Model Selection for Topic Models via Spectral Decomposition

A Theoretical results for LDA

A.1 Coefficient Setting for Theorem
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We can choose c1,co and 0’ as follows to simplify the
formula of the bound

e Choose co = y/2log(K/d1), first probability term
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A.2 Lemma for Theorem [2.1]

Lemma A.1. With My and M, previously defined,
we have that

max |03 (My) — 0;(Ma)| < max [ (M) — Ai(My)|

Proof. Because My is a symmetric semidefinite ma-
trix, so we have

Ui(MZ) = )\Z(M2)7 VZ»
And because Mo is a symmetric matrix, we have
i(Mg) = [ Ay (Ma)|, Vi,

for some permutation s.

Because we have \;(My) < |A\i(My)| = 0;(Ms), so we
have )\Z(MQ) S Ui(Mg).

Let j be the smallest index that |\;(My)| # o;(Ma),
for i < j, we have

|Ui(M2)—Ui(M2>|
=|)\i(M2> - )\i(M2>|
< max \)\l(Mz) = Ai(My)|

By the fact that \;(Mz) > 0, we have that for Vi > j,
0:(My) < max Ak(Ma) — Ap(My)]

We also have . .
0i(Mz) > X;(Mz)

Because
I\ (M) — 0 (M)| < max IAk(Ms) = A (My)]
We can prove that
|0i(My) — 03(My)| < max Ak(M) — A (My)]
Therefore,
max |0(Ma) — 03(Ms)| < max (M) — X (M)

O

B Theoretical results for GMM

The proof of Theorem is achieved by analyzing
the concentration result dg of empirical second order
moments and also upper bound for the first singular
value of the true moment Msy. Thresholding with dr
leads to the first claim, while solving the inequality on
the oy (My) provides the second claim.

B.1 Relation Between M, and Mz

We bound the different between singular values of My
through the following Theorem.

Theorem B.1. For spherical Gaussian mixtures with
probability at least 1 — 0, Vi € {1,2,...,m},we have

~ om m+1
l0:(Mz) — 0;(M2)| < TNe 202% + 02 =R
Especially, when i < K + 1, we have
N 1
o;(My) < 22 Jo2 4 m+l 5 (4)
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Proof. We establish the result by bounding the Frobe-
nius of matrix R as we do for LDA model. The square
of Frobenius norm is ||R||Z = Do R7;. Since we have
E[R;j|u] = 0, thus

Var[Rij|u] = E[RZ|u] — E*[Rij|u] = E[R|u],
and
E[||R[[F] =E[E[|[R]%|x]]
=E[Y _ Var[Ry|u]|u]

4,J
:]E[Z Var[Ri;|p] + Z Var[Rii|p]|p]
i#j i
-1
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=N (20, + — ).

Then by Markov inequality, we have
Pr(|[R|[E > & x E[|[R|[f]) < 1/k.

By setting k = 1/6, we have that with at least proba-
bility 1 — 6,
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B.2 Spectral Structure of M,

We use following theorem to characterize the spectral
structure of Ms.

Theorem B.2. Assume that o; = « in the spherical
Gaussian mixtures, we have

(1) With probability at least 1 — 61 — 6o — 2 exp(—t2/2),
we have

Ui a+2log(K /) 9
1 (Vm+VE +1)
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(2) Further assume that and w; > Wmin, Vi, then with
probability at least 1 — 2exp(—t2/2), we have

ok (Mz) > wainoy (Vm — VK —t)° (6)

Proof. We have My = Zszl Witk ® pr = OAOT,
where O = (u1, 2, ..., px) is a m x K matrix and
A = diag(wy,ws,...,wk) is a diagonal matrix. Be-
cause My = OAO'T = OAY2AY20T, we have
that 0;(Ms) = 0;(AY20TOAY?) Vi = 1,2,...,K.
Therefore, we have the following inequalities [HJ]:

01(My) < 01(0 " 0)oy(A), (7)

O’K(Mg) 2 O’K(OTO)UK(A). (8)

Note that the elements of O are ii.d. Gaussian
random variables, ie., Oy ~ N(O,Ji). The dis-

tribution of ¢;(O"TO) has been well-studied in ran-
dom matrix theory [Verl0]. With probability at least
1 — 2exp(—t?/2), we have

And since o1 (A) = max;{w;}, we can prove that with
probability at least 1 — §; — d2, we have (see appendix

for proof)

max{w;} < 1 a+2log(K/0)
i 2010g(1/02) /K

Ka-—

We also have o (A) = min{w;} > wyin. We com-
plete the proof by substituting the above formulas into
inequalities . O

C Tail bound for Gamma distribution

In this section, we proof some tail bound related to the
Gamma distribution. Our main tool is the following
Lemma.

Lemma C.1. [Massart and Laurent] Tail Bound
for Chi-square distribution Let U be a x% random
variable with D degree of freedom, then for any positive
x, the following holds

Pr(U>D+2VDzx+2z) <e 7,
Pr(U <D —-2VDzx) <e "

Proof. See [LMO0] for proof. O

C.1 Tail Bound for a Single Gamma
Distribution

In this section, we provide tail bound for a single
Gamma random variable (R. V.).

Lemma C.2. Tail Bound for Gamma R.V. Let
X ~ Gamma(a, 1) be a Gamma R.V. with shape pa-
rameter «, and scale parameter 1, then for any positive
¢, the following holds

Pr(X > a+ cy/a) <e”zmin{s.val

c

PrX <a-c/a)<e =.

(M

Proof. By relationship between Gamma R.V. and chi-
square R.V., we have that 2X ~ x3,. Apply Lemma
[CT] directly, we have

Pr(X > a+ cy/a) <emovate(Virzeation,
2

Pr(X <a—c/a) <e 7.

To get the same formula as in the lemma, we can
easily prove that cy/a — a(V1+2ca=1/2 — 1) >
Smin{§,/a}, Ve, a>0.

O

Corollary C.3. Tail Bound for Sum of Square
of Gamma R.V. If we have n i.i.d Gamma R.V.
X; ~ Gamma(a,1),i=1,...,n, then for any positive
¢, the following holds

Pr(Y_ X? > n(a+ ev/a)?) < ne” s ™5 va),

C.2 Tail Bound for Maximum/Minimum of
Gamma Random Variables

Lemma C.4. If we have n i.i.d Gamma R.V. X; ~
Gamma(a,1),i =1,...,n, we have that

Pr(max{X;} > a + cy/a) <ne” 2 min{$,va}

2

Pr(min{X;} < a—cy/a) <ne” 7.

Proof. Tt can be proved by applying union bound di-
rectly. O

C.3 Tail Bound for Maximum/Minimum
Element of Dirichlet Distribution

It is well known that a random vector
(x1,29,...,2,) ~ Dir(ag,az,...,a,) is equiva-
lent to a random vector (y1,¥2,...,Yn)/ >_; Yi, where
yi ~ Gamma(a;,1) independently. And we have
max;{z;} = max{yi}/ >_; vi-

Assume «; = «, so we have

Pr(max{yv} > o+ Cl\/a) < nef% min{%,\/a}'
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And since ), y; ~ Gamma(na, 1), we have

C2
PY(Z ¥ < na— cavna) < e %
[

By setting ¢; = 2log(n/d1)/v/a (when n > d1e*) and
co = +/2log(1/63), we have that with probability at
least 1 — 67 — I,

1 a+ log(n/é1)
2alog(1/d2)/n

< —
maX{:I: } o

Similarity, min;{z;} = min;{y;}/ >, ;- And

1

(mln{x,} <a-cava)<ne 2,
Pr Zyz > na + cav/na) ge—gmm{%m}.

By setting ¢; = 4/2log(n/d1) and co = /2log(1/d2)
(when d5 > el — 2a)), we have that with probability
at least 1 — §; — 09,

1 a—+/2log(na/dy)

mln{z b= Nt 2alog(1/d2)/n

which is nontrivial only when « is large enough.

D Variance Calculation for LDA

In this section, we presents the overall procedure and
some important intermediate results of the variance
calculation for LDA. Note that we have the following
assumptions on the scale of each statistics or param-
eters: L =0(D),V =0(D), L=0(V), K = O(L),
1/K =0(1), a =06(1), and 5 = 6(1).

First, we have

1 1
E=5 Z m Zxd,les

1 1
ao+1DZ Zm“ﬁzd: zl:”f“]T

—Ms.

We represent each term by

1 1
R(l) :5 Z m Z md,lx;—,sv
d l#s
1 1 1 1
R® :aoaj— 1 [5 Zd: i3 Zl: Zq,] [5 Zd: i3 Zz: xd,l]Tv
R® :% zd: % zl: Td,l-

And we have the following identity:

E,Varx[R;;| =E,Varx [RO-)} + E,Varx [R§]2)]
—2EHC’OUX[R( ) R(2)]

ij
with H = {u,h}, X = {h,z}.
RE = %0 _RO)p®),
J Qo + 1

For simplicity of representation, we assume the follow-
ing,

I PR
l;és

L

=7 2 var

=1

.

and the superscript (ij) or () will be omitted if there
is no ambiguity. By this representation, we have

1
RW =23 fa,
d
1
R(B) :5 ng
d

We also assume the representation z =kl l)h(k)
which is the probability of e; in the d-th documents
conditioned on H = {u, h}. And 6;; = 1 if and only if
i=7.

The intermediate results for diagonal and off-diagonal
variance are different, so we provide them separately
in the following sections.

D.1 Calculate Off-diagonal Variance

In this section, we assume that i # j. And we have
the following results:

1 2 1

BVarx[R)| S5 + i + 00O
EuVarx[RY) < L2V3 + 5o+ 0()
E,Covx(RY, R®) > DLW +O(e)
Therefore, we have that
EuVarx Ryl SDL12V2 - DL2V3 * D1/4 - DL2V3
+171/4 B DL4V3 +0(©
1 2 o).

~przve T Dy
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D.2 Calculate Diagonal Variance

In this section, we assume that i # j. And we have
the following results:

O(e),

(1) 1 4 1
EnVarx(Ry' ) < prey  prve T oyt T
2) 2 1
ENVaTx[Rij ] SDng + DVt + O(e),

+ O(e).

E,Covx(RY, R®) > DIV

Therefore, we have that

< 1 n 4 n 1 n 2

—DL?V  DLV3 DV4 DLV3
1 6
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