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In this supplementary material, we provide Lemmas 2 and 3 and their proofs.

Suppose that x1, . . . ,xn are i.i.d. from a probability distribution with mean 0 and finite covariance

matrix C = (C jk).

Assumption S1: Assume that x1 has finite fourth moment, that is, E(x1ix1 jx1kx1l) is finite for any

1 ≤ i, j,k, l ≤ p.

Lemma 2 Suppose that Assumption S1 is met. Assumptions 1 and 2 are satisfied by the lasso regres-

sion and the SCAD with rn = n−1/2 and sn = o(1) under the assumptions in Zhao and Yu (2006) or

Fan and Li (2001), and by the adaptive lasso with rn = n−1 and sn = n−1/2 under the assumptions

in Zou (2006), on the random splitting subsamples generated in Algorithm 1.

Proof of Lemma 2: First, for random variables wi ∼ Bern(1/2); i = 1, . . . ,n that are independent

with xi’s and satisfy ∑n
i=1 wi = ⌊n/2⌋, we show that 2

n ∑n
i=1 wixix

T
i

p→C.

For fixed p, it suffices to show the componentwise convergence in probability,

Sn =
1

n

n

∑
i=1

2wixi jxik
p−→C jk. (1)

Note that E(wi) = E(w2
i ) = 1/2, and thus

E(Sn) =
1

n

n

∑
i=1

E(2wixi jxik) =
1

n

n

∑
i=1

E(2wi)E(xi jxik) =C jk,

following the independence between wi and xi.
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In addition,

var(Sn) = E(S2
n)−E(Sn)

2 = E

((1

n

n

∑
i=1

2wixi jxik

)2

)
− C2

jk

=
4

n2

(
E
( n

∑
i=1

w2
i x2

i jx
2
ik

)
+ ∑

i6=l

E(wiwl)E(xi jxik)E(xl jxlk)

)
− C2

jk

=
4

n2
E
( n

∑
i=1

w2
i x2

i jx
2
ik

)
+

4(n−1)C2
jk

n
cov(w1,w2) −

C2
jk

n

≤ 4

n2
E
( n

∑
i=1

w2
i x2

i jx
2
ik

)
=

2

n
E(x2

i jx
2
ik)→ 0,

where the inequalities follow from the fact cov(w1,w2)< 0, E(xi jxik)=E(xl jxlk)=C jk, and E(w2
i )=

1/2, and the convergence is due to the finite fourth moment of xi. The Chebyshev’s inequality im-

mediately implies that 2
n ∑n

i=1 wixix
T
i

p→C.

Next we prove Lemma 2 for (i) the lasso regression, (ii) the adaptive lasso, and (iii) the SCAD,

respectively.

(i): The lasso regression. When the original assumption 1
n ∑n

i=1 xix
T
i → C is replaced by As-

sumption S1, the proof follows from the above convergence in probability statement and slight

modification of some existing results in literature. Specifically, the existence of rn and sn for se-

lection consistency in Assumption 1 can be verified as in Section 2.1 of Zhao and Yu (2006). The

condition (3) in Assumption 1 is a direct result from Assumption 2, which will be shown after we

verify conditions in Assumption 2 based on Lemma C.2 in Bach (2009).

Denote the permutated subsample (wix1, . . . ,wnxn) as Z= (z1, . . . ,zm)
T with m= ⌊n/2⌋. Denote

Q = 1
m

ZT Z = 1
m ∑m

i=1 ziz
T
i , λmin(Q) as the minimal eigenvalue of Q, q = ZT ε/m, the true coefficient

as β∗, and a sign pattern s = {1,0,−1}p such that for any j ∈ {1, . . . , p}, s j = sign(β j). For sim-

plicity, we denote J = Âλm
, J = AT , and sJ as the sign pattern of variables indexed by J. Let

M(β) = min j∈{1,...,p},β j 6=0 |β j| as the smallest magnitude of non-zero elements in β, and ‖C‖∞ as the

largest magnitude of all the elements in matrix C. According to Lemma C.2 in Bach (2009), when

the selected active set is over-fitting such that sJ = sign(βJ) and J ⊃ J, we have that s is selected if

and only if

‖QJc,JQ−1
J,J qJ −qJc −λmQJc,JQ−1

J,J sJ‖∞ ≤ λm; (2)

sign
(

β∗
J +(QJc,JQ−1

J,J qJ −λmQ−1
J,J sJ)J

)
= sign(β∗

J); (3)

sign
(

Q−1
J,J qJ −λmQ−1

J,J sJ

)
J∩Jc

= sJ∩Jc . (4)

Therefore, for a particular over-fitting sign pattern s̃ with jth noise variable selected in the active set

J, we have { j ∈ J} ⊇ {sign(β̂n) = s̃}, where {sign(β̂n) = s̃} is equivalent to the conditions of (2)-(4)

with s = s̃. For short, we denote {(3)c} as the complement of condition in (3), and {(2), (4)}c as the

complement of conditions in (2) and (4), respectively. When
√

mλm ≤ λ0 ∈ (0,∞), Proposition 2.4

2
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in Bach (2009) leads to
⋃

λm:
√

mλm≤λ0

{(3)c}

⊆
⋃

λm:
√

mλm≤λ0

{√
mλm >

√
mM(β∗)λmin(Q)

2
√

p
, or ‖(Q−1

J,J qJ)J‖2 >
M(β∗)

2

}

⊆
{

λ0 >

√
mM(β∗)λmin(Q)

2
√

p
, or ‖(Q−1

J,J qJ)J‖2 >
M(β∗)

2

}
, (5)

with the right hand side in (5) having probability tending to 0, and as m → ∞
⋃

λm:
√

mλm≤λ0

{(2), (4)}c →{v /∈ C (s̃,λ0)}, (6)

where v is normal with zero mean and covariance matrix Q, and C (s̃,λ0) is a convex set and its

complement also have non-empty interior, and hence P(v /∈ C (s̃,λ0)) is strictly within (0,1) for any

fixed λ0. Therefore, as m → ∞, combining (5) and (6) leads to

P
( ⋂

λm:
√

mλm≤λ0

{ j ∈ Âλm
}
)

≥ P
( ⋂

λm:
√

mλm≤λ0

{sign(β̂n) = s̃}
)

= P
( ⋂

λm:
√

mλm≤λ0

{(2), (4)}∩{(3)}
)

≥ 1−P
( ⋃

λm:
√

mλm≤λ0

{(2), (4)}c
)
−P
( ⋃

λm:
√

mλm≤λ0

{(3)}c
)

→ 1−P(v /∈ C (s̃,λ0)) ∈ (0,1),

and hence condition (5) in Assumption 2 is verified. In addition, as shown in Proposition 1 in Bach

(2008), when λ0 converges to 0, P(v /∈ C (s̃,λ0))→ 0, and hence c1(λ0) = 1−P(v /∈ C (s̃,λ0))→ 1.

The condition (6) in Assumption 2 can be proved by defining the particular sign pattern s̃ to be

the one with jth noise variable not selected in the active set J, then { j /∈ J} ⊇ {sign(β̂n) = s̃}. All

the proof can be derived following similar approach as above. Therefore, for any j ∈ Ac
T , we have

P(∩r−1
n λn≥λ0

{ j /∈ Âλn
})≥ c2(λ0) with c2(λ0)→ 1 as λ0 → ∞. In addition, after a slight modification

of Proposition 2.5 in Bach (2009), we can show that uniformly over λm such that
√

mλm ≤ λ0, all

the important variable will be selected with probability tending to 1, which verifies condition (4) in

Assumption 2. This ends the verification of Assumption 2 for the lasso regression.

Finally we show condition (3) in Assumption 1 for the lasso regression. Note that

⋂

λ0m−1/2≤λm≤λ∗
m

{
Âλm

= AT

}

=
⋂

λ0m−1/2≤λm≤λ∗
m

{
⋂

j∈AT

{ j ∈ Âλm
}
}

⋂




⋂

j1∈Ac
T

{ j1 /∈ Âλm
}





⊃
{ ⋂

λm≤λ∗
m; j∈AT

{ j ∈ Âλm
}
}⋂{ ⋂

λm≥λ0m−1/2; j1∈Ac
T

{ j1 /∈ Âλm
}
}
.

3



SUN, WANG AND FANG

Following the similar strategy in the proof of conditions (4) and (6), the selection consistency in

Zhao and Yu (2006) and Proposition 2.5 in Bach (2009) imply that all the important variables will

be included uniformly over λm ≤ λ∗
m, and all the noisy variables will be excluded in the active set

Âλm
uniformly over λm ≥ λ0m−1/2. Therefore, when n is sufficiently large,

P
( ⋂

λ0m−1/2≤λm≤λ∗
m

{
Âλm

= AT

})

≥ P
( ⋂

λm≤λ∗
m; j∈AT

{ j ∈ Âλm
}
)
+P
( ⋂

λ0m−1/2≤λm; j1∈Ac
T

{ j1 /∈ Âλm
}
)
−1

≥ c2(λ0)−ζn.

Since ζn → 0 and limλ0→∞ c2(λ0) = 1 as shown above, letting c0(λ0) = 1− c2(λ0)/2 leads to (3) in

Assumption 1. This ends the verification for lasso regression.

(ii): The adaptive lasso. When the original assumption 1
n ∑n

i=1 xix
T
i → C is replaced by As-

sumption S1, the selection consistency established in Zou (2006) when nλn → ∞ and
√

nλn → 0

is still valid with the above convergence in probability statement. In specific, we also denote the

permutated subsample (wix1, . . . ,wnxn) as Z = (z1, . . . ,zm)
T with m = ⌊n/2⌋. It is shown above that

1
m

ZT Z = 1
m ∑m

i=1 ziz
T
i

p→C. Denote β∗ as the true coefficient, β = β∗+ u√
m

, and

Ψm(u) =
∥∥∥y−

p

∑
j=1

z( j)

(
β∗

j +
u j√
m

)∥∥∥
2

+mλm

p

∑
j=1

∣∣∣β∗
j +

u j√
m

∣∣∣
|β̂L

j |
,

where β̂L
j is the estimator from the lasso regression. Let ûm = argminΨm(u), β̂m = β∗+ ûm√

m
, and

Vm(u) = Ψm(u)−Ψm(0) with

Vm(u) = uT
(ZT Z

m

)
u− 2εT Z√

m
u+

√
mλm

p

∑
j=1

√
m
(∣∣∣β∗

j +
u j√

m

∣∣∣−|β∗
j |
)

|β̂L
j |

.

Note that ZT Z
m

p→ C, εT Z√
m

d→ W T ∼ N(0,σ2C) from the central limit theorem. Similar to the fixed

design case in Zou (2006), we can show that with probability tending to 1, the asymptotic normality

of ûm holds on AT and ûm → 0 on Ac
T . In addition, for any j /∈ AT , it’s sufficient to show P( j ∈

Âλm
)→ 0. Note that when j ∈ Âλm

, the Karush-Kuhn-Tucker (KKT) conditions imply that 2zT
( j)(y−

Zβ̂n) = m λm

|β̂L
j |

, where
√

m λm

|β̂L
j |

p→ ∞, and

2zT
( j)(y−Zβ̂m)√

m
=

zT
( j)Z

√
m(β∗− β̂m)

m
+

2zT
( j)ε√
m

.

Note that ZT Z
m

p→ C and
√

m(β∗− β̂m) is asymptotic normal as shown above, Slutsky’s theorem im-

plies that both 2zT
( j)Z

√
m(β∗− β̂m)/m and 2zT

( j)ε/
√

m converge in distribution to normal. Therefore,

P( j ∈ Âλm
)→ 0.

Next we verify Assumption 2 for the permutated subsample Z = (z1, . . . ,zm)
T . When λm � m−1,

we have λm ≺ m−1/2, and hence the asymptotic normality of β̂m still holds for any satisfied λm (Zou,

4
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2006). This implies condition (4) in Assumption 2 directly. It then suffices to consider the event

j /∈ Âλm
for any j ∈ Ac

T . Note that when j /∈ Âλm
, the Karush-Kuhn-Tucker (KKT) conditions imply

that ∣∣∣2zT
( j)(y−Zβ̂n)

∣∣∣≤ m
λm

|β̂L
j |
.

In addition,

2zT
( j)(y−Zβ̂m)√

m
=

2zT
( j)Z

√
m(β∗− β̂m)

m
+

2zT
( j)ε√
m

.

By the asymptotic normality of β̂m and ZT Z
m

p→C, the Slutsky’s theorem implies that 2zT
( j)Z

√
m(β∗−

β̂m)/m
d→ N(0,∆1) for some ∆1, and 2zT

( j)ε/
√

m
d→ N(0,∆2) for some ∆2. In addition, when mλm ≤

λ0 for some λ0 ∈ (0,∞), we have
{

⋃

λm:mλm≤λ0

{ j /∈ Âλm
}
}

⊆
{

⋃

λm:mλm≤λ0

{∣∣∣2zT
( j)(y−Zβ̂m)

∣∣∣≤ mλm

|β̂L
j |

}}

⊆
{∣∣∣2zT

( j)(y−Zβ̂m)
∣∣∣≤ λ0

|β̂L
j |

}
.

Therefore,

P
( ⋃

λm:mλm≤λ0

{ j /∈ Âλm
}
)

≤ P
(∣∣∣2zT

( j)(y−Zβ̂m)
∣∣∣≤ λ0

|β̂L
j |

)

= P
(∣∣∣

2zT
( j)Z

√
m(β∗− β̂m)

m
+

2zT
( j)ε√
m

∣∣∣≤ λ0

|√mβ̂L
j |

)
.

The DCT theorem implies that for sufficiently large m,

P
( ⋃

λm:mλm≤λ0

{ j /∈ Âλm
}
)
≤ 1− c0(λ0),

with c1(λ0) being a strictly positive constant in (0,1), and hence

P
( ⋂

λm:mλm≤λ0

{ j ∈ Âλn
}
)
≥ c0(λ0).

In addition, the condition (6) in Assumption 2 can be verified by slightly modifying the proof

in the lasso regression. Specifically, we define s to be the one with jth variable not selected in the

active set J. Then we only need to replace λm with λm/β̂L
j for j ∈ J in (5) and (6). When mλm ≤ λ0,

we have that (5) is replaced with
⋃

λm:mλm≤λ0

{(3)}c

⊆
⋃

λm:mλm≤λ0

{
mλm

M(
√

mβ̂L
J )

>

√
mM(β∗)λmin(Q)

2
√

p
, or ‖(Q−1

J,J qJ)J‖2 >
M(β∗)

2

}

⊆
{

λ0 >

√
mM(β∗)λmin(Q)M(

√
mβ̂L

J )

2
√

p
, or ‖(Q−1

J,J qJ)J‖2 >
M(β∗)

2

}
, (7)

5
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with the right hand side in (7) still having probability tending to 0 since
√

mβ̂L
j = Op(1) for any

j ∈ J. In addition, (6) is replaced with

⋃

λm:mλm≤λ0

{(2), (4)}c →{v /∈ C (s,λ0)}.

Therefore, we still have

P
( ⋂

λm:mλm≤λ0

{ j /∈ Âλm
}
)
≥ c1(λ0).

This ends the proof of Assumption 2 for the adaptive lasso.

(iii): The SCAD. Fan and Li (2001) showed that the SCAD is selection consistent under the

random design when
√

mλm → ∞ and λm → 0. In addition, condition (3) in Assumption 1 follows

after the verification of Assumption 2 by similar approach as in the proof of lasso regression case.

Next, we show Assumption 2 for SCAD. It then suffices to consider the event j /∈ Âλm
for any

j ∈ Ac
T . In fact, the SCAD minimizes

Q(β) =
∥∥∥y−

p

∑
j=1

z( j)β j

∥∥∥
2

+m

p

∑
j=1

pλm
(|β j|),

where the penalty term satisfies p′λ(θ) = λ
(
I(θ ≤ λ)+ (γλ−θ)+

(γ−1)λ I(θ > λ)
)

for some γ > 2 and θ > 0.

For any β ∈ {β : β− β̂m = OP(m
−1/2)}, then

∂Q(β)

∂β j

= −2zT
( j)(y−Zβ)+mp

′
λm
(|β j|)sgn(β j)

= −mλm




2zT
( j)Z

√
m(β∗−β)

m
+

2zT
( j)ε√
m√

mλm

−
p
′
λm
(|β j|)sgn(β j)

λm


 ,

where ZT Z
m

p→ C, ‖√m(β∗−β)‖ ≤ ‖√m(β∗− β̂m)‖+‖√m(β̂m −β)‖ is bounded in probability due

to that fact that β̂m is a
√

m-consistent estimate of β∗ by Theorem 1 of Fan and Li (2001), and

2zT
( j)ε/

√
m

d→ N(0,∆3) for some ∆3. Here condition (4) can be verified by similar approach as in

lasso regression case since we have the asymptotic normality of β̂m. In addition, p
′
λm
(|β j|)/λm =

I(θ ≤ λm)+
(γλm−θ)+
(γ−1)λm

I(θ > λm)≤ 1. Therefore, we have

⋂

λm:
√

mλm≤λ0





∣∣∣∣∣∣∣

2zT
( j)Z

√
m(β∗−β)

m
+

2zT
( j)ε√
m√

mλm

∣∣∣∣∣∣∣
>

∣∣∣∣∣
p
′
λm
(|β j|)sgn(β j)

λm

∣∣∣∣∣





=
⋂

λm:
√

mλm≤λ0

{∣∣∣∣∣
2zT

( j)Z
√

m(β∗−β)

m
+

2zT
( j)ε√
m

∣∣∣∣∣>
√

mλm

p
′
λm
(|β j|)
λm

}

⊇
{∣∣∣∣∣

2zT
( j)Z

√
m(β∗−β)

m
+

2zT
( j)ε√
m

∣∣∣∣∣> λ0

}
,

6
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and hence

P




⋂

λm:
√

mλm≤λ0





∣∣∣∣∣∣∣

2zT
( j)Z

√
m(β∗−β)

m
+

2zT
( j)ε√
m√

mλm

∣∣∣∣∣∣∣
>

∣∣∣∣∣
p
′
λm
(|β j|)sgn(β j)

λm

∣∣∣∣∣








≥ P

(∣∣∣∣∣
2zT

( j)Z
√

m(β∗−β)

m
+

2zT
( j)ε√
m

∣∣∣∣∣> λ0

)
.

Therefore, there exists a positive probability c2(λ0) ∈ (0,1), uniformly on λm,

∂Q(β)

∂β j

< 0 when 0 < β j < Mm−1/2;

∂Q(β)

∂β j

> 0 when −Mm−1/2 < β j < 0,

with M sufficient large such that P
(

sup‖u‖=M Q
(
β∗ + (m−1/2 + am)u

)
> Q(β∗)

)
→ 1 and am =

max{p
′
λm
(|β∗

j |) : β∗
j 6= 0}, which implies that for sufficiently large m P(∩λm:

√
mλm≤λ0

{β̂ j 6= 0}) ≥
c3(λ0) with c3(λ0) strictly positive for fixed λ0, and c3(λ0) converges to 1 as λ0 → 0. Therefore,

condition (5) in Assumption 2 is verified. By similar approach, we can replace
√

mλm ≤ λ0 with√
mλm ≥ λ̃0, and bound the probability of the event |2zT

( j)Z
√

m(β∗−β)/m+2zT
( j)ε/

√
m|> λ̃0. Then

condition (6) in Assumption 2 can be verified. Therefore, Assumptions 2 is satisfied by the SCAD

with rm = m−1/2 and sm = o(1). �

Remark: The convergence in (1) is valid under the fixed design with Assumption S2.

Assumption S2: Assume that 1
n ∑n

i=1 xix
T
i →C with C positive definite, and 1

n ∑n
i=1 x2

i jx
2
ik is finite

for any 1 ≤ j,k ≤ p.

Proof of Remark: For random variable wi as defined above, we can also show that

Sn =
1

n

n

∑
i=1

2wixi jxik
p−→C jk. (8)

Note that E(Sn) =
1
n ∑n

i=1 2E(wi)xi jxik =
1
n ∑n

i=1 xi jxik →C jk and

var(Sn) = E
((1

n

n

∑
i=1

2wixi jxik

)2)
−C2

jk

=
4

n2

( n

∑
i=1

E(w2
i )x

2
i jx

2
ik +∑

i6=l

E(wiwl)xi jxikxl jxlk

)
−C2

jk

=
4

n2

(1

2

n

∑
i=1

x2
i jx

2
ik +∑

i6=l

cov(wiwl)xi jxikxl jxlk

)
+
( 1

n2 ∑
i6=l

xi jxikxl jxlk −C2
jk

)

→ 0,

following from Assumption S2 and the fact that cov(wi,wl)< 0 for i 6= l, ∑i6=l
xi jxik

n

xl jxlk

n
→C2

jk ≥ 0.

Then the Chebyshev’s inequality implies that

P
(∣∣∣Sn −

1

n

n

∑
i=1

xi jxik

∣∣∣≥ ε
)
≤ var(Sn)

ε2
→ 0, as n → ∞.

7
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This together with the fact 1
n ∑n

i=1 xi jxik →C jk imply (8). �

Lemma 3 Suppose that Assumption S1 is met and pn = o(n1/4). Assumptions 1a and 2a are satis-

fied by the lasso regression with rn = n−1/2 and sn = o(1) under the assumptions (A1)-(A4) in Bach

(2009) on the random splitting subsamples generated in Algorithm 1.

Proof of Lemma 3: According to the similar techniques in the proof of Lemma 2, we only need

to validate conditions (8)-(10) in Assumption 2a, then condition (7) in Assumption 1a is a direct

result from Assumption 2a as shown in Lemma 2.

For a particular sign pattern s̃ with jth noise variable selected in the active set J, we have

{ j ∈ J} ⊇ {sign(β̂n) = s̃}, where {sign(β̂n) = s̃} is equivalent to the conditions (2)-(4) with s = s̃.

We first show the probability of (5) also tends to zero for diverging pn. According to Proposition

2.4 in Bach (2009), Berry-Esseen inequality implies that

P(S3)≥ 1−2pne
−C1

n
pn ,

where C1 is a positive constant independent of n and pn. Therefore, from (5),

P
(
‖(Q−1

J,J qJ)J‖2 >
M(β∗)

2

)
≤ 2pne

−C1
n

pn .

In addition,
√

nM(β∗)λmin(Q)/(2
√

pn) is unbounded and hence the right hand side in (5) having

probability tending to 0 when pn = o(n). Next, we can show that (6) is also valid for diverging pn

based on Proposition 2.4 in Bach (2009). Specifically,

P


 ⋃

λn:
√

nλn≤λ0

{(2), (4)}c


−P({v /∈ C (s̃,λ0)})≤C2

p2
n

n1/2
, (9)

where C2 is a constant independent of n and pn, and C (s̃,λ0) is defined in (6). Here P({v /∈ C (s̃,λ0)})
is strictly within (0,1) for any fixed λ0, and when λ0 converges to 0, P(v /∈ C (s̃,λ0))→ 0. Therefore,

for pn = o(n1/4) and j ∈ Ac
T , as n → ∞, combining (5) and (9) leads to

P
( ⋂

λn:
√

nλn≤λ0

{ j ∈ Âλn
}
)
→ 1−P(v /∈ C (s̃,λ0)),

and hence condition (9) in Assumption 2a is verified. The condition (10) in Assumption 2a can be

proved by defining the particular sign pattern s̃ to be the one with jth noise variable not selected

in the active set J, then { j /∈ J} ⊇ {sign(β̂n) = s̃}. Then all the proof can be derived following

similar approach. In addition, Proposition 2.5 in Bach (2009) implies that uniformly over λn with√
nλn ≤ λ0, all the important variable will be selected with probability tending to 1, which verifies

(8) in Assumption 2a. Specifically, for any j ∈ AT ,

P
( ⋂
√

nλn≤λ0

{ j ∈ Âλn
}
)
≥ 1−2pne

−C3
n

pn ,

where C3 is a positive constant independent of n and pn. Therefore, let ζn = 2pne
−C3

n
pn satisfying

condition (8). This ends the verification of Assumption 2a for the lasso regression. Finally, the

condition (7) in Assumption 1a is also a direct result from Assumption 2a as shown in Lemma 2.

This ends the verification for the lasso regression in Lemma 3. �
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