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Appendix

9. Symmetrization

We presented the kernel algorithm for learning the multi-view latent variable model where the views have identical con-
ditional distributions. In this section, we will extend it to the general case where the views are different. Without loss of
generality, we will consider recover the operator /i x,|;, for conditional distribution P(X3|h). The same strategy applies to

other views. The idea is to reduce the multi-view case to the identical-view case based on a method by (Anandkumar et al.,
2012b).

Given the observations Dx,x,x, = {(z},25,2%)}icpm) drawn iid. from a multi-view latent variable model
P(X1, X2, X3), let the kernel matrix associated with X7, Xo and X3 be K, L and G respectively and the corresponding
feature map be ¢, 1) and v respectively. Furthermore, let the corresponding feature matrix be ® = (¢(z1),..., p(a)),
U= (¢p(x),...,p(a))and T = (p(xd), ..., ¢(z5")). Then, we have the empirical estimation of the second/third-order
embedding as

> laxgr & loxtr & 1 ~~
CX1X2 = E(I)\IJT» CX3X1 = ET‘I)T, CXng = E\IJTT
~ 1 ~ - ~
Cx,x,x5 = EI" X1 P Xo WU x3 7T

Find two arbitrary matrices A, B € R¥**°, 5o that AC. x,x, B is invertible. Theoretically, we could randomly select k
columns from ® and ¥ and set A = @Z, B = \IJ;r In practial, the first k leading eigenvector directions of respect RKHS
works better. Then, we have

~ 1 e~ 1

Cx,x, = ﬁp;wwk - T Lo

~ ~ ~ 1~

Cx,x; = Cxux,0n=—""TK,

m

~ ~ ~ 1~

Cx;x, = Cxyx,Vi = ETLnk
~ ~ ~ ~ 1 ~
Cx,xaxs = Cx,xoxs X1 ®F xo U] = EIn x1 K, xo L, x5

Based on these matrices, we could reduce to a single view
Pairs = Cx,x,(Cx,x,) "Cxax,
1~ ~ 1~ ~
= —YKu(L) ), Ku) 'L, YT = —YHY'

m m
where H = Knk(EIkKnk)*lLIk.
Assume the leading k eigenvectors v, lie in the span of the column of T, i.e., v, = Y} where 3, € R™*!

Pairsy = \v = (Pairs) "' Pairsy = \?v

~ L AETYTAHY T = 2%
m

1 ~ ~
= —TH' GHGB = X1

m

1
= —GH'GHGB= NGB

m

Then, we symmetrize and whiten the third-order embedding

. . I N
Triples = ECX1X2X3 X1 [CX3X2CX11X2] X2 [Cszchngl] (13)

Plug C~X3X25)}11X2 = YLnk(KJkLnk)_l and 5X3ch;(;xl = TKnk(LIkKnk)_l, we have
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1 _
Triples = — I, x1 Y Lyk (K, Lok) K1
m

Xg?Knk(L;erKnk)ilL;er x3 T

~1
We multiply each mode with T35, * to whitening the data and apply power method to decompose it

S
I

Triples x1 8, 2 8TYT x5 8, 2 8TFT x5 8, 247TTT
1 ~_1 _
- EIn x1 8y, 2B GLuk (K Luk) K, X2

~_ 1 ~_1
S, 2B T GK (L) K) 'L, x3 S, 287G

10. Robust Tensor Power Method

We recap the robust tensor power method for finding the tensor eigen-pairs in Algorithm 2, analyzed in detail in (Anand-
kumar et al., 2013a) and (Anandkumar et al., 2012a). The method computes the eigenvectors of a tensor through deflation,
using a set of initialization vectors. Here, we employ random initialization vectors. This can be replaced with better ini-
tialization vectors, in certain settings, e.g. in the community model, the neighborhood vectors provide better initialization
and lead to stronger guarantees (Anandkumar et al., 2013a). Given the initialization vector, the method then runs a tensor
power update, and runs for [V iterations to obtain an eigenvector. The successive eigenvectors are obtained via deflation.

Algorithm 2 {\, M} «TensorEigen(7, {v;}icpi), V)

Input: Tensor 7 € R¥*#*F set of k initialization vectors {v; };¢[4], number of iterations N.
Output: the estimated eigenvalue/eigenvector pairs {\, M}, where A = (\1,..., )" is the vector of eigenvalues and
M = (v1,...,v) is the matrix of eigenvectors.
for i =1to k do
forr=1tokdo
90 — VUr.
fort =1to N do
T+ T.
for j =1toi— 1 (wheni > 1)do
if |\, <9§T>,vj> | > ¢ then
T+« T-— /\J(ﬁ?S
end if
end for

Compute power iteration update 9,@ = %
|‘T(179t71 79f,,1)H
end for
end for _
Let 7* := arg maXTeL{T(GE\}r) ) 95\;) , 95\?))}.
Do N power iteration updates starting from 95\;*) to obtain eigenvector estimate v;, and set \; := 7~'(vi7 Vi, V;).
end for

return the estimated eigenvalue/eigenvectors (A, M).

11. Proof of Theorem 2
11.1. Recap of Perturbation Bounds for the Tensor Power Method

We now recap the result of Anandkumar et al. (2013a, Thm. 13) that establishes bounds on the eigen-estimates under good
initialization vectors for the above procedure. Let 7 = Zie[k] \;V;, where v; are orthonormal vectors and A1 > Ay >

... M. Let T = T + E be the perturbed tensor with || E|| < e7. Recall that N denotes the number of iterations of the
tensor power method. We call an initialization vector u to be (v, Ro)-good if there exists v; such that (u,v;) > Ry and
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[ (1, v3) | = max;<; | (1,05} | > 7] {u, v5) |. Choose 7 = 1/100,
Theorem 3 There exists universal constants Cy, Co > 0 such that the following holds.

er < Cq - )\minRg, N>Cy- (log(k) + log log ()\max)) , (14)
€T

Assume there is at least one good initialization vector corresponding to each v;, i € [k|. The parameter & for choosing
deflation vectors in each iteration of the tensor power method in Procedure 2 is chosen as § > 25ep. We obtain eigenvalue-
eigenvector pairs (A1, 01), (A2, 02), ..., (Ak, D) such that there exists a permutation 1) on [k] with

”Un(j) — ’l%” < 86T/)\77(j), |)‘77(j) — 5\7| < bepr, Vje [k‘],

and

k
T =) A3 < 5ber.
j=1

In the sequel, we establish concentration bounds that allows us to translate the above condition on tensor perturbation (14)
to sample complexity bounds.

11.2. Concentration Bounds
11.2.1. ANALYSIS OF WHITENING

Recall that we use the covariance operator Cx, x, for whitening the 3rd order embedding Cx, x, x,. We first analyze the
perturbation in whitening when sample estimates are employed.

Let C- X, X, denote the sample covariance operator between variables X; and X5, and let
~ . PN
B:=0.5(Cx,x, +Cx,x,) =USU"
denote the SVD. Let Z]k and §k denote the restriction to top-k eigen-pairs, and let By := ﬁk Aklj{,j . Recall that the
whitening matrix is given by W := Z:l\kgk_lp. Now W whitens By, i.e. W\FBkW =1
Now consider the SVD of
W'Cx,x,V=ADA",
and define
W= WAD /24T,
and W whitens Cx, x, since wTe x,x, W = I. Recall that by exchangeability assumption,

k
Cx,.X = 5+ fix|; @ pux|; = M Diag(m) M, (15)
j=1

where the j* column of M, Mj; = px|;.
We now establish the following perturbation bound on the whitening procedure. Recall from (25), €pqirs =

.Letoq(:) > o2(-) ... denote the singular values of an operator.

HCX1,X2 - CX1~,X2

Lemma 4 (Whitening perturbation) Assuming that €pqirs < 0.505(Cx, x,),

. A 4e airs
ew := || Diag(m)2M T (W - W)|| < m (16)
1A2
Remark: Note that 01 (Cx, x,) = 02 (M).

Proof: ~ The proof is along the lines of Lemma 16 of (Anandkumar et al., 2013a), but adapted to whitening using the
covariance operator here.

| Diag(m)"/>M T (W — W)|| = || Diag(m)"/>M "W (AD'?AT — 1)
< || Diag(m)"/2M TWI|| D'/ — I]|.



Nonparametric Estimation of Multi-view Latent Variable Models

Since W whitens Cx, x, = M Diag(m)M ", we have that || Diag(7)"/2M " W)| = 1. Now we control ||[D'/? — I||. Let
E = Cx,.x, — By, where recall that B = O.5(CAX17X2 + éjﬁxg) and By, is its restriction to top-k singular values. Thus,
we have || E|| < €pairs + 0k+1(B) < 2€pqirs. We now have
IDY2 1| < [(DY? = D)(DV2 + )| < |D — 1]
= |IADAT —I|| = [WTCx, x, W — |
= [WTEW| < IWI (2epairs)-

Now . )
W € —=——< ,
Uk(CXlXQ) Uk(CX1X2)

when €pqirs < 0.50%(Cx, x, )- O

11.2.2. TENSOR CONCENTRATION BOUNDS
Recall that the whitened tensor from samples is given by
T :=Cx,xsx;s X1 V) xa W) x5 (WT).
We want to establish its perturbation from the whitened tensor using exact statistics
T :=Cx,x,%5 X1 W) xo WT) x3 (WT).

Further, we have

Cx,x,x3 = Z Th - Px|n & Px|n ® lx|n (17)
hek]
Let Etriples = ||CX1X2X3 - CX1X2X3 H . Let min := minhe[k] Th.

Lemma 5 (Tensor perturbation bound) Assuming that €,qirs < 0.50%(Cx, x, ), we have
Qﬂetriples 6%}[/

er =T -T| < : (18)
= | ok(Cx, %) /Tmin
Proof:  Define intermediate tensor
T = Cxyxaxs X1 W) xo2 (WT) x5 WT).
We will bound |7 — 7| and ||7 — 7| separately.
~ o~ ~ —~ 2/ 245
3 triples
[T =TI < ICxy,x2,x: — Cxy, 30, x5 [ [IV]]” < or(Crir, )15
using the bound on ||[W|| in Lemma 4. For the other term, first note that
CX11X27X3 = Z Th * Mh & Mh (24 ]\4h7
hel(k]
IT =Tl = ICxuxax, X1 (W =W)T 2 (W =W)T x5 (W =) |
_ || Diag(m)/2MT (W — W)|?
- v/ Tmin
3
— _‘w
B Y/ TTmin
O

Proof of Theorem 2: We obtain a condition on the above perturbation er in (18) by applying Theorem 3 as er <
C1Amin R3. Here, we have \; = 1/ /T > 1. For random initialization, we have that Ry ~ 1/ Vk, with probability 1 — §
using poly (k) poly(1/8) trials, see Thm. 5.1 in (Anandkumar et al., 2012a). Thus, we require that 7 < $*. Summarizing,
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we require for the following conditions to hold

C
€pairs < 0.50%(Cx,x,), €r < f. (19)

We now substitute for €pq4rs and €ripies in (18) using Lemma 6 and Lemma 7.

2@/)@
—

with probability 1 — 4. It is required that €445 < 0.50%(Cx, x, ), which yields that
32p%log %

03 (Cxy,x2)

Further we require that e < C7/k, which implies that each of the terms in (18) is less than C/k, for some constant C.
Thus, we have

From Lemma 6, we have that

€pairs <

(20)

2V 2€¢rinles C Csk?p? log 2
M <2 s oms P85
oL (CXl,Xz) k O-k(CXth)

for some constant C'3 with probability 1 — ¢ from Lemma 7. Similarly for the second term in (18), we have
3 C
€y <<

4/ Tmin k

and from Lemma 4, this implies that

y 1/6
€ c WminO'k(CXhXQ)
pairs k1/3 )

Thus, we have
Cuk3 p? log 2

1 I
3 2
71-rrilino-k (CXI X2 )
for some other constant Cy with probability 1 — ¢. Thus, we have the result in Theorem 2.

O
11.2.3. CONCENTRATION BOUNDS FOR EMPIRICAL OPERATORS
Concentration results for the singular value decomposition of empirical operators.
Lemma 6 (Concentration bounds for pairs) Let p := sup,cq k(z, x), and || - || be the Hilbert-Schmidt norm, we have
for
€pairs = HCX1X2 - Cx. x| 21
2\/§p, /log %
Pr €pairs < T z 1-0. (22)
Proof We will use similar arguments as in (Rosasco et al., 2010) which deals with symmetric operator. Let &; be defined
as
& = qb(le) ® ¢($Z2) - CXl,Xz' (23)
It is easy to see that E[¢;] = 0. Further, we have
sup [|¢(z1) @ ¢(a2)|* = sup k(z1, 21)k(z2, 22) < p?, 24)
T1,T2 T1,T2

which implies that ||Cx, x, || < p, and ||&;|| < 2p. The result then follows from the Hoeffding’s inequality in Hilbert space.
|

Similarly, we have the concentration bound for 3rd order embedding.
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Lemma 7 (Concentration bounds for triples) Let p := sup,cq k(x, x), and || - || be the Hilbert-Schmidt norm, we have
for
) (25)

€triples *— HCX1X2X3 - CX1X2X3

2v/2p%/%, [log 2
BRSNS St G (26)

\/m =

Pr Etriples <

Proof We will use similar arguments as in (Rosasco et al., 2010) which deals with symmetric operator. Let &; be defined

as
§i = ¢(x11) ® (]5(3222) ® ¢($é) - CX1X2X3' @7

It is easy to see that E[§;] = 0. Further, we have
sup [|p(z1) ® d(22) @ dlas)||* = sup  k(z1, 21)k (22, 22)k(23, 3) < P’ (28)

which implies that ||Cx, x,x,|| < p*/2, and ||&| < 2p%/2. The result then follows from the Hoeffding’s inequality in
Hilbert space. |

12. Experiment on Single Conditional Distribution

We also did some experiments for three-dimensional synthetic data that each view has the same conditional distribution.
We generated the data from two settings:

1. Mixture of Gaussian conditional density;

2. Mixture of Gaussian and shifted Gamma conditional density.

The mixture proportion and other experiment settings are exact same as the experiment in the main text. The only difference
is that the conditional densities for each view here are the identical. We use the same measure to evaluate the performance.
The empirical results are plotted in Figure 5.

As we expected, the behavior of the proposed method is similar to the results in different conditional densities case. In
mixture of Gaussians, our algorithm converges to the EM GMM resuls. And in the mixture of Gaussian/shift Gamma, our
algorithm consistently better to other alternatives in most cases, except k& = 3 where our method achieve comparable to
nonparametric EM algorithm.
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Figure 5. (a)-(d) Mixture of Gaussian distributions with k = 2, 3,4, 8 components. (e)-(h) Mixture of Gaussian/Gamma distribution
with k = 2, 3,4, 8. For the former case, the performance of kernel spectral algorithm converge to those of EM algorithm for mixture
of Gaussian model. For both cases, the performance of kernel spectral algorithm are consistently the best or comparable. Spherical
Gaussian spectral algorithm does not work for & = 4, 8, and hence not plotted.



