Deep Boosting

A. Proof of Theorem 1

Theorem 1. Assume p > 1. Fix p > 0. Then, for any
0 > 0, with probability at least 1 — § over the choice of a
sample S of size m drawn i.i.d. according to D, the follow-
ing inequality holds for all f = Zthl aghy:

R(f) S E Zatmm Hkt)
llogp H log p log%
+ .
logp m 2m
Thus, R(f) < Rs,,(f )+ 3 S R (H,) + C(m, p)

. lo, m
with C(m,p) = O( R log[{(’)gp]).
Proof. For a fixed h = (hy,...,hr), any @ € A de-
fines a distribution over {hi,...,hr}. Sampling from
{h1,...,hr} according to o and averaging leads to func-
tions g of the form g = %2111 nghy for some n =

(n1,...,nr), with Zthl ny =n, and hy € Hy,.

For any N = (NVq,...
family of functions

, N) with [N| = n, we consider the
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Goan = {1 35 ¥(0) € BxINil € i,
k=1j=1

and the union of all such families Gr , = U=, GF7N-

Fix p > 0. For a fixed N, the Rademacher complex-
ity of Gz~ can be bounded as follows for any m > 1:
R (Grn) < % b1 Ny Ry, (H). Thus, the follow-
ing standard margin-based Rademacher complexity bound
holds (Koltchinskii & Panchenko, 2002). For any § > 0,
with probability at least 1 — 6, for all g € Gr 1,
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log 3
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R,(9) — Rs,,(9)

Since there are at most p™ possible p-tuples N with |N| =
n, by the union bound, for any § > 0, with probability at
least 1 — ¢, for all g € G ,, we can write

Thus, with probability at least 1 — §, for all functions
g = % ZiT:l nth with hy € Hy,, the following inequality
holds

2m
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Taking the expectation with respect to « and using
Eq[nt/n] = oy, we obtain that for any 6 > 0, with proba-
bility at least 1 — 4, for all h, we can write

log &
E[Rp() RSp Zatfﬁ (Hg,) + om 6

Fix n > 1. Then, for any d,, > 0, with probability at least
1- 5”7

lo g
E[Rpm() Rsp/z 5

Zatiﬁ Hkt
Choose 6, = 213"7*1 for some § > 0, then for p > 2,
Zn216n = ﬁ < 4. Thus, for any § > 0 and any

n > 1, with probability at least 1 — 4, the following holds
for all h:

E[R,/2(g) - Rg. ,/2(9)] <

2711

]
2 Z QP (H,) + OgT. (10)

Now, for any f = Zthl athy € F and any
g = %ZiTzl n¢hy, we can upper bound R(f) =
Pri ~plyf(z) < 0], the generalization error of f, as

follows:

R(f) = (z’grwp[yf(x) —yg(z) +yg(x) < 0]
< Prlyf(z) —yg(x) < —p/2] + Prlyg(x) < p/2]
=Prlyf(z) —yg(z) < —p/2] + R, 2(9)

We can also write

13»,7/2(9) = ES,p/Q(g —f+1)

< Prlyg(x) = yf(x) < =p/2] + Rs,p(f)-
Combining these inequalities yields
WP Wl (@) < 0= Bs,(f)
< Prlyf(z) —yg(x) < —p/2]
+Prlyg(x) = yf (@) < —p/2) + Ryya(9) — Rs,ppa(9).

Taking the expectation with respect to a yields
R(f) = Rs,p(f) < wN% ocHyf(ﬂc)—yg(m)<—ﬂ/2]"'

B yg@)—vr@<—ps2l + E[Ry/2(9) = Rs p/2(9)]-

z~D,
Since f = Eq[g], by Hoeffding’s inequality, for any z,
Prlyf(z)—
[

Priyg(e) -

‘n,p2

yg(r)<—p/2] <e” 78

'n,p2

yf(x)<—p/2] <e” 5.

Ellyf@)—yg()<—ps2] =

E[lyy(r)*yf(rK*p/?] =
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Thus, for any fixed f € F, we can write
~ o ~
R(f) = Rs,(f) < 2¢7""/* + E[R,2(g) — Rs,p2(9)]-

Thus, the following inequality holds:

sup R(f) — Rs,,(f)
feF

—np? o
< 2e /8 4 Slrllp E[Rp/2(9> = Rg p2(9)]

Therefore, in view of (10), for any § > 0 and any n > 1,
with probability at least 1 — J, the following holds for all
ferF:
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To select n, we seek to minimize

Inl
fin— 9e~mp"/8 4 [LO8P fngp =2e ™ + y/nv,

with u = p?/8 and v = (log p)/m. f is differentiable and
forall n, f'(n) = —2ue ™" + 2*/\/7%. The minimum of f is
thus for n such that

fl(n) =0&2ue™ = Vo & —upe 2 = —

2/n 8u

-1 —v
o=t (52),
" 2u "\ 8u
where W_1 is the second branch of the Lambert function

(inverse of x +— xe®. It is not hard to verify that the fol-
lowing inequalities hold for all z € (0, 1/e]:

—log(z) < —W_y(~z) < 2log(x).

Bounding —W_; using the lower bound leads to the fol-
lowing choice for n:

0= [ s (5] = [ees (551

Plugging in this value of n yields the following bound:

T
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which concludes the proof. O

(2n—1) log p+log 2
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Figure 5. Illustration of the directional derivatives in the three
cases of definition (11).

B. Coordinate descent
B.1. Maximum descent coordinate

For a differentiable convex function, the definition of co-
ordinate descent along the direction with maximal descent
is standard: the direction selected is the one maximizing
the absolute value of the directional derivative. Here, we
clarify the definition of the maximal descent strategy for a
non-differentiable convex function.

For any function @: RN — R, we denote by @', (, e)
the right directional derivative of Q at a € R and by
Q" (a,e) its left directional derivative at @ € R” along
the direction e € RY, ||e|| = 1, when they exist:

Q(a+ne) — Q(a)

Q' (a,e) = lim

n—0+ n
Q' (a,e) = lim 2etne)=Qa)
7—0~ n

For the remaining of this section, we will assume that () is
a convex function. It is known that in that case these quan-
tities always exist and that Q’_(a, e) < @', (a, e) for all
o and e. The left and right directional derivatives coincide
with the directional derivative Q' (e, €) of ) along the di-
rection e when () is differentiable at a along the direction

e Qae) = Q) (are) = Q' (ae).

Forany j € [1, N, let e; denote the jth unit vector in RY.
For any a € RY and j € [1, N], we define the descent
gradient §Q(a, €;) of Q along the direction e; as follows:

Q(a, e)) = (11)
0 if Q" (c,e;) <0< Q) (ay€))
Q' (a,ej) ifQ (a,ej) < Q' (a,e;) <0

QL(aaej) if 0 < Qi(avej) < Q;(ave]‘)'

dQ(cv, ;) is the element of the subgradient along e; that
is the closest to 0. Figure 5 illustrates the three cases in that
definition. Note that when () is differentiable along e;, then
Q4 (a,e)) = QL(a,e)) and 6Q(av,€;) = Q'(cv, €;).

The maximum descent coordinate can then be defined by

k = argmax [0Q(a, €;)] (12)
Jell,N]

This coincides with the standard definition when @ is con-
vex and differentiable.
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B.2. Direction

In view of (12), at each iteration ¢ > 1, the direction ey
selected by coordinate descent with maximum descent is
k = argmax;c; Ny [0Q(ctt—1,€;)|. To determine k, we
compute 6Q (o —1,€;) for all j € [1, N] by distinguishing
two cases: oi—1,; 7 0and ay—; ; = 0.

Assume first that o1 ; # 0 and let s denote the sign of
a—1,;. For n sufficiently small, oi;_1 ; + 1 has the sign of
oy—1,5, that is s and

1 m
Flag-1 +mej) = — > ‘I’(l —yife-1(xi) — inhj(ﬂfi)>
=1
+ ) Ajloe |+ sAj (a1 + 7).

PF#J

Thus, when ;1 ; # 0, F admits a directional derivative
along e; given by

——*Zyz
=—nyz

Sy
= (26t,j — 1)E

F'(a_1,€; "(1=yifio1(zi)) + sA;

() Dy (1) Sy + sA;

+8Aj,

and 0F (oy—1,€;j) = (26;,;—1) 2t +sgn(ay—1,;)A;. When
ai—1,; = 0, we find similarly that

S
Fl(ou-1,€;) = (2¢; — 1)% 4,

St
Fi(at,l,ej) = (26,5’]' — I)E — Aj.

The condition (F” (a,e;) < 0 < F' (a, e;)) is equivalent
to

(=4 < @ey- 1)% <Aj) e - ;’ < ’/;JS?:”
Thus, in summary, we can write, for all j € [1, N],
dF(ay_1,ej) =

(26t7j—1)%—|—sgn(o¢t_17j)Aj if (ay—1,; #0)

0 else1f|et] %| < I;S:n

(2er,;,—1) 5L +A, elseif e, j—5 < —/;’S:"

(2€,;—1) % —A; otherwise.

This can be simplified by unifying the last two cases and
observing that the sign of (e ; — ) suffices to distinguish
between the last two cases:

5F(at_1,ej) =
(261, — 1) 5t +sgn(az—15)A;  if (-1, #0)
0 else if |, ; — 1| < 557

(2€t,j - 1)%—Sgn(€t,j—%)Aj otherwise.

B.3. Step

Given the direction ey, the optimal step value 7 is given
by argmin, F'(a;—1 + nek). In the most general case, 7
can be found via a line search or other numerical meth-
ods. In some special cases, we can derive a closed-form
solution for the step by minimizing an upper bound on
F(a—1 + neg). For convenience, in what follows, we
use the shorthand ¢, for ¢ ;.

Since y;hy,(z;) = 1+y¢gk(wi) S(1) + 1—yigk($z) - (=1), by
the convexity of v — ®(1 — nu), the following holds for
alln € R:

@ (1= yifioa () = nyihe(a)) (13)

< Hyifhk(m‘l’(l —yifi—1(x;)) — 77)

1 —yihi(z;)

+ 5 <I>(1—yift71($i))+77)~

Thus, we can write

= > Ajlaayl

7k
m b (4
< %Z Hyfk(x)q%l —yife-1(z:)) — 77)

T Z

+ Ak|at71>k +nl.

F(oy—1 +neg)

yzhk Iz

@ (1~ yifi () + 1)

Let J(n) denote that upper bound. We can select 7 to min-
imize J(n). J is convex and admits a subdifferential at all
points. Thus, n* is a minimizer of J(n) iff 0 € dJ(n*),
where 9.J(n*) denotes the subdifferential of .J at n*.

B.4. Exponential loss

In the case ® = exp, J(n) can be expressed as follows

1_yift—1($i)6_77

J(n):fz%()e
i=1

+— Z
+ Ak|at71,k¢ + ),

(1 —yifr1(xi))
J can be rewritten as follows:2

ylhk el=vifim1(zi) o0

and el 7vifi-1(@i) = = S$yDy(i). Thus,

Sy _ Sy
Jm) =1 —e)—e "+e—e" + Aglow_1x +1],
m m
*Note that when the functions in I take values in {—1,+1},
(13) is in fact an equality and J(n) coincides with F'(c;—1 +
nee) — > Njloe—1,5].
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Figure 6. Plot of the polynomial function P.

where we used the shorthand €; = €, ;, where k is the in-
dex of the direction e selected. If ay_q1 +7n* = 0,
then the subdifferential of |oy—1 5 + n| at n* is the set
{v:v € [-1,+1]}. Thus, 9J(n*) contains 0 iff there ex-
ists v € [—1,+1] such that

S . Sy«
—(1—6,5)—7567” +ete” + Ay =0
m m

A
= — (]. — Gt)eatfl’k + Gte_atfl’k =+ 7§my = 0
t

This is equivalent to the condition

A
’(1 _ et)e@t—l,k _ Ete_at—l,k| < Lm (14)
St
If a;—1 1 +n* > 0, then the subdifferential of |y, —1 1 + 7]
at n* is reduced to {1} and 9.J(n*) contains 0 iff
Akm
St

e’ —(1—¢)=0. (15)

=0

— (1 — et)e_"* + ete"* +

* Akm
o e 4
t

Solving the resulting second-degree equation in "~ gives

. A Agm\? 11—
e = Ky )+ €t,
2€tSt QEtSt €
1-— €¢

o/ (e
QEtSt €

Let P be the second-degree polynomial of (15) whose so-
lution is e”". P is convex, has one negative solution, one
positive solution, and the positive solution is e” . Since
e~ %-1Lk is positive, the condition a1 + n* > 0 or
—ay_1 1 < n* is then equivalent to P(e~“t-1+) < 0 (see
Figure 6), that is

that is

_ Akm
26255,5

*

n" = log

Akm

6t672at—1,k + e Xt-1.k _ (1 _ Et) <0
St
A
S(1 — €)1k — gLk > gm. (16)
t

Note that n* < 7°, where n° = log [ 1;—? is the step
size used is AdaBoost.
The case ay—1,; + 1™ < 0 can be treated similarly. It is

equivalent to the condition

Akm

Sy

(1 —€)eMt=1k — e ¥tk < — a7

and leads to the step size

B.5. Logistic loss

In the case of logistic loss, for any u € R, ®(—u) =

logy(1 + e ) and @' (—u) = @(Hlieu) To determine

the step size, we use the following general upper bound:

(14 e
@(—’LL — U) — q)(—’u,) = 10g2 1—}—6_“:|
) [14+e ¥4 U7V v
=1lo
62 L 14+e v
[ e -1
=1 1
089 _ + 1+ ou }
e V-1

= Tog2)(1 ¢ )
=& (—u)(e” —1).

Thus, we can write
Flai—1 +ne;) — Foy—1)

1 — e (s

+ Ap(lai—1 6 + 1| — |ae—1.5])

1 m

—— D, (i)S —nyihg(x;) _ 1
m ; +(1)Se(e )
+ Ap(Joe—1,k + 0| = ar—1.x])-

To determine 1, we can minimize this upper bound, or
equivalently the following

LS o oy (s
— 3 D)) + Mgl +
=1

This expression is syntactically the same as the one con-
sidered in the case of the exponential loss with only the
distribution weights D; (i) and .S; being different. Indeed,
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in the case of the exponential loss (® = exp), we can write

Flau 1 +nex) = > Ajlag 1]
Ak
1

=— > @1 yifioa () =nyihi(20) +Axlae—s x+1],
=1

1 & .
ZEZ‘I’(l — yifeo1 (i) e L Aoy k),
1=1
1\ ! —nyihk ()
= 3 V(=i (@) €+ A g,
=1

LS o ive st (s
=— " Dii)Si e 4 Aoy .

mi=
Thus, we obtain immediately the same expressions for the
step size in the case of the logistic loss with the same three

. m 1 .
cases, but with S, = > ", TrevidiG and Dy(i) =
1 1

St 14evift—1(@) "

C. Alternative DeepBoost. algorithm

We also devised and implemented an alternative algorithm,
DeepBoost,, which is inspired by the learning bound of
Theorem 1 but does not seek to minimize it. The algo-
rithm admits a parameter v > 0 representing the edge value
demanded at each boosting round. This is the amount by
which we require the error ¢; of the base hypothesis h; se-
lected at round ¢ to be better than %: € — % > . We
assume given p distinct hypothesis sets with increasing de-
grees of complexity Hy, ..., Hy,. DeepBoost, proceeds as
if we were running AdaBoost using only as base hypothe-
sis set H1. But, at each round, if the edge achieved by the
best hypothesis found in H; is not sufficient, that is if it is
not larger than the demanded edge -, then it selects instead
the hypothesis in Hy with the smallest error on the sample
weighted by D,. If the edge of that hypothesis is also not
sufficient, it proceeds with the next hypothesis set and so
forth. If the edge is insufficient even with the best hypoth-
esis in H,, then it just uses the best hypothesis found in
H = \J;_, Hy. The edge parameter ~ is determined via
cross-validation.

DeepBoost,, is inspired by the bound of Theorem 1 since
it seeks to use as much as possible hypotheses from H; or
lower complexity families and only when necessary func-
tions from more complex families. Since it tends to choose
rarely hypotheses from more complex Hys, the complexity
term of the bound of Theorem 1 remains close to the one
using only H;. On the other hand, DeepBoost,, can achieve
a smaller empirical margin loss (first term of the bound)
by selecting, when needed, more powerful hypotheses than
those accessible using H; alone.

We carried out some early experiments on several datasets

Table 4. Dataset statistics. german refers more specifically to the

german (numeric) dataset.

breastcancer ionosphere german
Examples 699 351 1000
Attributes 9 34 24
diabetes ocrl’ ocr4d9
Examples 768 2000 2000
Attributes 8 196 196
ocrl7-mnist ocr49-mnist
Examples 15170 13782
Attributes 400 400

with DeepBoost, using boosting stumps, in which the per-
formance of the algorithm was found to be superior to that
of AdaBoost. A more extensive study of the theoretical and
empirical properties of this algorithm are left to the future.

D. Additional empirical information

D.1. Dataset sizes and attributes

The size and the number of attributes for the datasets used
in our experiments are indicated in Table 4.
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