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A. Proofs
A.1. Proof of Lemma 1

Proof. Since Pλ(w) is λ-strongly convex, ∀w1, w2 ∈
domPλ,

Pλ(w1) ≥ Pλ(w2) + gPλ(w2)
⊤(w1 − w2) +

λ

2
∥w1 − w2∥22,

where, gPλ(w) ∈ ∂Pλ(w). On the other hand, ∀ŵ ∈
domPλ, gPλ(w

∗)⊤(ŵ − w∗) ≥ 0 (see Proposition B.24
in (Bertsekas, 1999)). Also, from weak duality, ∀α̂ ∈
domDλ, D(α̂) ≤ Pλ(w∗). By substituting w1 = ŵ, w2 =
w∗,

λ

2
∥ŵ − w∗∥22 ≤ Pλ(ŵ)−Dλ(α̂).

Therefore, w∗ is within a region Θw∗ , where

Θw∗ := {w | ∥ŵ − w∥2 ≤
√
2Gλ(ŵ, α̂)/λ } .

Since Θw∗ is Sphere, a lower bound of x⊤
i w

∗ and an upper
bound of x⊤

i w
∗ are given in closed form as follows:

LB(x⊤
i w

∗) = x⊤
i ŵ − ∥xi∥2

√
2Gλ(ŵ, α̂)/λ,

UB(x⊤
i w

∗) = x⊤
i ŵ + ∥xi∥2

√
2Gλ(ŵ, α̂)/λ.

!

A.2. Proof of Theorem 2

Proof. Supposing that the result of the previous safe sam-
ple screening step assures the optimal values α∗

i for a sub-
set of the samples i ∈ S ⊂ [n], the dual optimal solution
region is written as

Θ̃α∗ := {α ∈ Θα∗ | αi = α∗
i ∀i ∈ S } .

Then, X⊤
:j α

∗ is bounded from above by the following up-
per bound:

ŨB(X⊤
:j α

∗)

:= max
α∈Θ̃α∗

X⊤
:j α

=
∑

i∈S
α∗
iXij +max

αUs

X⊤
UsjαUs

s.t ∥α̂Us − αUs∥22 ≤ r2D − ∥α̂S − α∗
S∥22

=
∑

i∈S
α∗
iXij+X⊤

Usjα̂Us+∥XUsj∥2
√

r2D − ∥α̂S − α∗
S∥22

= X⊤
:j α̃+ ∥XUsj∥2

√
r2D − ∥α̂S − α∗

S∥22.

Similarly, X⊤
:j α

∗ is bounded from below by the following
lower bound:

L̃B(X⊤
:jα):= X⊤

:j α̃− ∥XUsj∥2
√
r2D − ∥α̂S − α∗

S∥22.

Therefore,

ŨB(|X⊤
:j α|) = |X⊤

:j α̃|+ ∥XUsj∥2
√
r2D − ∥α̂S − α∗

S∥22.

Since Θ̃α∗ ⊂ Θα∗ , the upper bound in (16) is tighter than
or equal to that in (9), i.e., ŨB(|X⊤

:j α
∗|) ≤ UB(|X⊤

:j α
∗|).
!

A.3. Proof of Theorem 3

Proof. Supposing that the result of the previous safe fea-
ture screening step assures that w∗

j = 0 for a subset of the
features j ∈ F ⊂ [d], the primal optimal solution region is
written as

Θ̃w∗ := {w ∈ Θw∗ | wj = 0 ∀j ∈ F } .

Then, x⊤
i w

∗ is bounded from below by the following lower
bound:

L̃B(x⊤
i w)

:= min
w∈Θ̃w∗

x⊤
i w

= min
w

x⊤
i w s.t. ∥ŵ − w∥22 ≤ r2P , ŵj = 0 ∀j ∈ F

= min
w

x⊤
iUf

wUf s.t. ∥ŵUf − wUf ∥22 ≤ r2P − ∥ŵF∥22

= x⊤
iUf

ŵUf − ∥xiUf ∥2
√
r2P − ∥ŵF∥22.

Similarly, x⊤
i w

∗ is bounded from above by the following
upper bound:

UB(x⊤
i w

∗) = x⊤
iUf

ŵUf + ∥xiUf ∥2
√
r2P − ∥ŵF∥22.

Since Θ̃w∗ ⊂ Θw∗ , these bounds in (17) are tighter than or
equal to those in (15), i.e., L̃B(x⊤

i w
∗) ≥ LB(x⊤

i w
∗) and

ŨB(x⊤
i w

∗) ≤ UB(x⊤
i w

∗). !

A.4. Proof of Theorem 6

The convex conjugate functions of L1-penalty and vanilla
hinge loss are respectively written as

ψ∗ (v) :=

{
0 (∥v∥∞ ≤ 1),

∞ (otherwise),
(19)

ℓ∗i (αi) :=

{
yiαi yiαi ∈ [−1, 0],

∞ (otherwise),
(20)

and the dual problem is written as

max
α

Dλ(α) := max
α

{
y⊤α

}

s.t.
∥∥∥∥

1

λn
αixi

∥∥∥∥
∞

≤ 1, yiαi ∈ [0, 1] ∀i ∈ [n].

We first construct the the dual optimal solution region Θ̃α∗ .
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Lemma 8. For an arbitrary pair of primal feasible solution
ŵ ∈ domPλ and dual feasible solution α̂ ∈ domDλ, the
dual optimal solution region is written as

Θα∗ :=
{
∀i yiαi ∈ [0, 1]

∣∣ y⊤α̂ ≤ y⊤α ≤ Pλ(ŵ)
}
.

Proof of Lemma 8 . From the optimality and weak duality
y⊤α̂ ≤ y⊤α∗ and y⊤α∗ ≤ Pλ(ŵ), respectively. There-
fore,

α∗ ∈ Θ̂α∗ :=
{
α ∈ domDλ

∣∣ y⊤α̂ ≤ y⊤α ≤ Pλ(ŵ)
}
.

Noting that Θ̂α∗ ⊆ Θα∗ , α∗ ∈ Θα∗ . !

Proof of Theorem 6. From Lemma 8,

X⊤
:j α

∗ ≥ LB(X⊤
:j α

∗) := min
α∈Θα∗

X⊤
:j α

Moreover,

LB(X⊤
:j α

∗) = min
α∈Θα∗

Z⊤
:jαy,

where αy := [y1α1, . . . , ynαn]⊤. Let us define three n-
dimensional vectors ᾱ(1), ᾱ(2) and ᾱ(3) as follows:

ᾱ(1)
i :=

{
yi (Z ′

ij < 0)
0 (otherwise),

ᾱ(2)
i :=

⎧
⎨

⎩

yi (Z ′
ij ≤ Z ′

lqj
)

yi(y⊤α̂− lq) (Z ′
ij = Z ′

(lq+1)j)

0 (otherwise),

ᾱ(3)
i :=

⎧
⎨

⎩

yi (Z ′
ij ≤ Z ′

uqj)
yi(Pλ(ŵ)− uq) (Z ′

ij = Z ′
(uq+1)j)

0 (otherwise).

If lq + 1 ≤ nZ′
:j
≤ uq , then ᾱ(1) is an element of Θα∗ and

minimizes X⊤
:j α. If nZ′

:j
< lq +1 then ᾱ(1) ̸∈ Θα∗ , ᾱ(2) is

an element of Θα∗ and minimizes X⊤
:j α because y⊤ᾱ(2) =

y⊤α̂. If mZ′
:j
> uq then ᾱ(1) ̸∈ Θα∗ , meaning that ᾱ(3) is

an element of Θα∗ and minimizes X⊤
:j α because y⊤ᾱ(3) =

Pλ. Therefore,

LB(X⊤
:j α

∗) :=
⎧
⎪⎨

⎪⎩

∑lq
i=1 Z

′
ij + (y⊤α̂− lq)Z ′

(lq+1)j (nZ′
:j
< lq + 1),

∑uq

i=1 Z
′
ij + (Pλ(ŵ)− uq), Z ′

uqj (nZ′
:j
> uq)∑n

i=1 min{0, Z ′
ij} (otherwise),

Similarly, from Lemma 8,

X⊤
:j α

∗ ≤ UB(X⊤
:j α

∗) := max
α∈Θα∗

X⊤
:j α

Moreover,

UB(X⊤
:j α

∗) = max
α∈Θα∗

Z⊤
:jαy.

Let us define three n-dimensional vectors ᾱ(4), ᾱ(5) and
ᾱ(6) as follows:

ᾱ(4)
i :=

{
yi (Z ′

ij > 0)
0 (otherwise),

ᾱ(5)
i :=

⎧
⎨

⎩

yi (Z ′
ij ≥ Z ′

(n−lq)j
)

yi(y⊤α̂− lq) (Z ′
ij = Z ′

(n−lq−1)j)

0 (otherwise),

ᾱ(6)
i :=

⎧
⎨

⎩

yi (Z ′
ij ≥ Z ′

(n−uq)j
)

yi(Pλ(ŵ)− uq) (Z ′
ij = Z ′

(n−uq−1)j)

0 (otherwise).

If lq + 1 ≤ pZ′
:j
≤ uq , then ᾱ(4) is an element of Θα∗ and

maximizes X⊤
:j α. If pZ′

:j
< lq+1 then ᾱ(4) ̸∈ Θα∗ , ᾱ(5) is

an element of Θα∗ and maximizes X⊤
:j α because y⊤ᾱ(5) =

y⊤α̂. If pZ′
:j
> uq then ᾱ(4) ̸∈ Θα∗ , meaning that ᾱ(6) is

an element of Θα∗ and maximizes X⊤
:j α because y⊤ᾱ(6) =

Pλ. Therefore,

UB(X⊤
:j α

∗) :=
⎧
⎪⎨

⎪⎩

∑n
i=n−lq

Z ′
ij + (y⊤α̂− lq)Z ′

(n−lq−1)j (pZ′
:j
< lq + 1),

∑n
i=n−uq

Z ′
ij + (Pλ(ŵ)− uq)Z ′

(n−uq−1)j (pZ′
:j
> uq),∑n

i=1 max{0, Z ′
ij} (otherwise).

On the other hand, from KKT condition(6),

1

λn
X⊤

:j α
∗ ∈

{ w∗
j

|w∗
j |

(w∗
j ̸= 0)

[−1, 1] (otherwise).
(21)

Therefore, if LB(X⊤
:j α

∗) < −λn and UB(X⊤
:j α

∗) > λn
then w∗

j = 0. !

A.5. Proof of Theorem 7

First, we construct the primal optimal solution region Θw∗ .
Lemma 9. The primal optimal solution region Θw∗ is
given ∀ŵ ∈ domPλ as

Θw∗ =
{
w ∈ domPλ

∣∣ λ∥w∥1 + gℓ(ŵ)
⊤w ≤ k

}
,
(22)

where gℓ(w) :=
1
n

∑
i∈[n] gℓi(w).

Proof. From Proposition B.24 in (Bertsekas, 1999),

(λgψ(w
∗) + gℓ(w

∗))⊤(w∗ − ŵ) ≤ 0, ∀ŵ ∈ domPλ,

where gψ(w) ∈ ∂ψ(w). Form the convexity of ℓi for i ∈
[n] and the definition of subgradient

ℓi(w
∗) ≥ ℓi(ŵ) + gℓi(ŵ)(w

∗ − ŵ), ∀ŵ ∈ domPλ

ℓi(ŵ) ≥ ℓi(w
∗) + gℓi(w

∗)(ŵ − w∗), ∀ŵ ∈ domPλ,
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and thus, gℓi(w∗)⊤(w∗ − ŵ) ≥ gℓi(ŵ)
⊤(w∗ − ŵ), ∀ŵ ∈

domPλ. Therefore, ∀ŵ ∈ domPλ,

λgψ(w
∗)⊤w∗ + gℓ(ŵ)

⊤w∗ ≤ λgψ(w
∗)⊤ŵ + gℓ(ŵ)

⊤ŵ.

Since gψ(ŵ)⊤ŵ = ∥ŵ∥1 = maxs∈[−1,1]d s
⊤ŵ and

gψ(w∗) ∈ [−1, 1]d, we have

λgψ(w
∗)⊤ŵ ≤ λgψ(ŵ)

⊤ŵ.

By combining these results,

λ∥w∗∥1 + gℓ(ŵ)
⊤w∗ ≤ k, ∀ŵ ∈ domPλ.

!

Proof of Theorem 7. From Lemma 9,

x⊤
i w

∗ ≥ LB(x⊤
i w

∗) := min
w∈Θw∗

x⊤
i w.

Using a Lagrange multiplier µ > 0,

LB(x⊤
i w

∗) = minx⊤
i w s.t w ∈ Θw∗ (23)

= min
w

max
µ>0

{x⊤
i w + µ(λ∥w∥1 + gℓ(ŵ)

⊤w − k)}

= max
µ>0

{µk +min(x⊤
i w + µλ∥w∥1 + µgℓ(ŵ)

⊤w︸ ︷︷ ︸
L(w)

)}

Since 0 ∈ ∂L, which is written as ∂L = xi + µλ∂ψ(w) +
µgℓ(ŵ), we have

µλgψ(w) = −xi − µgℓ(ŵ) (24)

Substituting µλ∥w∥ = −x⊤
i w − µgℓ(ŵ)⊤w into (23),

LB(x⊤
i w

∗) = max
µ>0

{µk}

s.t. ∥ − 1

λ
x⊤
i w − µ

λ
gℓ(ŵ)

⊤w∥∞ ≤ µ,

where the constraint comes from (24). Similarly, since

x⊤
i w

∗ ≤ UB(x⊤
i w

∗) := max
w∈Θw∗

x⊤
i w = − min

w∈Θw∗
x⊤
i w,

UB(x⊤
i w

∗) = max
µ>0

{µk}

s.t. ∥ 1
λ
x⊤
i w − µ

λ
gℓ(ŵ)

⊤w∥∞ ≤ µ.

!

B. Safe keeping by using KKT optimality
conditions

In this appendix, we describe another type of safe keeping
approaches based on KKT optimality conditions.

Theorem 10. For an arbitrary pair of primal feasible solu-
tion ŵ ∈ domPλ and dual feasible solution α̂ ∈ domDλ,

LB(X⊤
:j α

∗) < −λn and λn < UB(X⊤
:j α

∗) ⇒ w∗
j ̸= 0

for j ∈ [d], where

LB(X⊤
:j α

∗) := X⊤
:j α̂− ∥X:j∥2

√
2nGλ(ŵ, α̂)/γ,

UB(X⊤
:j α

∗) := X⊤
:j α̂+ ∥X:j∥2

√
2nGλ(ŵ, α̂)/γ.

Proof. In the case that Dλ is γ/n-strongly concave, X⊤
:j α

∗

is bounded from below and above respectively by the fol-
lowing lower and upper bounds:

LB(X⊤
:j α

∗) := X⊤
:j α̂− ∥X:j∥2

√
2nGλ(ŵ, α̂)/γ,

UB(X⊤
:j α

∗) := X⊤
:j α̂+ ∥X:j∥2

√
2nGλ(ŵ, α̂)/γ.

On the other hand, in the case of our specific regularization
term (2), from KKT optimality condition (6), if −λn <
X⊤

:j α
∗ < λn then w∗

j ̸= 0.

Therefore,

LB(X⊤
:j α

∗) < −λn and λn < UB(X⊤
:j α

∗) ⇒ w∗
j ̸= 0

!

Similarly, we can develop safe sample keeping based on
KKT optimality condition.

Theorem 11. For an arbitrary pair of primal feasible solu-
tion ŵ ∈ domPλ and dual feasible solution α̂ ∈ domDλ,
if ℓi is smoothed hinge loss then, for yi = +1,

1− γ < LB(x⊤
i w

∗) and UB(x⊤
i w

∗) < 1 ⇒ α∗
i ̸∈ {0,+1},

and, for yi = −1,

−1 < LB(x⊤
i w

∗) and UB(x⊤
i w

∗) < γ − 1 ⇒ α∗
i ̸∈ {−1, 0}.

If ℓi is smoothed ε-insensitive loss then

−γ + yi − ε < LB(x⊤
i w

∗) and UB(x⊤
i w

∗) < yi − ε

or

yi + ε < LB(x⊤
i w

∗) and UB(x⊤
i w

∗) < γ + yi + ε

⇒ α∗
i ̸∈ {−1, 0,+1},

for j ∈ [d], where

LB(x⊤
i w

∗) = x⊤
i ŵ − ∥xi∥2

√
2Gλ(ŵ, α̂)/λ,

UB(x⊤
i w

∗) = x⊤
i ŵ + ∥xi∥2

√
2Gλ(ŵ, α̂)/λ.
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Proof. In the case that Pλ is λ-strongly convex, x⊤
i w

∗ is
bounded from below and above respectively by the follow-
ing lower and upper bounds:

LB(x⊤
i w

∗) = x⊤
i ŵ − ∥xi∥2

√
2Gλ(ŵ, α̂)/λ,

UB(x⊤
i w

∗) = x⊤
i ŵ + ∥xi∥2

√
2Gλ(ŵ, α̂)/λ.

On the other hand, from KKT optimality condition (6), in
the case of smoothed hinge loss (3), if yi = +1 and 1 −
γ < x⊤

i w
∗ < 1 then α∗

i ∈ {0,+1}, if yi = 1 and −1 <
x⊤
i w

∗ < γ − 1 then α∗
i ∈ {−1, 0}. Therefore,

yi = +1 and 1− γ < LB(x⊤
i w

∗) and UB(x⊤
i w

∗) < 1

⇒ α∗
i ̸∈ {0,+1},

yi = −1 and − 1 < LB(x⊤
i w

∗) and UB(x⊤
i w

∗) < γ − 1

⇒ α∗
i ̸∈ {−1, 0}.

Also, in the case of smoothed ε-insensitive (4), if −γ+yi−
ε < x⊤

i w
∗ < yi − ε or yi + ε < x⊤

i w
∗ < γ + yi + ε then,

α∗
i ̸∈ {−1, 0,+1} . Therefore,

−γ + yi − ε < LB(x⊤
i w

∗) and UB(x⊤
i w

∗) < yi − ε

or

yi + ε < LB(x⊤
i w

∗) and UB(x⊤
i w

∗) < γ + yi + ε

⇒ α∗
i ̸∈ {−1, 0,+1},

!

C. Other experiments
In this appendix, we show the rest of the experimental re-
sults.
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Figure 5. Total computation time for training 100 solutions for
various values of λ in regression problems.

Figure 6. Number of optimization steps and computation time
in classification problems (rcv1-train and rcv1-train
datasets). See the caption in Figure 4.
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Figure 7. Safe screening and keeping rates in classification problems (rcv1-train and rcv1-train datasets). See the caption in
Figure 2.

Figure 8. Safe screening and keeping rates in regression problems. See the caption in Figure 2.


