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Abstract

In this paper, we propose a framework for
metric learning based on information geome-
try. The key idea is to construct two kernel
matrices for the given training data: one is
based on the distance metric and the other is
based on the assigned class labels. Inspired
by the idea of information geometry, we re-
late these two kernel matrices to two Gaus-
sian distributions, and the difference between
the two kernel matrices is then computed
by the Kullback-Leibler (KL) divergence be-
tween the two Gaussian distributions. The
optimal distance metric is then found by min-
imizing the divergence between the two dis-
tributions. We present two metric learning
algorithms, one for linear distance metric and
one for nonlinear distance using a kernel func-
tion. Unlike many existing algorithms for
metric learning that require solving a non-
trivial optimization problem and are compu-
tationally expensive when the data dimen-
sion is high, the proposed algorithms have a
closed-form solution and are computationally
more efficient. Extensive experiments with
data classification and face recognition show
that the proposed algorithms are compara-
ble to or better than the state-of-the-art al-
gorithms for metric learning.

1 INTRODUCTION

Metric learning is an important problem in machine
learning and pattern recognition. The performance of
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algorithms for data classification and clustering often
depends heavily on the availability of a good metric.
In addition, metric learning has found application in a
number of real-world problems, including face recogni-
tion, visual object recognition, and automated speech
recognition.

The objective of metric learning is to learn an opti-
mal mapping, either linear or nonlinear, in the orig-
inal feature space or the reproducing kernel Hilbert
space, from training data. A number of algorithms
have been proposed to learn the distance metric from
the labeled data. They can be classified into the cate-
gories of unsupervised metric learning and supervised
metric learning, depending on whether or not label or
side-information is used to learn the optimal metric.
Unsupervised distance metric learning, or sometimes
referred to as manifold learning, aims to learn a un-
derlying low-dimensional manifold where the distance
between most pairs of data points are preserved. Ex-
ample algorithms in this category include ISOMAP
(Tenenbaum et al., 2000) and Local Linear Embed-
ding (LLE) (Saul & Roweis, 2003). Supervised metric
learning attempts to learn distance metrics that (a)
keep data points within the same classes close, and
(b) separate data points from different classes far away.
Example algorithms in this category include (Xing et
al., 2002; Shental et al., 2002; Weinberger et al., 2005;
Globerson & Roweis, 2005; Tsang et al., 2005; Yang et
al., 2006; Davis et al., 2007). Overall, empirical stud-
ies showed that supervised metric learning algorithms
usually outperform unsupervised ones by exploiting ei-
ther the label information or the side information pre-
sented in pairwise constraints. However, despite exten-
sive studies, most of the existing algorithms for met-
ric learning require solving a non-trivial optimization
problem, and therefore are computationally expensive,
particularly when the data dimension is high.

In this paper, we propose a framework for metric learn-
ing that is based on the idea of information geome-
try. The key idea is to construct two Gaussian dis-
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tributions, one based on the distance metric and the
other based on the class labels assigned to the train-
ing data. The difference between the distance metric
and the assigned class labels is measured by the KL
divergence two Gaussian distributions. The optimal
metric is found by minimizing the KL divergence be-
tween two distributions. Based on this idea, we present
two algorithms for metric learning, one for linear dis-
tance metric, and the other for nonlinear distance met-
ric with the introduction of a kernel function. We
show that, for both problems, we can find the closed-
form solutions, which result in efficient computation
of the distance metric. Our extensive empirical study
shows that the proposed algorithms are comparable
to and better than the state-of-the-art algorithms for
metric learning. Our study also reveals that the pro-
posed algorithms are in general computationally effi-
cient compared to the state-of-the-art approaches for
metric learning.

2 RELATED WORK

In this section, we briefly review the existing work on
supervised metric learning. Most of these algorithms
are designed to learn either from the class labeling in-
formation or the side information that is usually cast
in the form of pairwise constraints (i.e., must-link con-
straints and cannot-link constraints). In (Xing et al.,
2002), the authors proposed to learn a distance metric
from the pairwise constraints. The optimal kernel is
found to minimize the distance between data points
in must-link constraints and simultaneously maximize
the distance between data points in cannot-link con-
straints. Relevance component analysis (Shental et
al., 2002) is another popular approach for distance
metric learning. Data points in the same classes are
grouped in so called chunklets, and the distance met-
ric is computed based on the covariance matrix that is
estimated from each chunklet. Goldberger et al. pre-
sented an algorithm, termed Neighborhood Compo-
nent Analysis, that combines distance metric learning
with k-nearest neighbor (kNN) classification (Gold-
berger et al., 2005). It was extended in the work
of maximum-margin nearest neighbor (LMNN) clas-
sifier (Weinberger et al., 2005) through a maximum
margin framework. Globerson et al. (Globerson &
Roweis, 2005) presented an algorithm for metric learn-
ing that aims to collapse data samples in the same
class into a single point and samples belong to dif-
ferent classes far apart. J. Davis et al. presented an
information-theoretic based approach for metric learn-
ing (Davis et al., 2007). Local Fisher Discriminant
Analysis (Sugiyama, 2006) extends classical LDA to
the case when the side information is in the form of
pairwise constraints. Finally, for more information

about metric learning, we refer the readers to a recent
survey on this subject (Yang & Jin, 2006).

3 INFORMATION GEOMETRY OF
POSITIVE DEFINITE MATRICES

Information geometry studies probability and infor-
mation from the viewpoint of differential geome-
try (Amari & Nagaoka, 2000). It treats a space of
probabilities as a differential manifold endowed with a
Riemannian metric and a family of affine connections.
In order to learn a distance metric, in this section, we
follow the work (Tsuda et al., 2003), and introduce the
information geometry in the space of positive definite
matrices. To relate a positive definite matrix P of size
d × d to a probability distribution, we treat P as the
covariance matrix of a Gaussian distribution, i.e.,

Pr(x|P ) =
1

(2π)d/2 |P |1/2
exp

(
−1

2
x>P−1x

)
,

where x ∈ Rd. In the above, we assume that the mean
of the Gaussian distribution is zero. By defining

r (x) = −
(

1
2
x2

1, . . . ,
1
2
x2

d, x1x2, . . . , xd−1xd

)>

θ =
([

P−1
]
11

, . . . ,
[
P−1

]
dd

,
[
P−1

]
12

, . . . ,
[
P−1

]
d−1,d

)>
,

the Gaussian distribution can be expressed in the
canonical form of an exponential family, i.e.,

Pr (x|θ) = exp
(
θT r (x)− ψ (θ)

)

where ψ (θ) is the logarithm of the partition function.
θ is usually referred to as the natural parameter, which
provides a coordinate system (i.e., e-coordinate sys-
tem) for specifying a positive definite matrix. The
expectation of elements in r (x) provides another co-
ordinate system called η-coordinate system (Amari &
Nagaoka, 2000).

Given two positive definite (PD) matrices P and Q, we
define two Gaussian distributions, denoted by Pr(x|P )
and Pr(x|Q). The distance between the two positive
definite matrices P and Q, denoted by d(P‖Q), can
be derived by the Kullback-Leibler (KL) divergence
between two distributions Pr(x|P ) and Pr(x|Q), i.e.,

d(P‖Q) = KL(Pr(x|P )‖Pr(x|Q))

=
∫

dx Pr(x|P ) log
Pr(x|P )
Pr(x|Q)

(1)

The following theorem allows us to compute d(P‖Q)
in a closed form.
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Theorem 1. The distance between two positive def-
inite matrices P ∈ Rn×n and Q ∈ Rn×n, defined in
(1), is equal to the following expression:

d(P‖Q) =
1
2

(
tr(Q−1P ) + log |Q| − log |P | − n

)
(2)

The following proposition relates the distance function
defined in (2) to the Bregman distance function that
is widely used in the study of information theory.

Proposition 1. The distance function in (2) is equiv-
alent to the following Bregman distance function, i.e.,

dB(Q‖P ) = φ(Q)− φ(P )− tr((Q− P )>∇φ(P )) (3)

where φ(P ) = − 1
2 log |P |.

Finally, the analysis below reveals the relation be-
tween the matrix distance function in (2) and the
Wishart distribution. Let Q be the scale matrix,
and the Wishart distribution of degree q, denoted by
Pr(P |Q, q), is expressed as

Pr(P |Q, q) =
|P | q−n−1

2

2
qn
2 |Q| q

2 Γn

(
q
2

) exp
(
−1

2
tr(Q−1P )

)
(4)

The negative log-likelihood log Pr(P |Q, q), i.e.,

log Pr(P |Q, q) ∝
1
2

(
tr(Q−1P ) + q log |Q| − (q − n− 1) log |P |) ,

is clearly similar to the distance function in (2) except
for a different weight is assigned to log |P | and log |Q|
in the above expression.

4 DISTANCE METRIC LEARNING

In this section, we present a general framework for
distance metric learning. The key idea is to first con-
struct two kernel matrices for the given training data,
one based on the distance metric to be learned and
the other based on the assigned class labels. We then
search for the distance metric that minimizes the dis-
tance between the two kernel matrices defined in (2).
We first present the framework of supervised distance
metric learning for a linear distance function, followed
by the extension to nonlinear distance function with
the introduction of a kernel function.

4.1 LEARNING LINEAR DISTANCE
METRIC

Let X = (x1, . . . , xn) denote the collection of input
patterns for n training examples. Each xi ∈ Rm is a
vector of m dimensions, and therefore X is a matrix

of size m × n. Let C be the number of classes, and
Y = (y1, . . . , yn) denote the class labels assigned to the
n training examples. Each yi = (y1

i , . . . , yC
i ) ∈ {0, 1}C

is a binary vector of C elements. In our study, we
assume each example is assigned to one and only one
class, and therefore have y>i 1 = 1 where 1 is a vector
of all ones. Following (Cristianini et al., 2002; Kwok
& Tsang, 2003), we introduce so called “ideal kernel”,
denoted by KD, that is computed as

KD = Y >Y (5)

Since KD is a singular matrix when C < n, we further
smooth KD with an identify matrix In, i.e.,

K̄D = Y >Y + λIn (6)

where λ > 0 is the smoother parameter.

In addition, we can construct another kernel matrix
based on the input pattern X and the distance metric
A. We define M = A1/2. It is well known that the
introduction of distance metric A is equivalent to a
linear transform that maps x to Mx with M = A1/2.
We thus construct a linear kernel KX as

KX = (MX)>(MX) = X>AX (7)

We then search for the distance metric A that mini-
mizes the matrix distance d(K̄D‖KX) defined in (2),
i.e.,

A = arg min
Aº0

d(KX‖K̄D)

= arg min
Aº0

tr(K̄−1
D X>AX)− log |A| (8)

Proposition 2. The optimal solution to (8) is

A =
(
XK̄−1

D X>)−1
(9)

It is easy to verify the result in the above proposition.
The analysis below aims to provide in-depth under-
standing of the expression for distance metric A in (9).
To this end, we introduce the notation zk to represent
the kth row of matrix Y , which represents the assign-
ment of the kth class to all n examples. We further-
more introduce sk to represent the number of training
examples assigned the kth class, i.e., sk = |zk|1. Using
these notations, we have the following proposition for
K̄−1

D .

Proposition 3.

K̄−1
D =

(
Y >Y + λI

)−1

=
1
λ

(
I −

C∑

k=1

zkz>k
λ + sk

)
(10)
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The result in the above proposition follows directly
the fact that any zi and zj are orthogonal to each
other, i.e., z>i zj = 0 for i 6= j. Using the result in
Proposition 3, we have the following theorem for A.

Theorem 2. The distance metric A in (9) can also
be expressed as follows

A = λ

(
C∑

k=1

sk

[
Σk +

λx̄kx̄T
k

(λ + sk)

])−1

(11)

where x̄k and Σk are the mean and the covariance ma-
trix for the input patterns in the kth class, respectively

x̄k =
1
sk

Xzk, Σk =
1
sk

n∑

i=1

yk
i [xi − x̄k] [xi − x̄k]> (12)

Proof of the above theorem can be found in the Ap-
pendix A. As revealed in the above theorem, the in-
verse of the distance matrix A, is the weighted sum of
the covariance matrices Σk of all the classes, smoothed
by the centers of each class.

4.2 LEARNING METRIC WITH
NONLINEAR KERNELS

In this subsection, we extend the above analysis to the
nonlinear distance metric learning with the introduc-
tion of a kernel function. We introduce a nonlinear ker-
nel function κ(x, x′) : Rm×Rm 7→ R. This kernel func-
tion defines a mapping Φ : Rm 7→ Hκ, i.e., x ∈ Rm →
Φ(x) ∈ Hκ. We denote by X1 = (Φ(x1), . . . ,Φ(xn))
the new data representation resulting from the kernel
function, and by K ∈ Rn×n the kernel matrix with
Ki,j = κ(xi, xj) = 〈Φ(xi),Φ(xj)〉 for i, j = 1, . . . , n.
We then introduce the linear operator M : Hκ 7→ Rn,
which results in another data representation X2 =
MX1 = (MΦ(x1),MΦ(x2), . . . , MΦ(xn)). The result-
ing kernel matrix based on the transformed represen-
tation X2, denoted by KX , is computed as

KX = X>
2 X2 = X>

1 M>MX1 = X>
1 AX1 (13)

where A : Hκ 7→ Hκ is a linear operator that repre-
sents a metric in the reproducing kernel Hilbert space
Hκ. Using the result in Proposition 2, we have

A = (X1K̄
−1
D X>

1 )−1 (14)

Since the operator X1K̄
−1
D X1 may not be a one-to-one

mapping, and as a result, its inverse operator A may
not be well defined, we further smooth the expression
in (14) as follows

A =
(
X1K̄

−1
D X>

1 + λIκ

)−1
(15)

where Iκ is the identity operator in the space of Hκ.
This linear operator A essentially defines a new kernel

function, denoted by κ̂ : Rm×Rm 7→ R. The following
theorem gives the explicit expression for the new kernel
function κ̂(x, x′).

Theorem 3.

κ̂(x, x′) = 〈Φ(x), AΦ(x′)〉
=

1
λ

(
κ(x, x′)− k(x)>

[
λK̄D + K

]−1
k(x′)

)
(16)

where k(x) = (κ(x1, x), . . . , κ(xn, x))>.

Proof of this theorem can be found in Appendix B.

Corollary 4.

KX =
1
λ

(
K −K

[
λK̄D + K

]−1
K

)

=
(
K̄−1

D + λK−1
)−1

(17)

Proof.

KX =
1
λ

(
K −K

[
λK̄D + K

]−1
K

)

=
1
λ

K1/2

(
I −

[
K−1/2λK̄DK−1/2 + I

]−1

K

)
K1/2

=
1
λ

K1/2
(
K−1/2

[
K−1 + (λK̄D)−1

]−1
K−1/2

)
K1/2

= (K̄−1
D + λK−1)−1

As revealed in the above corollary, the new kernel ma-
trix KX is the harmonic mean of K and λK̄D.

4.3 RELATION TO KERNEL RELEVANT
COMPONENT ANALYSIS

Relevance component analysis was first presented
in (Shental et al., 2002; Bar-Hillel et al., 2003), and
was later on extended to a kernel version (KRCA)
in (Tsang et al., 2005). In KRCA, the new kernel func-
tion learned from the side information, is computed as

κ̂ (x, x′) (18)

=
1
λ

(
κ(x, x′)− k(x)T

[
H (λI + KH)−1

]
k(x′)

)

where H is computed as

H =
1
n

C∑
c=1

(
I − 1

nc
1c1T

c

)
.

I is a identity matrix and 1c is a vector of length n
whose values are 1 if the corresponding samples belong
to chunklet c and zeros otherwise. To connect (18)
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with the kernel function defined (16), we soften H as
follows to avoid its singularity

H =
1
n

C∑
c=1

(
I − δ

nc
1c1T

c

)
(19)

where δ ∈ [0, 1). Given the non-singular H defined
above, we have the kernel function in (18) written as

κ̂ (x, x′) (20)

=
1
λ

(
κ(x, x′)− k(x)T

[(
λH−1 + K

)−1
]
k(x′)

)

To connect with (16), we have to relate H−1 to K̄D

defined in (6). The following proposition shows the
result for H−1.
Proposition 4. If we assume each data point is only
assigned to one chunklet, we have H−1 for the softened
H in (19) computed as

H−1 = n

(
1
C

I +
δ

(C − δ)C

C∑
c=1

1
nc

1c1T
c

)
(21)

Compared to (6), we clearly see the commonality shar-
ing between H−1 and K̄D, which allows us to establish
the explicit connection between our method and RCA.

5 EXPERIMENTS

We conduct an extensive study to verify the efficacy of
the proposed algorithms for metric learning. For the
convenience of discussion, we refer to the proposed al-
gorithm for linear distance metric as IGML, and the
one for kernel distance metric as KIGML. To exam-
ine the efficacy of the learned distance metric, we em-
ployed the k Nearest Neighbor (k-NN) classifier. Our
hypothesis is that the better the distance metric is, the
higher the classification accuracy of k-NN will be. We
set k = 4 for k-NN for all the experiments according
to our empirical experience.

In addition to the two proposed algorithms, the fol-
lowing six algorithms are employed in our study as
baselines for comparison:

• Euclidean distance metric.
• Mahalanobis distance metric, which is com-

puted as the inverse of covariance matrix of train-
ing samples, i.e., (

∑n
i=1 xixi)−1. This method

does not utilize the label information, and there-
fore help reveal the value of the label information.

• Xing’s algorithm proposed in (Xing et al., 2002).
• LMNN, a distance metric learning algorithm

based on the large margin nearest neighbor clas-
sification (Weinberger et al., 2005). Empirical
study has shown that LMNN outperforms many
existing approaches for metric learning.

• ITML, an Information-theoretic metric learning
based on (Davis et al., 2007). This approach is
closely related to the proposed algorithms in that
both studies are based on information-theoretic
methods.

• KRCA, the kernel relevant component analy-
sis (Tsang et al., 2005). This approach is closely
related to the proposed approaches, as revealed
before.

For ITML method, parameter γ was tuned by cross
validation over the range from 10−4 to 104. For
KIGML and KRCA, we first normalized each feature
into the range [0 1], and then deploy the RBF kernel
with kernel width σ = 1 for all experiments.

5.1 EXPERIMENT (I): DATA
CLASSIFICATION

We conducted experiments of data classification over
ten UCI datasets. Table 1 summarizes the properties
of the 10 datasets. For all the datasets, we randomly
selected 50% samples for training, and use the remain-
ing samples for testing. We run each experiment 30
times. Table 2 shows the classification error of eight
methods over 10 datasets averaged over 30 runs to-
gether with the standard deviation. The best result is
highlighted by a bold font.

Based on the results in Table 2, we draw the following
observations. First, we observed that overall the two
proposed metric learning algorithms, i.e., IGML and
KIGML, achieve the classification accuracy of k-NN
that is comparable to the state-of-the-art algorithms
for metric learning. In particular, IGML achieves the
best performance over one dataset, while KIGML wins
over four out of ten datasets. For most of the datasets,
although the proposed algorithms do not outperform
the six baseline algorithms, their classification accu-
racy is in general close to the best performance. We
thus conclude that the proposed algorithms are effec-
tive for distance metric learning. Second, we observed
that KIGML usually outperforms IGML. For six out
of ten datasets, KIGML performs significantly better
than IGML. Only for two datasets, IGML outperforms
KIGML significantly. This observation indicates the
importance of learning a nonlinear distance metric.

5.2 EXPERIMENT (II): FACE
RECOGNITION

The AT&T database of faces contains grey images
of 40 distinct subjects (AT&T, 2002). Each subject
has 10 pictures. For each subject, the images were
taken at different times, with varied the lighting condi-
tion and different facial expressions (open/closed-eyes,
smiling/not-smiling) and facial details (glasses/no-
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Table 2: Classification error (%) of a k-NN (k = 4) classifier on the ten UCI datasets using eight different metrics.
Standard deviation is included. The best performance of each dataset is highlighted by bold font.

Data Eclidean Mahala Xing LMNN ITML KRCA IGML KIGML
1 5.0± 2.9 10.8± 3.3 3.5± 1.9 4.5± 2.1 4.3± 2.7 4.1± 1.6 2.7± 1.7 3.9± 2.8
2 29.6± 3.6 7.5± 2.2 10.8± 4.6 4.1± 1.8 7.7± 3.0 4.6± 1.5 5.0± 1.6 6.1± 1.9
3 23.6± 3.1 16.9± 3.6 23.2± 3.4 14.7± 1.9 16.6± 5.0 15.0± 2.7 12.9± 3.4 12.4± 3.5
4 19.5± 0.6 36.1± 0.8 17.0± 0.8 19.1± 0.7 19.7± 0.7 20.1± 0.7 30.6± 0.7 21.1± 0.6
5 2.1± 0.3 5.9± 0.5 12.3± 0.9 1.6± 0.3 2.1± 0.3 2.1± 0.3 3.2± 0.3 1.4± 0.2
6 6.0± 5.1 2.8± 3.2 1.1± 2.2 2.2± 2.1 0.7± 1.0 0.1± 0.8 1.8± 2.1 0.4± 1.3
7 17.8± 1.6 18.4± 2.0 10.3± 1.3 15.0± 1.9 11.1± 2.6 17.2± 1.6 16.6± 1.8 14.2± 1.6
8 28.9± 4.2 28.9± 3.8 28.9± 4.2 20.3± 4.4 28.3± 6.3 26.5± 4.6 28.1± 4.5 14.6± 4.0
9 28.0± 1.8 27.8± 2.0 27.9± 1.7 27.1± 1.7 27.8± 1.7 27.8± 1.6 27.6± 1.9 27.8± 2.0
10 35.5± 3.5 34.9± 3.2 41.7± 4.9 34.9± 3.2 36.2± 3.4 36.9± 2.7 35.8± 2.3 33.3± 3.1

Figure 2: Example results for the AT&T face database. Top row: ten test face images misclassified by k-NN
using the Mahalanobis distance. Second row: the nearest neighbors found by the Mahalanobis distance from the
training set. Images in the third row and the last row are the nearest neighbors found from the training set by
the proposed IGML and KIGML methods, respectively.

Table 1: Description of UCI datasets

No Dataset Size Classes Features
1 iris 150 3 4
2 wine 178 3 13
3 segmentation 210 7 19
4 waveform 5000 3 21
5 optdigits 3823 10 64
6 soybean-small 47 4 35
7 ionosphere 351 2 34
8 sonar 208 2 60
9 pima 768 2 8
10 glass 214 6 9

glasses). The size of each image is 92 × 112 pixels,
with 256 grey levels per pixel. For each subject in
the database, we randomly selected 5 images for train-
ing, and tested on the remaining 5 images. Figure 1
shows the classification accuracy of k-NN using the
distance metrics learned by eight different algorithms.
We observed that both KIGML and LMNN achieve the
best classification accuracy among eight competitors.
Again, the comparison between IGML and KIGML
reveals the significant advantage of KIGML in iden-
tifying the right face, indicating the importance of
learning a nonlinear distance metric. In order to fur-
ther illustrate the difference between the KIGML and
IGML, in Figure 2, we show ten test images (in the
first row) that are misclassified by the Mahalanobis
distance (in the second row). The nearest neighbors
of the ten test images identified by IGML and KIGML
are shown in the third and the last row in Figure 2.
It is clear that KIGML is able to find more right faces
than IGML. Finally, it is surprising to observe that the
Xing’s algorithm performs significantly worse than the
Euclidean distance. We attributes the failure of the
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Figure 1: Classification errors of a k-NN (k = 4)
for the AT&T face dataset using eight different met-
rics. From left to right, the eight metric learning al-
gorithms are Eclidean, Mahalanobis, Xing, LMNN,
ITML, KRCA, IGML, KIGML. The standard devi-
ation of each classification error is on the top of the
bar.

Xing’s algorithm to the high dimensionality, which is
92× 112 = 10304 in this study.

5.3 EXPERIMENT (III): COMPUTATION
EFFICIENCY

Computational efficiency is an important issue in the
study of distance metric learning, as pointed out in
the introduction section. In this experiment, we ex-
amine the computational efficiency of the proposed al-
gorithms. Since LMNN appears to be the best learner
in our studies, we focus our comparison on LMNN.
We also include ITML in our comparison since both
our methods and ITML are based on information the-
oretics. All the algorithms are implemented in Matlab
and the experiments are run on an AMD 2.2G com-
puter with 4GMB RAM. Fig. 3 shows the running
time of the four comparative algorithms on “optdigit”
dataset with varied number of training examples. We
clearly see that the computational time of LMNN in-
crease dramatically as the number of training samples
is increased. In contrast, our methods and ITML suffer
small increase in their running time with an increasing
number of training examples. We have similar observa-
tion for the other datasets. Due to the space limit, we
omit the results of running time for the other datasets.

6 CONCLUSION

In this paper, we propose a novel framework for metric
learning that is based on information geometry. The
key idea is to construct two kernel matrices for given
training data, one based on the distance metric and the
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Figure 3: Running time of LMNN, ITML and the pro-
posed IGML, KIGML algorithms for the “optdigit”
dataset. Each point in the figure is the average result
of 30 random tests.

other based on the assigned class labels. We relate the
two matrices to two different Gaussian distributions,
and measure the difference between them by a KL di-
vergence. The optimal distance metric is found by
minimizing the distance between the two kernel matri-
ces. We present two metric learning algorithms based
on this idea, one for linear distance metric and the
other for nonlinear distance metric with the introduc-
tion of a kernel function. Extensive experiments with
data classification and face recognition show promising
results of the proposed approach.
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Appendix A: Proof for Theorem 2

Proof. First, substituting the result in Proposition 3
into (9), we have

A =
(
XK̄−1

D XT
)−1

=

(
X

(
1
λ
−

C∑

k=1

zkzT
k

λ (λ + sk)

)
XT

)−1

= λ

(
XXT −

C∑

k=1

XzkzT
k XT

λ + sk

)−1



         598

An information geometry approach for distance metric learning

Using

x̄k =
1
sk

Xzk, Σk =
1
sk

n∑

i=1

yk
i (xi − x̄k) (xi − x̄k)T

,

we have

A = λ

(
C∑

k=1

n∑

i=1

yk
i xix

T
i −

C∑

k=1

s2
kx̄kx̄T

k

(λ + sk)

)−1

= λ




C∑
k=1

n∑
i=1

yk
i xix

T
i −

C∑
k=1

skx̄kx̄T
k

+
C∑

k=1

skx̄kx̄T
k −

C∑
k=1

s2
kx̄kx̄T

k

(λ+sk)




−1

We further simplify the expression for A as

A = λ

(
C∑

k=1

n∑

i=1

yk
i (xi − x̄k) (xi − x̄k)T +

C∑

k=1

λskx̄kx̄T
k

λ + sk

)−1

= λ

(
C∑

k=1

skΣk +
C∑

k=1

λskx̄kx̄T
k

λ + sk

)−1

Appendix B: Proof for Theorem 3

Proof. First, according to the definition of
ˆkappa(x, x′), we have

κ̂ (x, x′) = 〈Φ(x) , AΦ(x′)〉
= Φ (x)T (

X1K̄
−1
D XT

1 + λIκ

)−1
Φ(x′)

Using the matrix inverse lemma, we have

(X1K̄
−1
D XT

1 + λIκ)−1

=
1
λ

Iκ − 1
λ2

X1

(
K̄D +

1
λ

XT
1 X1

)−1

XT
1

=
1
λ

Iκ − 1
λ2

X1

(
K̄D +

1
λ

K

)−1

XT
1

As a result, we have

κ̂ (x, x′)

= Φ(x)T

(
1
λ

Iκ − 1
λ2

X1

[
K̄D +

1
λ

K

]
XT

1

)
Φ(x′)

=
1
λ

(
κ(x, x′)− 1

λ
k(x)

[
K̄D +

1
λ

K

]−1

k(x′)

)

where k (x) = (κ (x1, x) , . . . , κ (xn, x))T .
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