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In this supplementary material, we provide Lemmas 2 and 3 and their proofs.

Suppose that xy, ..., x, are i.i.d. from a probability distribution with mean 0 and finite covariance
matrix C = (Cjx).

Assumption S1: Assume that x| has finite fourth moment, that is, E (x1;x; jx14x1;) is finite for any
1<, j,k 1 <p.

Lemma 2 Suppose that Assumption S1 is met. Assumptions 1 and 2 are satisfied by the lasso regres-
sion and the SCAD with r, = n~ '/ and s, = o(1) under the assumptions in Zhao and Yu (2006) or
Fan and Li (2001), and by the adaptive lasso with r, =n~"' and s, = n~ /2 under the assumptions
in Zou (2006), on the random splitting subsamples generated in Algorithm 1.

Proof of Lemma 2: First, for random variables w; ~ Bern(1/2); i = 1,...,n that are independent
with x;’s and satisfy Y7, w; = |n/2|, we show that % " wixx! £ c.
For fixed p, it suffices to show the componentwise convergence in probability,

N

S, = 2wWix;jXik NN Cix. (D)

1
ni3

Note that E(w;) = E(w?) = 1/2, and thus
1 n 1 n
E(Sn) = Z ZE(ZW,‘X,‘ink) = Z ZE(ZW,‘)E(X,‘jxik) = Cjk,
i=1 i=1

following the independence between w; and x;.
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In addition,

var(S,) = E(S2)—E(S,)

1& 2 5
E (; Z2wixijx,-k) - Cjk
i=1

4 n

= ? <E<Zwllezjx12k) + ZE(wiWJ)E(xijxik)E(xljxlk)) — C]z.k
=1 i#l

4 n 4(n—1)C% 2

S R
=

4 S

< ﬁE<ZWixijxl ) = —E(x;xy) — 0,

where the inequalities follow from the fact cov(wi,w2) <0, E(x;xix) = E (x;jx;) = Cjx, and E (wlz) =
1/2, and the convergence is due to the finite fourth moment of x;. The Chebyshev’s inequality im-
mediately implies that 2 Y7, wixx! 2.

Next we prove Lemma 2 for (i) the lasso regression, (ii) the adaptive lasso, and (iii) the SCAD,
respectively.

(i): The lasso regression. When the original assumption %Z?:lxixf — C is replaced by As-
sumption S1, the proof follows from the above convergence in probability statement and slight
modification of some existing results in literature. Specifically, the existence of r, and s, for se-
lection consistency in Assumption 1 can be verified as in Section 2.1 of Zhao and Yu (2006). The
condition (3) in Assumption 1 is a direct result from Assumption 2, which will be shown after we
verify conditions in Assumption 2 based on Lemma C.2 in Bach (2009).

Denote the permutated subsample (w;xi, ..., wyx,) as Z = (z1,...,zm)" withm = |n/2]. Denote
0= %ZTZ = % " 1 ziz], Amin(Q) as the minimal eigenvalue of Q, ¢ = Z7€/m, the true coefficient
as B*, and a sign pattern s = {1,0,—1}” such that for any j € {1,...,p}, s; = sign(pB;). For sim-
plicity, we denote J = /‘A?l;w, J = Ar, and s; as the sign pattern of variables indexed by J. Let
M(B) =minje(; . »1.8,+0 |B)| as the smallest magnitude of non-zero elements in B, and ||C|| as the
largest magnitude of all the elements in matrix C. According to Lemma C.2 in Bach (2009), when
the selected active set is over-fitting such that sy = sign(By) and J D J, we have that s is selected if
and only if

[ QJ",JQJ,JIQJ —qy— lmQth,JQ],}SJ lloo < A 2)
sign (B} + (QJL',JQZ}QJ - lmQZ}SJ)J) = sign(B;); (3)
sign (Q;}QJ - me;}sJ ) e = SjnJe- ()

Therefore, for a particular over-fitting sign pattern § with jth noise variable selected in the active set
J, we have {j € J} D {sign(B,) = §}, where {sign(p,) = §} is equivalent to the conditions of (2)-(4)
with s = §. For short, we denote {(3)“} as the complement of condition in (3), and {(2),(4)}¢ as the
complement of conditions in (2) and (4), respectively. When /mA,, < Ao € (0,0), Proposition 2.4
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in Bach (2009) leads to
U {®7
i/ MAm <o
M * in _ M *
e U v VT o g gl > M
i/ < VP
mM B* 7\-min Q — M B*
- {XO > Vm (2\/)13 ( )7 or [(Q7a,)sll2 > (2)}, 5)
with the right hand side in (5) having probability tending to 0, and as m — o
U {@.@f->{¢cEnt (©)
A/ My <o

where v is normal with zero mean and covariance matrix Q, and C(§,A0) is a convex set and its
complement also have non-empty interior, and hence P(v ¢ C(§,Ao)) is strictly within (0, 1) for any
fixed Ag. Therefore, as m — oo, combining (5) and (6) leads to

P( m {jéﬁxm})

Aniv/mhy <o
> p( ) A{sien(By) =5})
/My <o
= (N {@.@1n{6)})
xm:\/r;xmf}\'{)
> 1-p( U (@@r)-r( U (o))
Do/ <o Do/ <o

— 1-P(v¢ C(5,)) € (0,1),

and hence condition (5) in Assumption 2 is verified. In addition, as shown in Proposition 1 in Bach
(2008), when Aq converges to 0, P(v ¢ C(5,A9)) — 0, and hence ¢;(hg) =1 —P(v ¢ C(5,A)) — 1.
The condition (6) in Assumption 2 can be proved by defining the particular sign pattern § to be
the one with jth noise variable not selected in the active set J, then {j ¢ J} D {sign(B,) = §}. All
the proof can be derived following similar approach as above. Therefore, for any j € A7, we have
PN,y 0,1 ¢ fél;m}) > c2(ho) with c2(Ao) — 1 as Ay — oo. In addition, after a slight modification
of Proposition 2.5 in Bach (2009), we can show that uniformly over A, such that \/mA,, < Ao, all
the important variable will be selected with probability tending to 1, which verifies condition (4) in
Assumption 2. This ends the verification of Assumption 2 for the lasso regression.
Finally we show condition (3) in Assumption 1 for the lasso regression. Note that

N (A=)

hom=1/2<N,, <A,

_ N { N {jefélxm}}ﬂ N Ui ¢ )

hom= 12N, <Ay, \JEAr J1EAS

> { N vean{ N e}

A<\ j€Ar A >hom=1/2; j € 46
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Following the similar strategy in the proof of conditions (4) and (6), the selection consistency in
Zhao and Yu (2006) and Proposition 2.5 in Bach (2009) imply that all the important variables will
be included uniformly over A,, < A}, and all the noisy variables will be excluded in the active set
/‘Azlxm uniformly over A,, > Agm~'/2. Therefore, when n is sufficiently large,

PN Aa-a))
h0m7|/2§7\«111§7\/jn

> P( N {jeﬁxm})JrP( N Ul%ﬁxm})—

knlgltn;jeﬂT Mm*l/zgkm;jl Eﬂl;-

> (ko) — o

Since {, — 0 and limy,, .. c2(Ao) = 1 as shown above, letting co(ho) = 1 —c2(Ao)/2 leads to (3) in
Assumption 1. This ends the verification for lasso regression.

(i1): The adaptive lasso. When the original assumption 12 xxI' — C is replaced by As-
sumption S1, the selection consistency established in Zou (2006) when nA,, — < and /nA, — 0
is still valid with the above convergence in probability statement. In specific, we also denote the

permutated subsample (w;x1,...,w,x,;) as Z = (z1,...,2,)! withm = Ln /2]. It is shown above that
%ZTZ = % "z 2, C. Denote p* as the true coefficient, B = p* + \F’ and
”/
uj
o= = Ea (g 2[4 £ o
j=1

t , and
m

where Bf is the estimator from the lasso regression. Let i, = argmin'¥,,(u), [3,,, =B+
Vin(u) = W (1) — ¥,, (0) with
- 1B}l)

ZTZ)M 22 v 22 (B* N

Vil = Nk . rBﬂ

m

Note that ££ 2, inz 5 WT ~ N(0,6%C) from the central limit theorem. Similar to the fixed
design case in Zou (2006), we can show that with probability tending to 1, the asymptotic normality
of @, holds on 4y and i,, — 0 on A%. In addition, for any j ¢ Ay, it’s sufficient to show P(j €
/‘Azlx ) — 0. Note that when j € /‘Azl;w the Karush-Kuhn-Tucker (KKT) conditions imply that 2z(Tj) (y—

7B,) = m\ﬁ'ﬁ where leL 2 o0, and

227 (y—2Bn) 2 Zym(B* —Pm) 227
() ) + 20
Note that Z;—Z 2 C and \/%(B*A— B.n) is asymptotic normal as shown above, Slutsky’s theorem im-
plies that both ZZ(TJ.)Z\/n?(B* —Bm)/m and 2Z(Tj)8 /+/m converge in distribution to normal. Therefore,
P(jed,)—0.

m

Next we verify Assumption 2 for the permutated subsamp}e Z=z,... ,Zm)T- When A, <m~!,
we have A,, < m~'/2, and hence the asymptotic normality of 3,, still holds for any satisfied A, (Zou,
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2006). This implies condition (4) in Assumption 2 directly. It then suffices to consider the event
j & A, forany j € A5. Note that when j ¢ 4, the Karush-Kuhn-Tucker (KKT) conditions imply
that

m

A A
j
In addition, A A
227 (y—ZPBn) 220 Z/m(B* —Bn) 2zl.¢
() _ 70 + 20
By the asymptotic normality of [3,, and Z;—lz 2, €, the Slutsky’s theorem implies that ZZ(Tj)Z\/ﬁ (B*—
Bu)/m 4 N(0,A;) for some A, and ZZ(TJ.)S/\/% 4 N(0,A) for some A;. In addition, when mA,,, <
Ao for some A € (0,0), we have

{km:mgwjnélo{j ¢ ?4;%}} - {k,,l:m%wjnﬁko{‘2Z(Tj)(y_ZBm)‘ - 7;3}\121’1}}
c {|2z{j>(y—ZBm)]§‘g2‘}.
Therefore,
P U ) < ez < g;)
22 Z/m(B* —Bw) 227,
= (P V(?%S‘S\\/%ﬂ)'

The DCT theorem implies that for sufficiently large m,
P( U {i¢ ﬁm]’) < 1—co(ho),
Mo imA <ho
with ¢ (o) being a strictly positive constant in (0, 1), and hence
PN e} =ab).
A <ho

In addition, the condition (6) in Assumption 2 can be verified by slightly modifying the proof
in the lasso regression. Specifically, we define s to be the one with jth variable not selected in the
active set J. Then we only need to replace A, with A, /Bf for j € Jin (5) and (6). When mA,,, < Ag,
we have that (5) is replaced with

U {®)
Ay, <Ao
M /MM(B) Ain(Q) O M(B*)
- xm:m%<xo{M(\/rﬁBIj)> NG s or [[(Qy740)sl2 > 5 }
c {xo > LB OLIED o (05}l > 2 } 0
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with the right hand side in (7) still having probability tending to O since \/ﬁ/[gf = 0,(1) for any
j € J. In addition, (6) is replaced with

U {@.@} = {v¢Cls, M)}

}\’771 :m%’m S)\‘O

Therefore, we still have

PN gAY Za).
AmimA, <ho
This ends the proof of Assumption 2 for the adaptive lasso.

(iii): The SCAD. Fan and Li (2001) showed that the SCAD is selection consistent under the
random design when /mA,,;, — oo and A,, — 0. In addition, condition (3) in Assumption 1 follows
after the verification of Assumption 2 by similar approach as in the proof of lasso regression case.

Next, we show Assumption 2 for SCAD. It then suffices to consider the event j ¢ ﬁ;bm for any
J € Az. In fact, the SCAD minimizes

)4 2 )4
= HY— ZZ(]’)BJH +m Yy, (IB;]),
=1 =

where the penalty term satisfies p} (6) = A(1(8 < &) + (( (0> A)) for some Y > 2 and 6 > 0.
Forany B € {B : B— By = Op(m~"/?)}, then

90(B)
oB;

—2Z( (y— ZB)—l—mpx (IB;])sen(B;)

227 Z/m(B*—B)  2zl.¢ ,
=+, (IBil)sen(By)

NG . :

= —mh,

where ZTTZ = C,AH\/ﬁ(B* —B)|| < ||v/m(B* = Bum)|| +||v/m(Bm — B)| is bounded in probability due
to that fact that 3, is a \/m-consistent estimate of B* by Theorem 1 of Fan and Li (2001), and

2Z(TJ.)8/ Vm 4N (0,A3) for some Az. Here condition (4) can be verified by similar approach as in
lasso regression case since we have the asymptotic normality of B,,. In addition, p;wl(|B i)/ Am =

10 < Ay + 77‘ 13?3*1(6 > M) < 1. Therefore, we have

227 Z/m(B*—B) ,
N =+  |Pa,(BiDsen(B))
Anin/mA <ho Vb, Ao

2z{j)z\/ﬁ([3* —B) 2z(TJ)e
t

o,

px (IBJ!)}

m

2Z6)Z\/%(B* - B) (T

\_/

S

V)
! > 3




CONSISTENT SELECTION OF TUNING PARAMETERS VIA VARIABLE SELECTION STABILITY

and hence
20 2 m(B—B) 2] /
ST + | _ |72, (IBj)sen(B;)
Pl A ~ A
7»7712\/%%;67»0 \/% " "
2z Z/m(B* —PB) 2z!.¢
> P< () 4+ 70 > |
m vm
Therefore, there exists a positive probability ¢;(Ag) € (0, 1), uniformly on A,
0
géﬁ) <0when0<B; < Mm~ /2
J

20(B)
aB;

with M sufficient large such that P(supy,_y Q(B* + (m™12 + a,)u) > O(B*)) — 1 and a, =
max{ p%ﬁﬂﬁﬂ) : B # 0}, which implies that for sufficiently large m P(M, . \/,gkmgko{lg i #0}) >
c3(ho) with ¢3(Ag) strictly positive for fixed Ay, and c¢3(Ao) converges to 1 as Ay — 0. Therefore,
condition (5) in Assumption 2 is verified. By similar approach, we can replace /mh,, < A with
/m\,,; > Ao, and bound the probability of the event ’2Z6)Z\/771([3* —B)/ m—i-ZZ(Tj)S /+/m| > Xo. Then
condition (6) in Assumption 2 can be verified. Therefore, Assumptions 2 is satisfied by the SCAD
with r,, = m~ /2 and s,, = 0(1). [

>0 when — Mm% < B; <0,

Remark: The convergence in (1) is valid under the fixed design with Assumption S2.
Assumption S2: Assume that 1 Y7 | x;xI — C with C positive definite, and 1 Y7, x,.zjxizk is finite
forany 1 < j k< p.

Proof of Remark: For random variable w; as defined above, we can also show that

n
Sn = Z Z 2W,'xl'jx,‘k L) Cjk. (8)
i=1

Note that E(Sn) = %Z?:] 2E(wi)x,-jxik = %Z?:l XijXik — Cjk and

1 & 2
Var(S,,) =FE ( <; Z 2w,-xl-jx,-k> ) — CJzk
i=1

4 n
= ? ( Z E(wl-z)xizjxl-zk + ZE(wiwl)xijxikxljxlk> - Cjz-k
i=1 i#l
= = (5 Y x4 Y cov(wiwn)xijxiex; szk) + (—2 Y xijxixijxu —C jk>
n i=1 il iz
- 0

)

following from Assumption S2 and the fact that cov(w;, w;) < 0 for i # I, Yitl %% — Cjzk >0.
Then the Chebyshev’s inequality implies that
1 & var (S
P( Sn—foijxik (2 n)
n= €

— 0, as n — oo,

>e) <

~
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This together with the fact %):;1: 1 Xijxik — Cjx imply (8). |

Lemma 3 Suppose that Assumption S1 is met and p, = o(n'/*). Assumptions la and 2a are satis-
fied by the lasso regression with r, = n Y2 and s, = o(1) under the assumptions (Al)-(A4) in Bach
(2009) on the random splitting subsamples generated in Algorithm 1.

Proof of Lemma 3: According to the similar techniques in the proof of Lemma 2, we only need
to validate conditions (8)-(10) in Assumption 2a, then condition (7) in Assumption la is a direct
result from Assumption 2a as shown in Lemma 2.

For a particular sign pattern § with jth noise variable selected in the active set J, we have
{j €J} D {sign(B,) = 5}, where {sign(B,) = §} is equivalent to the conditions (2)-(4) with s = §.
We first show the probability of (5) also tends to zero for diverging p,. According to Proposition
2.4 in Bach (2009), Berry-Esseen inequality implies that

P(S3) > 1—2pue Cin,
where C| is a positive constant independent of n and p,,. Therefore, from (5),

M(B")
2

P(l@rtanile > T3)) <ap,e i,

In addition, /nM (B*)Amin(Q)/(2+/Px) is unbounded and hence the right hand side in (5) having
probability tending to 0 when p, = o(n). Next, we can show that (6) is also valid for diverging p,
based on Proposition 2.4 in Bach (2009). Specifically,

2
3 p
Pl U {@.@) ) -P{v¢CcEM)}D <G, )
NN "
where C; is a constant independent of n and p,,, and C(§, ) is defined in (6). Here P ({v ¢ C(5,A0)})
is strictly within (0, 1) for any fixed A, and when A converges to 0, P(v ¢ C(5,A)) — 0. Therefore,
for p, = o(n'/*) and j € 45, as n — oo, combining (5) and (9) leads to

PN Ue@m)) = 1-Pog M),
At/ <ho

and hence condition (9) in Assumption 2a is verified. The condition (10) in Assumption 2a can be
proved by defining the particular sign pattern § to be the one with jth noise variable not selected
in the active set J, then {j ¢ J} D {sign(B,) = §}. Then all the proof can be derived following
similar approach. In addition, Proposition 2.5 in Bach (2009) implies that uniformly over A,, with
V/nh, < A, all the important variable will be selected with probability tending to 1, which verifies
(8) in Assumption 2a. Specifically, for any j € Ay,

P( N {jéﬁxn}>21—2pne_c3ﬁ,
k<o

where C3 is a positive constant independent of n and p,. Therefore, let {,, = 2pnefc31% satisfying
condition (8). This ends the verification of Assumption 2a for the lasso regression. Finally, the
condition (7) in Assumption la is also a direct result from Assumption 2a as shown in Lemma 2.
This ends the verification for the lasso regression in Lemma 3. |
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