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1. Model
The full Bayesian model is:

xi,n = gi(wi,n), i = 1, . . . , d; n = 1, . . . , N ;

Li(wi,n|wi\n) =

∫
N (wi,n − wui,n;−ε− λui,n, λui,n)

×N (wli,n − wi,n;−ε− λli,n, λli,n)dλui,ndλ
l
i,n ,

Ln(yn|β, zn) =

∫ ∞
0

1√
2πλcn

× exp

(
−1

2

(1− ynβ>zn + λcn)2

λcn

)
dλcn ,

zn ∼ N (µt(n), ψ
−1
t(n)IK) ,

µt ∼ (0, IK),

ψt ∼ Ga(ψs, ψr),

t(n) ∼ Mult(1; q1, . . . , qT ),

qt = νt

t−1∏
l=1

(1− νl) ,

νt ∼ Beta(1, α), α ∼ Ga(αs, αr),

ai,k ∼ N (0, ξi,k) , ξi,k ∼ Ga(ra, ηi,k) ,

ηi,k ∼ Ga(sa,Φ
(a)
k ) ,

Φ
(a)
k ∼ Ga(1/2, Φ̃(a)), Φ̃(a) ∼ Ga(1/2, 1),

βk ∼ N (0, bk) , bk ∼ Ga(rβ , ek) ,

ek ∼ Ga(sβ ,Φ
(β)) ,

Φ(β) ∼ Ga(1/2, Φ̃(β)), Φ̃(β) ∼ Ga(1/2, 1).

2. MCMC inference
For convenience, we denote:

λi,n = (λli,n)−1 + (λui,n)−1,

∆
(k)
i,n =

(
wli,n + ε− wi,n

λli,n
−
wi,n + ε− wui,n

λui,n

)
+ai,kzk,nλi,n,

(β>zn)\k = β>zn − βkzk,n,

Γk,n =
ynβk[1 + λcn − yn(β>zn)\k]

λcn
.

In the following conditional posterior-distributions, “·”
refers to the conditioning parameters of the distribu-
tions, IG(a, b) denotes the inverse Gaussian distribution,
Ga(a, b) the gamma distribution, and GIG(a, b, p) the gen-
eralized inverse Gaussian distribution.

In the linear case, when the Dirichlet process mixture
(DPM) model is not used, the conditional posterior distri-
butions are:

Z:

p(zk,n| ·) = N (µzk,n , σ
2
zk,n

) ,

σ−2zk,n = 1 +

d∑
i=1

a2i,kλ
−1
i,n +

β2
k

λcn
,

µzk,n = σ2
zk,n

(
d∑
i=1

ai,k∆
(k)
i,n + Γk,n

)
.
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Λl,Λu, λc:

p
(
(λli,n)−1|·

)
= IG

(
|wli,n + ε− wi,n|−1, 1

)
,

p
(
(λui,n)−1|·

)
= IG

(
|wi,n + ε− wui,n|−1, 1

)
,

p
(
(λcn)−1|·

)
= IG

(
|1− ynβ>zn|−1, 1

)
.

A:

p(ai,k| ·) = N (µai,k , σ
2
ai,k

) ,

σ−2ai,k = ξ−1i,k +

N∑
n=1

z2k,nλ
−1
i,n ,

µai,k = σ2
ai,k

N∑
n=1

zk,n∆
(k)
i,n ,

p(ξi,k|·) = GIG(2ηi,k, a
2
i,k, ra − 0.5) ,

p(ηi,k|·) = Ga(ra + sa, ξi,k + Φ
(a)
k ) ,

p(Φ
(a)
k |·) = Ga

(
1

2
+ sad, Φ̃

(a) +
1

2

∑
i

ηi,k

)
,

p(Φ̃(a)|·) = Ga

(
1,
∑
k

Φ
(a)
k + 1

)
.

β:

p(βk|·) = N (µβk , σ
2
βk

) , σ−2βk = b−1k +

N∑
n=1

z2k,n
λcn

,

µβk = σ2
βk

N∑
n=1

ynzk,n

[
1 + λcn − yn(β>zn)\k

]
λcn

,

p(bk|·) = GIG(2ek, β
2
k, rβ − 0.5),

p(ek|·) = Ga(rβ + sβ , bk + Φ
(β)
k ) ,

p(Φ(β)|·) = Ga

(
1

2
+ sβK, Φ̃

(β) +
1

2

∑
k

ek

)
,

p(Φ̃(β)|·) = Ga
(

1,Φ(β) + 1
)
.

In the nonlinear case, when the DPM is used:

t(n) (mixture component index for n-th observation):

p(t(n) = t|·) ∝ qtN (zn;µt, ψ
−1
t IK) .

DPM parameters:

p(µt,k|·) = N (µµt,k , σ
2
µt,k

) , σ−2µt,k = 1 +
∑

n:t(n)=t

ψt ,

µµt,k = σ2
µt,k

ψt
∑

n:t(n)=t

zk,n ,

p(ψt|·) = Ga

(
ψs + 0.5K, ψr + 0.5

∑
k

µ2
t,k

)
,

p(νt|·) = Beta

1 +
∑

n:t(n)=t

1, α+
∑

n:t(n)>t

1

 ,

p(α|·) = Ga

(
αs + T − 1, αr −

T−1∑
t=1

log(1− νt)

)
.

In this case, β in 2) and 4) should be replaced by β(t), for
t = 1, . . . , T , and the summation over n in 4) will only
account for {n : t(n) = t}.

3. VB inference
Since the model is fully local conjugate, the VB update
equations can be obtained using the moments of the above
conditional posterior distributions. Here we present the
moments for the model without DPM, and for the VB in-
ference of the DP mixture model, please refer to (Blei &
Jordan, 2005). In the following expressions, 〈·〉 denotes
expectation, Kp(·) is the modified Bessel function of the
second kind, 〈wi,n〉 = 〈a>i 〉〈zn〉, 〈wli,n〉 = 〈a>i 〉〈zln〉 and
〈wui,n〉 = 〈a>i 〉〈zun〉.

Z:

〈zk,n〉 = 〈σ2
zk,n
〉

(
d∑
i=1

〈ai,k〉〈∆(k)
i,n〉+ 〈Γk,n〉

)
,

〈Γk,n〉 = 〈(λcn)−1〉
{
yn〈βk〉[〈(λcn)−1〉+ 1

−〈(λcn)−1〉yn(〈β>〉〈zn〉)\k]
}
,

〈σ2
zk,n
〉 =

(
1 +

d∑
i=1

〈a2i,k〉〈λ−1i,n〉+ 〈β2
k〉〈(λcn)−1〉

)−1
,

〈z2k,n〉 = 〈zk,n〉2 + 〈σ2
zk,n
〉.

Λl,Λu, λc:

〈(λli,n)−1〉 =
∣∣〈wli,n〉+ ε− 〈wi,n〉

∣∣−1 ,
〈(λui,n)−1〉 =

∣∣〈wi,n〉+ ε− 〈wui,n〉
∣∣−1 ,

〈(λcn)−1〉 =
∣∣∣1− yn〈β>〉〈zn〉∣∣∣−1 .
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A:

〈ai,k〉 = 〈σ2
ai,k
〉
N∑
n=1

〈zk,n〉〈∆(k)
i,n〉,

〈σ2
ai,k
〉 =

(
〈ξ−1i,k 〉+

N∑
n=1

〈z2k,n〉〈λ−1i,n〉

)−1
,

〈a2i,k〉 = 〈ai,k〉2 + 〈σ2
ai,k
〉,

〈∆(k)
i,n〉 = 〈(λli,n)−1〉

(
〈wli,n〉+ ε− 〈wi,n〉

)
− (〈λui,n)−1〉

(
〈wi,n〉+ ε− 〈wui,n〉

)
+ 〈ai,k〉〈zk,n〉

[
〈(λli,n)−1〉+ 〈(λui,n)−1〉

]
,

〈ξi,k〉 =

√
〈a2i,k〉Kra+0.5

(√
2〈ηi,k〉〈a2i,k〉

)
√

2ηi,kKra−0.5
(√

2〈ηi,k〉〈a2i,k〉
) ,

〈ξ−1i,k 〉 =

√
2〈ηi,k〉Kra−0.5

(√
2〈ηi,k〉〈a2i,k〉

)
√
〈a2i,k〉Kra−1.5

(√
2〈ηi,k〉〉a2i,k〉

) ,
〈ηi,k〉 =

ra + sa

〈ξi,k〉+ 〈Φ(a)
k 〉

,

〈Φ(a)
k 〉 =

0.5 + dsa

〈Φ̃(a)〉+ 0.5
∑
i〈ηi,k〉

,

〈Φ̃(a)〉 =
1

1 +
∑
k〈Φ

(a)
k 〉

.

β:

〈βk〉 = 〈σ2
βk
〉
N∑
n=1

{
yn〈zk,n〉[〈(λcn)−1〉+ 1

−〈(λcn)−1〉yn(〈β>〉〈zn〉)\k]
}
,

〈σ2
βk
〉 = 〈b−1k 〉+

N∑
n=1

〈z2k,n〉〈(λcn)−1〉,

〈β2
k〉 = 〈βk〉2 + 〈σ2

βk
〉,

〈bk〉 =

√
〈β2
k〉Krβ+0.5

(√
2〈ek〉〈β2

k〉
)

√
2ekKrβ−0.5

(√
2〈ek〉〈β2

k〉
) ,

〈b−1k 〉 =

√
2ekKrβ−0.5

(√
2〈ek〉〈β2

k〉
)

√
〈β2
k〉Krβ−1.5

(√
2〈ek〉〈β2

k〉
) ,

〈ek〉 =
rβ + sβ

〈bk〉+ 〈Φ(β)
k 〉

,

〈Φ(β)〉 =
0.5 + 0.5sβ

〈Φ̃(β)〉+ 0.5
∑
k〈ek〉

,

〈Φ̃(β)〉 =
1

〈Φ(β)〉+ 1
.

4. Inferred Factor Loadings on the
Handwritten Digits

We plotted the factor loadings A learned from USPS and
MNIST datasets in Figures 2 and 1, respectively. Four
models, G-L-BSVM, R-L-BSVM, G-NL-BSVM and R-
NL-BSVM are used as examples. It can be be seen that
the Gaussian model is trying to learn the dictionaries to re-
construct images while the rank model is trying to learning
the differences (focusing on the edges).

5. Results on Gene Expression Data
We show the results of our model for gene expression data.
K = 20 factors are used and here we only show the results
generated by the proposed max-margin rank model without
DP, i.e., using linear Bayesian SVM as the classifier. Fig-
ure 3 shows the coefficients β of the learned classifiers and
Figure 4 the inferred gene network from the learned factor
loading matrix A.

We list the top 200 genes of factors 14 , 9, 5, 4, 12, 7, 19,
10 in the following pages.
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Figure 1. Inferred factor loading matrix A from USPS 3 vs. 5. The first 12 columns are reshaped and plotted.
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Figure 2. Inferred factor loading matrix A from MNIST 3 vs. 5. The 20 columns are reshaped and plotted.
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Figure 3. The learned classifier coefficients β of the 4 classifiers for the gene expression data.
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Figure 4. The learned gene network inferred from the factor loading matrix A.


