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Abstract
Conformal prediction uses past experience to determine precise levels of confidence in new pre-
dictions. Given an error probability e, together with a method that makes a prediction ŷ of a label
y, it produces a set of labels, typically containing ŷ, that also contains y with probability 1 � e.
Conformal prediction can be applied to any method for producing ŷ: a nearest-neighbor method, a
support-vector machine, ridge regression, etc.

Conformal prediction is designed for an on-line setting in which labels are predicted succes-
sively, each one being revealed before the next is predicted. The most novel and valuable feature of
conformal prediction is that if the successive examples are sampled independently from the same
distribution, then the successive predictions will be right 1 � e of the time, even though they are
based on an accumulating data set rather than on independent data sets.

In addition to the model under which successive examples are sampled independently, other
on-line compression models can also use conformal prediction. The widely used Gaussian linear
model is one of these.

This tutorial presents a self-contained account of the theory of conformal prediction and works
through several numerical examples. A more comprehensive treatment of the topic is provided in
Algorithmic Learning in a Random World, by Vladimir Vovk, Alex Gammerman, and Glenn Shafer
(Springer, 2005).
Keywords: confidence, on-line compression modeling, on-line learning, prediction regions

1. Intr oduction

How goodis your predictionŷ? If you arepredictingthelabely of a new object,how con�dent are
you thaty = ŷ? If the labely is a number, how closedo you think it is to ŷ? In machinelearning,
thesequestionsareusuallyansweredin a fairly roughway from pastexperience.We expectnew
predictionsto fareaboutaswell aspastpredictions.

Conformalpredictionusespastexperienceto determinepreciselevelsof con�dencein predic-
tions. Givena methodfor makinga predictionŷ, conformalpredictionproducesa 95%prediction
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SHAFER AND VOVK

region—a setG0:05 thatcontainsy with probabilityat least95%. Typically G0:05 alsocontainsthe
predictionŷ. We call ŷ thepoint prediction, andwe call G0:05 theregion prediction. In thecaseof
regression,wherey is a number, G0:05 is typically aninterval aroundŷ. In thecaseof classi�cation,
wherey hasa limited numberof possiblevalues,G0:05 mayconsistof a few of thesevaluesor, in
theidealcase,justone.

Conformalpredictioncanbeusedwith any methodof point predictionfor classi�cationor re-
gression,includingsupport-vectormachines,decisiontrees,boosting,neuralnetworks,andBayesian
prediction.Startingfrom themethodfor point prediction,we constructa nonconformitymeasure,
which measureshow unusualan examplelooks relative to previous examples,andthe conformal
algorithmturnsthisnonconformitymeasureinto predictionregions.

Givena nonconformitymeasure,theconformalalgorithmproducesa predictionregion Ge for
everyprobabilityof errore. TheregionGe is a(1� e)-predictionregion; it containsy with probabil-
ity at least1� e. Theregionsfor differentearenested:whene1 � e2, sothat1� e1 is a lower level
of con�dencethan1� e2, we have Ge1 � Ge2. If Ge containsonly a singlelabel(theidealoutcome
in thecaseof classi�cation),we mayaskhow smalle canbemadebeforewe mustenlargeGe by
addinga secondlabel; thecorrespondingvalueof 1� e is thecon�dencewe assertin thepredicted
label.

As we explain in §4, the conformalalgorithmis designedfor an on-line setting,in which we
predict the labelsof objectssuccessively, seeingeachlabel after we have predictedit andbefore
we predictthenext one. Our predictionŷn of thenth labelyn mayuseobserved featuresxn of the
nth objectandtheprecedingexamples(x1;y1); : : : ; (xn� 1;yn� 1). Thesizeof thepredictionregionGe

mayalsodependonthesedetails.Readersmostinterestedin implementingtheconformalalgorithm
may wish to look �rst at the elementaryexamplesin §4.2.1and§4.3.1andthenturn backto the
earliermoregeneralmaterialasneeded.

As we explain in §2, theon-linepictureleadsto a new conceptof validity for predictionwith
con�dence.Classically, a methodfor �nding 95%predictionregionswasconsideredvalid if it had
a 95%probabilityof containingthe labelpredicted,becauseby the law of largenumbersit would
thenbecorrect95%of thetimewhenrepeatedlyappliedto independentdatasets.But in theon-line
picture,we repeatedlyapplya methodnot to independentdatasetsbut to anaccumulatingdataset.
After using(x1;y1); : : : ; (xn� 1;yn� 1) andxn to predictyn, we use(x1;y1); : : : ; (xn� 1;yn� 1); (xn;yn)
andxn+1 to predictyn+1, andsoon. For a95%on-linemethodto bevalid, 95%of thesepredictions
mustbecorrect.Underminimalassumptions,conformalpredictionis valid in thisnew andpowerful
sense.

Onesettingwhereconformalpredictionis valid in thenew on-linesenseis theonein which the
examples(xi;yi) aresampledindependentlyfrom a constantpopulation—thatis, from a �x edbut
unknown probabilitydistribution Q. It is alsovalid undertheslightly weaker assumptionthat the
examplesareprobabilisticallyexchangeable(see§3) andunderotheron-linecompressionmodels,
including the widely usedGaussianlinear model (see§5). The validity of conformalprediction
underthesemodelsis demonstratedin AppendixA.

In additionto thevalidity of a methodfor producing95%predictionregions,we arealsointer-
estedin its ef�ciency. It is ef�cient if thepredictionregion is usuallyrelatively smallandtherefore
informative. In classi�cation,wewould like to seea95%predictionregionsosmallthatit contains
only thesinglepredictedlabelŷn. In regression,wewould like to seeaverynarrow interval around
thepredictednumberŷn.
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TUTORIAL ON CONFORMAL PREDICTION

Theclaim of 95%con�dencefor a 95%conformalpredictionregion is valid underexchange-
ability, no matterwhat the probability distribution the examplesfollow andno matterwhat non-
conformity measureis usedto constructthe conformalpredictionregion. But the ef�ciency of
conformalpredictionwill dependontheprobabilitydistributionandthenonconformitymeasure.If
we think we know theprobabilitydistribution, we maychoosea nonconformitymeasurethatwill
beef�cient if weareright. If wehaveprior probabilitiesfor Q, wemayusetheseprior probabilities
to constructa point predictorŷn anda nonconformitymeasure.In the regressioncase,we might
useasŷn themeanof theposteriordistribution for yn given the �rst n� 1 examplesandxn; in the
classi�cationcase,we might usethe labelwith thegreatestposteriorprobability. This strategy of
�rst guaranteeingvalidity undera relatively weakassumptionand thenseekingef�ciency under
strongerassumptionsconformsto advicelonggivenby JohnTukey andothers(Tukey, 1986;Small
etal., 2006).

Conformalpredictionis studiedin detailin AlgorithmicLearningin a RandomWorld, by Vovk,
Gammerman,andShafer(2005).A recentexpositionby GammermanandVovk (2007)emphasizes
connectionswith the theoryof randomness,Bayesianmethods,andinduction. In this article we
emphasizethe on-line conceptof validity, the meaningof exchangeability, andthe generalization
to other on-line compressionmodels. We leave asidemany importanttopics that are treatedin
AlgorithmicLearningin a RandomWorld, includingextensionsbeyondtheon-linepicture.

2. Valid Prediction Regions

Our conceptof validity is consistentwith a tradition that canbe tracedback to JerzyNeyman's
introductionof con�denceintervals for parameters(Neyman,1937)andeven to work by Laplace
and othersin the late 18th century. But the shift of emphasisto prediction(from estimationof
parameters)and to the on-line setting(whereour predictionrule is repeatedlyupdated)involves
somerearrangementof thefurniture.

Themostimportantnovelty in conformalpredictionis that its successive errorsareprobabilis-
tically independent.Thisallowsusto interpret“being right 95%of thetime” in anunusuallydirect
way. In §2.1,we illustratethis point with a well-worn example,normallydistributedrandomvari-
ables.

In §2.2, we contrastcon�dencewith full-�edged conditionalprobability. This contrasthas
beenthetopic of endlessdebatebetweenthosewho �nd con�dencemethodsinformative (classical
statisticians)andthosewho insist that full-�edged probabilitiesbasedon all one's informationare
alwayspreferable,evenif theonly availableprobabilitiesarevery subjective (Bayesians).Because
thedebateusuallyfocuseson estimatingparametersratherthanpredictingfutureobservations,and
becausesomereadersmaybeunawareof thedebate,we take the time to explain thatwe �nd the
conceptof con�denceusefulfor predictionin spiteof its limitations.

2.1 An Exampleof Valid On-Line Prediction

A 95% predictionregion is valid if it containsthe truth 95% of the time. To make this more
precise,wemustspecifythesetof repetitionsenvisioned.In theon-linepicture,thesearesuccessive
predictionsbasedon accumulatinginformation. We make one predictionafter another, always
knowing theoutcomeof theprecedingpredictions.

Tomakeclearwhatvalidity meansandhow it canbeobtainedin thison-linepicture,weconsider
predictionunderanassumptionoftenmadein a �rst coursein statistics:
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Randomvariablesz1;z2; : : : are independentlydrawn from a normal distribution
with unknown meanandvariance.

Predictionunderthisassumptionwasdiscussedin 1935by R. A. Fisher, whoexplainedhow to give
a95%predictioninterval for zn basedonz1; : : : ;zn� 1 thatis valid in oursense.Wewill stateFisher's
predictionrule, illustrateits applicationto data,andexplainwhy it is valid in theon-linesetting.

As we will see,the predictionsgiven by Fisher's rule are too weak to be interestingfrom a
modernmachine-learningperspective. This is not surprising,becausewe arepredictingzn based
on old examplesz1; : : : ;zn� 1 alone.In general,moreprecisepredictionis possibleonly in themore
favorablebut morecomplicatedset-upwhereweknow somefeaturesxn of thenew exampleandcan
usebothxn andtheold examplesto predictsomeotherfeatureyn. But thesimplicity of theset-up
wherewepredictzn from z1; : : : ;zn� 1 alonewill helpusmake thelogic of valid predictionclear.

2.1.1 FISHER' S PREDICTION INTERVAL

Supposewe observe the zi in sequence.After observingz1 andz2, we start predicting; for n =
3;4; : : : , wepredictzn afterhaving seenz1; : : : ;zn� 1. Thenaturalpointpredictorfor zn is theaverage
sofar:

zn� 1 :=
1

n� 1

n� 1

å
i=1

zi;

but we want to give aninterval thatwill containzn 95%of thetime. How canwe do this? Hereis
Fisher'sanswer(1935):

1. In additionto calculatingtheaveragezn� 1, calculate

s2
n� 1 :=

1
n� 2

n� 1

å
i=1

(zi � zn� 1)2;

which is sometimescalledthesamplevariance.Wecanusuallyassumethatit is non-zero.

2. In a tableof percentilesfor t-distributions, �nd t0:025
n� 2 , the point that the t-distribution with

n� 2 degreesof freedomexceedsexactly2:5%of thetime.

3. Predictthatzn will bein theinterval

zn� 1 � t0:025
n� 2 sn� 1

r
n

n� 1
: (1)

Fisherbasedthisprocedureon thefactthat

zn � zn� 1

sn� 1

r
n� 1

n

hasthe t-distribution with n � 2 degreesof freedom,which is symmetricabout0. This implies
that(1) will containzn with probability95%regardlessof thevaluesof themeanandvariance.
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2.1.2 A NUMERICAL EXAMPLE

We canillustrate(1) usingsomenumbersgeneratedin 1900by the studentsof EmanuelCzuber
(1851–1925).Thesenumbersareintegers,but they theoreticallyhave a binomialdistribution and
arethereforeapproximatelynormallydistributed.1

HereareCzuber's �rst 19numbers,z1; : : : ;z19:

17;20;10;17;12;15;19;22;17;19;14;22;18;17;13;12;18;15;17:

Fromthem,wecalculate
z19 = 16:53; s19 = 3:31:

The upper2:5% point for the t-distribution with 18 degreesof freedom,t0:025
18 , is 2:101. So the

predictioninterval (1) for z20 comesout to [9:40;24:13].
Takinginto accountourknowledgethatz20 will beaninteger, wecansaythatthe95%prediction

is thatz20 will beanintegerbetween10and24, inclusive. Thispredictionis correct;z20 is 16.

2.1.3 ON-L INE VALIDITY

Fisherdid not have theon-linepicturein mind. He probablyhadin mind a picturewherethe for-
mula(1) is usedrepeatedlybut in entirelyseparateproblems.For example,wemightconductmany
separateexperimentsthateachconsistsof drawing 100randomnumbersfrom anormaldistribution
andthenpredictinga 101stdraw using(1). Eachexperimentmight involve a differentnormaldis-
tribution (a differentmeanandvariance),but providedtheexperimentsareindependentfrom each
other, thelaw of largenumberswill apply. Eachtime theprobabilityis 95%thatz101 will bein the
interval, andsothiseventwill happenapproximately95%of thetime.

Theon-linestorymayseemmorecomplicated,becausetheexperimentinvolved in predicting
z101 from z1; : : : ;z100 is not entirely independentof theexperimentinvolvedin predicting,say, z105

from z1; : : : ;z104. The 101 randomnumbersinvolved in the �rst experimentareall alsoinvolved
in thesecond.But asa masterof theanalyticalgeometryof thenormaldistribution (Fisher,1925;
Efron,1969),Fisherwouldhavenoticed,hadhethoughtaboutit, thatthisoverlapdoesnotactually
matter. As weshow in AppendixA.3, theevents

zn� 1 � t0:025
n� 2 sn� 1

r
n

n� 1
� zn � zn� 1 + t0:025

n� 2 sn� 1

r
n

n� 1
(2)

for successive n areprobabilisticallyindependentin spiteof theoverlap. Becauseof this indepen-
dence,the law of large numbersagain applies.Knowing eachevent hasprobability95%,we can
concludethatapproximately95%of themwill happen.Wecall theevents(2) hits.

Thepredictioninterval (1) generalizesto linearregressionwith normallydistributederrors,and
on-line hits remainindependentin this generalsetting. Even thoughformulasfor theselinear-
regressionpredictionintervalsappearin textbooks,the independenceof their on-linehits wasnot
notedprior to ourwork onconformalprediction.LikeFisher, thetextbookauthorsdid nothave the

1. Czuber's studentsrandomlydrew balls from an urn containingsix balls, numbered1 to 6. Eachtime they drew a
ball, they notedits label andput it backin the urn. After each100 draws, they recordedthe numberof timesthat
the ball labeledwith a 1 wasdrawn (Czuber,1914,pp. 329–335). This shouldhave a binomial distribution with
parameters100and1=6, andit is thereforeapproximatelynormalwith mean100=6 = 16:67 andstandarddeviationp

500=36= 3:73.
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on-linesettingin mind. They imaginedjust onepredictionbeingmadein eachcasewheredatais
accumulated.

We will return to the generalizationto linear regressionin §5.3.2. Therewe will derive the
textbook intervals asconformalpredictionregionswithin the on-line Gaussianlinear model, an
on-linecompressionmodelthatusesslightly weaker assumptionsthantheclassicalassumptionof
independentandnormallydistributederrors.

2.2 Con�dence SaysLessthan Probability.

Neyman's notionof con�dencelooksat a procedurebeforeobservationsaremade.Beforeany of
thezi areobserved,theevent(2) involvesmultipleuncertainties:zn� 1, sn� 1, andzn areall uncertain.
Theprobabilitythatthesethreequantitieswill turnout sothat(2) holdsis 95%.

Wemightaskfor morethanthis. It is afterweobserve the�rst n� 1 examplesthatwecalculate
zn� 1 andsn� 1 andthencalculatetheinterval (1), andwewouldliketo beableto sayatthispoint that
thereis still a 95%probabilitythatzn will bein (1). But this, it seems,is askingfor too much.The
assumptionswe have madeareinsuf�cient to enableusto �nd a numericalprobability for (2) that
will bevalid at this latedate. In theorythereis a conditionalprobability for (2) givenz1; : : : ;zn� 1,
but it involvestheunknown meanandvarianceof thenormaldistribution.

Perhapsthematteris bestunderstoodfrom thegame-theoreticpoint of view. A probabilitycan
be thoughtof asanoffer to bet. A 95%probability, for example,is anoffer to take eithersideof
a bet at 19 to 1 odds. The probability is valid if the offer doesnot put the personmakingit at a
disadvantage,inasmuchasa longsequenceof equallyreasonableofferswill not allow anopponent
to multiply thecapitalheor sherisksby a largefactor(ShaferandVovk, 2001).Whenwe assume
a probabilitymodel(suchasthenormalmodelwe just usedor theon-linecompressionmodelswe
will studylater),we areassumingthat themodel's probabilitiesarevalid in this sensebeforeany
examplesareobserved.Mattersmaybedifferentafterwards.

In general,a 95% conformalpredictoris a rule for usingthe precedingexamples(x1;y1); : : : ;
(xn� 1;yn� 1) andanew objectxn to giveaset,say

G0:05((x1;y1); : : : ; (xn� 1;yn� 1);xn); (3)

thatwepredictwill containyn. If thepredictoris valid, theprediction

yn 2 G0:05((x1;y1); : : : ; (xn� 1;yn� 1);xn)

will have a 95% probability beforeany of the examplesareobserved, andit will be safe,at that
point, to offer 19 to 1 oddson it. But afterweobserve (x1;y1); : : : ; (xn� 1;yn� 1) andxn andcalculate
theset(3), wemaywantto withdraw theoffer.

Particularlystriking instancesof this phenomenoncanarisein thecaseof classi�cation,where
thereareonly �nitely many possiblelabels. We will seeonesuchinstancein §4.3.1,wherewe
considera classi�cationproblemin which thereareonly two possiblelabels,s andv. In this case,
thereareonly four possibilitiesfor thepredictionregion:

1. G0:05((x1;y1); : : : ; (xn� 1;yn� 1);xn) containsonly s.

2. G0:05((x1;y1); : : : ; (xn� 1;yn� 1);xn) containsonly v.

3. G0:05((x1;y1); : : : ; (xn� 1;yn� 1);xn) containsbothsandv.
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William S.Gossett
1876–1937

RonaldA. Fisher
1890–1962

JerzyNeyman
1894–1981

Figure1: Thr eein�uential statisticians. Gossett,who worked asa statisticianfor the Guinness
brewery in Dublin, introducedthe t-distribution to English-speakingstatisticians(Stu-
dent,1908).Fisher, whoseappliedandtheoreticalwork invigoratedmathematicalstatis-
tics in the 1920sand1930s,re�ned, promoted,andextendedGossett's work. Neyman
wasoneof themostin�uential leadersin thesubsequentmovementto useadvancedprob-
ability theoryto givestatisticsa �rmer foundationandfurtherextendits applications.

4. G0:05((x1;y1); : : : ; (xn� 1;yn� 1);xn) is empty.

The third and fourth casescan occur even thoughG0:05 is valid. When the third casehappens,
the prediction,thoughuninformative, is certainto be correct. Whenthe fourth casehappens,the
predictionis clearlywrong. Thesecasesareconsistentwith thepredictionbeingright 95%of the
time. But whenwe seethemarise,we know whetherthe particularvalueof n is oneof the 95%
wherewe areright or theoneof the5% wherewe arewrong,andsothe95%will not remainvalid
asaprobabilityde�ning bettingodds.

In thecaseof normallydistributedexamples,Fishercalledthe95%probability for zn beingin
theinterval (1)a“�ducial probability,” andheseemstohavebelievedthatit wouldnotbesusceptible
to agamblingopponentwhoknowsthe�rst n� 1examples(seeFisher,1973,pp.119–125).But this
turnedoutnot to bethecase(Robinson,1975).For thisandrelatedreasons,mostscientistswhouse
Fisher'smethodshaveadoptedtheinterpretationofferedby Neyman,whowroteabout“con�dence”
ratherthan�ducial probabilityandemphasizedthata con�dencelevel is a full-�edged probability
only beforewe acquiredata. It is the procedureor method,not the interval or region it produces
whenappliedto particulardata,thathasa95%probabilityof beingcorrect.

Neyman's conceptof con�dencehasenduredin spiteof its shortcomings.It is widely taught
andusedin almostevery branchof science.Perhapsit is especiallyusefulin theon-linesetting.It
is usefulto know that95%of ourpredictionsarecorrectevenif wecannotasserta full-�edged 95%
probabilityfor eachpredictionwhenwemake it.

3. Exchangeability

Considervariablesz1; : : : ;zN . Supposethatfor any collectionof N values,theN! differentorderings
areequally likely. Thenwe saythat z1; : : : ;zN areexchangeable. The assumptionthat z1; : : : ;zN

areexchangeableis slightly weaker thanthemorefamiliarassumptionthatthey aredrawn indepen-
dentlyfrom aprobabilitydistribution.
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In our book (Vovk et al., 2005),conformalpredictionis �rst explainedunderthe assumption
thatz1; : : : ;zN areindependentlydrawn from a probabilitydistribution (or that they are“random,”
aswe saythere),andthenit is pointedout that this assumptioncanbe relaxed to the assumption
thatz1; : : : ;zN areexchangeable.Whenwe introduceconformalpredictionin this article,in §4,we
assumeonly exchangeabilityfrom theoutset,hopingthatthis will make thelogic of themethodas
clearaspossible.Oncethis logic is clear, it is easyto seethat it worksnot only for theexchange-
ability modelbut alsofor otheron-linecompressionmodels(§5).

In this sectionwe look at therelationshipbetweenexchangeabilityandindependenceandthen
give a backward-lookingde�nition of exchangeabilitythat canbe understoodgame-theoretically.
Weconcludewith a law of largenumbersfor exchangeablesequences,whichwill provide thebasis
for ourcon�dencethatour95%predictionregionsareright 95%of thetime.

3.1 Exchangeabilityand Independence

Althoughthede�nition of exchangeabilitywe justgavemaybeclearenoughatanintuitive level, it
hastwo technicalproblemsthatmake it inadequateasa formal mathematicalde�nition: (1) in the
caseof continuousdistributions,any speci�c valuesfor z1; : : : ;zN will haveprobabilityzero,and(2)
in thecaseof discretedistributions,two or moreof thezi might take thesamevalue,andsoa list of
possiblevaluesa1; : : : ;aN mightcontainfewer thann distinctvalues.

Onewayof avoiding thesetechnicalitiesis to usetheconceptof apermutation,asfollows:

De�nition of exchangeability usingpermutations.The variablesz1; : : : ;zN areex-
changeableif for everypermutationt of theintegers1; : : : ;N, thevariablesw1; : : : ;wN ,
wherewi = zt (i), have thesamejoint probabilitydistributionasz1; : : : ;zN .

Wecanextendthis to ade�nition of exchangeabilityfor anin�nite sequenceof variables:z1;z2; : : :
areexchangeableif z1; : : : ;zN areexchangeablefor everyN.

Thisde�nition makesit easyto seethatindependentandidenticallydistributedrandomvariables
areexchangeable.Supposez1; : : : ;zN all take valuesfrom thesameexamplespaceZ, all have the
sameprobabilitydistributionQ, andareindependent.Thentheir joint distributionsatis�es

Pr(z1 2 A1 & :: : & zN 2 AN) = Q(A1) � � �Q(AN)

for any2 subsetsA1; : : : ;AN of Z, whereQ(A) is the probability Q assignsto an examplebeing
in A. Becausepermutingthe factorsQ(An) doesnot changetheir product,and becausea joint
probability distribution for z1; : : : ;zN is determinedby the probabilitiesit assignsto eventsof the
form f z1 2 A1 & :: : & zN 2 ANg, thismakesit clearthatz1; : : : ;zN areexchangeable.

Exchangeabilityimpliesthatvariableshavethesamedistribution. Ontheotherhand,exchange-
ablevariablesneednot beindependent.Indeed,whenwe averagetwo or moredistinctjoint proba-
bility distributionsunderwhichvariablesareindependent,weusuallygetajoint probabilitydistribu-
tion underwhich they areexchangeable(averagingpreservesexchangeability)but not independent
(averagingusuallydoesnot preserve independence).Accordingto a famoustheoremby deFinetti,
anexchangeablejoint distributionfor anin�nite sequenceof distinctvariablesis exchangeableonly
if it is amixtureof joint distributionsunderwhichthevariablesareindependent(Hewitt andSavage,
1955).As Table1 shows, thepictureis morecomplicatedin the�nite case.

2. We leaveasidetechnicalitiesinvolving measurability.
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Pr(z1 = H & z2 = H) Pr(z1 = H & z2 = T)

Pr(z1 = T & z2 = H) Pr(z1 = T & z2 = T)

0:81 0:09

0:09 0:01

0:41 0:09

0:09 0:41

0:10 0:40

0:40 0:10

Table1: Examplesof exchangeability. Weconsidervariablesz1 andz2, eachof whichcomesoutH
or T. Exchangeabilityrequiresonly thatPr(z1 = H & z2 = T) = Pr(z1 = T & z2 = H): Three
examplesof distributionsfor z1 andz2 with this propertyareshown. On the left, z1 and
z2 areindependentandidenticallydistributed;bothcomeout H with probability0:9. The
middle exampleis obtainedby averagingthis distribution with the distribution in which
the two variablesareagain independentandidentically distributedbut T's probability is
0:9. Thedistributionontheright, in contrast,cannotbeobtainedby averagingdistributions
underwhichthevariablesareindependentandidenticallydistributed.Examplesof thislast
typedisappearasweaskfor a largerandlargernumberof variablesto beexchangeable.

3

4
4 4 7 737

7
4

Figure2: Ordering the tiles. Joegives Bill a bagcontaining� ve tiles, andBill arrangesthem
to form the list 43477. Bill can calculateconditionalprobabilitiesfor which zi had
which of the � ve values. His conditionalprobability for z5 = 4, for example,is 2=5.
Thereare (5!)=(2!)(2!) = 30 ways of assigningthe � ve valuesto the � ve variables;
(z1;z2;z3;z4;z5) = (4;3;4;7;7) is oneof these,and they all have the sameprobability,
1=30.

3.2 Backward-Looking De�nitions of Exchangeability

Another way of de�ning exchangeabilitylooks backwardsfrom a situationwherewe know the
unorderedvaluesof z1; : : : ;zN .

SupposeJoehasobserved z1; : : : ;zN . He writes eachvalueon a tile resemblingthoseusedin
Scrabblec
 , putstheN tiles in a bag,shakesthebag,andgivesit to Bill to inspect.Bill seestheN
values(somepossiblyequalto eachother)withoutknowing theiroriginalorder. Bill alsoknowsthe
joint probabilitydistributionfor z1; : : : ;zN . Soheobtainsprobabilitiesfor theorderingof thetilesby
conditioningthis joint distribution on his knowledgeof thebag.Thejoint distribution is exchange-
ableif andonly if theseconditionalprobabilitiesarethesameastheprobabilitiesfor theresultof
orderingthetilesby successively drawing themat randomfrom thebagwithout replacement.
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To make this into a de�nition of exchangeability, we formalizethenotionof a bag. A bag (or
multiset, asit is sometimescalled)is a collectionof elementsin which repetitionis allowed. It is
like a setinasmuchasits elementsareunorderedbut like a list inasmuchasanelementcanoccur
morethanonce. We write *a1; : : : ;aN+ for the bagobtainedfrom the list a1; : : : ;aN by removing
informationabouttheordering.

Herearethreeequivalentconditionson thejoint distributionof a sequenceof randomvariables
z1; : : : ;zN , any of whichcanbetakenasthede�nition of exchangeability.

1. For any bagB of sizeN, andfor any examplesa1; : : : ;aN ,

Pr(z1 = a1 & :: : & zN = aN j *z1; : : : ;zN+= B)

is equalto theprobability thatsuccessive randomdrawingsfrom thebagB without replace-
mentproduces�rst aN , thenaN� 1, andsoon, until the lastelementremainingin thebagis
a1.

2. For any n, 1 � n � N, zn is independentof zn+1; : : : ;zN giventhebag*z1; : : : ;zn+andfor any
bagB of sizen,

Pr(zn = aj *z1; : : : ;zn+= B) =
k
n

; (4)

wherek is thenumberof timesa occursin B.

3. For any bagB of sizeN, andfor any examplesa1; : : : ;aN ,

Pr(z1 = a1 & :: : & zN = aN j *z1; : : : ;zN+= B) =

(
n1!���nk!

N! if B = *a1; : : : ;aN+

0 if B 6= *a1; : : : ;aN+;
(5)

wherek is thenumberof distinctvaluesamongtheai, andn1; : : : ;nk aretherespective num-
bersof timesthey occur. (If theai areall distinct, theexpressionn1! � � � nk!=(N!) reducesto
1=(N!).)

Weleaveit to thereaderto verify thatthesethreeconditionsareequivalentto eachother. Thesecond
condition,whichwewill emphasize,is representedpictorially in Figure3.

Thebackward-lookingconditionsarealsoequivalentto thede�nition of exchangeabilityusing
permutationsgiven on p. 378. This equivalenceis elementaryin the casewhereevery possible
sequenceof valuesa1; : : : ;an haspositiveprobability. But complicationsarisewhenthisprobability
is zero,becausethe conditionalprobability on the left-handsideof (5) is thende�ned only with
probabilityoneby thejoint distribution. Wedonotexplorethesecomplicationshere.

3.3 The Betting Inter pretation of Exchangeability

The framework for probability developedin ShaferandVovk (2001) formalizesclassicalresults
of probability theory, suchasthe law of largenumbers,astheoremsof gametheory: a bettorcan
multiply thecapitalherisksby a largefactorif theseresultsdo not hold. This allows usto express
theempiricalinterpretationof givenprobabilitiesin termsof betting,usingwhatwe call Cournot's
principle: theoddsdeterminedby theprobabilitieswill notallow abettorto multiply thecapitalhe
or sherisksby a largefactor(Shafer,2007).
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2 *z1+ *z1;z2+ � � � *z1; : : : ;zN� 1+ *z1; : : : ;zN+

z1 z2 zN� 1 zN

� � � � �

6 6 6 6

Figure3: Backward probabilities, step by step. The two arrows backwards from eachbag
*z1; : : : ;zn+ symbolizedrawing an examplezn out at random,leaving the smallerbag
*z1; : : : ;zn� 1+. Theprobabilitiesfor the resultof thedrawing aregivenby (4). Readers
familiar with Bayesnets(Cowell et al., 1999)will recognizethis diagramasan exam-
ple; conditionalon eachvariable,a joint probabilitydistribution is givenfor its children
(thevariablesto which arrows from it point), andgiventhevariable,its descendantsare
independentof its ancestors.

By applyingthis ideato thesequenceof probabilities(4), we obtaina bettinginterpretationof
exchangeability. Think of JoeandBill astwo playersin a gamethatmovesbackwardsfrom point
N in Figure3. At eachstep,Joeprovidesnew informationandBill bets.Designateby KN thetotal
capitalBill risks. He beginswith this capitalat N, andat eachstepn hebetson whatzn will turn
out to be.Whenhebetsatstepn, hecannotrisk losingmorethanhehasat thatpoint (becauseheis
not risking morethanKN in thewholegame),but otherwisehecanbetasmuchashewantsfor or
againsteachpossiblevaluea for zn at theodds(k=n) : (1� k=n), wherek is thenumberof elements
in thecurrentbagequalto a.

For brevity, we write Bn for thebag*z1; : : : ;zn+, andfor simplicity, we settheinitial capitalKN

equalto $1. Thisgivesthefollowing protocol:

THE BACKWARD-LOOKING BETTING PROTOCOL

Players: Joe,Bill

KN := 1.
JoeannouncesabagBN of sizeN.
FORn = N;N � 1; : : : ;2;1

Bill betsonzn atoddssetby (4).
Joeannounceszn 2 Bn.
Kn� 1 := Kn + Bill' snetgain.
Bn� 1 := Bn n*zn+.

Constraint: Bill mustmove sothathis capitalKn will benonnegative for all n no matterhow Joe
moves.

Ourbettinginterpretationof exchangeabilityis thatBill will notmultiply his initial capitalKN by a
largefactorin thisgame.

Thepermutationde�nition of exchangeabilitydoesnot leadto anequallysimplebettinginter-
pretation,becausetheprobabilitiesfor z1; : : : ;zN to which thepermutationde�nition refersarenot
determinedby themereassumptionof exchangeability.
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3.4 A Law of Lar geNumbers for ExchangeableSequences

As wenotedwhenwestudiedFisher'spredictioninterval in §2.1.3,thevalidity of on-lineprediction
requiresmorethanhaving a high probabilityof a hit for eachindividual prediction.We alsoneed
a law of large numbers,so that we can concludethat a high proportionof the high-probability
predictionswill becorrect.As we show in §A.3, thesuccessive hits in thecaseof Fisher's region
predictorareindependent,so that theusuallaw of largenumbersapplies.Whatcanwe sayin the
caseof conformalpredictionunderexchangeability?

Supposez1; : : : ;zN areexchangeable,drawn from anexamplespaceZ. In thiscontext, weadopt
thefollowing de�nitions.

� An eventE is ann-event, where1 � n � N, if its happeningor failing is determinedby the
valueof zn andthevalueof thebag*z1; : : : ;zn� 1+.

� An n-eventE is e-rare if
Pr(E j *z1; : : : ;zn+) � e: (6)

Theleft-handsideof theinequality(6) is arandomvariable,becausethebag*z1; : : : ;zn+is random.
Theinequalitysaysthatthis randomvariableneverexceedse.

As we will seein the next section,the successive errorsfor a conformalpredictoraree-rare
n-events.Sothevalidity of conformalpredictionfollows from thefollowing informalproposition.

Inf ormal Proposition1 SupposeN is large, and the variablesz1; : : : ;zN are exchangeable. Sup-
poseEn is ane-raren-eventfor n = 1; : : : ;N. Thenthelaw of largenumbersapplies;with veryhigh
probability, nomore thanapproximatelythefractioneof theeventsE1; : : : ;EN will happen.

In AppendixA, we formalizethispropositionin two ways:classicallyandgame-theoretically.
Theclassicalapproachappealsto theclassicalweaklaw of largenumbers,which tellsusthatif

E1; : : : ;EN aremutuallyindependentandeachhaveprobabilityexactlye, andN is suf�ciently large,
thenthereis averyhighprobabilitythatthefractionof theeventsthathappenwill becloseto e. We
show in §A.1 thatif (6) holdswith equality, thenEn aremutuallyindependentandeachof themhas
unconditionalprobability e. Having the inequalityinsteadof equalitymeansthat the En areeven
lesslikely to happen,andthiswill not reversetheconclusionthatfew of themwill happen.

Thegame-theoreticapproachis morestraightforward,becausethegame-theoreticversionlaw
of largenumbersdoesnotrequireindependenceor exactlevelsof probability. In thegame-theoretic
framework, theonly questionis whethertheprobabilitiesspeci�ed for successive eventsarerates
at which a bettorcanplacesuccessive bets.TheBackward-LookingBettingProtocolsaysthatthis
is the casefor e-rare n-events. As Bill moves throughthe protocol from N to 1, he is allowed
to bet against eacherror En at a rate correspondingto its having probability e or less. So the
game-theoreticweaklaw of largenumbers(ShaferandVovk, 2001,pp. 124–126)appliesdirectly.
Becausethe game-theoreticframework is not well known, we stateand prove this law of large
numbers,specializedto theBackward-LookingBettingProtocol,in §A.2.

4. Conformal Prediction under Exchangeability

Wearenow in apositionto statetheconformalalgorithmunderexchangeabilityandexplainwhy it
producesvalid nestedpredictionregions.
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We distinguishtwo casesof on-lineprediction. In bothcases,we observe examplesz1; : : : ;zN

oneafter the otherandrepeatedlypredictwhat we will observe next. But in the secondcasewe
havemoreto goonwhenwemakeeachprediction.

1. Prediction from old examplesalone. Justbeforeobservingzn, we predict it basedon the
previousexamples,z1; : : : ;zn� 1.

2. Predictionusingfeaturesof the new object. Eachexamplezi consistsof an objectxi anda
labelyi. In symbols:zi = (xi;yi). We observe in sequencex1;y1; : : : ;xN ;yN . Justbeforeob-
servingyn, wepredictit basedonwhatwehaveobservedsofar, xn andthepreviousexamples
z1; : : : ;zn� 1.

Predictionfrom old examplesmayseemrelatively uninteresting.It canbeconsideredaspecialcase
of predictionusingfeaturesxn of new examples—thecasein which thexn provide no information,
andthisspecialcasewemayhavetoolittle informationtomakeusefulpredictions.But its simplicity
makespredictionwith old examplesaloneadvantageousasa settingfor explaining theconformal
algorithm,andaswewill see,it is thenstraightforwardto takeaccountof thenew informationxn.

Conformalpredictionrequiresthatwe �rst choosea nonconformitymeasure,which measures
how differenta new exampleis from old examples.In §4.1,we explain how nonconformitymea-
surescanbe obtainedfrom methodsof point prediction. In §4.2,we stateandillustratethe con-
formal algorithmfor predictingnew examplesfrom old examplesalone. In §4.3,we generalizeto
predictionwith thehelpof featuresof anew example.In §4.4,weexplainwhy conformalprediction
producesthe bestpossiblevalid nestedpredictionregionsunderexchangeability. Finally, in §4.5
wediscusstheimplicationsof thefailureof theassumptionof exchangeability.

For somereaders,thesimplicity of theconformalalgorithmmaybeobscuredby its generality
andthescopeof ourpreliminarydiscussionof nonconformitymeasures.Weencouragesuchreaders
to look �rst at §4.2.1,§4.3.1,and §4.3.2,which provide largely self-containedaccountsof the
algorithmasit appliesto somesmalldatasets.

4.1 Nonconformity Measures

Thestartingpoint for conformalpredictionis whatwe call a nonconformitymeasure, a real-valued
function A(B;z) that measureshow differentan examplez is from the examplesin a bagB. The
conformalalgorithmassumesthata nonconformitymeasurehasbeenchosen.Thealgorithmwill
producevalid nestedpredictionregionsusingany real-valuedfunctionA(B;z) asthenonconformity
measure.But the predictionregions will be ef�cient (small) only if A(B;z) measureswell how
differentz is from theexamplesin B.

A methodẑ(B) for obtainingapointpredictionẑfor anew examplefromabagB of oldexamples
usuallyleadsnaturallyto anonconformitymeasureA. In many cases,weonly needto addawayof
measuringthedistanced(z;z0) betweentwo examples.Thenwede�ne A by

A(B;z) := d(ẑ(B);z): (7)

Thepredictionregionsproducedby theconformalalgorithmdonotchangewhenthenonconformity
measureA is transformedmonotonically. If A is nonnegative, for example,replacingA with A2

will make no difference. Consequently, the choiceof the distancemeasured(z;z0) is relatively
unimportant.Theimportantstepin determiningthenonconformitymeasureA is choosingthepoint
predictorẑ(B).
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To be moreconcrete,supposethe examplesarereal numbers,andwrite zB for the averageof
thenumbersin B. If we take this averageasour point predictorẑ(B), andwe measurethedistance
betweentwo realnumbersby theabsolutevalueof theirdifference,then(7) becomes

A(B;z) := jzB � zj: (8)

If we usethemedianof thenumbersin B insteadof their averageasẑ(B), we geta differentnon-
conformity measure,which will producedifferentpredictionregionswhenwe usethe conformal
algorithm.On theotherhand,aswe have alreadysaid,it will make no differenceif we replacethe
absolutedifferenced(z;z0) = jz� z0j with thesquareddifferenced(z;z0) = (z� z0)2, thussquaring
A.

Wecanalsovary (8) by includingthenew examplein theaverage:

A(B;z) := j(averageof zandall theexamplesin B) � zj : (9)

This resultsin thesamepredictionregionsas(8), becauseif B hasn elements,then

j(averageof zandall theexamplesin B) � zj =

�
�
�
�
nzB + z
n+ 1

� z

�
�
�
� =

n
n+ 1

jzB � zj;

andaswe have said,conformalpredictionregionsarenot changedby a monotonictransformation
of thenonconformitymeasure.In thenumericalexamplethatwe give in §4.2.1below, we use(9)
asournonconformitymeasure.

Whenwe turn to thecasewherefeaturesof a new objecthelpuspredicta new label,we will
consider, amongothers,thefollowing two nonconformitymeasures:

Distance to the nearest neighbors for classi�cation. SupposeB = *z1; : : : ;zn� 1+, whereeach
zi consistsof a numberxi anda nonnumericallabel yi. Again we observe x but not y for a new
examplez= (x;y). Thenearest-neighbormethod�nds thexi closestto x andusesits labelyi asour
predictionof y. If thereareonly two labels,or if thereis no naturalway to measurethe distance
betweenlabels,we cannotmeasurehow wrong thepredictionis; it is simply right or wrong. But
it is naturalto measurethe nonconformityof the new example(x;y) to the old examples(xi;yi)
by comparingx's distanceto old objectswith the samelabel to its distanceto old objectswith a
differentlabel.For example,wecanset

A(B;z) : =
minfj xi � xj : 1 � i � n� 1;yi = yg
minfj xi � xj : 1 � i � n� 1;yi 6= yg

=
distanceto z'snearestneighborin B with thesamelabel

distanceto z'snearestneighborin B with adifferentlabel
:

(10)

Distanceto a regressionline. SupposeB= *(x1;y1); : : : ; (xl;yl)+, wherethexi andyi arenumbers.
Themostcommonwayof �tting a line to suchpairsof numbersis to calculatetheaverages

xl :=
l

å
j=1

xj and yl :=
l

å
j=1

yj;

andthenthecoef�cients

bl =
å l

j=1(xj � xl)yj

å l
j=1(xj � xl)2

and al = yl � blxl :
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Thisgivestheleast-squaresline y= al + blx. Thecoef�cients al andbl arenotaffectedif wechange
theorderof thezi; they dependonly on thebagB.

If we observe a bagB = *z1; : : : ;zn� 1+of examplesof theform zi = (xi;yi) andalsox but not y
for anew examplez= (x;y), thentheleast-squarespredictionof y is

ŷ = an� 1 + bn� 1x: (11)

Wecanusetheerrorin thispredictionasanonconformitymeasure:

A(B;z) := jy� ŷj = jy� (an� 1 + bn� 1x)j:

Wecanobtainothernonconformitymeasuresby usingothermethodsto estimatea line.
Alternatively, wecanincludethenew exampleasoneof theexamplesusedto estimatetheleast

squaresline or someotherregressionline. In this case,it is naturalto write (xn;yn) for the new
example.Thenan andbn designatethecoef�cients calculatedfrom all n examples,andwecanuse

jyi � (an + bnxi)j (12)

to measurethenonconformityof eachof the(xi;yi) with theothers.In general,theinclusionof the
new examplesimpli�es theimplementationor at leasttheexplanationof theconformalalgorithm.
In thecaseof leastsquares,it doesnot changethepredictionregions.

4.2 Conformal Prediction fr om Old ExamplesAlone

Supposewe have chosena nonconformitymeasureA for our problem. Given A, and given the
assumptionthatthezi areexchangeable,wenow de�ne avalid predictionregion

ge(z1; : : : ;zn� 1) � Z;

whereZ is the examplespace.We do this by giving an algorithmfor deciding,for eachz 2 Z,
whetherzshouldbeincludedin theregion. For simplicity in statingthisalgorithm,weprovisionally
usethesymbolzn for z, asif wewereassumingthatzn is in factequalto z.

The Conformal Algorithm UsingOld ExamplesAlone

Input: NonconformitymeasureA, signi�cancelevel e, examplesz1; : : : ;zn� 1, examplez,

Task: Decidewhetherto includez in ge(z1; : : : ;zn� 1).

Algorithm:

1. Provisionallysetzn := z.

2. For i = 1; : : : ;n, seta i := A(*z1; : : : ;zn +n* zi+;zi).

3. Setpz :=
numberof i suchthat1 � i � n anda i � an

n
:

4. Includez in ge(z1; : : : ;zn� 1) if andonly if pz > e.

If Z hasonly a few elements,thisalgorithmcanbeimplementedin abrute-forceway: calculate
pz for every z 2 Z. If Z hasmany elements,we will needsomeotherway of identifying the z
satisfyingpz > e.
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The numberpz is the fraction of the examplesin *z1; : : : ;zn� 1;z+ that areat leastasdifferent
from theothersasz is, in thesensemeasuredby A. So thealgorithmtells us to form a prediction
region consistingof thez thatarenot amongthefractione mostout of placewhenthey areadded
to thebagof old examples.

Thede�nition of ge(z1; : : : ;zn� 1) canbeframedasanapplicationof thewidelyacceptedNeyman-
Pearsontheoryfor hypothesistestingandcon�denceintervals (Lehmann,1986). In theNeyman-
Pearsontheory, wetestahypothesisH usingarandomvariableT thatis likely to belargeonly if H
is false.OnceweobserveT = t, wecalculatepH := Pr(T � t j H): WerejectH at level e if pH � e.
BecausethishappensunderH with probabilitynomorethane, wecandeclare1� econ�dencethat
thetruehypothesisH is amongthosenot rejected.Ourproceduremakesthesechoicesof H andT:

� ThehypothesisH saysthebagof the�rst n examplesis *z1; : : : ;zn� 1;z+.

� TheteststatisticT is therandomvalueof an.

UnderH—that is, conditionalon thebag*z1; : : : ;zn� 1;z+, T is equallylikely to comeout equalto
any of thea i. Its observedvalueis an. So

pH = Pr(T � an j *z1; : : : ;zn� 1;z+) = pz:

Sincez1; : : : ;zn� 1 areknown, rejectingthebag*z1; : : : ;zn� 1;z+meansrejectingzn = z. Soour1� e
con�denceis in thesetof z for which pz > e.

The regionsge(z1; : : : ;zn� 1) for successive n arebasedon overlappingsequencesof examples
ratherthanindependentsamples.But thesuccessive errorsaree-raren-events.Theevent thatour
nth predictionis anerror, zn =2 ge(z1; : : : ;zn� 1), is theevent pzn � e. This is ann-event,becausethe
valueof pzn is determinedby zn andthebag*z1; : : : ;zn� 1+. It is e-rarebecauseit is theevent that
an is amonga fractione or fewer of thea i thatarestrictly largerthanall theothera i, andthis can
haveprobabilityatmostewhenthea i areexchangeable.Soit follows from InformalProposition1
(§3.4)thatwecanexpectat least1� eof thege(z1; : : : ;zn� 1), n = 1; : : : ;N, to becorrect.

4.2.1 EXAMPLE: PREDICTING A NUMBER WITH AN AVERAGE

In §2.1,we discussedFisher's 95%predictioninterval for zn basedon z1; : : : ;zn� 1, which is valid
undertheassumptionthatthezi areindependentandnormallydistributed.We usedit to predictz20

whenthe�rst 19zi are

17;20;10;17;12;15;19;22;17;19;14;22;18;17;13;12;18;15;17:

Takinginto accountourknowledgethatthezi areall integers,wearrivedat the95%predictionthat
z20 is anintegerbetween10 to 24, inclusive.

What canwe predictaboutz20 at the 95% level if we drop the assumptionof normality and
assumeonly exchangeability?To producea95%predictioninterval valid undertheexchangeability
assumptionalone,we reasonasfollows. To decidewhetherto includea particularvaluez in the
interval, weconsidertwentynumbersthatdependonz:

� First, thedeviation of z from theaverageof it andtheother19 numbers.Becausethesumof
the19 is 314,this is �

�
�
�
314+ z

20
� z

�
�
�
� =

1
20

j314� 19zj : (13)
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� Then,for i = 1; : : : ;19, thedeviationof zi from thissameaverage.This is
�
�
�
�
314+ z

20
� zi

�
�
�
� =

1
20

j314+ z� 20zij : (14)

Underthehypothesisthatz is theactualvalueof zn, these20 numbersareexchangeable.Eachof
themis aslikely astheotherto bethelargest.Sothereis at leasta 95%(19 in 20) chancethat(13)
will not exceedthe largestof the 19 numbersin (14). The largestof the 19 zis being22 andthe
smallest10,wecanwrite this conditionas

j314� 19zj � maxfj 314+ z� (20� 22)j ; j314+ z� (20� 10)jg;

which reducesto

10� z �
214
9

� 23:8:

Taking into accountthatz20 is an integer, our 95%predictionis that it will bean integerbetween
10 and23, inclusive. This is nearlythesamepredictionwe obtainedby Fisher's method.We have
lost nothingby weakeningthe assumptionthat the zi areindependentandnormally distributedto
the assumptionthat they areexchangeable.But we arestill basingour predictionregion on the
averageof old examples,which is anoptimalestimatorin variousrespectsundertheassumptionof
normality.

4.2.2 ARE WE COMPLICATING THE STORY UNNECESSARILY?

The readermay feel that we arevacillating aboutwhetherto includethe new examplein the bag
with which we arecomparingit. In our statementof theconformalalgorithm,we de�ne thenon-
conformityscoresby

a i := A(*z1; : : : ;zn +n* zi+;zi); (15)

apparentlysignalingthatwe do not wantto includezi in thebagto which it is compared.But then
weusethenonconformitymeasure

A(B;z) := j(averageof zandall theexamplesin B) � zj ;

whichseemsto putzbackin thebag,reducing(15) to

a i =

�
�
�
�
å n

j=1zj

n
� zi

�
�
�
� :

Wecouldhave reachedthispointmoreeasilyby writing

a i := A(*z1; : : : ;zn+;zi) (16)

in theconformalalgorithmandusingA(B;z) := jzB � zj :
The two ways of de�ning nonconformityscores,(15) and (16), are equivalent, inasmuchas

whatever we canget with oneof themwe canget from the otherby changingthe nonconformity
measure.In this case,(16) might be moreconvenient. But we will seeothercaseswhere(15) is
moreconvenient.We alsohave anotherreasonfor using(15). It is theform thatgeneralizes,aswe
will seein §5, to on-linecompressionmodels.
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4.3 Conformal Prediction Usinga NewObject

Now weturn to thecasewhereourexamplespaceZ is of theform Z = X � Y. Wecall X theobject
space, Y the label space. We observe in sequenceexamplesz1; : : : ;zN , wherezi = (xi;yi). At the
pointwherewehaveobserved

(z1; : : : ;zn� 1;xn) = ((x1;y1); : : : ; (xn� 1;yn� 1);xn);

wewantto predictyn by giving apredictionregion

Ge(z1; : : : ;zn� 1;xn) � Y

that is valid at the (1 � e) level. As in the specialcasewherethe xi areabsent,we startwith a
nonconformitymeasureA(B;z).

We de�ne thepredictionregion by giving analgorithmfor deciding,for eachy 2 Y, whethery
shouldbeincludedin theregion. For simplicity in statingthis algorithm,we provisionally usethe
symbolzn for (xn;y), asif wewereassumingthatyn is in factequalto y.

The Conformal Algorithm

Input: NonconformitymeasureA, signi�cancelevel e, examplesz1; : : : ;zn� 1, objectxn, labely

Task: Decidewhetherto includey in Ge(z1; : : : ;zn� 1;xn).

Algorithm:

1. Provisionallysetzn := (xn;y).

2. For i = 1; : : : ;n, seta i := A(*z1; : : : ;zn +n* zi+;zi).

3. Setpy :=
#f i = 1; : : : ;nj a i � ang

n
:

4. Includey in Ge(z1; : : : ;zn� 1;xn) if andonly if py > e.

Thisdiffersonly slightly from theconformalalgorithmusingold examplesalone(p. 385).Now
wewrite py insteadof pz, andwesaythatweareincludingy in Ge(z1; : : : ;zn� 1;xn) insteadof saying
thatweareincludingz in ge(z1; : : : ;zn� 1).

To seethat this algorithmproducesvalid predictionregions,it suf�ces to seethat it consistsof
thealgorithmfor old examplesalonetogetherwith afurtherstepthatdoesnotchangethefrequency
of hits. Weknow thattheregion theold algorithmproduces,

ge(z1; : : : ;zn� 1) � Z; (17)

containsthenew examplezn = (xn;yn) at least95%of thetime. Oncewe know xn, we canrule out
all z= (x;y) in (17) with x 6= xn. They not ruledout, thosesuchthat(xn;y) is in (17),areprecisely
thosein theset

Ge(z1; : : : ;zn� 1;xn) � Y (18)

producedby our new algorithm.Having (xn;yn) in (17) 1� e of thetime is equivalentto having yn

in (18)1� eof thetime.
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4.3.1 EXAMPLE: CLASSIFYING IRIS FLOWERS

In 1936,R. A. Fisheruseddiscriminantanalysisto distinguishdifferentspeciesof iris on thebasis
of measurementsof their �o wers.Thedataheusedincludedmeasurementsby Edgar Andersonof
�o wersfrom 50plantseachof two species,iris setosaandiris versicolor. Two of themeasurements,
sepallengthandpetalwidth, areplottedin Figure4.

To illustrate how the conformalalgorithm can be usedfor classi�cation, we have randomly
chosen25 of the 100 plants. The sepallengthsandspeciesfor the �rst 24 of themare listed in
Table2 andplottedin Figure5. The 25th plant in the samplehassepallength6:8. On the basis
of this information,would you classifyit assetosaor versicolor, andhow con�dent would you be
in theclassi�cation?Because6:8 is thelongestsepalin thesample,nearlyany reasonablemethod
will classifytheplantasversicolor, andthis is in factthecorrectanswer. But theappropriatelevel
of con�denceis not soobvious.

We calculateconformalpredictionregionsusingthreedifferentnonconformitymeasures:one
basedon distanceto thenearestneighbors,onebasedon distanceto thespeciesaverage,andone
basedonasupport-vectormachine.Becauseourevidenceis relatively weak,wedonotachieve the
high precisionwith high con�dencethat canbe achieved in many applicationsof machinelearn-
ing (see,for example,§4.5). But we get a clear view of the detailsof the calculationsand the
interpretationof theresults.

Distanceto the nearest neighbor belonging to eachspecies. Herewe usethe nonconformity
measure(10). The fourth and �fth columnsof Table 2 (labeledNN for nearestneighbor)give
nonconformityscoresa i obtainedwith y25 = sandy25 = v, respectively. In bothcases,thesescores
aregivenby

a i = A(*z1; : : : ;z25+n* zi+;zi)

=
minfj xj � xij : 1 � j � 25& j 6= i & y j = yig
minfj xj � xij : 1 � j � 25& j 6= i & y j 6= yig

;
(19)

but for thefourthcolumnz25 = (6:8;s), while for the�fth columnz25 = (6:8;v).
If boththenumeratorandthedenominatorin (19)areequalto zero,we take theratioalsoto be

zero. This happensin thecaseof the �rst plant, for example. It hasthesamesepallength,5:0, as
the7thand13thplants,whicharesetosa, andthe15thplant,which is versicolor.

Step3 of theconformalalgorithmyields ps = 0:08andpv = 0:32. Step4 tellsusthat

� s is in the1� epredictionregionwhen1� e> 0:92,and

� v is in the1� epredictionregionwhen1� e> 0:68.

Herearepredictionregionsfor a few levelsof e.

� G0:08 = f vg. With 92%con�dence,wepredictthaty25 = v.

� G0:05 = f s;vg. If we raisethe con�dencewith which we want to predict y25 to 95%, the
predictionis completelyuninformative.

� G1=3 = /0. If we lower thecon�denceto 2=3, wegetapredictionweknow is false:y25 will be
in theemptyset.
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Data Nonconformityscores
NN SpeciesAverage SVM

sepal species a i for a i for a i for a i for a i for a i for
length y25 = s y25 = v y25 = s y25 = v y25 = s y25 = v

z1 5.0 s 0 0 0.06 0.06 0 0
z2 4.4 s 0 0 0.66 0.54 0 0
z3 4.9 s 1 1 0.16 0.04 0 0
z4 4.4 s 0 0 0.66 0.54 0 0
z5 5.1 s 0 0 0.04 0.16 0 0
z6 5.9 v 0.25 0.25 0.12 0.20 0 0
z7 5.0 s 0 0 0.06 0.06 0 0
z8 6.4 v 0.50 0.22 0.38 0.30 0 0
z9 6.7 v 0 0 0.68 0.60 0 0
z10 6.2 v 0.33 0.29 0.18 0.10 0 0
z11 5.1 s 0 0 0.04 0.16 0 0
z12 4.6 s 0 0 0.46 0.34 0 0
z13 5.0 s 0 0 0.06 0.06 0 0
z14 5.4 s 0 0 0.34 0.46 0 0
z15 5.0 v ¥ ¥ 1.02 1.10 ¥ ¥
z16 6.7 v 0 0 0.68 0.60 0 0
z17 5.8 v 0 0 0.22 0.30 0 0
z18 5.5 s 0.50 0.50 0.44 0.56 0 0
z19 5.8 v 0 0 0.22 0.30 0 0
z20 5.4 s 0 0 0.34 0.46 0 0
z21 5.1 s 0 0 0.04 0.16 0 0
z22 5.7 v 0.50 0.50 0.32 0.40 0 0
z23 4.6 s 0 0 0.46 0.34 0 0
z24 4.6 s 0 0 0.46 0.34 0 0
z25 6.8 s 13 1.74 ¥
z25 6.8 v 0.077 0.7 0
ps 0:08 0:04 0:08
pv 0:32 0:08 1

Table2: Conformal prediction of iris speciesfr om sepallength, using thr eediffer ent noncon-
formity measures. The datausedaresepallengthandspeciesfor a randomsampleof
25 of the100plantsmeasuredby Edgar Anderson.Thesecondcolumngivesxi, thesepal
length.Thethird columngivesyi, thespecies.The25thplanthassepallengthx25 = 6:8,
andour taskis to predictits speciesy25. For eachnonconformitymeasure,we calculate
nonconformityscoresundereachhypothesis,y25 = s andy25 = v. The p-valuein each
columnis computedfrom the25nonconformityscoresin thatcolumn;it is thefractionof
themequalto or largerthanthe25th. Theresultsfrom thethreenonconformitymeasures
areconsistent,inasmuchasthe p-valuefor v is alwayslargerthanthe p-valuefor s.
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Figure4: Sepallength, petal width, and speciesfor Edgar Anderson's 100�o wers. The50 iris
setosaareclusteredatthelowerleft, while the50iris versicolorareclusteredat theupper
right. The numbersindicatehow many plantshave exactly the samemeasurement;for
example,thereare5 plantsthat have sepals5 incheslong andpetals0:2 incheswide.
Petalwidth separatesthetwo speciesperfectly;all 50versicolorpetalsare1 inchwideor
wider, while all setosapetalsarenarrower than1 inch. But thereis substantialoverlapin
sepallength.

In fact,y25 = v. Our92%predictionis correct.
Thefactthatwearemakingaknown-to-be-falsepredictionwith 2=3 con�denceis asignalthat

the25thsepallength,6:8, is unusualfor eitherspecies.A closelook at thenonconformityscores
revealsthat it is beingperceivedasunusualsimply because2=3 of theplantshave otherplantsin
thesamplewith exactly thesamesepallength,whereasthereis nootherplantwith thesepallength
6:8.

In classi�cationproblems,it is naturalto reportthegreatest1� e for whichGe is asinglelabel.
In our example,this producesthe statementthat we are92% con�dent that y25 is v. But in order
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Figure5: Sepallength and speciesfor the �rst 24 plants in our random sampleof size25. Ex-
ceptfor oneversicolor with sepallength5:0, theversicolor in thissampleall have longer
sepalsthanthesetosa. Thishighdegreeof separationis anaccidentof thesampling.

to avoid overcon�dencewhen the object xn is unusual,it is wise to reportalso the largeste for
which Ge is empty. We call this thecredibility of theprediction(Vovk et al., 2005,p. 96).3 In our
example,thepredictionthaty25 will bev hascredibility of only 32%,indicatingthat theexample
is somewhatunusualfor themethodthatproducestheprediction—sounusualthat themethodhas
68%con�dencein apredictionof y25 thatweknow is falsebeforeweobservey25 (G0:68 = /0).
Distanceto the averageof eachspecies.Thenearest-neighbornonconformitymeasure,because
it considersonly nearbysepallengths,doesnot take full advantageof the fact that a versicolor
�o wer typically haslongersepalsthana setosa�o wer. We canexpect to obtaina moreef�cient
conformalpredictor(onethatproducessmallerregionsfor a givenlevel of con�dence)if we usea
nonconformitymeasurethattakesaccountof averagesepallengthfor thetwo species.

WeusethenonconformitymeasureA de�ned by

A(B;(x;y)) = jxB[ *(x;y)+;y � xj; (20)

wherexB;y denotesthe averagesepallength of all plantsof speciesy in the bag B, and B[ *z+
denotesthebagobtainedby addingz to B. To testy25 = s,weconsiderthebagconsistingof the24
old examplestogetherwith (6:8;s), andwecalculatetheaveragesepallengthsfor thetwo speciesin
this bag:5:06 for setosaand6:02 for versicolor. Thenwe use(20) to calculatethenonconformity
scoresshown in thesixthcolumnof Table2:

a i =

(
j5:06� xij if yi = s

j6:02� xij if yi = v

for i = 1; : : : ;25,wherewetakey25 to bes. To testy25 = v, weconsiderthebagconsistingof the24
old examplestogetherwith (6:8;v), andwe calculatetheaveragesepallengthsfor thetwo species
in thisbag:4:94 for setosaand6:1 for versicolor. Thenweuse(20) to calculatethenonconformity
scoresshown in theseventhcolumnof Table2:

a i =

(
j4:94� xij if yi = s

j6:1� xij if yi = v

for i = 1; : : : ;25,wherewe takey25 to bev.
Weobtainps = 0:04andpv = 0:08,sothat

3. This notion of credibility is oneof the noveltiesof the theoryof conformalprediction. It is not found in the prior
literatureoncon�denceandpredictionregions.
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� s is in the1� epredictionregionwhen1� e> 0:96,and

� v is in the1� epredictionregionwhen1� e> 0:92.

Herearethepredictionregionsfor somedifferentlevelsof e.

� G0:04 = f vg. With 96%con�dence,wepredictthaty25 = v.

� G0:03 = f s;vg. If we raisethe con�dencewith which we want to predict y25 to 97%, the
predictionis completelyuninformative.

� G0:08 = /0. If we lower thecon�denceto 92%,we geta predictionwe know is false:y25 will
bein theemptyset.

In this case,we predicty25 = v with con�dence96% but credibility only 8%. The credibility is
lower with this nonconformitymeasurebecauseit perceives6:8 asbeingevenmoreunusualthan
thenearest-neighbormeasuredid. It is unusuallyfarfrom theaveragesepallengthsfor bothspecies.

A support-vectormachine. AsVladimir Vapnikexplainsonpp.408–410of hisStatisticalLearn-
ing Theory(1998),support-vectormachinesgrew out of the ideaof separatingtwo groupsof ex-
ampleswith a hyperplanein a way that makesas few mistakesaspossible—thatis, putsas few
examplesaspossibleon thewrongside. This ideaspringsto mind whenwe look at Figure5. In
this one-dimensionalpicture,a hyperplaneis a point. We aretemptedto separatethesetosafrom
theversicolor with apointbetween5:5 and5:7.

Vapnik proposedto separatetwo groupsnot with a single hyperplanebut with a band: two
hyperplaneswith few or noexamplesbetweenthemthatseparatethetwo groupsaswell aspossible.
Exampleson thewrongsideof bothhyperplaneswould beconsideredvery strange;thosebetween
thehyperplaneswould alsobeconsideredstrangebut lessso. In our one-dimensionalexample,the
obviousseparatingbandis theinterval from 5:5 to 5:7. Theonly strangeexampleis theversicolor
with sepallength5:0.

Hereis onewayof makingVapnik's ideainto analgorithmfor calculatingnonconformityscores
for all theexamplesin a bag*(x1;y1); : : : (xn;yn)+. First plot all theexamplesasin Figure5. Then
�nd numbersa andb suchthata � b andtheinterval [a;b] separatesthetwo groupswith thefewest
mistakes—thatis, minimizes4

#f i j 1 � i � n;xi < b; andyi = vg+ #f i j 1 � i � n;xi > a; andyi = sg:

Theremaybemany intervalsthatminimizethis count;chooseonethatis widest.Thengive theith
examplethescore

a i =

8
<

:

¥ if yi = v andxi < a or yi = sandb < xi

1 if yi = v anda � xi < b or yi = sanda < xi � b
0 if yi = v andb � xi or yi = sandxi � a:

Whenappliedto thebagsin Figure6, this algorithmgivesthecircledexamplesthescore¥ andall
theothersthescore0. Thesescoresarelistedin thelasttwo columnsof Table2.

4. Herewe are implicitly assumingthat the setosa �o werswill be on the left, with shortersepallengths. A general
algorithmshouldalsocheckthepossibilityof aseparationwith theversicolor �o werson theleft.

393



SHAFER AND VOVK

4.3

s
s

s
s
s s

v
s
s
s

s
s
s

s
s s v

v
v v v v v

v
v

4.5 4.7 4.9 5.1 5.3 5.5 5.7 5.9 6.1 6.3 6.5 6.7

4.3

s
s

s
s
s s

v
s
s
s

s
s
s

s
s s sv

v
v v v v

v
v

4.5 4.7 4.9 5.1 5.3 5.5 5.7 5.9 6.1 6.3 6.5 6.7

4.3

s
s

s
s
s s

v
s
s
s

s
s
s

s
s s v

v
v v v v

v
v

4.5 4.7 4.9 5.1 5.3 5.5 5.7 5.9 6.1 6.3 6.5 6.7

The bag containing the 24 old examples

The bag of 25 examples, assuming the new example is setosa

The bag of 25 examples, assuming the new example is versicolor

Figure6: Separation for thr eebags. In eachcase,the separatingbandis the interval [5:5;5:7].
Exampleson thewrongsideof theinterval areconsideredstrangeandarecircled.

As we seefrom the table, the resultingp-valuesare ps = 0:08 and pv = 1. So this time we
obtain92%con�dencein y25 = v, with 100%credibility.

Thealgorithmjust describedis too complex to implementwhentherearethousandsof exam-
ples. For this reason,Vapnikandhis collaboratorsproposedinsteada quadraticminimizationthat
balancesthe width of the separatingbandagainst the numberandsizeof the mistakes it makes.
Support-vector machinesof this type have beenwidely used. They usually solve the dual opti-
mizationproblem,andtheLagrangemultipliers they calculatecanserve asnonconformityscores.
Implementationssometimesfail to treat the old examplessymmetricallybecausethey make var-
ious usesof the order in which examplesarepresented,but this dif�culty canbe overcomeby a
preliminaryrandomization(Vovk etal., 2005,p. 58).

A systematiccomparison. The randomsampleof 25 plantswe have consideredis odd in two
ways:(1) exceptfor theoneversicolor with sepallengthof only 5:0, thetwo speciesdonotoverlap
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NN Speciesaverage SVM
singletonhits 164 441 195
uncertain 795 477 762
total hits 959 918 957
empty 9 49 1
singletonerrors 32 33 42
total errors 41 82 43
total examples 1000 1000 1000
% hits 96% 92% 96%
total singletons 196 474 237
% hits 84% 93% 82%
totalerrors 41 82 43
% empty 22% 60% 2%

Table3: Performanceof 92%prediction regionsbasedon thr eenonconformity measures.For
eachnonconformitymeasure,we have found 1;000 predictionregionsat the 92% level,
usingeachtime a differentrandomsampleof 25 from Anderson's 100�o wers. The“un-
certain”regionsarethoseequalto thewholelabelspace,Y = f s;vg.

in sepallength,and(2) the�o werwhosespecieswearetrying to predicthasasepalthatis unusually
long for eitherspecies.

In orderto geta fuller pictureof how thethreenonconformitymeasuresperformin generalon
theiris data,we have appliedeachof themto 1;000differentsamplesof size25 selectedfrom the
populationof Anderson's100plants.Theresultsareshown in Table3.

The92%regionsbasedon thespeciesaveragewerecorrectabout92%of the time (918times
out of 1000),asadvertised.Theregionsbasedon theothertwo measureswerecorrectmoreoften,
about96%of thetime. Thereasonfor thisdifferenceis visible in Table2; thenonconformityscores
basedon thespeciesaveragetake a greatervarietyof valuesandthereforeproduceties lessoften.
The regionsbasedon the speciesaveragesarealsomoreef�cient (smaller);441 of its hits were
informative,asopposedto fewer than200for eachof theothertwo nonconformitymeasures.This
ef�ciency alsoshowsup in moreemptyregionsamongtheerrors.Thespeciesaverageproducedan
empty92% predictionregion for the randomsampleusedin Table2, andTable3 shows that this
happens5%of thetime.

As a practicalmatter, the uncertainprediction regions (G0:08 = f s;vg) and the empty ones
(G0:08 = /0) areequallyuninformative. Theonly errorsthatmisleadarethesingletonsthatarewrong,
andthethreemethodsall producetheseataboutthesamerate—3or 4%.

4.3.2 EXAMPLE: PREDICTING PETAL WIDTH FROM SEPAL LENGTH

Wenow turn to theuseof theconformalalgorithmto predictanumber. Weusethesame25plants,
but now weusethedatain thesecondandthird columnsof Table4: thesepallengthandpetalwidth
for the�rst 24plants,andthesepallengthfor the25th.Our taskis to predictthepetalwidth for the
25th.
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sepallength petalwidth Nearestneighbor Linearregression
z1 5.0 0.3 0.3 j0:003y25 � 0:149j
z2 4.4 0.2 0 j0:069y25+ 0:050j
z3 4.9 0.2 0.25 j0:014y25 � 0:199j
z4 4.4 0.2 0 j0:069y25+ 0:050j
z5 5.1 0.4 0.15 j0:008y25+ 0:099j
z6 5.9 1.5 0.3 j0:096y25 � 0:603j
z7 5.0 0.2 0.4 j0:003y25 � 0:249j
z8 6.4 1.3 0.2 j0:151y25 � 0:154j
z9 6.7 1.4 0.3 j0:184y25 � 0:104j
z10 6.2 1.5 0.2 j0:129y25 � 0:453j
z11 5.1 0.2 0.15 j0:008y25+ 0:299j
z12 4.6 0.2 0.05 j0:047y25 � 0:050j
z13 5.0 0.6 0.3 j0:003y25+ 0:151j
z14 5.4 0.4 0 j0:041y25+ 0:248j
z15 5.0 1.0 0.75 j0:003y25+ 0:551j
z16 6.7 1.7 0.3 j0:184y25 � 0:404j
z17 5.8 1.2 0.2 j0:085y25 � 0:353j
z18 5.5 0.2 0.2 j0:052y25+ 0:498j
z19 5.8 1.0 0.2 j0:085y25 � 0:153j
z20 5.4 0.4 0 j0:041y25+ 0:248j
z21 5.1 0.3 0 j0:008y25+ 0:199j
z22 5.7 1.3 0.2 j0:074y25 � 0:502j
z23 4.6 0.3 0.1 j0:047y25+ 0:050j
z24 4.6 0.2 0.05 j0:047y25 � 0:050j
z25 6.8 y25 jy25 � 1:55j j0:805y25 � 1:345j

Table4: Conformal prediction of petal width fr om sepal length. We usethe samerandom25
plantsthatweusedfor predictingthespecies.Theactualvalueof y25 is 1:4.

Themostconventionalwayof analyzingthisdatais to calculatetheleast-squaresline (11):

ŷ = a24+ b24x = � 2:96+ 0:68x:

Thesepallengthfor the25thplantbeingx25 = 6:8, theline predictsthaty25 shouldbenear� 2:96+
0:68� 6:8 = 1:66. Under the textbook assumptionthat the yi are all independentand normally
distributedwith meanson theline andacommonvariance,weestimatethecommonvarianceby

s2
24 =

å 24
i=1(yi � (a24+ b24xi))2

22
= 0:0780:

Thetextbook1� e interval for y25 basedon*(x1;y1); : : : ; (x24;y24)+andx25 is

1:66� te=2
22 s24

s

1+
1
24

+
(x25 � x24)2

å 24
j=1(xj � x24)2

= 1:66� 0:311te=2
22 (21)
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(DraperandSmith1998,p. 82; Ryan1997,pp. 21–22;SeberandLee2003,p. 145). Taking into
accountthefacty25 is measuredto only onedecimalplace,weobtain[1:0;2:3] for the96%interval
and[1:1;2:2] for the92%interval.

Thepredictioninterval (21) is analogousto Fisher's interval for a new examplefrom thesame
normally distributedpopulationasa bagof old examples(§2.1.1). In §5.3.2we will review the
generalmodelof whichbotharespecialcases.

As we will now see,theconformalalgorithmunderexchangeabilitygivescon�denceintervals
comparableto (21), without theassumptionthat theerrorsarenormal. We usetwo differentnon-
conformitymeasures:onebasedon thenearestneighbor, andonebasedon theleast-squaresline.

Conformal prediction usingthe nearestneighbor. SupposeB is abagof old examplesand(x;y)
is a new example,for which we know thesepallengthx but not thepetalwidth y. We canpredict
y usingthenearestneighborin anobviousway: We �nd thez02 B for which thesepallengthx0 is
closestto x, andwepredictthaty will bethesameasthepetalwidth y0. If thereareseveralexamples
in thebagwith sepallengthequallycloseto x, thenwe take themedianof their petalwidthsasour
predictorŷ. Theassociatednonconformitymeasureis jy� ŷj.

Thefourthcolumnof Table4 givesthenonconformityscoresfor oursampleusingthisnoncon-
formity measure.We seethat a25 = jy25 � 1:55j. The othernonconformityscoresdo not involve
y25; thelargestis 0:75,andthesecondlargestis 0:40. Soweobtainthesepredictionregionsy25:

� The 96% predictionregion consistsof all the y for which py > 0:04, which requiresthat at
leastoneof the othera i be as large as a25, or that 0:75 � jy � 1:55j: This is the interval
[0:8;2:3].

� The 92% predictionregion consistsof all the y for which py > 0:08, which requiresthat at
leasttwo of the othera i be as large asa25, or that 0:40 � jy � 1:55j: This is the interval
[1:2;1:9].

Conformal prediction using least-squares. Now we usethe least-squaresnonconformitymea-
surewith inclusion,givenby (12). In ourcase,n = 25,soournonconformityscoresare

a i = jyi � (a25+ b25xi)j

=

�
�
�
�
�
yi �

å 25
j=1yj

25
�

å 25
j=1(xj � x25)yj

å 25
j=1(xj � x25)2

 

xi �
å 25

j=1xj

25

! �
�
�
�
�
:

Whenwe substitutevaluesof å 24
j=1yj, å 24

j=1(xj � x25)yj, å 25
j=1(xj � x25)2, andå 25

j=1xj calculated
from Table4, thisbecomes

a i = jyi + (0:553� 0:110xi) y25 � 0:498xi + 2:04j :

For i = 1; : : : ;24,we canfurtherevaluatethis by substitutingthevaluesof xi andyi. For i = 25,we
cansubstitute6:8 for x25. Thesesubstitutionsproducetheexpressionsof theform jciy25+ dij listed
in the lastcolumnof Table4. We have madesurethatci is alwayspositive by multiplying by � 1
within theabsolutevaluewhenneedbe.

Table 5 shows calculationsrequiredto �nd the conformalpredictionregion. The task is to
identify, for i = 1; : : : ;24,they for which jciy+ dij � j0:805y� 1:345j. We�rst �nd thesolutionsof
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theequationjciy+ dij = j0:805y� 1:345j, whichare

�
di + 1:345
ci � 0:805

and �
di � 1:345
ci + 0:805

:

As it happens,ci < 0:805for i = 1; : : : ;24,andin thiscasetheysatisfyingjciy+ dij � j0:805� 1:345j
form theinterval betweenthesetwo points.This interval is shown in thelastcolumnof thetable.

In orderto be in the96%interval, y mustbe in at leastoneof the24 intervals in the table; in
orderto bein the92%interval, it mustbein at leasttwo of them.Sothe96%interval is [1:0;2:4],
andthe92%interval is [1:0;2:3].

An algorithmfor �nding conformalpredictionintervalsusingaleast-squaresor ridge-regression
nonconformitymeasurewith anobjectspaceof any �nite dimensionis spelledout on pp.32–33of
ourbook(Vovk etal., 2005).

4.4 Optimality

Thepredictionsproducedby theconformalalgorithmareinvariantwith respectto theold examples,
correctwith the advertisedprobability, andnested.As we now show, they areoptimal amongall
regionpredictorswith theseproperties.

Hereis amoreprecisestatementof thethreeproperties:

1. Thepredictionsare invariant with respectto theorderingof theold examples.Formally, this
meansthatthepredictorgis a functionof two variables,thesigni�cancelevel eandthebagB
of old examples.Wewrite ge(B) for theprediction,which is asubsetof theexamplespaceZ.

2. Theprobability of a hit is alwaysat leasttheadvertisedcon�dencelevel. For every positive
integern andeveryprobabilitydistributionunderwhichz1; : : : ;zn areexchangeable,

Prf zn 2 ge(*z1; : : : ;zn� 1+)g � 1� e:

3. Thepredictionregionsarenested.If e1 � e2, thenge1(B) � ge2(B).

Conformalpredictorssatisfythesethreeconditions.Otherregion predictorscanalsosatisfythem.
But aswe now demonstrate,any g satisfyingthemcanbe improved on by a conformalpredictor:
therealwaysexistsanonconformitymeasureA suchthatthepredictorgA constructedfrom A by the
conformalalgorithmsatis�esge

A(B) � ge(B) for all B ande.
Thekey to thedemonstrationis thefollowing lemma:

Lemma 1 Supposeg is a region predictor satisfyingthe threeconditions,*a1; : : : ;an+ is a bag of
examples,and0 < e� 1. Thenneor fewerof then elementsof thebag satisfy

ai =2 ge(*a1; : : : ;an +n* ai+): (22)

Proof Considertheuniqueexchangeableprobabilitydistributionfor z1; : : : ;zn thatgivesprobability
1 to *z1; : : : ;zn+= *a1; : : : ;an+. Underthis distribution, eachelementof *a1; : : : ;an+ hasan equal
probabilityof beingzn, andin this case,(22) is a mistake. By thesecondcondition,theprobability
of amistake is eor less.Sothefractionof thebag'selementsfor which (22)holdsis eor less.
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a i = jciy25+ dij �
di + 1:345
ci � 0:805

�
di � 1:345
ci + 0:805

y satisfying
jciy+ dij �

j0:805� 1:345j
z1 j0:003y25 � 0:149j 1.49 1.85 [1.49,1.85]
z2 j0:069y25+ 0:050j 1.90 1.48 [1.48,1.90]
z3 j0:014y25 � 0:199j 1.45 1.89 [1.45,1.89]
z4 j0:069y25+ 0:050j 1.90 1.48 [1.48,1.90]
z5 j0:008y25+ 0:099j 1.81 1.53 [1.53,1.81]
z6 j0:096y25 � 0:603j 1.05 2.16 [1.05,2.16]
z7 j0:003y25 � 0:249j 1.37 1.97 [1.37,1.97]
z8 j0:151y25 � 0:154j 1.82 1.57 [1.57,1.82]
z9 j0:184y25 � 0:104j 2.00 1.47 [1.47,2.00]
z10 j0:129y25 � 0:453j 1.32 1.93 [1.32,1.93]
z11 j0:008y25+ 0:299j 2.06 1.29 [1.29,2.06]
z12 j0:047y25 � 0:050j 1.71 1.64 [1.64,1.71]
z13 j0:003y25+ 0:151j 1.87 1.48 [1.48,1.87]
z14 j0:041y25+ 0:248j 2.09 1.30 [1.30,2.09]
z15 j0:003y25+ 0:551j 2.36 0.98 [0.98,2.36]
z16 j0:184y25 � 0:404j 1.52 1.77 [1.52,1.77]
z17 j0:085y25 � 0:353j 1.38 1.91 [1.38,1.91]
z18 j0:052y25+ 0:498j 2.45 0.99 [0.99,2.45]
z19 j0:085y25 � 0:153j 1.66 1.68 [1.66,1.68]
z20 j0:041y25+ 0:248j 2.09 1.30 [1.30,2.09]
z21 j0:008y25+ 0:199j 1.94 1.41 [1.41,1.94]
z22 j0:074y25 � 0:502j 1.15 2.10 [1.15,2.10]
z23 j0:047y25+ 0:050j 1.84 1.52 [1.52,1.84]
z24 j0:047y25 � 0:050j 1.71 1.64 [1.64,1.71]
z25 j0:805y25 � 1:345j

Table5: Calculations with least-squaresnonconformity scores. Thecolumnon the right gives
thevaluesof y for which theexample's nonconformityscorewill exceedthatof the25th
example.

Given the region predictorg, what nonconformitymeasurewill give us a conformalpredictor
thatimproveson it? If

z =2 gd(B); (23)

theng is assertingcon�dence1� d thatz shouldnot appearnext becauseit is sodifferentfrom B.
Sothelargest1� d for which (23)holdsis anaturalnonconformitymeasure:

A(B;z) = supf 1� dj z =2 gd(B)g:
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Least-squares Conformalpredictionwith two
predictionwith differentnonconformitymeasures
normalerrors NN Leastsquares

96% [1:0;2:3] [0:8;2:3] [1:0;2:4]
92% [1:1;2:2] [1:2;1:9] [1:0;2:3]

Table6: Prediction intervals for the 25th plant' s petal width, calculated by thr ee differ ent
methods.Theconformalpredictionintervalsusingtheleast-squaresnonconformitymea-
surearequitecloseto thestandardintervalsbasedonleast-squareswith normalerrors.All
theintervalscontaintheactualvalue,1:4.

TheconformalpredictorgA obtainedfrom this nonconformitymeasure,thoughit agreeswith gon
how to rankdifferentz with respectto their nonconformitywith B, mayproducetighterprediction
regionsif g is tooconservative in thelevelsof con�denceit asserts.

To show thatge
A(B) � ge(B) for everyeandeveryB, weassumethat

z2 ge
A(*z1; : : : ;zn� 1+) (24)

andshow thatz2 ge(*z1; : : : ;zn� 1+). Accordingto theconformalalgorithm,(24) meansthatwhen
weprovisionallysetzn equalto zandcalculatethenonconformityscores

a i = supf 1� dj zi =2 gd(*z1; : : : ;zn +n* zi+)g

for i = 1; : : : ;n, we �nd that strictly morethanne of thesescoresaregreaterthanor equalto a n.
Becauseg'spredictionregionsarenested(condition3), it followsthatif zn =2 ge(*z1; : : : ;zn� 1+), then
zi =2 ge(*z1; : : : ;zn +n* zi+) for strictly morethanne of thezi. But by Lemma1, ne or fewer of thezi

cansatisfythis condition.Sozn 2 ge(*z1; : : : ;zn� 1+).
Therearesensiblereasonsto useregionpredictorsthatarenotinvariant.Wemaywantto exploit

possibledeparturesfrom exchangeabilityevenwhile insistingonvalidity underexchangeability. Or
it maysimply bemorepracticalto usea predictorthat is not invariant. But invarianceis a natural
conditionwhenwe want to rely only on exchangeability, andin this caseour optimality result is
persuasive. For furtherdiscussion,see§2.4of ourbook(Vovk etal., 2005).

4.5 ExamplesAr eSeldomExactly Exchangeable

Althoughtheassumptionof exchangeabilityis weakcomparedto theassumptionsembodiedin most
statisticalmodels,it is still anidealization,seldommatchedexactlyby whatweseein theworld. So
weshouldnotexpectconclusionsderivedfrom thisassumptionto beexactly true. In particular, we
shouldnotbesurprisedif a95%conformalpredictoris wrongmorethan5%of thetime.

We canmake this point with the USPSdataset so often usedto illustratemachinelearning
methods.This datasetconsistsof 9298examplesof the form (x;y), wherex is a 16� 16 gray-
scalematrix andy is oneof the ten digits 0;1; : : : ;9. It hasbeenusedin hundredsof booksand
articles.In our book(Vovk et al., 2005),it is usedto illustrateconformalpredictionwith a number
of differentnonconformitymeasures.It is well known that the examplesin this datasetarenot
perfectlyexchangeable.In particular, the�rst 7291examples,which areoftentreatedasa training

400



TUTORIAL ON CONFORMAL PREDICTION

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
0

100

200

300

400

500

600

examples

cu
m

ul
at

iv
e 

er
ro

rs

errors for permuted data
errors for original data

Figure7: Err ors in 95% nearest-neighbor conformal prediction on the classicalUSPSdata
set. When the 9298 examplesare predictedin a randomlychosenorder, so that the
exchangeabilityassumptionis satis�ed for sure,the error rate is approximately5% as
advertised.Whenthey aretakenin their original order, �rst the7291in thetrainingset,
andthenthe2007in thetestset,theerrorrateis higher, especiallyin thetestset.

set, are systematicallydifferent in somerespectsfrom the remaining2007 examples,which are
usuallytreatedasa testset.

Figure7 illustrateshow thenon-exchangeabilityof theUSPSdataaffectsconformalprediction.
The �gure recordsthe performanceof the 95% conformalpredictorusing the nearest-neighbor
nonconformitymeasure(10),appliedto theUSPSdatain two ways.Firstweusethe9298examples
in the order in which they aregiven in the dataset. (We ignorethe distinctionbetweentraining
and test examples,but sincethe training examplesare given �rst we do go throughthem �rst.)
Working throughtheexamplesin thisorder, wepredicteachyn usingthepreviousexamplesandxn.
Second,werandomlypermuteall 9298examples,thusproducinganorderwith respectto whichthe
examplesarenecessarilyexchangeable.The law of largenumbersworkswhenwe go throughthe
examplesin thepermutedorder:wemakemistakesatasteadyrate,aboutequalto theexpected5%.
But whenwe go throughtheexamplesin theoriginal order, the fractionof mistakesis lessstable,
andit worsensaswe move into the testset. As Table7 shows, the fractionof mistakesis 5%, as
desired,in the�rst 7291examples(thetrainingset)but jumpsto 8%in thelast2007examples.

Non-exchangeabilitycanbe testedstatistically, usingconventionalor game-theoreticmethods
(Vovk et al., 2005,§7.1). In the caseof this data,any reasonabletestwill rejectexchangeability
decisively. Whetherthe deviation from exchangeabilityis of practicalimportancefor prediction
depends,of course,oncircumstances.An errorrateof 8%when5%hasbeenpromisedmayor may
notbeacceptable.
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Originaldata Permuteddata
Training Test Total Training Test Total

singletonhits 6798 1838 8636 6800 1905 8705
uncertainhits 111 0 111 123 0 123
total hits 6909 1838 8747 6923 1905 8828
empty 265 142 407 205 81 286
singletonerrors 102 27 129 160 21 181
uncertainerrors 15 0 15 3 0 3
total errors 382 169 551 368 102 470
total examples 7291 2007 9298 7291 2007 9298
% hits 95% 92% 94% 95% 95% 95%
total singletons 6900 1865 8765 6960 1926 8880
% hits 99% 99% 99% 98% 99% 98%
totaluncertain 126 0 126 126 0 126
% hits 82% 82% 98% 98%
totalerrors 382 169 551 368 102 470
% empty 69% 85% 74% 57% 79% 61%

Table7: Detailsof the performanceof 95%nearest-neighborconformal prediction on the clas-
sicalUSPSdata set.Becausethereare10 labels,theuncertainpredictions,thosecontain-
ing morethanonelabel,canbehitsor errors.

5. On-Line CompressionModels

In thissection,wegeneralizeconformalpredictionfrom theexchangeabilitymodelto awholeclass
of models,whichwecall on-linecompressionmodels.

In the exchangeabilitymodel,we compressor summarizeexamplesby omitting information
abouttheir order. We then look backwardsfrom the summary(the bagof unorderedexamples)
andgive probabilitiesfor thedifferentorderingsthatcouldhave producedit. Thecompressioncan
be doneon-line: eachtime we seea new example,we addit to the bag. The backward-looking
probabilitiescanalsobegivenstepby step.Otheron-linecompressionmodelscompressmoreor
lessdrasticallybut haveasimilar structure.

On-linecompressionmodelswerestudiedin the1970sand1980s,undervariousnames,by Per
Martin-Löf (1974),Steffen Lauritzen(1988),andEugeneAsarin (1987;1988). Differentauthors
haddifferentmotivations. LauritzenandMartin-Löf startedfrom statisticalmechanics,whereas
Asarin startedfrom Kolmogorov's thinking aboutthe meaningof randomness.But the models
they studiedall summarizepastexamplesusingstatisticsthatcontainall theinformationusefulfor
predictingfutureexamples.Thesummaryis updatedeachtime oneobservesa new example,and
theprobabilisticcontentof thestructureis expressedby Markov kernelsthatgive probabilitiesfor
summarizedexamplesconditionalon thesummaries.

In general,a Markov kernelis a mappingthatspeci�es,asa functionof onevariable,a proba-
bility distribution for someothervariableor variables.A Markov kernelfor w givenu, for example,
givesa probabilitydistribution for w for eachvalueof u. It is conventionalto write P(wj u) for this
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distribution. We areinterestedin Markov kernelsof the form P(z1; : : : ;zn j sn), wheresn summa-
rizestheexamplesz1; : : : ;zn. Sucha kernelgivesprobabilitiesfor thedifferentz1; : : : ;zn thatcould
haveproduceds n.

Martin-Löf, Lauritzen,andAsarinwereinterestedin justifying widely usedstatisticalmodels
from principlesthatseemlessarbitrarythanthemodelsthemselves. On-linecompressionmodels
offer anopportunityto do this, becausethey typically limit their useof probability to representing
ignorancewith auniformdistributionbut leadto statisticalmodelsthatseemto saysomethingmore.
Suppose,for example,thatJoesummarizesnumbersz1; : : : ;zn by

z=
1
n

n

å
i=1

zi and r2 =
n

å
i=1

(zi � z)2

andgives thesesummariesto Bill, who doesnot know z1; : : : ;zn. Bill might adopta probability
distribution for z1; : : : ;zn that is uniform over thepossibilities,which form the(n� 1)-dimensional
sphereof radiusr centeredaround(z; : : : ;z). As wewill seein §5.3.2,this is anon-linecompression
model.It wasshown, by FreedmanandSmith(seeVovk etal., 2005,p. 217)andthenby Lauritzen
(1988,pp.238–247),thatif weassumethismodelis valid for all n, thenthedistributionof z1;z2; : : :
mustbeamixtureof distributionsunderwhichz1;z2; : : : areindependentandnormalwith acommon
meanand variance. This is analogousto de Finetti's theorem,which saysthat if z1; : : : ;zn are
exchangeablefor all n, thenthe distribution of z1;z2; : : : mustbe a mixture of distributionsunder
whichz1;z2; : : : areindependentandidenticallydistributed.

For ourown part,weareinterestedin usinganon-linecompressionmodeldirectlyfor prediction
ratherthanasa steptowardsa modelthatspeci�esprobabilitiesfor examplesmorefully. We have
alreadyseenhow the exchangeabilitymodel can be useddirectly for prediction: we establisha
law of largenumbersfor backward-lookingprobabilities(§3.4),andwe useit to justify con�dence
in conformalpredictionregions(§4.2). The argumentextendsto on-line compressionmodelsin
general.

For theexchangeabilitymodel,conformalpredictionis optimalfor obtainingpredictionregions
(§4.4). No suchstatementcanbe madefor on-line compressionmodelsin general.In fact, there
areotheron-linecompressionmodelsin whichconformalpredictionis very inef�cient (Vovk etal.,
2005,p. 220).

After developing the generaltheoryof conformalpredictionfor on-line compressionmodels
(§5.1and§5.2),we considertwo examples:the exchangeability-within-labelmodel(§5.3.1)and
on-lineGaussianlinearmodel(§5.3.2).

5.1 De�nitions

A more formal look at the exchangeabilitymodel will suf�ce to bring the generalnotion of an
on-linecompressionmodelinto focus.

In the exchangeabilitymodel,we summarizeexamplessimply by omitting informationabout
their ordering; the orderedexamplesaresummarizedby a bagcontainingthem. The backward-
looking probabilitiesareequallysimple; given the bag, the differentpossibleorderingsall have
equalprobability, as if the orderingresultedfrom drawing the examplessuccessively at random
from the bagwithout replacement.Although this pictureis very simple,we candistinguishfour
distinctmathematicaloperationswithin it:
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1. Summarizing. The examplesz1; : : : ;zn aresummarizedby the bag*z1; : : : ;zn+. We cansay
that thesummarizationis accomplishedby a summarizingfunctionSn thatmapsann-tuple
of examples(z1; : : : ;zn) to thebagcontainingtheseexamples:

Sn(z1; : : : ;zn) := *z1; : : : ;zn +:

Wewrite sn for thesummary—thatis, thebag*z1; : : : ;zn+.

2. Updating. The summarycanbe formedstepby stepas the examplesareobserved. Once
you have the bagcontainingthe �rst n � 1 examples,you just addthe nth. This de�nes an
updatingfunctionUn(s;z) thatsatis�es

Sn(z1; : : : ;zn) = Un(Sn� 1(z1; : : : ;zn� 1);zn):

Thetoppanelin Figure8 depictshow thesummarys n is built upstepby stepfrom z1; : : : ;zn

usingtheupdatingfunctionsU1; : : : ;Un. Firsts1 = U1(2 ;z1), where2 is theemptybag.Then
s2 = U2(s1;z2), andsoon.

3. Lookingback all theway. Giventhebags n, then! differentorderingsof theelementsof the
bagareequallylikely, just asthey would beif we orderedthecontentsof thebagrandomly.
As we learnedin §3.2, we can say this with a formula that takes explicit accountof the
possibilityof repetitionsin thebag:theprobabilityof theeventf z1 = a1; : : : ;zn = ang is

Pn(a1; : : : ;an j sn) =

(
n1!���nk!

n! if * a1; : : : ;an+= sn

0 if * a1; : : : ;an+6= sn;

wherek is thenumberof distinctelementsin s n, andn1; : : : ;nk arethenumbersof timesthese
distinctelementsoccur. Wecall P1;P2; : : : thefull kernels.

4. Lookingback onestep. We canalso look backonestep. Given the bags n, what are the
probabilitiesfor zn andsn� 1? They arethesameasif wedrew zn outof sn atrandom.In other
words,for eachzthatappearsin s n, thereis aprobabilityk=n, wherek is thenumberof times
zappearsin s n, that(1) zn = zand(2) sn� 1 is thebagobtainedby removing oneinstanceof z
from sn. Thekernelde�ned in this way is representedby thetwo arrows backwardfrom s n

in thebottompanelof Figure8. Let usdesignateit by Rn. We similarly obtaina kernelRn� 1

backwardfrom s n� 1 andsoon. Thesearetheone-stepkernelsfor themodel.We canobtain
the full kernelPn by combiningthe one-stepkernelsRn;Rn� 1; : : : ;R1. This is mostreadily
understoodnot in termsof formulasbut in termsof a sequenceof drawingswhoseoutcomes
have theprobabilitydistributionsgivenby thekernels.Thedrawing from s n (which goesby
theprobabilitiesgivenby Rn(� j sn)) givesuszn andsn� 1, thedrawing from s n� 1 (whichgoes
by the probabilitiesgiven by Rn� 1(� j sn� 1)) givesus zn� 1 andsn� 2, andso on; we �nally
obtainthewholerandomsequencez1; : : : ;zn, whichhasthedistributionPn(� j sn). This is the
meaningof thebottompanelin Figure8.

All four operationsareimportant.Thesecondandfourth,updatingandlooking backonestep,can
be thoughtof as the most fundamental,becausewe can derive the other two from them. Sum-
marizationcanbecarriedout by composingupdates,andlooking backall theway canbecarried
out by composingone-steplook-backs.Moreover, theconformalalgorithmusestheone-stepback
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2 s1 s2 � � � sn� 1 sn

z1 z2 zn� 1 zn

- - - - -
? ? ? ?

Updating. Wespeakof “on-line” compressionmodelsbecausethesummarycanbeupdatedwith
eachnew example.In thecaseof theexchangeabilitymodel,weobtainthebags i by addingthe
new examplezi to theold bags i� 1.

2 s1 s2 � � � sn� 1 sn

z1 z2 zn� 1 zn

� � � � �

6 6 6 6

Backward probabilities.Thetwo arrows backwardsfrom s i symbolizeour probabilities,condi-
tional on s i, for whatexamplezi andwhatprevioussummarys i� 1 werecombinedto produce
s i. Like thediagramin Figure3 thatit generalizes,thisdiagramis aBayesnet.

Figure8: Elementsof an on-line compressionmodel. The top diagramrepresentsthe updating
functionsU1; : : : ;Un. Thebottomdiagramrepresentstheone-stepkernelsR1; : : : ;Rn.

probabilities.But whenwe turn to particularon-linecompressionmodels,we will �nd it initially
mostconvenientto describethemin termsof their summarizingfunctionsandfull kernels.

In general,anon-linecompressionmodelfor anexamplespaceZ consistsof a spaceS, whose
elementswecall summaries, andtwo sequencesof mappings:

� UpdatingfunctionsU1;U2; : : : . ThefunctionUn mapsasummarysandanexamplez to anew
summaryUn(s;z).

� One-stepkernelsR1;R2; : : : . For eachsummarys, the kernel Rn gives a joint probability
distribution Rn(s0;zj s) for anunknown summarys0andunknown examplez. We requirethat
Rn(� j s) giveprobabilityoneto thesetof pairs(s0;z) suchthatUn(s0;z) = s.

WealsorequirethatthesummaryspaceS includetheemptysummary2 .
Therecipesfor constructingthesummarizingfunctionsS1;S2; : : : andthefull kernelsP1;P2; : : :

arethesamein generalasin theexchangeabilitymodel:

� The summarys n = Sn(z1; : : : ;zn) is built up stepby stepfrom z1; : : : ;zn usingthe updating
functions.First s1 = U1(2 ;z1), thens2 = U2(s1;z2), andsoon.
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� We obtain the full kernel Pn by combining,backwardsfrom s n, the randomexperiments
representedby theone-stepkernelsRn;Rn� 1; : : : ;R1. First we draw zn andsn� 1 from Rn(� j
sn), thenwe draw zn� 1 andsn� 2 from Rn� 1(� j sn� 1), andso on. The sequencez1; : : : ;zn

obtainedin thiswayhasthedistributionPn(� j sn).

On-linecompressionmodelsareusuallyinitially speci�ed in termsof their summarizingfunc-
tionsSn andtheir full kernelsPn, becausetheseareusuallyeasyto describe.Onemustthenverify
thattheseeasilydescribedobjectsdo de�ne anon-linecompressionmodel.This requiresverifying
two points:

1. S1;S2; : : : canbede�ned successively by meansof updatingfunctions:

Sn(z1; : : : ;zn) = Un(Sn� 1(z1; : : : ;zn� 1);zn):

In words:sn dependsonz1; : : : ;zn� 1 only throughtheearliersummarys n� 1.

2. EachPn canbeobtainedasrequiredusingone-stepkernels.Onewayto verify thisis to exhibit
the one-stepkernelsR1; : : : ;Rn andthento checkthat drawing zn andsn� 1 from Rn(� j sn),
thendrawing zn� 1 andsn� 2 from Rn� 1(� j sn� 1), andso on producesa sequencez1; : : : ;zn

with the distribution Pn(� j sn). Anotherway to verify it, without necessarilyexhibiting the
one-stepkernels,is to verify theconditionalindependencerelationsrepresentedby Figure8:
zn (andhencealsos n) is probabilisticallyindependentof z1; : : : ;zn� 1 givensn� 1.

5.2 Conformal Prediction

In thecontext of anon-linecompressionmodel,anonconformitymeasureis anarbitraryreal-valued
functionA(s;z); wheres is a summaryandz is anexample.We chooseA so thatA(s;z) is large
whenzseemsverydifferentfrom theexamplesthatmightbesummarizedby s.

In orderto statetheconformalalgorithm,wewrite s̃n� 1 andz̃n for randomvariableswith ajoint
probability distribution given by the one-stepkernelR(� j s n). The algorithmusingold examples
alonecanthenbestatedasfollows:

The Conformal Algorithm UsingOld ExamplesAlone

Input: NonconformitymeasureA, signi�cancelevel e, examplesz1; : : : ;zn� 1, examplez

Task: Decidewhetherto includez in ge(z1; : : : ;zn� 1).

Algorithm:

1. Provisionallysetzn := z.

2. Setpz := Rn(A(s̃n� 1; z̃n) � A(sn� 1;zn) j sn):

3. Includez in ge(z1; : : : ;zn� 1) if andonly if pz > e.

To seethatthis reducesto thealgorithmwegavefor theexchangeabilitymodelonp. 385,recall
thatsn = *z; : : : ;zn+ands̃n� 1 = *z1; : : : ;zn +n* z̃n+in thatmodel,sothat

A(s̃n� 1; z̃n) = A(*z1; : : : ;zn +n* z̃n+; z̃n) (25)

and
A(sn� 1;zn) = A(*z1; : : : ;zn� 1+;zn): (26)
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UnderRn(� j *z1; : : : ;zn+), therandomvariablez̃n hasequalchancesof beingany of thezi, sothatthe
probabilityof (25)beinggreaterthanor equalto (26) is simply thefractionof thezi for which

A(*z1; : : : ;zn +n* zi+;zi) � A(*z1; : : : ;zn� 1+;zn);

andthis is how pz is de�ned onp. 385.
Our argumentsfor thevalidity of theregionsge(z1; : : : ;zn� 1) in theexchangeabilitymodelgen-

eralizereadily. Thede�nitions of n-eventande-raregeneralizein anobviousway:

� An eventE is ann-eventif its happeningor failing is determinedby thevalueof zn andthe
valueof thesummarys n� 1.

� An n-eventE is e-rare if Rn(E j sn) � e.

The event zn =2 ge(z1; : : : ;zn� 1) is an n-event, and it is e-rare (the probability is e or lessthat a
randomvariablewill take a value that it equalsor exceedswith a probability of e or less). So
workingbackwardsfrom thesummarys N for a largevalueof N, Bill canstill betagainsttheerrors
successively at ratescorrespondingto their probabilitiesunders n, which arealwayse or less.This
producesanexactanalogto InformalProposition1:

Inf ormal Proposition2 SupposeN is large, andthevariablesz1; : : : ;zN obey an on-linecompres-
sionmodel.SupposeEn is ane-raren-eventfor n= 1; : : : ;N. Thenthelaw of largenumbersapplies;
with veryhigh probability, no more thanapproximatelythefractione of theeventsE1; : : : ;EN will
happen.

Theconformalalgorithmusingfeaturesof thenew examplegeneralizessimilarly:

The Conformal Algorithm

Input: NonconformitymeasureA, signi�cancelevel e, examplesz1; : : : ;zn� 1, objectxn, labely

Task: Decidewhetherto includey in Ge(z1; : : : ;zn� 1;xn).

Algorithm:

1. Provisionallysetzn := (xn;y).

2. Setpy := Rn(A(s̃n� 1; z̃n) � A(sn� 1;zn) j sn):

3. Includey in Ge(z1; : : : ;zn� 1;xn) if andonly if py > e.

The validity of this algorithmfollows from the validity of the algorithmusingold examples
aloneby thesameargumentasin thecaseof exchangeability.

5.3 Examples

We now look at two on-linecompressionmodels:theexchangeability-within-labelmodelandthe
on-lineGaussianlinearmodel.

The exchangeability-within-labelmodelwas �rst introducedin work leadingup to our book
(Vovk etal., 2005).It weakenstheassumptionof exchangeability.

Theon-lineGaussianlinearmodel,aswe have alreadymentioned,hasbeenwidely studied.It
overlapsthe exchangeabilitymodel, in the sensethat the assumptionsfor both of the modelscan
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holdat thesametime,but theassumptionsfor oneof themcanholdwithout theassumptionsfor the
otherholding. It is closelyrelatedto theclassicalGaussianlinearmodel. Conformalpredictionin
theon-linemodelleadsto thesamepredictionregionsthatareusuallyusedfor theclassicalmodel.
But theconformalpredictiontheoryaddsthenew informationthat theseintervals arevalid in the
senseof thisarticle: they areright 1� eof thetimewhenusedonaccumulatingdata.

5.3.1 THE EXCHANGEABILITY-WITHIN-LABEL MODEL

The assumptionof exchangeabilitycanbe weakenedin many ways. In the caseof classi�cation,
oneinterestingpossibilityis to assumeonly thattheexamplesfor eachlabelareexchangeablewith
eachother. For eachlabel, the objectswith that label areas likely to appearin oneorderas in
another. This assumptionleavesopenthepossibilitythattheappearanceof onelabelmight change
theprobabilitiesfor thenext label.

Supposethelabelspacehask elements,sayY = f 1; : : : ;kg. Thenwede�ne theexchangeability-
within-labelmodelasfollows:

Summarizing Functions Thenth summarizingfunctionis

Sn(z1; : : : ;zn) := (y1; : : : ;yn;Bn
1; : : : ;Bn

k) ;

whereBn
j is thebagconsistingof theobjectsin thelist x1; : : : ;xn thathave thelabel j.

Full Kernels The full kernelPn(z1; : : : ;zn j y1; : : : ;yn;Bn
1; : : : ;Bn

k) is mosteasilydescribedin terms
the randomactionfor which it givesthe probabilities: independentlyfor eachlabel j, dis-
tributetheobjectsin Bn

j randomlyamongthepositionsi for whichyi is equalto j.

To checkthat this is an on-line compressionmodel,we exhibit the updatingfunction andthe
one-stepkernels:

Updating When(xn;yn) is observed,thesummary

(y1; : : : ;yn� 1;Bn� 1
1 ; : : : ;Bn� 1

k )

is updatedby insertingyn afteryn� 1 andaddingxn to Bn� 1
yn

.

Onestepback Theone-stepkernelRn is givenby

Rn(summary; (x;y) j y1; : : : ;yn;Bn
1; : : : ;Bn

k) =

(
k

jBn
yn j if y = yn

0 otherwise;

wherek is thenumberof xs in Bn
yn

. This is thesameastheprobabilitytheone-stepkernelfor
theexchangeabilitymodelwould give for x on thebasisof a bagof sizejBn

yn
j that includesk

xs.

Becausethe true labelsarepart of the summary, our imaginarybettorBill canchooseto bet
just on thoseroundsof his gamewith Joewherethe label hasa particularvalue,andthis implies
thata95%conformalpredictorundertheexchangeability-within-labelmodelwill makeerrorsatno
morethana 5% ratefor exampleswith that label. This is not necessarilytruefor a 95%conformal
predictorundertheexchangeabilitymodel;althoughit canmake errorsno morethanabout5% of
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the time overall, its error ratemay be higher for somelabelsand lower for others. As Figure9
shows,thishappensin thecaseof theUSPSdataset.Thegraphin thetoppanelof the�gure shows
thecumulativeerrorsfor exampleswith thelabel5, which is particularlyeasyto confusewith other
digits,whenthenearest-neighborconformalpredictoris appliedto thatdatain permutedform. The
errorratefor 5 is over11%.Thegraphin thebottompanelshowstheresultsof theexchangeability-
within-labelconformalpredictorusingthesamenearest-neighbornonconformitymeasure;herethe
error ratestayscloseto 5%. As this graphmakesclear, thepredictorholdstheerror ratedown to
5% in this caseby producingmany predictionregionscontainingmorethanonelabel (“uncertain
predictions”).

As weexplain in §4.5and§8.4of ourbook(Vovk etal.,2005),theexchangeability-within-label
modelis a Mondrianmodel. In general,a MondrianmodeldecomposesthespaceZ � N, whereN
is setof thenaturalnumbers,into non-overlappingrectangles,andit asksfor exchangeabilityonly
within theserectangles.For eachexamplezi, it thenrecords,aspartof thesummary, therectangle
into which (zi; i) falls. Mondrianmodelscanbeusefulwhenwe needto weakentheassumptionof
exchangeability. They canalsobeattractiveevenif wearewilling to assumeexchangeabilityacross
thecategories,becausetheconformalpredictionsthey producewill becalibratedwithin categories.

5.3.2 THE ON-L INE GAUSSIAN L INEAR MODEL

Considerexamplesz1; : : : ;zN , of theform zn = (xn;yn), whereyn is anumberandxn is a row vector
consistingof p numbers.For eachn between1 andN, set

Xn :=

2

6
4

x1
...

xn

3

7
5 and Yn :=

2

6
4

y1
...

yn

3

7
5 :

ThusXn is ann� p matrix,andYn is acolumnvectorof lengthn.
In this context, theon-lineGaussianlinear modelis theon-linecompressionmodelde�ned by

thefollowing summarizingfunctionsandfull kernels:

Summarizing Functions Thenth summarizingfunctionis

Sn(z1; : : : ;zn) : =

 

x1; : : : ;xn;
n

å
i=1

yixi;
n

å
i=1

y2
i

!

=
�
Xn;X0

nYn;Y0
nYn

�
:

Full Kernels The full kernel Pn(z1; : : : ;zn j sn) distributes its probability uniformly over the set
of vectors(y1; : : : ;yn) consistentwith the summarys n. (We considerprobabilitiesonly for
y1; : : : ;yn, becausex1; : : : ;xn are�x edby s n.)

We can write sn = (Xn;C; r2); whereC is a column vector of length p, and r is a nonnegative
number. A vector(y1; : : : ;yn) is consistentwith s n if

n

å
j=1

yjxj = C and
n

å
j=1

y2
j = r2:

This is theintersectionof a hyperplanewith a sphere.Not beingempty, theintersectionis eithera
point (in theexceptionalcasewherethehyperplaneis tangentto thesphere)or a lower-dimensional
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Figure9: Err ors for 95%conformal prediction usingnearestneighborsin the permuted USPS
data when the true label is 5. In both �gures, the dottedline representsthe overall
expectederror rateof 5%. Theactualerror ratefor 5swith theexchangeability-within-
label modeltracksthis line, but with the exchangeabilitymodelit is muchhigher. The
exchangeability-within-labelpredictorkeepsits errorratedown by issuingmorepredic-
tion regionscontainingmorethanonedigit (“uncertainpredictions”).
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sphere.(Imagineintersectinga planeanda 2-dimensionalsphere;the resultis a circle.) Theker-
nel Pn(� j sn) puts all its probability on the point or distributesit uniformly over the the lower-
dimensionalsphere.

To seethatthesummarizingfunctionsandfull kernelsde�ne anon-linecompressionmodel,we
mustcheckthatthesummariescanbeupdatedandthatthefull kernelshavetherequiredconditional
independenceproperty:conditioningPn(� j sn) on zi+1; : : : ;zn givesPi(� j s i). (We do not condition
on s i sinceit canbe computedfrom zi+1; : : : ;zn andsn.) Updatingis straightforward; whenwe
observe (xn;yn), weupdatethesummary

 

x1; : : : ;xn� 1;
n� 1

å
i=1

yixi;
n� 1

å
i=1

y2
i

!

by insertingxn afterxn� 1 andaddingatermto eachof thesums.To seethatconditioningPn(� j sn) on
zi+1; : : : ;zn givesPi(� j s i), we notethatconditioningtheuniform distribution on a sphereon values
yi+1 = ai+1; : : : ;yn = an involvesintersectingthespherewith thehyperplanesde�ned by thesen� i
equations.Thisproducestheuniformdistributiononthepossiblylower-dimensionalspherede�ned
by

i

å
j=1

y2
j = r2 �

n

å
j=i+1

y2
j and

i

å
j=1

yjxj = C�
n

å
j=i+1

yjxj;

this is indeedPi(y1; : : : ;yi j s i).
Theon-lineGaussianlinearmodelis closelyrelatedto theclassicalGaussianlinear model. In

theclassicalmodel,5

yi = xib+ ei; (27)

wherethe xi arerow vectorsof known numbers,b is a columnvectorof unknown numbers(the
regressioncoef�cients), andtheei areindependentof eachotherandnormallydistributedwith mean
zeroandacommonvariance.Whenn� 1> p andRank(Xn� 1) = p, thetheoryof theclassicalmodel
tellsusthefollowing:

� After observingexamples(x1;y1; : : : ;xn� 1;yn� 1), estimatethevectorof coef�cients b by

b̂n� 1 := (X0
n� 1Xn� 1) � 1X0

n� 1Yn� 1

andafterfurtherobservingxn, predictyn by

ŷn := xnb̂n� 1 = xn(X0
n� 1Xn� 1) � 1X0

n� 1Yn� 1:

� Estimatethevarianceof theei by

s2
n� 1 :=

Y0
n� 1Yn� 1 � b0

n� 1X0
n� 1Yn� 1

n� p� 1
:

5. Therearemany namesfor theclassicalmodel. Thename“classicalGaussianlinearmodel” is usedby Bickel and
Doksum(2001,p. 366).
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� Therandomvariable

tn :=
yn � ŷn

sn� 1

q
1+ x0

n(X0
n� 1Xn� 1) � 1xn

(28)

hasat-distributionwith n� p� 1 degreesof freedom,andso

ŷn � te=2
n� p� 1sn� 1

q
1+ x0

n(X0
n� 1Xn� 1) � 1xn (29)

hasprobability1� eof containingyn (Ryan1997,p. 127;SeberandLee2003,p. 132).

TheassumptionRank(Xn� 1) = p canberelaxed,at thepriceof complicatingtheformulasinvolving
(X0

n� 1Xn� 1) � 1. But theassumptionn� 1 > Rank(Xn� 1) is essentialto �nding a predictioninterval
of the type (29); whenit fails therearevaluesfor the coef�cients b suchthat yn� 1 = Xn� 1b, and
consequentlythereis no residualvariancewith which to estimatethevarianceof theei.

Wehavealreadyusedtwo specialcasesof (29)in thisarticle.Formula(1) in §2.1.1is thespecial
casewith p = 1 andeachxi equalto 1, andformula (21) at thebeginningof §4.3.2is thespecial
casewith p = 2 andthe�rst entryof eachxi equalto 1.

Therelationbetweentheclassicalandon-linemodels,fully understoodin thetheoreticallitera-
turesincethe1980s,canbesummarizedasfollows:

� If z1; : : : ;zN satisfytheassumptionsof theclassicalGaussianlinearmodel,thenthey satisfy
theassumptionsof theon-lineGaussianlinearmodel.In otherwords,theassumptionthatthe
errorsei in (27) areindependentandnormalwith meanzeroanda commonvarianceimplies
that conditionalon X0

nYn = C andY0
nYn = r2, the vectorYn is distributeduniformly over the

spherede�ned by C andr2. Thiswasalreadynotedby R. A. Fisherin 1925.

� Theassumptionof theon-lineGaussianlinearmodel,thatconditionalonX0
nYn = C andY0

nYn =
r2, thevectorYn is distributeduniformly over thespherede�ned by C andr2, is suf�cient to
guaranteethat(28)hasthet-distributionwith n� p� 1 degreesof freedom(Dempster,1969;
Efron,1969).

� Supposez1;z2; : : : is an in�nite sequenceof randomvariables. Then z1; : : : ;zN satisfy the
assumptionsof theon-lineGaussianlinearmodelfor every integerN if andonly if the joint
distribution of z1;z2; : : : is a mixture of distributionsgiven by the classicalGaussianlinear
model,eachmodelin themixturepossiblyhaving a differentb anda differentvariancefor
theei (Lauritzen,1988).

A naturalnonconformitymeasureA for the on-line Gaussianlinear model is given, for s =
(X;X0Y;Y0Y) andz= (x;y), by

A(s;z) := jy� ŷj; (30)

whereŷ = x(X0X) � 1X0Y.

Proposition2 When(30) is usedas the nonconformitymeasure, the 1 � e conformalprediction
region for yn is (29), theintervalgivenby thet-distribution in theclassicaltheory.

Proof When(30) is usedasthe nonconformitymeasure,the teststatisticA(s n� 1;zn) usedin the
conformalalgorithmbecomesjyn � ŷnj. Theconformalalgorithmconsidersthedistribution of this
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statisticunderRn(� j sn). But whens n is �x ed andtn is given by (28), jtnj is a monotonicallyin-
creasingfunction of jyn � ŷnj (seeVovk et al., 2005,pp. 202–203,for details). So the conformal
predictionregion is theinterval of valuesof yn for which jtnj doesnot take its mostextremevalues.
Sincetn hasthet-distribution with n� p� 1 degreesof freedomunderRn(� j sn), this is the inter-
val (29).

Togetherwith Informal Proposition2, Proposition2 implies thatwhenwe use(29) for a large
numberof successive valuesof n, yn will be in the interval 1� e of the time. In fact,becausethe
probabilityof erroreachtime is exactlye, wecansaysimply thattheerrorsareindependentandfor
this reasontheclassicallaw of largenumbersapplies.

In our exampleinvolving the predictionof petalwidth from sepallength,the exchangeability
and Gaussianlinear modelsgave roughly comparableresults(seeTable 6 in §4.3.2). This will
oftenbe thecase.Eachmodelmakesanassumption,however, that theotherdoesnot make. The
exchangeabilitymodelassumesthatthexs,aswell astheys,areexchangeable.TheGaussianlinear
modelassumesthatgiventhexs, theysarenormallydistributed.
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Appendix A. Validity

Themainpurposeof thisappendixis to formalizeandprove thefollowing informalproposition:

Inf ormal Proposition1 SupposeN is large, and the variablesz1; : : : ;zN are exchangeable. Sup-
poseEn is ane-raren-eventfor n = 1; : : : ;N. Thenthelaw of largenumbersapplies;with veryhigh
probability, nomore thanapproximatelythefractioneof theeventsE1; : : : ;EN will happen.

Weusedthis informalpropositionin §3.4to establishthevalidity of conformalpredictionin theex-
changeabilitymodel.As wepromisedthen,wewill discusstwo differentapproachesto formalizing
it: a classicalapproachanda game-theoreticalapproach.Theclassicalapproachshows thattheEn

aremutuallyindependentin thecasewherethey areexactly e-rareandthenappealsto theclassical
weaklaw of largenumbersfor independentevents. Thegame-theoreticapproachappealsdirectly
to themore�e xible game-theoreticweaklaw of largenumbers.

Ourproofswill alsoestablishtheanalogousInformalProposition2, whichweusedto establish
thevalidity of conformalpredictionin on-linecompressionmodelsin general.

In §A.3,we returnto R. A. Fisher'spredictioninterval for anormalrandomvariable,whichwe
discussedin §2.1.1.We show thatthis predictioninterval's successive hits areindependent,sothat
validity follows from theusuallaw of largenumbers.Fisher's predictioninterval is a specialcase
of conformalpredictionfor the Gaussianlinear model,andso it is coveredby the generalresult
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for on-line compressionmodels. But the proof in §A.3, beingself-containedandelementaryand
makingno referenceto conformalprediction,maybeespeciallyinformative for many readers.

A.1 A ClassicalAr gument for Independence

Recall the de�nitions we gave in §3.4 in the casewherez1; : : : ;zN areexchangeable:An event E
is an n-event if its happeningor failing is determinedby the valueof zn andthe valueof the bag
*z1; : : : ;zn� 1+, andann-eventE is e-rare if Pr(E j *z1; : : : ;zn+) � e. Let usfurthersaythatn-eventE
is exactlye-rare if

Pr(E j *z1; : : : ;zn+) = e: (31)

The conditionalprobability in this equationis a randomvariable,dependingon the randombag
*z1; : : : ;zn+, but theequationsaysthatit is not really random,for it is alwaysequalto e. Its expected
value,theunconditionalprobabilityof E, is thereforealsoequalto e.

Proposition3 SupposeEn is an exactlye-rare n-eventfor n = 1; : : : ;N. ThenE1; : : : ;EN are mutu-
ally independent.

Proof Consider(31) for n = N � 1:

Pr(EN� 1 j *z1; : : : ;zN� 1+) = e: (32)

Given*z1; : : : ;zN� 1+, knowledgeof zN doesnotchangetheprobabilitiesfor zN� 1 and*z1; : : : ;zN� 2+,
andzN� 1 and*z1; : : : ;zN� 2+determinethe(N � 1)-eventEN� 1. Soaddingknowledgeof zN will not
changetheprobabilityin (32):

Pr(EN� 1 j *z1; : : : ;zN� 1 + & zN) = e:

BecauseEN is determinedby zN once*z1; : : : ;zN� 1+is given,it follows that

Pr(EN� 1 j *z1; : : : ;zN� 1 + & EN) = e;

andfrom this it follows thatPr(EN� 1 j EN) = e: Theunconditionalprobabilityof EN� 1 is alsoe. So
EN andEN� 1 areindependent.Continuingthereasoningbackwardsto E1, we �nd that theEn are
all mutuallyindependent.

Thisproofgeneralizesimmediatelyto thegeneralcaseof on-linecompressionmodels(seep. 407);
wesimply replace*z1; : : : ;zn+with sn.

If N is suf�ciently large,andEn is an exactly e-raren-event for n = 1; : : : ;N, thenthe law of
large numbersapplies;with very high probability, no more thanapproximatelythe fraction e of
the N eventswill happen.It is intuitively clear that this conclusionwill alsohold if we have an
inequalityinsteadof anequalityin (31), becausemakingtheEn even lesslikely to happencannot
reversetheconclusionthatfew of themwill happen.

Theprecedingargumentis lessthanrigorouson two counts.First, theproof of Proposition3
doesnot considertheexistenceof theconditionalprobabilitiesit uses.Second,theargumentfrom
thecasewhere(31)is anequalityto thatwhereit is merelyaninequality, thoughentirelyconvincing,
is only intuitive. A fully rigorousproof, which usesDoob's measure-theoreticframework to deal
with theconditionalprobabilitiesandusesarandomizationto bringtheinequalityupto anequality,
is providedonpp.211–213of ourbook(Vovk etal., 2005).
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A.2 A Game-theoretic Law of Lar geNumbers

As weexplainedin §3.3,thegame-theoreticinterpretationof exchangeabilityinvolvesabackward-
looking protocol,in which Bill observes�rst the bag*z1; : : : ;zN+ andthensuccessively zN , zN� 1,
andsoon,�nally observingz1. Justbeforeheobserveszn, heknowsthebag*z1; : : : ;zn+andcanbet
on thevalueof zn atoddscorrespondingto theprobabilitiesthebagdetermines:

Pr(zn = aj *z1; : : : ;zn+= B) =
k
n

; (33)

wherek is thenumberof timesa occursin B.

THE BACKWARD-LOOKING BETTING PROTOCOL

Players: Joe,Bill
KN := 1.
JoeannouncesabagBN of sizeN.
FORn = N;N � 1; : : : ;2;1

Bill betsonzn atoddssetby (33).
Joeannounceszn 2 Bn.
Kn� 1 := Kn + Bill' snetgain.
Bn� 1 := Bn n*zn+.

Bill' s initial capitalKN is 1. His �nal capitalis K0.
GivenaneventE, set

e:=

(
1 if E happens

0 if E fails:

GiveneventsE1; : : : ;EN , set

FreqN :=
1
N

N

å
j=1

ej:

This is the fractionof theeventsthathappen—thefrequency with which they happen.Our game-
theoreticlaw of largenumberswill saythat if eachEn is ane-raren-event, thenit is very unlikely
thatFreqN will substantiallyexceede.

In game-theoreticprobability, whatdowemeanwhenwesayaneventE is “veryunlikely”? We
meanthatthebettor, Bill in thisprotocol,hasabettingstrategy thatguarantees

K0 �

(
C if E happens

0 if E fails;
(34)

whereC is a largepositive number. Cournot's principle,which saysthatBill will not multiply his
initial unit capitalby alargefactorwithoutriskingbankruptcy, justi�es ourthinkingE unlikely. The
largerC, themoreunlikely E. Wecall thequantity

PE := inf
�

1
C

�
�
�
� Bill canguarantee(34)

�
(35)

E'supperprobability. An unlikely eventis onewith smallupperprobability.
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Proposition4 (Game-theoretic weak law of largenumbers) SupposeEn is ane-raren-event,for
n = 1; : : : ;N. Supposee< 1=2, d1 > 0, d2 > 0, andN � 1=d1d2

2. Then

P(FreqN � e+ d2) � d1:

In words:If N is suf�ciently large,thereis asmall(lessthand1) upperprobabilitythatthefrequency
will exceedesubstantially(by morethand2).

Readersfamiliar with game-theoreticprobabilitywill recognizeProposition4 asa form of the
game-theoreticweaklaw of large numbers(ShaferandVovk, 2001,pp. 124–126).The boundit
givesfor theupperprobabilityof theeventFreqN � e+ d2 is thesameastheboundthatChebyshev's
inequality gives for the probability of this event in classicalprobability theory when the En are
independentandall haveprobabilitye.

For thebene�t of thosenot familiar with theconceptsof game-theoreticprobabilityusedin the
proof just cited,wenow giveanelementaryandself-containedproofof Proposition4.

Lemma 5 Suppose, for n = 1; : : : ;N, that En is an e-rare n-event. ThenBill hasa strategy that
guaranteesthathiscapitalKn will satisfy

Kn �
n
N

+
1
N

  
N

å
j=n+1

(ej � e)

! +! 2

(36)

for n = 1; : : : ;N, wheret+ := max(t;0).

Proof Whenn = N, (36) reducesto KN � 1, andthis certainlyholds;Bill' s initial capitalKN is
equalto 1. Soit suf�ces to show that if (36) hold for n, thenBill canbeton En in sucha way that
thecorrespondinginequalityfor n� 1,

Kn� 1 �
n� 1

N
+

1
N

  
N

å
j=n

(ej � e)

! +! 2

; (37)

alsoholds.Hereis how Bill bets.

� If å N
j=n+1(ej � e) � e, thenBill buys (2=N) å N

j=n+1(ej � e) units of en. By assumption,he
paysnomorethane for eachunit. Sowehavea lowerboundonhisnetgain,Kn� 1 � Kn:

Kn� 1 � Kn �
2
N

 
N

å
j=n+1

(ej � e)

!

(en � e)

�
1
N

 
N

å
j=n

(ej � e)

! 2

�
1
N

 
N

å
j=n+1

(ej � e)

! 2

�
1
N

(38)

�
1
N

  
N

å
j=n

(ej � e)

! +! 2

�
1
N

  
N

å
j=n+1

(ej � e)

! +! 2

�
1
N

:

Adding (38)and(36),weobtain(37).
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� If å N
j=n+1(ej � e) < e, thenBill doesnotbetatall, andKn� 1 = Kn. Because

  
N

å
j=n

(ej � e)

! +! 2

�

  
N

å
j=n+1

(ej � e)

! +! 2

� (e+ (en � e))2 � 1;

weagainobtain(37) from (36).

Proof of Proposition4 TheinequalityFreqN � e+ d2 is equivalentto

1
N

  
N

å
j=1

(ej � e)

! +! 2

� Nd2
2: (39)

Bill' s strategy in Lemma5 doesnot risk bankruptcy (it is obvious thatKn � 0 for all n), and(36)
says

K0 �
1
N

  
N

å
j=1

(ej � e)

! +! 2

: (40)

Combining (39) and (40) with the assumptionthat N � 1=d1d2
2, we seethat when the event

FreqN � e+ d2 happens,K0 � 1=d1. Soby (34)and(35),P(FreqN � e+ d2) � d1.

A.3 The Independenceof Hits for Fisher's Inter val

Recall that if z1; : : : ;zn;zn+1 are independentnormal randomvariableswith mean0 andstandard
deviation1, thedistributionof theratio

zn+1q
å n

i=1z2
i =n

(41)

is calledthet-distribution with n degreesof freedom. Theupperpercentilepointsfor this distribu-
tion, thepointste

n exceededby (41) with probabilityexactly e, arereadilyavailablefrom textbooks
andstandardcomputerprograms.

Givenasequenceof numbersz1; : : : ;zl, wherel � 2, weset

zl :=
1
l

l

å
i=1

zi and s2
l :=

1
l � 1

l

å
i=1

(zi � zl)2:

As werecalledin §2.1.1,R. A. Fisherprovedthatif n � 3 andz1; : : : ;zn areindependentandnormal
with acommonmeanandstandarddeviation, thentheratio tn givenby

tn :=
zn � zn� 1

sn� 1

r
n� 1

n
(42)
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hasthet-distributionwith n� 2 degreesof freedom(Fisher,1935).It follows thattheevent

zn� 1 � te=2
n� 2 sn� 1

r
n

n� 1
� zn � zn� 1 + te=2

n� 2 sn� 1

r
n

n� 1
(43)

hasprobability1� e. We will now prove thatthetn for successive n areindependent.This implies
that the events(43) for successive valuesof n are independent,so that the law of large numbers
applies:with very high probabilityapproximately1� e of theseeventswill happen.This indepen-
dencewasoverlookedby Fisherandsubsequentauthors.

We begin with two purelyarithmeticlemmas,which do not rely on any assumptionaboutthe
probabilitydistributionof z1; : : : ;zn.

Lemma 6 Theratio tn givenby(42)dependsonz1; : : : ;zn onlythroughtheratiosamongthemselves
of thedifferences

z1 � zn; : : : ;zn � zn:

Proof It is straightforwardto verify that

zn � zn� 1 =
n

n� 1
(zn � zn) (44)

and

s2
n� 1 =

(n� 1)s2
n

n� 2
�

n(zn � zn)2

(n� 1)(n� 2)
: (45)

Substituting(44)and(45) in (42)produces

tn =

p
n(n� 2)(zn � zn)

p
(n� 1)2s2

n � n(zn � zn)2
(46)

or

tn =

p
n(n� 2)(zn � zn)

p
(n� 1) å n

i=1(zi � zn)2 � n(zn � zn)2
: (47)

Thevalueof (47) is unaffectedif all thezi � zn aremultipliedby anonzeroconstant.

Lemma 7 Supposezn andsn are known.Thenthefollowing threeadditional itemsof information
areequivalent,inasmuch astheothertwocanbecalculatedfromanyof thethree:

1. zn

2. zn� 1 andsn� 1

3. tn

Proof Givenzn, we cancalculatezn� 1 andsn� 1 from (44)and(45)andthencalculatetn from (42).
Given zn� 1 andsn� 1, we cancalculatezn from (44) or (45) andthentn from (42). Given tn, we
caninvert (46) to �nd zn (whenzn andsn are�x ed, this equationexpressestn asa monotonically
increasingfunctionof zn) andthencalculatezn� 1 andsn� 1 from (44)and(45).

Now weconsiderprobabilitydistributionsfor z1; : : : ;zn.
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Lemma 8 If z1; : : : ;zn are independentandnormalwith a commonmeanandstandard deviation,
thenconditionalon zn = w andå n

i=1(zi � zn)2 = r2, thevector(z1; : : : ;zn) is distributeduniformly
over the (n� 2)-dimensionalsphere of vectors satisfyingtheseconditions(the intersectionof the
hyperplanezn = w with the(n� 1)-dimensionalsphere of radiusr centeredon thepoint (w; : : : ;w)
in Rn).

Proof Thelogarithmof thejoint densityof z1; : : : ;zn is

�
n
2

log(2ps2) �
1

2s2

n

å
i=1

(zi � µ)2 = �
n
2

log(2ps2) �
1

2s2

 
n

å
i=1

(zi � zn)2 + n(zn � µ)2

!

; (48)

whereµands arethemeanandstandarddeviation,respectively. Becausethisdependson(z1; : : : ;zn)
only throughzn andå n

i=1(zi � zn)2, thedistributionof (z1; : : : ;zn) conditionalonzn = wandå n
i=1(zi �

zn)2 = r2 is uniformover thesetof vectorssatisfyingtheseconditions.

Lemma 9 If the vector (z1; : : : ;zn) is distributed uniformly over the (n � 2)-dimensionalsphere
de�ned by the conditionszn = w and å n

i=1(zi � zn)2 = r2, thentn hasthet-distribution with n� 2
degreesof freedom.

Proof The distribution of tn doesnot dependon w or r. This is becausewe can transformthe
uniform distribution over one (n � 2)-dimensionalspherein Rn into a uniform distribution over
anotherby addinga constantto all thezi andthenmultiplying thedifferenceszi � zn by a constant,
andby Lemma6, thiswill not changetn.

Now supposez1; : : : ;zn areindependentandnormalwith a commonmeanandstandarddevia-
tion. Lemma8saysthatconditionalonzn = wand(n� 1)s2

n = r2, thevector(z1; : : : ;zn) isdistributed
uniformlyoverthesphereof radiusr centeredonw; : : : ;w. Sincetheresultingdistributionfor tn does
notdependonw or r, it mustbethesameastheunconditionaldistribution.

Lemma 10 Suppose(z1; : : : ;zN) is distributeduniformlyovertheN� 2-dimensionalspherede�ned
by theconditionszn = w andå n

i=1(zi � zn)2 = r2. Thent3; : : : ; tN aremutuallyindependent.

Proof It suf�ces to show thattn still hasthet-distributionwith n� 2 degreesof freedomconditional
on tn+1; : : : ; tN . This will imply that tn is independentof tn+1; : : : ; tN andhencethat all the tn are
mutuallyindependent.

Westartknowing zN = r andsN = w. Soby Lemma7, learningtn+1; : : : ; tN is thesameaslearn-
ing zn+1; : : : ;zN . Geometrically, whenwe learnzN we intersectour (N � 1)-dimensionalspherein
RN with a hyperplane,reducingit to an (N � 2)-dimensionalspherein RN� 1. (Imagine,for ex-
ample,intersectinga spherein R3 with a plane: the result is a circle.) Whenwe learnzN� 1, we
reducethedimensionagain,andsoon. In eachcase,weobtainauniformdistributionon thelower-
dimensionalspherefor theremainingzi. In theend,we�nd that(z1; : : : ;zn) is distributeduniformly
over an (n � 1)-dimensionalspherein Rn, andso tn hasthe t-distribution with n � 2 degreesof
freedomby Lemma9.
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Proposition11 Supposez1; : : : ;zN are independentandnormalwith a commonmeanandstandard
deviation. Thent3; : : : ; tN aremutuallyindependent.

Proof By Lemma10,t3; : : : ; tN aremutuallyindependentconditionalonzN = w andsN = r, eachtn
having thet-distributionwith n� 2 degreesof freedom.Becausethis joint distribution for t3; : : : ; tN
doesnotdependonw or r, it is alsotheirunconditionaljoint distribution.
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