z from the averageof it andthe other19 numbers Becausd¢he sumof

the19is 314, thisis

314+ z 1. N
g 2= 5gi3l4 194 (13)
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314+ z
20

1. .
zZ = Z)1314+ z 20zj: (14)

Underthe hypothesighat z is the actualvalue of z,, these20 numbersare exchangeableEachof
themis aslikely asthe otherto bethelargest.Sothereis atleasta 95%(19in 20) chancehat(13)
will not exceedthe largestof the 19 numbersin (14). The largestof the 19 zs being22 andthe
smallestl0, we canwrite this conditionas

j314 197 maxfj314+z (20 22)j;j314+z (20 10)jg;

whichreducedo 214
10 z 5 23:8:

Takinginto accountthatz,g is aninteger, our 95% predictionis thatit will be aninteger between
10and23, inclusive. Thisis nearlythe samepredictionwe obtainedby Fishers method.We have

lost nothing by wealeningthe assumptiorthat the z areindependenand normally distributedto

the assumptiorthat they are exchangeable.But we are still basingour predictionregion on the

averageof old exampleswhichis anoptimalestimatorin variousrespectainderthe assumptiorof

normality

4.2.2 ARE WE COMPLICATING THE STORY UNNECESSARILY ?

The readermay feel that we are vacillating aboutwhetherto includethe new examplein the bag
with which we arecomparingit. In our statemenbf the conformalalgorithm,we de ne the non-
conformity scoresby

ai = A(*zy; 0z tN* % Z); (15)
apparentlysignalingthatwe do notwantto includez in the bagto whichit is comparedBut then
we usethenonconformitymeasure

A(B; 2) := j(averageof zandall theexamplesn B) z;
which seemgo put z backin thebag,reducing(15) to

o N .
aj=17

aj =
n

We could have reacheahis point moreeasilyby writing
a = A(*z1;:10 20 2) (16)

in theconformalalgorithmandusingA(B;2) := jzz Z:

The two ways of de ning nonconformityscores,(15) and (16), are equivalent, inasmuchas
whateser we cangetwith oneof themwe cangetfrom the otherby changingthe nonconformity
measure.In this case,(16) might be more corvenient. But we will seeothercaseswvhere(15)is
morecorvenient.We alsohave anothereasorfor using(15). It is theform thatgeneralizesaswe
will seein 85,t0 on-linecompressiomodels.
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4.3 Conformal Prediction Usinga New Object

Now we turnto thecasewhereour examplespaceZ is of theformZ = X Y. Wecall X theobject

G(ze;::5z0 1%) Y

thatis valid atthe (1 €) level. As in the specialcasewherethe x; are absentwe startwith a
nonconformitymeasureA(B; 2).

We de ne the predictionregion by giving analgorithmfor deciding,for eachy 2 Y, whethery
shouldbe includedin theregion. For simplicity in statingthis algorithm,we provisionally usethe
symbolz, for (x,;y), asif we wereassuminghatyy is in factequaltoy.

The Conformal Algorithm

Algorithm:

1. Provisionally setz, := (Xn;Y).

#i=1::5;nja; ang .

To seethatthis algorithmproducesvalid predictionregions, it sufces to seethatit consistsof
thealgorithmfor old examplesalonetogethemith afurtherstepthatdoesnotchangehefrequeng
of hits. We know thattheregiontheold algorithmproduces,

F(z;520 1) Z; (17)

containshenew examplez, = (xn;yn) atleast95%of thetime. Oncewe know x,, we canrule out
all z= (x;y) in (17)with x6 x,. They notruledout,thosesuchthat(xn;y) isin (17), areprecisely
thosein theset

G(z1;::20 %) Y (18)

producedby our new algorithm.Having (Xn;yn) in (17) 1 e of thetimeis equivalentto having y,
in (18)1 eofthetime.
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4.3.1 EXAMPLE: CLASSIFYING IRIS FLOWERS

In 1936,R. A. Fisheruseddiscriminantanalysisto distinguishdifferentspecief iris on the basis
of measurementsf their o wers. The datahe usedincludedmeasurementsy Edgar Andersonof

o wersfrom 50 plantseachof two speciesiris setosaandiris versicolor. Two of themeasurements,
sepallengthandpetalwidth, areplottedin Figure4.

To illustrate how the conformalalgorithm can be usedfor classi cation, we have randomly
chosen25 of the 100 plants. The sepallengthsand speciedor the rst 24 of themarelistedin
Table 2 andplottedin Figure5. The 25th plantin the samplehassepallength6:8. On the basis
of this information,would you classifyit assetoseor versicolor, andhow con dent would you be
in the classi cation?Becauseéb:8 is the longestsepalin the sample hearlyary reasonablenethod
will classifythe plantasversicolor, andthisis in factthe correctanswer But the appropriatdevel
of con denceis notsoobvious.

We calculateconformalpredictionregionsusingthreedifferentnonconformitymeasuresone
basedon distanceto the nearesnheighborsonebasedon distanceto the speciesaverage,andone
basedn a support-ectormachine Becauseur evidenceis relatively weak,we do notachieve the
high precisionwith high con dencethat canbe achiezed in mary applicationsof machinelearn-
ing (see,for example, 84.5). But we get a clearview of the detailsof the calculationsand the
interpretatiorof theresults.

Distanceto the nearest neighbor belongingto each species. Herewe usethe nonconformity
measurg10). The fourth and fth columnsof Table 2 (labeledNN for nearestineighbor)give
nonconformityscoresa; obtainedwith y,s = sandy»s = v, respectely. In bothcasesthesescores
aregivenby

ai = A(*z1;111,225+N* 24, 2))
_minfix; xj:1 j 25& j6i&yj=Vyg (19)
C minfix; xj:1 j 25& j6i&Yyj6yg’

but for the fourth columnz,s = (6:8;s), while for the fth columnz,s = (6:8;Vv).

If boththe numeratoandthedenominatoin (19) areequalto zero,we take theratio alsoto be
zero. This happensn the caseof the rst plant,for example. It hasthe samesepallength,5:0, as
the 7th and13thplants,which aresetosaandthe 15th plant,whichis versicolor.

Step3 of theconformalalgorithmyields ps = 0:08and py = 0:32. Step4 tells usthat

sisinthel epredictionregionwhenl e> 0:92,and

visinthel epredictionregionwhenl e> 0:68.
Herearepredictionregionsfor afew levelsof e.

G098 = fvg. With 92%con dence,we predictthaty,s = v.

A% = fsvg. If we raisethe con dencewith which we want to predicty,s to 95%, the
predictionis completelyuninformatve.

G = 0. If welowerthecon denceto 2=3, we geta predictionwe know is false:y.s will be
in theemptyset.
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Table2:

Data Nonconformityscores
NN SpecieAverage SVM
sepal species ajfor ajfor ajfor ajfor ajfor a;for
length Y25=S Y=V Yo5=S Y=V Y5=S Y5=V

1 5.0 s 0 0 0.06 0.06 0 0
b3 4.4 S 0 0 0.66 0.54 0 0
Z3 4.9 ) 1 1 0.16 0.04 0 0
Z 4.4 S 0 0 0.66 0.54 0 0
Zs5 5.1 ) 0 0 0.04 0.16 0 0
Zs 5.9 Y, 0.25 0.25 0.12 0.20 0 0
Z7 5.0 S 0 0 0.06 0.06 0 0
Z3 6.4 v 0.50 0.22 0.38 0.30 0 0
Z9 6.7 \Y; 0 0 0.68 0.60 0 0
Zip 6.2 \Y; 0.33 0.29 0.18 0.10 0 0
7711 5.1 ) 0 0 0.04 0.16 0 0
Zzio 4.6 S 0 0 0.46 0.34 0 0
z13 5.0 s 0 0 0.06 0.06 0 0
14 5.4 S 0 0 0.34 0.46 0 0
zs 5.0 \Y; ¥ ¥ 1.02 1.10 ¥ ¥
Zie 6.7 \Y; 0 0 0.68 0.60 0 0
z17 5.8 v 0 0 0.22 0.30 0 0
z18 5.5 s 0.50 0.50 0.44 0.56 0 0
Zi9 5.8 \Y; 0 0 0.22 0.30 0 0
o 5.4 S 0 0 0.34 0.46 0 0
1 5.1 s 0 0 0.04 0.16 0 0
o 5.7 \Y; 0.50 0.50 0.32 0.40 0 0
3 4.6 S 0 0 0.46 0.34 0 0
24 4.6 S 0 0 0.46 0.34 0 0
Zs 6.8 S 13 1.74 ¥

s 6.8 \Y; 0.077 0.7 0
Ps 0:08 0:04 0:08

Py 0:32 0:08 1

Conformal prediction of iris speciedr om sepallength, using thr eediffer ent noncon-
formity measures. The datausedare sepallengthand speciedor a randomsampleof
25 of the 100 plantsmeasuredby Edgar Anderson.The seconccolumngivesx;, the sepal
length. Thethird columngivesy;, the species.The 25th planthassepallengthx,s = 6:8,
andour taskis to predictits speciesy/,s. For eachnonconformitymeasurewe calculate
nonconformityscoresundereachhypothesisy»s = s andy,s = v. The p-valuein each
columnis computedrom the 25 nonconformityscoredn thatcolumn;it is the fraction of
themequalto or largerthanthe 25th. The resultsfrom thethreenonconformitymeasures
areconsistentinasmuchasthe p-valuefor v is alwayslargerthanthe p-valuefor s.
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Figure4. Sepallength, petal width, and speciefor Edgar Anderson's 100 o wers. The50iris
setosaareclusteredatthelowerleft, while the50iris versicolor areclusteredattheupper
right. The numbersindicatehow mary plantshave exactly the samemeasurementor
example,thereare 5 plantsthat have sepals5 incheslong and petals0:2 incheswide.
Petalwidth separatethetwo speciegerfectly;all 50 versicolor petalsarel inchwide or
wider, while all setosgpetalsarenarraverthanl inch. But thereis substantiabverlapin
sepallength.

In fact,y»s = v. Our 92% predictionis correct.

Thefactthatwe aremakinga known-to-be-flsepredictionwith 2=3 con denceis a signalthat
the 25th sepallength, 6:8, is unusualfor eitherspecies.A closelook at the nonconformityscores
revealsthatit is beingperceved asunusualsimply because®=3 of the plantshave otherplantsin
the samplewith exactly the samesepalength,whereaghereis no otherplantwith the sepallength
6:8.

In classi cationproblemsijt is naturalto reportthegreatest. e for which G® is asinglelabel.
In our example,this produceghe statementhat we are 92% con dent thaty,s is v. Butin order
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Figure5: Sepallength and speciedor the rst 24 plants in our random sampleof size25. Ex-

ceptfor oneversicolor with sepallength5:0, theversicolor in this sampleall have longer

sepalghanthe setosa This high degreeof separatioris anaccidenif thesampling.

to avoid overcon dencewhenthe objectx, is unusual,it is wise to reportalsothe largeste for
which G is empty We call this the credibility of the prediction(Vovk etal., 2005,p. 96)2 In our
example,the predictionthaty,s will be v hascredibility of only 32%, indicatingthatthe example
is somavhatunusualfor the methodthat produceghe prediction—saunusualthatthe methodhas
68%con dencein apredictionof y»s thatwe know is falsebeforewe obsene y,s5 (G2 = 0).
Distanceto the averageof eachspecies.The nearest-neighbaronconformitymeasurebecause
it considersonly nearbysepallengths,doesnot take full advantageof the fact that a versicolor
o wer typically haslongersepalsthana setosao wer. We canexpectto obtaina more ef cient
conformalpredictor(onethat producesmallerregionsfor a givenlevel of con dence)if we usea
nonconformitymeasurehattakesaccountof averagesepallengthfor thetwo species.

We usethe nonconformitymeasured de ned by

A(B;(xY) = JXg *(xy)ry N (20)

whereXg,, denotesthe averagesepallengthof all plantsof speciesy in the bagB, andB[ *z+
denoteghebagobtainedby addingz to B. To testy,s = s, we considerthe bagconsistingof the 24
old examplegogethemwith (6:8;s), andwe calculateheaveragesepalengthsfor thetwo speciesn

this bag: 5:06 for setosaand6:02 for versicolor. Thenwe use(20) to calculatethe nonconformity
scoresshawn in the sixth columnof Table2:

j5:06 xj ifyi=s
j6:02 xj ifyy=v

old examplestogethemwith (6:8;Vv), andwe calculatethe averagesepallengthsfor the two species
in thisbag: 4:94 for setosaand6:1 for versicolor. Thenwe use(20) to calculatethe nonconformity
scoresshowvn in the seventhcolumnof Table2:

j494 xj ifyj=s

j6:1 xj ifyy=v

We obtainps = 0:04andp, = 0.08,sothat

3. This notion of credibility is one of the novelties of the theoryof conformalprediction. It is not foundin the prior
literatureon con denceandpredictionregions.

392



TUTORIAL ON CONFORMAL PREDICTION

sisinthel epredictionregionwhenl e> 0:96,and

visinthel epredictionregionwhenl e> 0:92.
Herearethe predictionregionsfor somedifferentlevelsof e.

G04 = fvg. With 96%con dence,we predictthaty,s = v.

Q9% = fgvg. If we raisethe con dencewith which we wantto predicty.s to 97%, the
predictionis completelyuninformatize.

G = 9. If we lowerthe con denceto 92%, we geta predictionwe know is false:yos will
bein theemptyset.

In this case ,we predicty,s = v with con dence 96% but credibility only 8%. The credibility is
lower with this nonconformitymeasureébecauset perceves6:8 asbeingeven moreunusualthan
thenearest-neighbaneasuralid. It is unusuallyfarfrom theaveragesepalengthsfor bothspecies.

A support-vector machine. As Vladimir Vapnikexplainsonpp.408-410of his StatisticalLearn-
ing Theory(1998), support-ectormachineggren out of the ideaof separatingwo groupsof ex-
ampleswith a hyperplanein a way that makes asfew mistales as possible—thats, putsasfew
examplesaspossibleon the wrong side. This ideaspringsto mind whenwe look at Figure5. In
this one-dimensionapicture,a hyperplands a point. We aretemptedto separateéhe setosafrom
theversicolor with a pointbetweerb:5 and5:7.

Vapnik proposedto separatdwo groupshot with a single hyperplanebut with a band: two
hyperplanesvith few or no examplesetweerthemthatseparatéhetwo groupsaswell aspossible.
Exampleson thewrongsideof bothhyperplanesvould be consideredrery strange thosebetween
the hyperplanesvould alsobe consideredtrangebut lessso. In our one-dimensionatxample,the
obvious separatingandis theintenal from 5:5 to 5:7. The only strangesxampleis the versicolor
with sepallength5:0.

Hereis oneway of makingVapnik'sideainto analgorithmfor calculatingnonconformityscores
for all theexamplesin abag*(x1;y1);::: (Xn; Yn)+ Firstplot all the examplesasin Figure5. Then

nd numbersaandb suchthata b andtheinterval [a; b] separatethetwo groupswith thefewest
mistakes—thats, minimize$

#ijl i nx<b andy,=vg+#ijl i nx>a andy = su.

Theremaybe mary intervalsthatminimizethis count;chooseonethatis widest. Thengive theith
examplethescore

8
< ¥ ifyy=vandx < a ory; = sandb< x;
ai=_ 1 ifyy=vanda x<b oryy=sanda<x b
0 ifyy=vandb x ory, = sandx; a:

Whenappliedto the bagsin Figure6, this algorithmgivesthe circled examplesthe score¥ andall
theothersthescore0. Thesescoresarelistedin thelasttwo columnsof Table2.

4. Herewe areimplicitly assumingthatthe setosa o werswill be on the left, with shortersepallengths. A general
algorithmshouldalsocheckthe possibility of a separatiorwith theversicolor o wersontheleft.
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The bag containing the 24 old examples
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Figure6: Separationfor threebags. In eachcase the separatinghandis the intenval [5:5;5:7].
Examplesonthewrongsideof theintenal areconsideredgtrangeandarecircled.

As we seefrom the table, the resulting p-valuesare ps = 0:08 and py, = 1. So this time we
obtain92%con dencein yo5 = v, with 100%credibility.

The algorithmjust describeds too comples to implementwhentherearethousand®f exam-
ples. For this reasonVapnik andhis collaboratorgproposednsteada quadraticminimizationthat
balanceghe width of the separatingpbandagainstthe numberand size of the mistalesit makes.
Support-ector machinesof this type have beenwidely used. They usually solve the dual opti-
mizationproblem,andthe Lagrangemultipliersthey calculatecansere asnonconformityscores.
Implementationsometimedail to treatthe old examplessymmetricallybecausghey make var-
ious usesof the orderin which examplesare presentedbut this dif culty canbe overcomeby a
preliminaryrandomizatior(Vovk etal., 2005,p. 58).

A systematiccomparison. Therandomsampleof 25 plantswe have considereds odd in two
ways: (1) exceptfor the oneversicolor with sepalengthof only 5.0, thetwo speciesio notoverlap
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NN Speciesverage SVM

singletonhits 164 441 195
uncertain 795 477 762
total hits 959 918 957
empty 9 49 1
singletonerrors 32 33 42
totalerrors 41 82 43
totalexamples 1000 1000 1000
% hits 96% 92% 96%
totalsingletons 196 474 237
% hits 84% 93% 82%
totalerrors 41 82 43
% empty 22% 60% 2%

Table3: Performanceof 92% prediction regionsbasedon thr eenonconformity measures. For
eachnonconformitymeasurewe have found 1; 000 predictionregionsat the 92% level,
usingeachtime a differentrandomsampleof 25 from Andersons 100 o wers. The“un-
certain”regionsarethoseequalto thewholelabelspacey = fs;vg.

in sepalength,and(2) the o werwhosespeciesve aretrying to predicthasa sepalhatis unusually
longfor eitherspecies.

In orderto geta fuller pictureof how the threenonconformitymeasuregperformin generalon
theiris data,we have appliedeachof themto 1; 000 differentsamplesof size 25 selectedrom the
populationof Andersons 100plants.Theresultsareshavn in Table3.

The 92% regionsbasedon the speciesaveragewere correctabout92% of thetime (918times
outof 1000),asadwertised.Theregionsbasedon the othertwo measuresverecorrectmoreoften,
about96%of thetime. Thereasorfor thisdifferenceis visiblein Table2; thenonconformityscores
basedon the speciesaveragetake a greatervariety of valuesandthereforeproduceties lessoften.
The regionsbasedon the speciesaveragesare alsomore ef cient (smaller); 441 of its hits were
informative, asopposedo fewer than200for eachof the othertwo nonconformitymeasuresThis
ef ciency alsoshavs upin moreemptyregionsamongtheerrors.Thespeciesverageproducedan
empty 92% predictionregion for the randomsampleusedin Table2, and Table 3 shavs thatthis
happen$% of thetime.

As a practical mattey the uncertainprediction regions (G*% = fs;vg) and the empty ones
(G%8 = @) areequallyuninformatie. Theonly errorsthatmisleadarethesingletonghatarewrong,
andthethreemethodsall producetheseat aboutthe samerate—3or 4%.

4.3.2 EXAMPLE: PREDICTING PETAL WIDTH FROM SEPAL LENGTH

We now turnto the useof the conformalalgorithmto predicta number We usethe same25 plants,
but now we usethedatain thesecondandthird columnsof Table4: thesepalengthandpetalwidth
for the rst 24 plants,andthe sepalengthfor the 25th. Our taskis to predictthe petalwidth for the
25th.
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sepallength petalwidth Nearesnheighbor Linearregression

z 5.0 0.3 0.3 j0:003y,5 0:149
b3 4.4 0.2 0 j0:069y,5+ 0:050
3 4.9 0.2 0.25 j0:014y>5 0:199
Z 4.4 0.2 0 j0:069y,5+ 0:05(0
Z5 5.1 0.4 0.15 j0:008y25+ 0:099
Zs 5.9 1.5 0.3 j0:096y,5 0:603
Z7 5.0 0.2 0.4 j0:003y,5 0:249
78 6.4 1.3 0.2 j0:151y,5  0:154
Z9 6.7 1.4 0.3 j0:184y,5 0:104
Z10 6.2 1.5 0.2 j0:129y,5 0:453
211 5.1 0.2 0.15 j0:008y,5+ 0:299
Z10 4.6 0.2 0.05 j0:047%,5 0:050
213 5.0 0.6 0.3 j0:003y,5+ 0:15]
Z14 5.4 0.4 0 j0:041y,5+ 0:249
Zis 5.0 1.0 0.75 j0:003y,5+ 0:55]
216 6.7 1.7 0.3 j01184y25 O:404j
7 5.8 1.2 0.2 j0:085y,5 0:353
218 5.5 0.2 0.2 j0:052y,5+ 0:49§
Z19 5.8 1.0 0.2 j0:085y,5 0:153
720 54 0.4 0 jO:041y25+ 02248
21 5.1 0.3 0 j0:008y,5+ 0:199
2o 5.7 1.3 0.2 j0:074y,5 0:503
3 4.6 0.3 0.1 j0:047,5+ 0:050
24 4.6 0.2 0.05 j0:047%,5 0:05Q
25 6.8 Y25 Jys 1:55  j0:805y25 1:345

Table4: Conformal prediction of petal width from sepallength. We usethe samerandom25
plantsthatwe usedfor predictingthe speciesTheactualvalueof y,s is 1:4.

Themostcornventionalway of analyzingthis datais to calculatetheleast-squarelne (11):
Y= aps+ bpx= 2:96+ 0:68x:

Thesepalengthfor the25thplantbeingx,s = 6:8, theline predictsthaty,s shouldbenear 2:96+
0:68 6:8= 1:66. Underthe textbook assumptiorthat the y; are all independenand normally
distributedwith meanson theline anda commonvariancewe estimatehe commonvarianceby

2, = 824(yi  (aza+ boax))?
=

= 0:078Q
22
Thetextbookl einterval for yo5 basedn*(X1;y1);:::; (Xo4; Y24) + @andxos is
S 2
1 -
166 1%, 1+ =+ U2 KT _ 66 gaiye? (21)

24 8% (X)  %es)?
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(Draperand Smith 1998, p. 82; Ryan1997,pp. 21-22;SeberandLee 2003, p. 145). Takinginto
accounthefacty,s is measuredo only onedecimalplace,we obtain[1:0; 2:3] for the 96%interval
and[1:1; 2:2] for the 92%interval.

The predictioninterval (21) is analogougo Fishers intenal for a new examplefrom the same
normally distributed populationas a bag of old examples(82.1.1). In 85.3.2we will review the
generaimodelof which botharespecialcases.

As we will now see the conformalalgorithmunderexchangeabilitygivescon denceintervals
comparableo (21), without the assumptiorthatthe errorsare normal. We usetwo differentnon-
conformity measuresonebasedn the nearesheighborandonebasedn theleast-squarekne.

Conformal prediction usingthe nearestneighbor. Supposé is abagof old examplesand(x;y)
is a new example,for which we know the sepallengthx but not the petalwidth y. We canpredict
y usingthe nearesneighborin anobviousway: We nd theZz®2 B for which the sepallengthx®is
closesto x, andwe predictthaty will bethesameasthepetalwidth y°. If thereareseveralexamples
in thebagwith sepallengthequallycloseto x, thenwe take the medianof their petalwidthsasour
predictory. Theassociatethonconformitymeasureas jy Vj.

Thefourth columnof Table4 givesthe nonconformityscoredor our sampleusingthis noncon-
formity measure We seethatass = jyo5 1:55. The othernonconformityscoresdo not involve
yos; thelargestis 0:75, andthe secondargestis 0:40. Sowe obtainthesepredictionregionsyss:

The 96% predictionregion consistsof all they for which py > 0:04, which requiresthat at
leastone of the othera; be aslarge asays, or that0:75 jy 1.55: This is the interval
[0:8;2:3].

The 92% predictionregion consistsof all they for which py > 0:08, which requiresthat at
leasttwo of the othera; be aslarge asays, or that0:40 jy 1.55: This is the interval
[1:2;1:9].

Conformal prediction using least-squaes. Now we usethe least-squareaonconformitymea-
surewith inclusion,givenby (12). In ourcasen = 25, soour nonconformityscoresare

ai=Jyi (azs+ bsx)j |
225 |, 2 25 oy . 225
ai21Y;  &i2a(X)  Xos)yj ~ajz1X

25 A%(X Xes)? 25

Whenwe substitutevaluesof 852y, 8%21(Xj  Xes)yj, &521(X] %es)? and3

from Table4, thisbecomes

25

21X calculated

ai= jyi+ (0:553 0:110¢)yss 0:498 + 2:04:

cansubstitutes:8 for xo5. Thesesubstitutiongproducethe expression®f theform jciy.s+ djj listed
in the lastcolumnof Table4. We have madesurethatc; is alwayspositive by multiplying by 1
within theabsolutevaluewhenneedbe.

Table 5 shaws calculationsrequiredto nd the conformalpredictionregion. The taskis to
identify, fori = 1;:::;24,theyfor whichjciy+ dij j0:805% 1:345. We rst nd thesolutionsof
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theequationciy+ djj = j0:805 1:345, whichare

d+ 1:345 and d 1:345
¢ 0:805 G+ 0:805
Asit happensg; < 0:805fori = 1;:::;24,andin thiscasehey satisfyingjciy+ djj j0:805 1:345
form theinterval betweerthesetwo points. Thisinterval is shavn in thelastcolumnof thetable.
In orderto bein the 96% intenal, y mustbein atleastone of the 24 intenalsin thetable;in
orderto bein the 92%interval, it mustbein atleasttwo of them. Sothe 96%interval is [1:0; 2:4],
andthe92%interval is [1:0; 2:3].
An algorithmfor nding conformalpredictionintervalsusingaleast-squaresr ridge-regyression
nonconformitymeasuravith anobjectspaceof ary nite dimensionis spelledouton pp. 32—33of
ourbook(Vovk etal., 2005).

4.4 Optimality

Thepredictiongproducedy theconformalalgorithmareinvariantwith respecto theold examples,
correctwith the adwertisedprobability andnested.As we now shaw, they are optimalamongall
region predictorswith theseproperties.

Hereis amoreprecisestatemenbf thethreeproperties:

1. Thepredictionsare invariant with respecto the ordering of the old examples Formally, this
meanghatthe predictorgis afunctionof two variablesthesigni cancelevel eandthebagB
of old examples We write ¢f(B) for thepredictionwhichis a subsebf theexamplespaceZ.

2. Theprobability of a hit is alwaysat leastthe advertiseccon dencelevel. For every positive

3. Thepredictionregionsare nestedlf e; e, theng™(B) d?(B).

Conformalpredictorssatisfythesethreeconditions. Otherregion predictorscanalsosatisfythem.
But aswe now demonstrateary g satisfyingthemcanbe improved on by a conformalpredictor:
therealwaysexistsa nonconformitymeasureA suchthatthe predictorga constructedrom A by the
conformalalgorithmsatis esgz(B)  ¢f(B) for all B ande.

Thekey to thedemonstrationms thefollowing lemma:

probability of beingz,, andin this case(22) is a mistale. By the secondcondition,the probability
of amistaleis e or less.Sothefractionof thebag's elementdor which (22) holdsiseorless. R
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d+1345 o 1345 Ysatsfying

aj = jCiyzs+ dij ¢ 03805 G+ 0:805 jofgg; dij;345
z1 j0:003y5 0:149 1.49 1.85 [1.49,1.85]
z  j0:06925+ 0:05( 1.90 1.48 [1.48,1.90]
73 j0:014yp5 0:199 1.45 1.89 [1.45,1.89]
zs  j0:06925+ 0:05( 1.90 1.48 [1.48,1.90]
zs  j0:0085+ 0:099 1.81 1.53 [1.53,1.81]
Z j0:096/5 0:603 1.05 2.16 [1.05,2.16]
77 j0:003y5 0:249 1.37 1.97 [1.37,1.97]
z3 j0:15lyss 0:154 1.82 1.57 [1.57,1.82]
Zg j0:184y,5 0:104 2.00 1.47 [1.47,2.00]
z10 j0:12955 0:453 1.32 1.93 [1.32,1.93]
z11 j0:008/,5+ 0:299 2.06 1.29 [1.29,2.06]
712 j0:04%,5 0:050 1.71 1.64 [1.64,1.71]
715 j0:003/5+ 0:15] 1.87 1.48 [1.48,1.87]
214 j0:041ys5+ 0:248 2.09 1.30 [1.30,2.09]
215 j0:003/5+ 0:55]] 2.36 0.98 [0.98,2.36]
z1s j0:184y55 0:404 1.52 1.77 [1.52,1.77]
717 J0:085/5 0:353 1.38 1.91 [1.38,1.91]
215 j0:0525+ 0:49§ 2.45 0.99 [0.99,2.45]
719 j0:085/5 0:153 1.66 1.68 [1.66,1.68]
720 j02041y25+ 02248 2.09 1.30 [130,209]
Z1  j0:008/,5+ 0:199 1.94 1.41 [1.41,1.94]
2o j0:074y5 0:503 1.15 2.10 [1.15,2.10]
Z3 j0:0475+ 0:05Q 1.84 1.52 [1.52,1.84]
Z4 j0:04%5 0:05( 1.71 1.64 [1.64,1.71]

25 j0:805/5 1:345

Table5: Calculations with least-squaesnonconformity scores. The columnon theright gives
the valuesof y for which the examples nonconformityscorewill exceedthatof the 25th
example.

Giventhe region predictorg, what nonconformitymeasurewill give us a conformalpredictor
thatimprovesonit? If

z2 ¢f(B); (23)

thengis assertingcon dencel dthatz shouldnotappeamext becauset is sodifferentfrom B.
Sothelargestl d for which (23) holdsis a naturalnonconformitymeasure:

A(B;7) = sufl djz2d(B)g:
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Least-squares Conformalpredictionwith two
predictionwith  differentnonconformitymeasures

normalerrors NN Leastsquares
96% [1:0;2:3] [0:8;2:3] [1:0;2:4]
92% [1:1;2:2] [1:2;1:9] [1:0;2:3]

Table6: Prediction intervals for the 25th plant's petal width, calculated by thr ee different
methods. The conformalpredictionintervals usingthe least-squaresonconformitymea-
surearequitecloseto thestandardntervalsbasedn least-squarewith normalerrors.All
theintervals containthe actualvalue,1:4.

The conformalpredictorga obtainedfrom this nonconformitymeasurethoughit agreeswith gon
how to rank differentz with respecto their nonconformitywith B, may producetighter prediction
regionsif gis too conserative in thelevelsof con denceit asserts.

To shav thatgz(B)  of(B) for every e andevery B, we assumehat

22 QC*zi; 70 19 (24)

Therearesensibleeasonso useregion predictorghatarenotinvariant. We maywantto exploit
possibledeparturesrom exchangeabilitygvenwhile insistingon validity underexchangeability Or
it may simply be morepracticalto usea predictorthatis notinvariant. But invarianceis a natural
conditionwhenwe wantto rely only on exchangeabilityandin this caseour optimality resultis
persuasie. For furtherdiscussionsee82.4of our book (Vovk etal., 2005).

4.5 ExamplesAr e SeldomExactly Exchangeable

Althoughtheassumptiomf exchangeabilitys weakcomparedo theassumptionembodiedn most
statisticalmodelsit is still anidealization seldommatchedxactly by whatwe seein theworld. So
we shouldnot expectconclusionglerivedfrom this assumptionio be exactly true. In particular we
shouldnot be surprisedf a 95% conformalpredictoris wrong morethan5% of thetime.

We can male this point with the USPSdataset so often usedto illustrate machinelearning
methods. This dataset consistsof 9298 examplesof the form (x;y), wherex isa 16 16 gray-
scalematrix andy is oneof thetendigits 0;1;:::;9. It hasbeenusedin hundredsof booksand
articles.In ourbook (Vovk etal., 2005),it is usedto illustrateconformalpredictionwith a number
of differentnonconformitymeasures.t is well known thatthe examplesin this datasetare not
perfectlyexchangeableln particular the rst 7291exampleswhich areoftentreatedasatraining
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Figure7: Errors in 95% nearest-neighbor conformal prediction on the classicalUSPSdata
set. Whenthe 9298 examplesare predictedin a randomly chosenorder so that the
exchangeabilityassumptioris satis ed for sure,the error rateis approximately5% as
adwertised.Whenthey aretakenin their original order rst the 7291in thetraining set,
andthenthe2007in thetestset,theerrorrateis higher especiallyin thetestset.

set, are systematicallydifferentin somerespectdrom the remaining2007 examples,which are
usuallytreatedasatestset.

Figure7 illustrateshow the non-exchangeabilityof the USP Sdataaffectsconformalprediction.
The gure recordsthe performanceof the 95% conformal predictor using the nearest-neighbor
nonconformitymeasurg10), appliedto the USPSdatain two ways. Firstwe usethe 9298examples
in the orderin which they aregivenin the dataset. (We ignorethe distinction betweentraining
andtest examples,but sincethe training examplesare given rst we do go throughthem rst.)
Working throughthe examplesin this order we predicteachy, usingthe previousexamplesandx;,.
Secondwerandomlypermuteall 9298examplesthusproducinganorderwith respecto whichthe
examplesarenecessarilyexchangeableThe law of large numbersvorks whenwe go throughthe
examplesn thepermuteddrder: we make mistalesata steadyrate,aboutequalto theexpectedc%.
But whenwe go throughthe examplesin the original ordet the fraction of mistalesis lessstable,
andit worsensaswe move into the testset. As Table7 shavs, the fraction of mistalesis 5%, as
desiredjn the rst 7291exampledthetrainingset)but jumpsto 8% in thelast2007examples.

Non-exchangeabilitycan be testedstatistically usingcorventionalor game-theoretienethods
(Vovk etal., 2005,87.1). In the caseof this data,ary reasonabléestwill rejectexchangeability
decisiely. Whetherthe deviation from exchangeabilityis of practicalimportancefor prediction
dependspf coursepn circumstancesAn errorrateof 8% when5% hasbeenpromisednayor may
notbeacceptable.
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Original data Permutedata
Training Test Total Training Test Total
singletonhits 6798 1838 8636 6800 1905 8705

uncertainhits 111 0 111 123 0 123
total hits 6909 1838 8747 6923 1905 8828
empty 265 142 407 205 81 286
singletonerrors 102 27 129 160 21 181
uncertainerrors 15 0 15 3 0 3
total errors 382 169 551 368 102 470
total examples 7291 2007 9298 7291 2007 9298
% hits 95% 92% 94% 95% 95% 95%
totalsingletons 6900 1865 8765 6960 1926 8880
% hits 99% 99% 99% 98% 99% 98%
total uncertain 126 0 126 126 0 126
% hits 82% 82% 98% 98%
total errors 382 169 551 368 102 470
% empty 69% 85% 74% 57% 79% 61%

Table7: Detailsof the performanceof 95%nearest-neighborconformal prediction on the clas-
sical USPSdata set. Becauseherearel0labels theuncertairmpredictionsthosecontain-
ing morethanonelabel,canbe hits or errors.

5. On-Line CompressionModels

In this sectionwe generalize&conformalpredictionfrom the exchangeabilitymodelto awholeclass
of modelswhichwe call on-linecompressiomodels.

In the exchangeabilitymodel, we compresr summarizeexamplesby omitting information
abouttheir order We thenlook backwardsfrom the summary(the bag of unorderedexamples)
andgive probabilitiesfor the differentorderingsthatcould have producedt. Thecompressiortan
be doneon-line: eachtime we seea nev example,we addit to the bag. The backward-looking
probabilitiescanalsobe given stepby step. Otheron-line compressionrmodelscompressnoreor
lessdrasticallybut have a similar structure.

On-linecompressiomodelswerestudiedin the 1970sand1980s,undervariousnamespy Per
Martin-Lof (1974), Stefen Lauritzen(1988),and EugeneAsarin (1987;1988). Differentauthors
had different motivations. Lauritzenand Martin-Lof startedfrom statisticalmechanicswhereas
Asarin startedfrom Kolmogoro's thinking aboutthe meaningof randomness.But the models
they studiedall summarizgpastexamplesusingstatisticshatcontainall theinformationusefulfor
predictingfuture examples.The summaryis updatedeachtime one obseresa new example,and
the probabilisticcontentof the structureis expressedy Markov kernelsthatgive probabilitiesfor
summarized@xamplesconditionalon the summaries.

In generala Markov kernelis a mappingthatspeci es,asa function of onevariable,a proba-
bility distributionfor someothervariableor variables A Markov kernelfor w givenu, for example,
givesa probability distribution for w for eachvalueof u. It is corventionalto write P(wj u) for this
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have produceds .

Martin-Lof, Lauritzen,and Asarin wereinterestedn justifying widely usedstatisticalmodels
from principlesthat seemlessarbitrarythanthe modelsthemseles. On-line compressionmodels
offer anopportunityto do this, becausehey typically limit their useof probability to representing
ignorancewith auniformdistribution but leadto statisticaimodelsthatseento saysomethingnore.

n n
dz and r?=3(@z 2°
i=1 i=1

model.It wasshowvn, by FreedmarandSmith (seeVovk etal., 2005,p. 217)andthenby Lauritzen
(1988,pp.238-247)thatif we assumehis modelis valid for all n, thenthedistributionof z3; z;:::
mustbeamixtureof distributionsundermwhich z;; z; : . . areindependenandnormalwith acommon

exchangeabldor all n, thenthe distribution of z1;2;::: mustbe a mixture of distributionsunder
which z;; z;::: areindependenandidentically distributed.

For ourown part,we areinterestedn usinganon-linecompressiomodeldirectlyfor prediction
ratherthanasa steptowardsa modelthatspeci esprobabilitiesfor examplesmorefully. We have
alreadyseenhow the exchangeabilitymodel can be useddirectly for prediction: we establisha
law of large numberdor backward-lookingprobabilities(83.4),andwe useit to justify con dence
in conformalpredictionregions (§4.2). The algumentextendsto on-line compressiormodelsin
general.

For theexchangeabilitymodel,conformalpredictionis optimalfor obtainingpredictionregions
(84.4). No suchstatementanbe madefor on-line compressioimodelsin general.In fact, there
areotheron-linecompressiomodelsin which conformalpredictionis veryinef cient (Vovk etal.,
2005,p. 220).

After developingthe generaltheory of conformalpredictionfor on-line compressiormodels
(85.1and 85.2), we considertwo examples:the exchangeability-within-labetmodel (85.3.1)and
on-line Gaussiatinearmodel(85.3.2).

5.1 De nitions

A more formal look at the exchangeabilitymodelwill sufce to bring the generalnotion of an
on-linecompressiomodelinto focus.

In the exchangeabilitymodel, we summarizeexamplessimply by omitting information about
their ordering; the orderedexamplesare summarizedoy a bag containingthem. The backward-
looking probabilitiesare equally simple; given the bag, the different possibleorderingsall have
equalprobability, asif the orderingresultedfrom draving the examplessuccessiely at random
from the bagwithout replacement. Although this pictureis very simple, we candistinguishfour
distinctmathematicabperationswithin it:
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. Updating The summarycanbe formedstepby stepasthe examplesare obsered. Once
you have the bagcontainingthe rst n 1 examples,you just addthe nth. This de nesan
updatingfunctionUy(s; 2) thatsatis es

s» = Uy(s1;20), andsoon.

. Lookingbad all theway Giventhebagsy, then! differentorderingsof the elementf the
bagareequallylikely, just asthey would be if we orderedthe contentsof the bagrandomly
As we learnedin 83.2, we can say this with a formula that takes explicit accountof the

distinctelementoccur We call Py P;;::: thefull kernels

. Lookingbadk one step. We canalsolook backonestep. Giventhe bags,, what arethe
probabilitiesfor z, ands,, 1? They arethesameasif wedrew z, outof s,, atrandom.In other
words,for eachz thatappearsn s, thereis aprobabilityk=n, wherek is thenumberof times
Zzappearsn sy, that(1) z, = zand(2) s, 1 isthebagobtainedby remaving oneinstanceof z
from s,,. Thekernelde ned in thisway is representetby the two arrons backwardfrom s,
in thebottompanelof Figure8. Let usdesignatet by R,. We similarly obtainakernelR, 1
backwardfrom s,, 1 andsoon. Thesearethe one-stegkernelsfor the model. We canobtain

understoodotin termsof formulasbut in termsof a sequencef dravingswhoseoutcomes
have the probability distributionsgivenby the kernels.Thedraving from s, (which goeshy
theprobabilitiesgivenby Ry ( jsn)) givesusz, ands,, 1, thedrawvingfroms, 1 (whichgoes
by the probabilitiesgivenby R, 1( jsn 1)) givesusz, 1 ands, », andsoon; we nally

meaningof thebottompanelin Figure8.

All four operationsaareimportant. The secondandfourth, updatingandlooking backonestep,can
be thoughtof asthe mostfundamentalbecauseve canderive the othertwo from them. Sum-
marizationcanbe carriedout by composingupdatesandlooking backall the way canbe carried
out by composingone-stedook-backs.Moreover, the conformalalgorithmusesthe one-steback
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V4] Y4) Zn 1 Zn
? ? ? L
2 =— 81 =— S = = Sn 1 =— Sp

Updating We speakof “on-line” compressiomodelsbecaus¢he summarycanbeupdatedvith
eachnew example.In the caseof the exchangeabilitynodel,we obtainthebags; by addingthe
new examplez to theold bags; 1.

V4] y4) Zn 1 Zy
6 6 6 6
2 S1 So Sn 1 Snh

Badcward probabilities. Thetwo arrows backwardsfrom s; symbolizeour probabilities,condi-
tional on s, for whatexamplez andwhatprevious summarys; ; werecombinedto produce
si. Likethediagramin Figure3 thatit generalizesthis diagramis a Bayesnet.

Figure8:. Elementsof an on-line compressionmodel. The top diagramrepresentshe updating

probabilities. But whenwe turn to particularon-line compressionmodels,we will nd it initially
mostcorvenientto describehemin termsof their summarizingunctionsandfull kernels.

In generalanon-line compessionmodelfor anexamplespaceZ consistsof a spaceS, whose
elementsve call summariesandtwo sequencesf mappings:

UpdatingfunctionsU;;Uy;:::. ThefunctionU, mapsasummarys andanexamplezto anew
summann(s; 2).

One-stepkernelsRy; Ry;:::. For eachsummarys, the kernel R, gives a joint probability
distribution Rs(s2 zj s) for anunknovn summarys’andunknavn examplez. We requirethat
Ra( j 9 give probabilityoneto the setof pairs(s® z) suchthatU,(s%2) = s.

We alsorequirethatthe summaryspaceS includetheemptysummary? .

Therecipedor constructinghe summarizingunctionsSs; Sp; : :: andthefull kernelsPy; Ps;:::
arethesamein generaksin the exchangeabilitymodel:

functions.Firsts1 = Uy(2;21), thens, = Ux(s1;2), andsoon.
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We obtainthe full kernel P, by combining, backwardsfrom s, the randomexperiments

obtainedn this way hasthedistribution P,( jsn).

On-linecompressiomodelsareusuallyinitially speci edin termsof their summarizingunc-
tions S, andtheir full kernelsP,, becauseheseareusuallyeasyto describe.Onemustthenverify
thattheseeasilydescribedbjectsdo de ne anon-linecompressiomodel. This requiresverifying
two points:

1. S1;Sy;::: canbede ned successiely by meansf updatingfunctions:

with the distribution P,( jsn). Anotherway to verify it, without necessarilyexhibiting the
one-stegkernels|s to verify the conditionalindependenceelationsrepresentetly Figure8:

5.2 Conformal Prediction

In thecontext of anon-linecompressiomodel,anonconformitymeasue is anarbitraryreal-valued
function A(s; 2); wheres is a summaryandz is an example. We chooseA sothatA(s; 2) is large
whenz seemsvery differentfrom the exampleshatmight be summarizedy s.

In orderto statetheconformalalgorithm,wewrite S, 1 andZ, for randomvariableswith ajoint
probability distribution given by the one-stepkernelR( jsp). The algorithmusingold examples
alonecanthenbestatedasfollows:

The Conformal Algorithm Using Old ExamplesAlone

Algorithm:

1. Provisionally setz, := z

2. Setp,:= Ry(A(Sh 1,Z) A(Sn 1,Z0)jsn):

A(Sn 1:20) = A(*z1;: 10 Z0 0 20k ) (25)

and
A(Sn 1,Z0) = A(*zy; 020 1% 20): (26)
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eralizereadily Thede nitions of n-eventande-raregeneralizén anobviousway:

An eventE is ann-eventif its happeningor failing is determinedoy the value of z, andthe
valueof thesummarys, ;.

An n-eventE iserareif Ry(Ejsn) e

randomvariablewill take a valuethatit equalsor exceedswith a probability of e or less). So
working backwardsfrom the summarys for alargevalueof N, Bill canstill betagainsttheerrors
successiely at ratescorrespondingo their probabilitiesunders ,,, which arealwayse or less. This
producesanexactanalogto Informal Propositionl.:

happen.

Theconformalalgorithmusingfeaturesof the new examplegeneralizesimilarly:

The Conformal Algorithm

Algorithm:
1. Provisionally setz, := (Xn;Y).

2. Setpy:= Ra(A(Sn 1:Z0)  A(Sn 1:Z0)jSn):

The validity of this algorithmfollows from the validity of the algorithmusingold examples
aloneby the sameargumentasin the caseof exchangeability

5.3 Examples

We now look at two on-line compressionmodels:the exchangeability-within-labeinodelandthe
on-line Gaussiadinearmodel.

The exchangeability-within-labetnodelwas rst introducedin work leadingup to our book
(Vovk etal., 2005).1t wealensthe assumptiorof exchangeability

The on-line Gaussiarinear model,aswe have alreadymentionedhasbeenwidely studied. It
overlapsthe exchangeabilitymodel,in the sensethat the assumptiongor both of the modelscan
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hold atthesametime, but theassumption$or oneof themcanhold withouttheassumption$or the
otherholding. It is closelyrelatedto the classicalGaussiadinear model. Conformalpredictionin
theon-linemodelleadsto the samepredictionregionsthatareusuallyusedfor the classicaimodel.
But the conformalpredictiontheoryaddsthe new informationthat theseintervals arevalid in the
senseof thisarticle: they areright 1 e of thetime whenusedon accumulatinglata.

5.3.1 THE EXCHANGEABILITY-WITHIN-LABEL MODEL

The assumptiorof exchangeabilitycanbe wealenedin mary ways. In the caseof classi cation,
oneinterestingpossibilityis to assumenly thatthe examplesfor eachlabelareexchangeablevith
eachother For eachlabel, the objectswith that label are aslikely to appearin one orderasin
another This assumptiodeavesopenthe possibilitythatthe appearancef onelabelmightchange
the probabilitiesfor the next label.

within-labelmodelasfollows:

Summarizing Functions Thenth summarizingunctionis

Full Kernels Thefull kernelP(z1;:::;Z0j y1;:::;Yn; BT, 1215 BY) is mosteasilydescribedn terms
the randomactionfor which it givesthe probabilities: independentlyfor eachlabel j, dis-
tributethe objectsin B? randomlyamongthe positionsi for whichy; is equalto j.

To checkthatthis is an on-line compressiomodel, we exhibit the updatingfunction andthe
one-stefkernels:

Updating When(Xn;yn) is obsened,thesummary

is updatedby insertingy, aftery, 1 andaddingx, to By, 1

Onestepback Theone-stegkernelR, is givenby

ﬁ if y=yn

yn
0 otherwise

wherek is thenumberof xsin B . Thisis the sameasthe probability the one-stegkernelfor
the exchangeabilitynodelwould give for x on the basisof a bagof sizej Ban thatincludesk
XS.

Becausdhe true labelsare part of the summary our imaginarybettorBill canchooseto bet
just on thoseroundsof his gamewith Joewherethe labelhasa particularvalue,andthis implies
thata 95%conformalpredictorunderthe exchangeability-within-labemnodelwill make errorsatno
morethana 5% ratefor exampleswith thatlabel. This is not necessarilyruefor a 95% conformal
predictorunderthe exchangeabilitynodel; althoughit canmake errorsno morethanabout5% of
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the time overall, its error rate may be higherfor somelabelsand lower for others. As Figure 9

shaws, thishappensn the caseof the USPSdataset. Thegraphin thetop panelof the gure shavs

thecumulatve errorsfor exampleswith thelabel5, whichis particularlyeasyto confusewith other
digits, whenthe nearest-neighbaronformalpredictoris appliedto thatdatain permutedorm. The

errorratefor 5is over 11%. Thegraphin thebottompanelshovs theresultsof theexchangeability-
within-labelconformalpredictorusingthe samenearest-neighbaronconformitymeasureherethe

errorratestayscloseto 5%. As this graphmalesclear the predictorholdsthe errorratedown to

5% in this caseby producingmary predictionregionscontainingmorethanonelabel (“uncertain
predictions”).

Aswe explainin 84.5and88.40f our book (Vovk etal.,2005),theexchangeability-within-label
modelis a Mondrianmodel In generala MondrianmodeldecomposethespaceZ N, whereN
is setof the naturalnumbersjnto non-overlappingrectanglesandit asksfor exchangeabilityonly
within theserectanglesFor eachexamplez;, it thenrecordsaspartof the summarytherectangle
into which (z;i) falls. Mondrianmodelscanbe usefulwhenwe needto wealenthe assumptiorof
exchangeability They canalsobeattractve evenif we arewilling to assumexchangeabilityacross
the catgyories,becausehe conformalpredictionsthey producewill becalibratedwithin categories.

5.3.2 THE ON-LINE GAUSSIAN LINEAR MODEL

consistingof p numbersFor eachn betweeril andN, set
2 3 2 3
X1 Y1
Xn:=2 : % and Yn:=9 :
Xn Yn
ThusX,isann p matrix,andY;, is a columnvectorof lengthn.
In this contet, the on-line Gaussianinear modelis the on-line compressiomodelde ned by
thefollowing summarizingunctionsandfull kernels:

Summarizing Functions Thenth summarizingunctionis
I

n n ’
Sn(ziiihz) = XuiniXm @ YiXs A Y
i=1 i=1
= Xoi XV Yoy,

n
o

n
dyx=C and Jy=r%
=1 =1

This is theintersectiorof a hyperplanewith a sphere.Not beingempty theintersectioris eithera
point (in the exceptionalcasewherethe hyperplands tangento the sphere)r alower-dimensional
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Figure9: Err orsfor 95%conformal prediction using nearestneighborsin the permuted USPS
data when the true label is 5. In both gures, the dottedline representshe overall
expectederror rate of 5%. The actualerror ratefor 5swith the exchangeability-within-
label modeltracksthis line, but with the exchangeabilitymodelit is muchhigher The
exchangeability-within-labepredictorkeepsits errorratedown by issuingmorepredic-
tion regionscontainingmorethanonedigit (“uncertainpredictions”).
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sphere.(Imagineintersectinga planeanda 2-dimensionakpherethe resultis a circle.) Theker
nel P,( jsn) putsall its probability on the point or distributesit uniformly over the the lower
dimensionabkphere.

To seethatthe summarizingunctionsandfull kernelsde ne anon-linecompressiomodel,we
mustcheckthatthesummarieganbeupdatedandthatthefull kernelshave therequiredconditional
independenceroperty: conditioningP,( jsn) onz.1;:::;7, givesR( jsi). (We do notcondition

obsere (Xn; Yn), we updatethe summary

|
n 1l n 1l

X A WG A Y

i=1 i=1
by insertingx, afterx, 1 andaddingatermto eachof thesums.To seethatconditioningP,( jsn) on

Vit1 = @j11;:::¥n = an involvesintersectinghe spherewith the hyperplanesie ned by thesen i
equationsThis producegheuniform distribution onthe possiblylower-dimensionaspherede ned

by

| n | n
ayi=r* ay, and adyx=C a yx;
=1 j=i+1 =1 j=i+1

Theon-line Gaussiarinearmodelis closelyrelatedto the classicalGaussiarlinear model In
theclassicamodel?®

Vi = xb+ g; (27)

wherethe x; arerow vectorsof knovn numbersp is a columnvectorof unknavn numbers(the
regressiorcoefcients), andtheg; areindependendf eachotherandnormallydistributedwith mean
zeroandacommorvariance Whenn 1> pandRank X, 1) = p, thetheoryof theclassicamodel
tells usthefollowing:

lE\)n 1= (xr? 1%n 1) lxr? 1h 1
andafterfurtherobservingx,, predicty, by
o e v = 0 140 .
Yn= Xabn 1= Xa(X5 %0 1) Xy 1 Yh o
Estimatethe varianceof theg by

£ = Y2 1Yo 1 bR R oY 1.
1. n p 1 .

5. Therearemary namedfor the classicalmodel. The name“classicalGaussiarinear model” is usedby Bickel and
Doksum(2001,p. 366).
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Therandomvariable .
Yn Yn

th = q (28)
s 14309 1% 1)
hasat-distributionwithn p 1 degreesof freedomandso
q
o thpasi1 148X 1% 1) (29)

hasprobabilityl e of containingy, (Ryan1997,p.127;SeberandLee2003,p. 132).

TheassumptioriRank X, 1) = p canberelaxed,atthepriceof complicatingtheformulasinvolving
(Xr? 1%n 1) 1 Buttheassumptiom 1> RankX, 1) is essentiato nding a predictioninterval
of the type (29); whenit fails therearevaluesfor the coefcients b suchthaty, 1 = X, 1b, and
consequentlyhereis no residualvariancewith which to estimatethe varianceof thee;.

We have alreadyusediwo speciakase®f (29)in thisarticle. Formula(1) in 82.1.lis thespecial
casewith p= 1 andeachx; equalto 1, andformula(21) at the beginning of 84.3.2is the special
casewith p= 2 andthe rst entryof eachx; equalto 1.

Therelationbetweerthe classicabndon-linemodels fully understoodn thetheoreticalitera-
turesincethe 1980s,canbe summarizeasfollows:

theassumptionsf theon-line Gaussiatinearmodel.In otherwords,theassumptiorthatthe
errorsg in (27) areindependenandnormalwith meanzeroanda commonvarianceimplies
that conditionalon X%, = C andY, = r?, the vectorY, is distributed uniformly over the
spherade ned by C andr?. Thiswasalreadynotedby R. A. Fisherin 1925.

Theassumptionf theon-lineGaussiatinearmodel,thatconditionalon X%, = C andY,%/, =
r2, thevectorY, is distributeduniformly over the spherede ned by C andr?, is sufcient to
guarante¢hat(28) hasthet-distributionwithn p 1 degreesof freedom(Dempster;1969;
Efron, 1969).

Supposez;; z,;::: is anin nite sequencef randomvariables. Thenzi;:::;zy satisfythe
assumptionsf the on-line Gaussiardinear modelfor every integerN if andonly if thejoint
distribution of z3;2;::: is a mixture of distributions given by the classicalGaussiarinear
model,eachmodelin the mixture possiblyhaving a differentb anda differentvariancefor
theg (Lauritzen,1988).

A naturalnonconformitymeasureA for the on-line Gaussiardinear modelis given, for s =
(X;X%;Y%) andz= (xy), by
A(s;g =y Vi (30)
wherey = x(X%) 1X%.

Proposition2 When(30) is usedas the nonconformitymeasue, the1 e conformalprediction
regionfor y, is (29), theinterval givenby thet-distribution in the classicaltheory

Proof When(30) is usedasthe nonconformitymeasurethe teststatisticA(sn 1;z,) usedin the
conformalalgorithmbecomesy, ¥nj. The conformalalgorithmconsiderghe distribution of this
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statisticunderR,( jsp). Butwhens, is x edandt, is given by (28), jt,j is @ monotonicallyin-
creasingfunctionof jy, ¥ (seeVovk etal., 2005, pp. 202—-203 for details). So the conformal
predictionregionis theinterval of valuesof y, for whichjt,j doesnottake its mostextremevalues.
Sincet, hasthet-distributionwith n  p 1 degreesof freedomunderR,( jsp), thisis theinter
val (29). |

Togetherwith Informal Proposition2, Proposition2 implies thatwhenwe use(29) for a large
numberof successie valuesof n, y, will bein theintenal 1 e of thetime. In fact, becausehe
probabilityof erroreachtimeis exactly e, we cansaysimply thattheerrorsareindependenandfor
thisreasortheclassicalaw of largenumbersapplies.

In our exampleinvolving the predictionof petalwidth from sepallength,the exchangeability
and Gaussiarlinear modelsgave roughly comparableresults(seeTable 6 in §4.3.2). This will
often be the case.Eachmodelmakesan assumptionhowever, thatthe otherdoesnot malke. The
exchangeabilitymodelassumeshatthexs, aswell astheys, areexchangeableThe Gaussiarinear
modelassumeshatgiventhexs, theys arenormally distributed.
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Appendix A. Validity

Themainpurposeof this appendixs to formalizeandprove thefollowing informal proposition:

We usedthis informal propositionin §3.4to establisithevalidity of conformalpredictionin the ex-
changeabilitynodel. As we promisedthen,wewill discusdwo differentapproacheto formalizing
it: aclassicalapproachanda game-theoreticahpproach.The classicalpproactshows thatthe E,,
aremutuallyindependenin the casewherethey areexactly e-rareandthenappealdo theclassical
weaklaw of large numberdor independenévents. The game-theoreti@pproachappealdirectly
to themore e xible game-theoretioveaklaw of largenumbers.

Our proofswill alsoestablisithe analogousnformal Proposition2, which we usedto establish
thevalidity of conformalpredictionin on-linecompressiomodelsin general.

In 8A.3, wereturnto R. A. Fishers predictioninterval for anormalrandomvariable which we
discussedn 82.1.1.We shaw thatthis predictionintenal's successie hits areindependentsothat
validity follows from the usuallaw of large numbers.Fishers predictionintenal is a specialcase
of conformalpredictionfor the Gaussiardinear model,andso it is coveredby the generalresult
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for on-line compressiormodels. But the proof in 8A.3, beingself-containedand elementaryand
makingno referenceo conformalprediction,maybe especiallyinformative for mary readers.

A.1 A ClassicalArgumentfor Independence

ally independent.

Proof Consider(31)forn= N 1:

andfrom thisit followsthatPr(Ex 1j En) = e Theunconditionalprobabilityof Ey 1 is alsoe. So
En andEy 1 areindependentContinuingthe reasoningoackwardsto E;, we nd thatthe E, are
all mutuallyindependent. [ ]

This proofgeneralizemmediatelyto the generakaseof on-linecompressiomodels(seep. 407);

large numbersapplies;with very high probability no more thanapproximatelythe fraction e of
the N eventswill happen.lt is intuitively clearthat this conclusionwill alsohold if we have an
inequalityinsteadof anequalityin (31), becausenakingthe E, evenlesslikely to happencannot
reversethe conclusionthatfew of themwill happen.

The precedingargumentis lessthanrigorouson two counts. First, the proof of Proposition3
doesnot considerthe existenceof the conditionalprobabilitiesit uses.Secondthe algumentfrom
thecasewhere(31)is anequalityto thatwhereit is merelyaninequality thoughentirelycorvincing,
is only intuitive. A fully rigorousproof, which usesDoob's measure-theoretiitamevork to deal
with the conditionalprobabilitiesandusesarandomizatiorto bring theinequalityup to anequality
is providedon pp. 211-213of our book (Vovk etal., 2005).
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A.2 A Game-theoetic Law of LargeNumbers

As we explainedin §3.3,thegame-theoretiinterpretatiorof exchangeabilityinvolvesabackward-

Pr(z,= aj*z;:::;z3+= B) = —; (33)
wherek is thenumberof timesa occursin B.

THE BACKWARD-LOOKING BETTING PROTOCOL
Players: Joe,Bill
KN = 1.
Joeannounces bagBy of sizeN.
FORNn= N;N 1;:::;2;1
Bill betson z, atoddssetby (33).
Joeannounceg, 2 B;.
Kh 1:= Ky + Bill' snetgain.
Bn 1:= Bhn*z,+

Bill' sinitial capitalKy is 1. His nal capitalis Ko.
GivenaneventE, set (
1 if E happens

0 if E fails:

Giveneventsk;;:::; En, set
1y
Freq, := N a g

=1

This is the fraction of the eventsthathappen—thdrequeng with which they happen.Our game-
theoreticlaw of large numberswill saythatif eachE, is ane-raren-event,thenit is very unlikely
thatFreq, will substantiallyexceede.

In game-theoretiprobability whatdowe mearnwhenwe sayaneventE is “very unlikely”? We
meanthatthebettot Bill in this protocol,hasabettingstrate)y thatguarantees

(
C if E happens

Ko . .
0 if Efails;

(34)

whereC is alarge positve number Cournots principle, which saysthatBill will not multiply his
initial unit capitalby alargefactorwithoutrisking bankrupty, justi es ourthinking E unlikely. The
largerC, themoreunlikely E. We call the quantity

- : 1 .
PE = inf c Bill canguarante€34) (35)
E'supperprobability. An unlikely eventis onewith smallupperprobability.
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Proposition 4 (Game-theoetic weak law of largenumbers) Supposé&, is ane-rare n-event,for

P(Freq, e+dy) di:

In words:If N is sufciently large,thereis asmall(lessthand;) upperprobabilitythatthefrequeny
will exceede substantiallyby morethand,).

Readerdamiliar with game-theoretiprobability will recognizePropositiord asa form of the
game-theoretiaveaklaw of large numbers(Shaferand Vovk, 2001, pp. 124-126). The boundit
givesfor theupperprobabilityof theeventFreq, e+ d;isthesameastheboundthatChebyshe's
inequality gives for the probability of this eventin classicalprobability theory whenthe E, are
independenandall have probabilitye.

For thebene t of thosenot familiar with the conceptof game-theoretiprobabilityusedin the
proofjustcited,we now give anelementanandself-containegroof of Propositiord.

guaranteeghat his capital K, will satisfy
Pyl

N
a (g o (36)
j=n+1

Kn

Z| >
Zl -

Proof Whenn= N, (36) reduceso Ky 1, andthis certainlyholds; Bill' s initial capitalKy is
equalto 1. Soit sufces to shaw thatif (36) hold for n, thenBill canbeton E,, in sucha way that
thecorrespondingnequalityforn 1,
| |
o 2
n1 1 §

j=n
alsoholds.Hereis how Bill bets.

If é’l-\‘:n+1(ej €) e thenBill buys(2=N)é'j\‘:n+l(ej €) unitsof e,. By assumptionhe
paysno morethane for eachunit. Sowe have alower boundon his netgain, K, 1 Ky:
!

2 N
Kn1 K N a (¢ & (en ©
j=n+1 |
) )
1§ 1§ 1
= afe ¢ 5 a (g o N (38)
N j=n N j=n+1 N
Il Il
1) BT B
5 afle 9 ~ a (g o =
N j=n N j=n+1 N

Adding (38) and(36), we obtain(37).
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If é,lj'\l:n+1(ej €) < g, thenBill doesnotbetatall, andK, 1 = K. Because

Il 1,1
.o Pt
N + +

a o a (g o (e+(en €)% 1

j=n j=n+1

we again obtain(37) from (36).

|
Proof of Proposition4 TheinequalityFreq, e+ d is equivalentto
o
1) ' >
= afl(g 9 Nds: (39)
N5

Bill' s strat@yy in Lemmab doesnot risk bankruptg (it is obviousthatK,, 0 for all n), and(36)
says
Pyt
1)
Ko - af(g o : (40)
N i1
Combining (39) and (40) with the assumptionthat N 1=d;d2, we seethat when the event
Freq, e+ d;happensKo 1=d;. Soby (34)and(35),P(Freqy e+ dy) ds. |

A.3 The Independenceof Hits for Fisher's Interval

deviation 1, thedlstrlbutlon of theratio

Znt1 (41)
é'{]:l -=N

is calledthet-distribution with n degreesof freedom The upperpercentilepointsfor this distribu-

tion, the pointstS exceededy (41) with probability exactly e, arereadily availablefrom textbooks

andstandarccomputemprograms.

Givenasequencef numbersy;:::;z, wherel 2, weset
14 1 4
l— é and §:= 1 é 7)%:

ty = (42)



SHAFER AND VOVK

hasthet-distributionwith n 2 degreesof freedom(Fisher,1935). 1t follows thatthe event
r r
Zh 1 tﬁczzsnl Zn 7n1+tr?:22$11

n

N1 (43)

1
hasprobabilityl e We will now prove thatthet, for successie n areindependentThis implies
that the events(43) for successie valuesof n areindependentso that the law of large numbers
applies:with very high probabilityapproximatelyl e of theseeventswill happen.Thisindepen-
dencewasoverlookedby Fisherandsubsequerauthors.

We begin with two purely arithmeticlemmas which do not rely on ary assumptioraboutthe

of thedifferences
VAN i Zn o

Proof It is straightforvardto verify that

(2 2) (44)

and
_(n DSz 7)?

" "n 2 (n D 2 (45)
Substituting(44) and(45) in (42) produces
p
_ . 2z z)
n= P > — (46)
(n 12K n(zn zn)
or p
nn 2 Z
t=p on( )Ezn2 L : (47)
(n DALz z)* n(zn z)
Thevalueof (47)is unafectedif all thez 2z, aremultiplied by anonzeraconstant. [ |

Lemma7 Suppos&, ands, are known. Thenthe following threeadditionalitemsof information
are equivalentjnasmub astheothertwo canbecalculatedfromany of thethree:

1. z,
2.7y, 1ands, 1
3.ty

Proof Givenz,, we cancalculatez, 1 ands, 1 from (44)and(45) andthencalculatet,, from (42).
Givenz, 1 ands, 1, we cancalculatez, from (44) or (45) andthent, from (42). Givent,, we
caninvert (46) to nd z, (whenz, ands, are x ed, this equationexpresses,, asa monotonically
increasingunctionof z,) andthencalculatez, ; ands, 1 from (44)and(45). |
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overthe(n 2)- dlmenS|onalsphee of vectos satlsfylngthesecondltlons(themtersectlonof the
hyperplanez, = wwith the(n 1)-dimensionakphee of radiusr centeedonthepoint (w;:::;w)
in R).

!
ey Az 0@ W (@9

1

Qo5

n J n
5 log(2ps?) a (z w2= 5 log(2ps?)

i=1

2,)? = r?is uniform overthesetof vectorssatisfyingtheseconditions. |

Lemma9 If the vector(z;;:::;z,) is distributed uniformly over the (n  2)-dimensionalsphee
de ned by the conditionsz, = wand & ,(z z,)? = r?, thent, hasthet-distributionwithn 2
degreesof freedom.

Proof The distribution of t, doesnot dependon w or r. This is becauseve cantransformthe
uniform distribution over one (n  2)-dimensionalspherein R" into a uniform distribution over
anothery addinga constanto all thez andthenmultiplying the differences;  z, by a constant,
andby Lemmas, this will notchangetn

unlformly overthesphereof radiusr centereobnw, TIIW. Slncetheresultlngdlstrlbutlonfortn does
notdependonw orr, it mustbe the sameasthe unconditionaldistribution. [ |

RN with a hyperplane,reducmglt toan(N 2)-dimensionalspherein R’\I L. (Imagine,for ex-
ample,intersectinga spherein R® with a plane: the resultis a circle.) Whenwe learnzy 1, we
reducahedimensioragain andsoon In eachcase we obtaina uniform distribution onthelower—

overan(n 1)- dlmenS|onalsphere|n R”, andso tn hasthe t-distribution with n 2 degreesof
freedomby Lemma9. |
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doesnotdependnw orr, it is alsotheir unconditionajoint distribution. |
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