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In this erratum we correct a mistake in the derivation of the generalized pathintegral control in
lemma 2. More precisely, we show that the termb in Equation (20) should not appear at all. This
mistake does not affect any of the results presented in this paper, as theb term always dropped out
in all of our applications.

The changes are:1

1. EquationZ (τi) = S̃ (τi)+
λ(N−i)l

2 log(2πdt), in page (3144) should change to:

Z (τi) = S̃ (τi)+
λ(N − i)l

2
log
(

2πσ2
εdt
)

,

whereσ2
ε is defined such thatΣε = σ2

εI and the path dependent costS̃ (τi) is defined:

S̃ (τi) = S (τi)+
λ
2

N−1

∑
j=i

log|B(xt j , t j)|,

with B(xt j , t j) = G(x, t j)G(x, t j)
T .

2. Equation limdt→0

(

∇
x(c)ti

S̃(τi)

)

= −H−1
ti

(

G(c)
ti εti −bti

)

, on page (3144) should change ac-

cording to the lemma 2 as it is given in this erratum.

3. Equation (20) on page (3145) should change to:

uL(τi) = R−1G(c)
ti

T
(

G(c)
ti R−1G(c)

ti
T
)−1

G(c)
ti εti .

4. EquationuL(τi) =
R−1g(c)ti

g(c)Tti
R−1g(c)ti

(

g(c)Tti εti −bti

)

, on page (3145) should change to
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1. An updated version of the paper which includes this erratum can be found at http://www-clmc.usc.edu/

Resources/Publications?id=10413.
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uL(τi) =
R−1g(c)ti

g(c)Tti R−1g(c)ti

g(c)Tti εti .

5. Equation (21) on page (3147) should change touL(τi) = εti .

6. EquationuL(τi) = εti −G−1
ti bti , on page (3147), should change touL(τi) = εti .

Next we provide the updated proofs for appendix of the initial paper.
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Appendix A.

Lemma 1 The optimal control solution to the stochastic optimal control problem expressed by
(1),(2),(3) and (4) is formulated as:

uti = lim
dt→0

[

−R−1G(c)
ti

T
∫

p̃(τi)∇
x(c)ti

S̃(τi)dτi

]

,

where p̃(τi) =
exp(− 1

λ S̃(τi))∫
exp(− 1

λ S̃(τi))dτi
is a path dependent probability distribution. The term̃S(τi) is a

path function defined as̃S(τi) = S(τi)+
λ
2 ∑N−1

j=i log|B(xt j , t j)| that satisfies the following condition

limdt→0
∫

exp
(

− 1
λ S̃(τi)

)

dτi ∈ C (1) for any sampled trajectory starting from statexti . Moreover the

term Ht j is given byHt j = G(c)
t j

R−1G(c)
t j

T while the termS(τi) is defined according to

S(τi) = φtN +
N−1

∑
j=i

qt j dt +
1
2

N−1

∑
j=i

w

w

w

w

w

x(c)t j+1
−x(c)t j

dt
− f(c)t j

w

w

w

w

w

2

Ht j

dt.

Proof The proof is exactly the same with the one of the initial manuscript.

Lemma 2 Given the stochastic dynamics and the cost in (1),(2),(3) and (4) the gradient of the
path function S̃(τi), with respect to the directly actuated part of the statex(c)ti is formulated as:

∇
x(c)ti

S̃(τi) =
1

2dt
αT

ti

(

∇
x(c)ti

H−1
ti

)

αti −H−1
ti

(

∇
x(c)ti

f(c)ti

)

αti −
1
dt

H−1
ti αti +

λ
2

∇
x(c)ti

log|B ti |,

whereHti = G(c)
ti R−1G(c)

ti

T
, B ti = G(c)

ti G(c)
ti

T
and αt j =

(

x(c)ti+1
−x(c)ti − f(c)ti dt

)

.
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Proof:
We are calculating the term∇

x(c)to
S̃(τo) . More precisely we have shown that

S̃(τi) = φtN +
N−1

∑
j=i

qt j dt +
1
2

N−1

∑
j=i

‖
x(c)t j+1

−x(c)t j

dt
− f(c)t j

‖2
Ht j

dt +
λ
2

N−1

∑
j=i

log|B t j |.

To limit the length of our derivation we introduce the notationγt j = αT
t j

h−1
t j

αt j and αt j =
(

x(c)t j+1
−x(c)t j

− f(c)t j
dt
)

and it is easy to show that‖
x(c)t j+1

−x(c)t j

dt − f(c)t j
‖2

Ht j
dt = 1

dt γt j and therefore we will

have:

S̃(τi) = φtN +
1

2dt

N−1

∑
j=i

γt j +
tN

∑
to

Qt j dt +
λ
2

N−1

∑
j=i

log|B t j |.

In the analysis that follows we provide the derivative of the 1th, 2th and 4thterm of the cost
function. For simplicity we will assume that the cost of the state during the time horizon Qti = 0.
In cases that this is not true then the derivative∇

x(c)ti
∑tN

ti Qtidt results in 0. By calculating the term

∇
x(c)to

S̃(τo) we can find the local controlsu(τi). It is important to mention that the derivative of the

path costS(τi) is taken only with respect to the current statexti .
The first term is:

∇
x(c)ti

(φtN ) = 0.

A.1 Derivative of the 2th Term ∇
x(c)ti

[

1
2dt ∑N−1

i=1 γti

]

of the cost S(τi).

The second term can be found as follows:

∇
x(c)ti

[

1
2dt

N−1

∑
j=i

γt j

]

.

The operator∇
x(c)to

is linear and it can massaged inside the sum:

1
2dt

N−1

∑
j=i

∇
x(c)t j

(

γt j

)

.

Terms that do not depend onx(c)ti drop and thus we will have:

1
2dt

∇
x(c)ti

γti .

Substitution of the parameterγti = αT
ti H−1

ti αti will result in:

1
2dt

∇
x(c)ti

[

αT
ti H−1

ti αti

]

.

By making the substitutionβti = H−1
ti αti and applying the rule∇

(

u(x)T v(x)
)

= ∇(u(x))v(x)+
∇(v(x))u(x) we will have that:
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1
2dt

[

∇
x(c)ti

αti βti +∇
x(c)ti

βti αti

]

. (1)

Next we find the derivative ofαto :

∇
x(c)ti

αti = ∇
x(c)ti

[

x(c)ti+1
−x(c)ti − fc(xti)dt

]

.

and the result is

∇
x(c)ti

αti =−Il×l −∇
x(c)ti

f(c)ti dt.

We substitute back to (1) and we will have:

1
2dt

[

−
(

Il×l +∇
x(c)ti

f(c)ti dt

)

βti +∇
x(c)ti

βti αti

]

.

− 1
2dt

(

Il×l +∇
x(c)ti

f(c)ti dt

)

βti +
1

2dt
∇

x(c)ti

βti αti .

After some algebra the result of∇
x(c)ti

(

1
2dt ∑N−1

j=i γti

)

is expressed as:

− 1
2dt

βti −
1
2

∇
x(c)ti

f(c)ti βti +
1

2dt
∇

x(c)ti

βti αti .

A.2 First Subterm: − 1
2dt βti

We will continue our analysis by finding the limit for each one of the 3 terms above. The limit of
the first term is calculated as follows:

(

− 1
2dt

βti

)

=−
(

1
2dt

H−1
ti αti

)

=−1
2

H−1
ti αti

=−1
2

H−1
ti

(

(x(c)ti+1
−x(c)ti )

1
dt

− f(c)ti

)

.

A.3 Second Subterm: −1
2∇

x(c)ti

f(c)ti βti

The limit of the second term is calculated as follows:

(

1
2

∇
x(c)ti

f(c)ti βti

)

=−1
2

∇
x(c)ti

fc(xti) βti =−1
2

∇
x(c)ti

f(c)ti

(

H−1
ti αti

)

=−1
2

∇
x(c)ti

fc(xti) H−1
ti αti .
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A.4 Third Subterm: 1
2dt ∇

x(c)ti

βti αti

Finally the limit of the third term can be found as:

(

1
2dt

∇
x(c)ti

βti αti

)

= ∇
x(c)ti

βti

(

1
2dt

αti

)

= ∇
x(c)ti

βti

1
2

(

(x(c)ti+1
−x(c)ti )

1
dt

− f(c)ti

)

.

We substituteβti = H−1
ti αti and write the matrixH−1

ti in row form:

= ∇
x(c)ti

(

H−1
ti αti

) 1
2dt

αti =

= ∇
x(c)ti









































H(1)−T

ti

H(2)−T

ti
.

.

.

H(l)−T

ti





















αti





















1
2dt

αti = ∇
x(c)ti





















H(1)−T

ti αti

H(2)−T

ti αti
.

.

.

H(l)−T

ti αti





















1
2dt

αti .

We can push the operator∇
x(c)ti

inside the matrix and apply it to each element.

=

























∇T
x(c)ti

(

H(1)−T

ti αti

)

∇T
x(c)ti

(

H(2)−T

ti αti

)

.

.

.

∇T
x(c)ti

(

H(l)−T

ti αti

)

























1
2dt

αti .

We again use the rule∇
(

u(x)T v(x)
)

= ∇(u(x))v(x)+∇(v(x))u(x) and thus we will have:

=































(

∇
x(c)ti

H(1)−T

ti αti +∇
x(c)ti

αti H(1)−T

ti

)T

(

∇
x(c)ti

H(2)−T

ti αti +∇
x(c)ti

αti H(2)−T

ti

)T

.

.

.

(

∇
x(c)ti

H(l)−T

ti αti +∇
x(c)ti

αti H(l)−T

ti

)T































1
2dt

αti .

We can split the matrix above into two terms and then we pull out the termsαti and∇
x(c)ti

αti respec-

tively :
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=

























αT
ti

























∇
x(c)ti

H(1)−T

ti

∇
x(c)ti

H(2)−T

ti

.

.

.

∇
x(c)ti

H(l)−T

ti

























+





















H(1)−T

ti

H(2)−T

ti
.

.

.

H(l)−T

ti





















∇
x(c)ti

αT
ti

























1
2dt

αti

=

(

αT
ti ∇

x(c)ti

H−1
ti +H−1

ti

(

∇
x(c)ti

αT
ti

))

1
2dt

αti .

=
1

2dt

(

αT
ti ∇

x(c)ti

H−1
ti αti +H−1

ti

(

∇
x(c)ti

αT
ti

)

αti

)

.

Since

(

∇
x(c)ti

αT
ti

)

=−Il×l −∇
x(c)ti

f(c)ti dt. the final result is expressed as follows

1
2dt

∇
x(c)ti

βti αti =
1

2dt

[

αT
ti

(

∇
x(c)ti

H−1
ti

)

αti −H−1
ti

(

∇
x(c)ti

f(c)ti

)

dtαti −H−1
ti αti

]

.

A.5 Derivative of the Fourth Term ∇
x(c)ti

(

λ
2 ∑N−1

j=i log|B t j |
)

of the cost S(τi).

The analysis for the 4th term is given below:

∇
x(c)ti

(

λ
2

N−1

∑
j=i

log|B t j |
)

=
λ
2

∇
x(c)ti

log|B ti |.

∇
x(c)ti

S̃(τi) =
1

2dt
αT

ti

(

∇
x(c)ti

H−1
ti

)

αti −H−1
ti

(

∇
x(c)ti

f(c)ti

)

αti −
1
dt

H−1
ti αti +

λ
2

∇
x(c)ti

log|B ti |.

Theorem 3 The optimal control solution to the stochastic optimal control problem expressed by
(1),(2), (3) and (4) is formulated by the equation that follows:

utidt =
∫

p̃(τi) uL (τi) dτi,

where p̃(τi) =
exp(− 1

λ S̃(τi))∫
exp(− 1

λ S̃(τi))dτi
is a path depended probability distribution and the termu(τi)

defined asuL (τi) = R−1G(c)
ti

T
(

G(c)
ti R−1G(c)

ti
T
)−1

G(c)
ti εti , are the local controls of each sampled

trajectory starting from statexti . The term is defined asHti = G(c)
ti R−1G(c)

ti

T
.

Proof :
To prove the theorem we make use of the lemmaL2 and we substitute∇

x(c)ti

S̃(τi) in the main

result of lemmaL1. More precisely from lemmaL1 we have that:
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utidt =−R−1G(c)
ti

T dt
∫

p̃(τi)

(

∇
x(c)ti

S̃(τi)

)

dτi.

utidt =−R−1G(c)
ti

T dt
∫

p̃(τi)

(

∇
x(c)ti

S̃(τi)

)

dτi

= R−1G(c)
ti

T E p̃(τi)

(

∇
x(c)ti

S̃(τi)dt

)

.

Now we will find the termEp̃(τi)

(

∇
x(c)ti

S̃(τi)dt

)

. More precisely we will have that:

Ep̃(τi)

(

∇
x(c)ti

S̃(τi)dt

)

= E p̃(τi)

(

1
2

αT
ti

(

∇
x(c)ti

H−1
ti

)

αti

)

−E p̃(τi)

(

H−1
ti

(

∇
x(c)ti

f(c)ti

)

αtidt

)

−E p̃(τi)

(

H−1
ti αti

)

+E p̃(τi)

(

λ
2

∇
x(c)ti

log|B ti |dt

)

.

The first term of the expectation above is calculated as follows:

E p̃(τi)

(

1
2dt

αT
ti

(

∇
x(c)ti

H−1
ti

)

αti

)

= E p̃(τi)

(

1
2

(

∇
x(c)ti

H−1
ti

)

αtiα
T
ti

)

=
1
2

Ep̃(τi)

(

trace

((

∇
x(c)ti

H−1
ti

)

αtiα
T
ti

)

)

=
1
2

trace

((

∇
x(c)ti

H−1
ti

)

E p̃(τi)

(

αtiα
T
ti

))

.

By taking into account the fact thatEp̃(τi)

(

αtiαT
ti

)

= G(c)
ti ΣεG(c)

ti

T
dt

Ep̃(τi)

(

1
2dt

αT
ti

(

∇
x(c)ti

H−1
ti

)

αti

)

=
1
2

trace

((

∇
x(c)ti

H−1
ti

)

G(c)
ti ΣεG(c)

ti

T
dt

)

=
dt
2

trace

((

∇
x(c)ti

H−1
ti

)

G(c)
ti ΣεG(c)

ti

T
)

.

7
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By using the fact that the noise and the controls are related viaΣt j = G(c)
t j

ΣεG(c)
t j

T
dt =

λG(c)
t j

R−1G(c)
t j

T
dt = λHt j dt with Ht j = G(c)

t j
R−1G(c)

t j

T
we will have:

Ep̃(τi)

(

1
2

αT
ti

(

∇
x(c)ti

H−1
ti

)

αti

)

=
1
2

trace

((

∇
x(c)ti

H−1
ti

)

G(c)
ti ΣεG(c)

ti

T
)

=
λdt
2

trace

((

∇
x(c)ti

B(xti)
−1
)

B(xti)

)

=
λdt
2

∇
x(c)ti

log|B(xti)|−1

=−λdt
2

∇
x(c)ti

log|B(xti)|.

The second termE p̃(τi)

(

H−1
ti

(

∇
x(c)ti

f(c)ti

)

αtidt

)

= 0 sincedtαti = dtG(c)
ti dw→ 0. It is important

here to note that the termαti has two equivalent interpretations which areαti = G(c)
ti Ldw where

LLT = Σε or αti = G(c)
ti

√
dtε with ε ∼N (0,Σε). The first representation is the more proper one and

leads todtαti = dtG(c)
ti dw → 0 becausedtdw → 0. With the equation above we will have that:

E p̃(τi)

(

∇
x(c)ti

S̃(τi)dt

)

=−Ep̃(τi)

(

H−1
ti

(

∇
x(c)ti

f(c)ti

)

αtidt

)

−E p̃(τi)

(

H−1
ti αti

)

=−Ep̃(τi)

(

H−1
ti αti

)

.

Substituting back to the optimal control we will have that:

utidt =
∫

p̃(τi)R−1G(c)
ti

T H−1
ti αtidτi,

uti =
∫

p̃(τi)R−1G(c)
ti

T H−1
ti G(c)

ti εtidτi,

or in a more compact form:

utidt =
∫

p̃(τi) u(dt)
L (τi) dτi,

where the local controlsu(dt)
L (τi) are given as follows:

u(dt)
L (τi) = R−1G(c)

ti
T H−1

ti G(c)
ti εti .

The detailed version of the derivations on generalized path integral control as well as its iterative
version can also be found in Theodorou (2011).
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