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Abstract

Beamforming is a widely used technique for source localization in signal processing and
neuroimaging. A number of vector-beamformers have been introduced to localize neuronal
activity by using magnetoencephalography (MEG) data in the literature. However, the ex-
isting theoretical analyses on these beamformers have been limited to simple cases, where
no more than two sources are allowed in the associated model and the theoretical sensor
covariance is also assumed known. The information about the effects of the MEG spatial
and temporal dimensions on the consistency of vector-beamforming is incomplete. In the
present study, we consider a class of vector-beamformers defined by thresholding the sensor
covariance matrix, which include the standard vector-beamformer as a special case. A gen-
eral asymptotic theory is developed for these vector-beamformers, which shows the extent
of effects to which the MEG spatial and temporal dimensions on estimating the neuronal
activity index. The performances of the proposed beamformers are assessed by simulation
studies. Superior performances of the proposed beamformers are obtained when the signal-
to-noise ratio is low. We apply the proposed procedure to real MEG data sets derived from
five sessions of a human face-perception experiment, finding several highly active areas in
the brain. A good agreement between these findings and the known neurophysiology of the
MEG response to human face perception is shown.

Keywords: MEG neuroimaging, vector-beamforming, sparse covariance estimation,
source localization and reconstruction

1. Introduction

MEG is a non-invasive imaging technique that records brain activity with high temporal
resolution. Postsynaptic current flow within the dendrites of active neurons generates a
magnetic field that can be measured close to the scalp surface by use of sensors (Hamalainen
et al.} 1993). The magnitude of these measured fields is directly related to neuronal current
strength, and hence their measurement will reflect the amplitude of brain activity. The
major challenge, however, is to localize active regions inside the head, given the measured
magnetic fields outside the head (i.e., given MEG data). This is an ill-posed problem
of source localization since the magnetic fields could be caused by an infinite number of
neuronal regions. Mathematically, the problem can be stated as follows: one observes a
vector of time-series Y(t) = (Yi(t),..., Yn(t))T € R", ¢t = t;,1 < j < J from n sensors,
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which are linked to candidate sources located at ri,1 < k < p in the brain via the model
p
Y(t) = Hemy(t) +(t), (1.1)
k=1

where Hy is an n x 3 lead field matrix at r; (i.e., the unit output of the candidate source
at location rg, which is derived from Maxwell’s equations), my(¢) with covariance matrix
Y is a 3 x 1 moment (time-course) at time ¢ and location 7, €(t) with covariance matrix
U%[n represents white noises at the MEG channels, and I, is the n x n identity matrix.
See Mosher et al.| (1999) for more details. In practice, when candidate source locations
(i.e., voxels) are created by discretizing the source space in the brain, the number of these
sources can be substantially larger than the number of available sensors. Moreover, unlike
the traditional functional data, not only source time courses but also sensor readings are
spatially correlated. Therefore, searching for a small set of latent sources of non-null powers
from a large number of candidates poses a challenge to standard i.i.d. sample-based methods
in functional data analysis (Ramsayl, 2006). Here, the source power at location ry, is referred
as the trace of the covariance matrix X.

Two types of approaches have been proposed for handling the above problem in the
literature: global approach and local approach (e.g., Henson et al., [2011; Bolstad et al.,
2009; |Van Veen et al., [1997; |Robinson, [1999; Huang et al., 2004; |Quraan et al., 2011). In the
global approach, one puts all candidate sources into the model and solves a sparse estimation
problem. In the local approach, on other hand, one invokes a list of local models, each is
tailored to a particular candidate region. The global approach often requires to specify
parametric models, while the local approach is model-free. When the number of candidate
sources p is small or moderate compared to the number of available sensors n, one may use a
Bayesian method to infer latent sources, with helps of computationally intensive algorithms
(e.g., Henson et al., [2011)). To make an accurate inference, a large p should be chosen.
However, when p is large, the global approach may be computationally intractable and the
local approach is preferred. Here, we focus on the so-called linearly constrained minimum
variance (LCMV) beamforming (also called vector-beamforming), a local method for solving
the above large-p-small-n problem. It involves two steps as follows:

e Projection step. For location r; in the source space, one searches for the optimal
n x 3 weighting-matrix W by minimizing the trace of the sample covariance of the
projected data W1Y(t;), 1 < j < J, subject to W Hy, = I3, where I3 is a 3 x 3
identity matrix. This gives the optimal trace

Sk :tr([HgéilHk]il), (1.2)

where C is a sensor covariance estimator and for any invertible matrix A, A~ denotes
its inverse, and tr(-) stands for the matrix trace operator. See Van Veen et al.| (1997)
for the details.

e Mapping step. For each location 7, calculate the neuronal activity index
Si/ (odtr([HF Hi)™1)), where o} is estimated by certain baseline noise data such as
the pre-stimulus data. Plot the index against the grid points, creating a neuronal
activity map over a given temporal window.
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In the projection step, the procedure aims at estimating the desired signal from each
chosen location while minimizing the contributions of other unknown locations in the pres-
ence of noises by optimizing the variation of the projected data. This can be easily seen from
the following decomposition of the projected covariance under the constrain W71 Hj, = I5:

tr (cov(WTY (1)) = tx(Sp) + tr(Wheov(d | Hymy(t) + ()W)
J#k
+2tr(cov(my (£), W (Y Hymy(t) + £(t)))),
J#k
where the first term is the underlying signal strength at r; and the last two terms are the
contributions of other locations and background noises to the estimated strength of the
signal at r;. Therefore, minimizing the trace of the projected covariance of the data with
respect to W is equivalent to minimizing the the contributions of other locations and back-
ground noises to estimating the true signal strength at r. The further mathematical details
can be found in Sekihara and Nagarajan (2008). As pointed out before, in practice, we often
have the baseline noise data. Performing the above projection procedure on the noise data
under the assumption that the noise covariance matrix is approximately a%]n, we obtain the
optimal trace of the covariance matrix of the projected noise at 7y, O'Str([HgH k]~1). This
implies that the above neuronal activity index is a signal-to-noise ratio (SNR) at location
ri. Therefore, the map generated in the mapping step is a SNR map. A similar formula
can be derived under a general model of the noise covariance. However, to avoid high-
dimensional effects on estimating sensor covariance matrices, we often employed a diagonal
noise covariance model even when the true one is not diagonal.

Both theoretical and empirical studies have suggested that the vector-beamforming can
provide excellent performance given a sufficient number of observations (e.g.,|Sekihara et al.,
2004; Brookes et al., 2008; |(Quraan et al., [2011). However, the existing theoretical analy-
ses have been limited to simple cases, where no more than two sources are allowed in the
model and the theoretical sensor covariance is assumed known. In limited data scenarios
the estimated sensor covariance may possess considerable variation and thus deteriorate the
performance of localization. Empirical studies have also demonstrated that the sampling
window and rate are generally required to increase as the number of spatial sensors increases.
For example, when using the sample covariance matrix to estimate the sensor covariance
matrix, the number of statistically independent data records should be three or more times
the number of sensors in order to obtain statistically stable source location estimates (e.g.,
Rodriguez-Rivera et al., 2006]). Consequently, the potential advantages of having a large
number of sensors are offset by the requirement for increased sampling window and rate.
Therefore, it is important to develop a general framework for users to examine the extent
of effects to which the spatial dimension (i.e., the lead field matrix) and the temporal di-
mension (i.e., the temporal correlations of sensor measurements) of MEG on the accuracy
of source localization. Furthermore, most brain activities are conducted by neural networks
which consist of multiple sources. For example, in the so-called evoked median-nerve MEG
response study, scientists have found the relatively large number of neuronal sources ac-
tivated in a relatively short period of time by the median-nerve stimulation with typical
repetition rates, which challenges covariance-based analysis techniques such as beamformer
due to source cancellations (Huang et al., |2004). We need to understand how the accuracy
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of localization is affected by source cancellations both theoretically and empirically. In
particular, we need to address the fundamental questions of whether the neuronal activity
map can reveal the true sources when the number of sensors and the width of the sampling
window are large enough and of how much multiple source cancellation effects are reduced
by increasing spatial and temporal dimensions of MEG.

The goal of the present study is to demonstrate at both theoretical and empirical levels
the behavior of a class of vector-beamforming techniques which includes the standard vector-
beamformer as a special example. These beamformers are based on thresholding the sample
sensor covariance matrix. By thresholding, we aim at reducing the noise level in the sample
sensor covariance. We provide an asymptotic theory on these beamformers when the sensor
covariance matrix is consistently estimated and when multiple sources exist. We show
that the estimated source power is consistent when multiple sources are asymptotically
separable in terms of a lead field distance. We further assess the performance of the proposed
procedure by both simulations and real data analyses.

The paper is organized as follows. The details of the proposed procedures are given in
Section 2. The asymptotic analysis is provided in Section 3. Other covariance estimator-
based beamformers are introduced in Section 4. The simulation studies on these beamform-
ers and an application to face-perception data are conducted in Section 5. The discussion
and conclusion are made in Section 6. The proofs of the theorems and corollaries are de-
ferred to Section 7. Throughout the paper, let ||A|| denote the operator norm of matrix
A. For a sequence of matrix A,, we mean by A, = O(1) that ||A,]|| is bounded and by
A, = o(1) that ||A,|| = o(1). Similarly, we define the notations O, and o), for a sequence of
random matrices A,. For non-negative matrices A and B, we say A < B if a” Aa < a” Ba
for any a with ||a|| = 1. We say that random matrix A,, is asymptotically larger than ran-
dom matrix B, in probability if min|q— a’ (A, — By)a is asymptotically bounded below
from zero in probability.

2. Methodology

Suppose that the sensor measurements (Y(¢;) : 1 < j < J) are weakly stationary time-
courses observed from n sensors. We want to identify a small set of non-null sources that
underpin these observations. To this end, we introduce a family of vector-beamformers
based on thresholding sensor covariance as follows.

2.1 Thresholding the sensor covariance matrix
The sensor covariance matrix of Y(t), C' can be estimated by the sample covariance matrix
J

€ = (e5) = 5 S Y1) Y1)~ YY",
j=1

where Y is the sample mean of (Y(t;) : 1 < j < J). It is well-known that the sample
covariance estimator can breakdown when the dimension n is large (Bickel and Levinal,
2008)). In the statistical literature (Bickel and Levina, 2008)), various sparse estimation pro-
cedures have been proposed to fix the sample covariance, including the following thresholded
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estimator:

C(mng) = (€ij(Tns))
with ¢;;(7,.7) = ¢;;1(|¢ij] > Tny), where 7,7 is a varying constant in n and J.

As with the i.i.d. case (Bickel and Levina, [2008), the above thresholded estimator will
be shown to converges to positive definite limit with probability tending to 1 in the Lemma
7.2 in Section 7 below. Although the thresholded estimator has good theoretical properties,
it may not be always positive definite when the sample size is finite or when sensors are
spatially too close to each other. To tackle the issue, we assume that C (Tng) has the eigen-
decomposition C’(Tn J) = ZZZI kagfuk and then a positive semidefinite estimator can be
obtained by setting these negative eigenvalues to zeros. We further shrinkage the covariance
matrix estimator by artificially adding egl,, to it in our implementation, where we choose
€0 to be a tuning constant which is equal to or slightly larger than the maximum eigenvalue
of the noise covariance matrix. We will show in the following sections that adding €yl,, to
the thresholded covariance matrix does not affect the consistency of the neuronal activity
index.

2.2 Beamforming

As before, let ¥j denote the covariance matrix of the moment my(t) at the location ry.
Based on the thresholded sensor covariance estimator C’(Tn J), we estimate Y, 1 < k < p
and create a neuronal activity map in the following two steps.

In the projection step, for 1 < k < p, we search for an n x 3 weight matrix W), which at-
tains the minimum trace of W7'C(7,;)W subject to W’ Hy, = I3. When C(7,,7) is invertible,
it follows from [Van Veen et al.| (1997) that

. . . —1
Wy = C(Tnj)_lHk [HgC(TnJ)_lHk}
with the resulting moment covariance matrix and trace estimators
3 T A—1 -1 & T A -1 -1
Y = [ch (TnJ)Hk:| , Sp=tr [Hk C(Tnj) Hk}
respectively. In the mapping step, we calculate the so-called neuronal activity index
A -1
NAI(rg) = Sk/<a(2)tr ([Hng] )),
creating a brain activity map, where o3 is estimated from baseline data (i.e., called pre-
stimulus data in the next subsection). One of the underlying sources can be then estimated
by the global peak on the map with the associated latent time-course estimated by projecting

the data along the optimal weighting vector. The multiple sources can also be identified by
grouping the local peaks on the transverse slices of the brain.

2.3 Choosing the thresholding level

In practice, the MEG imaging is often run on a subject first without stimulus and then
with stimulus. This allows us to calculate the sample covariance C' for the stimulus data
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as well as the sample covariance Cy for the pre-stimulus data. The latter can provide
an estimator of the background noise level. In the next section, we will show that the
convergence rate of the thresholded sample covariance is O(y/log(n)/J). In light of this,
we set 7,7 = co6a+/log(n)/J with a tuning constant ¢y and threshold C by 7.7, where
62 is the minimum diagonal element in Cy and ¢ is a tuning constant. Note that, when
co = 0, the proposed procedure reduces to the standard vector-beamformer implemented in
the software FieldTrip (Oostenveld et al., 2010). For each value of ¢y, we apply the proposed
procedure to the data and calculate the maximum neuronal activity index

NAl,, = max{NAI(r) : r is running over the grid}. (2.3)

In simulations, we will show that ¢g € Dy = {0,0.5,1,1.5,2} has covered its useful range.
Our simulations also suggests that there is an optimal value of ¢y, which depends on several
factors including the strengths of signals and source interferences. To exploit these two
factors, we choose cg in which NAI, attains maximum or minimum, resulting in two proce-
dures called ma and mi respectively. By choosing cg, the procedure ma intends to increase
the maximum SNR value, while the procedure mi tries to reduce source interferences. The
simulation studies in Section 5 suggest that mi can perform better than ma when sources
are correlated.

2.4 Two sets of stimuli

Suppose now that MEG measurements (Y (¢)) and (Y®)(t)) are made under two dif-
ferent sets of stimuli and pre-stimuli with the associated neuronal activity indices de-
noted by Na1M(r;,) and NaI®)(ry) respectively. The previous strategy for selecting the
tuning constant ¢y can be adopted here when we calculate these indices. To identify
source locations that respond to the change of stimulus set, we calculate a log-contrast
log(NAID (r,) /NAI®) (r1,)) between the two sets of stimuli at location ry, 1 < k < p, cre-
ating a log-contrast map. The resulting log-contrast map is equivalent to the map based
on index ratio NAI®M (1) /NA1®) (1), which was often seen in the literature (e.g., Hillebrand
et al.l 2005). We further take the global peak of the log-contrast as the maximum location
estimator for a source location that contributes to the difference between the two sets of
MEG measurements.

3. Theory

In this section, we develop a theory on the consistency as well as the convergence rate of the
hard thresholding-based beamformer estimator under regularity conditions. In particular,
we show that the consistency holds true under regularity conditions if we let the hard
threshold 7,7 = A+/log(n)/J with constant A. This provides a theoretical basis for using
the proposed procedures ma and mi.

Without loss of generality, we assume that the first ¢ < p moment vectors are of non-
zero covariance matrices X, 1 < k < g, where ¢ is unknown and often much smaller than
p in practice. For the simplicity of mathematical derivations, we also assume that ¥; does
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not grow with the number of sensors n. Our task is to identify the unknown true model

= Hymy(t) +<(t), (3.4)
k=1

from the working model by using the proposed procedure, where the unknown moments
my(t),1 < k < g are of non-zero powers tr(Xy),1 < k < g. To establish a theory for the
proposed procedures, we assume that

(A1): Both the moment vectors (my(t) : 1 < k < ¢) and the white noise process (£(t))
are stationary with zero means and temporally uncorrelated with each other. Also, my(t)
is temporally uncorrelated with m;(t) for k # j.

Under Condition (A1), the sensor covariance matrix of Y (¢), C' can be expressed in the
form

q
C=> HSH] +0il,.
k=1

As pointed out by Sekihara and Nagarajan (2008, Chapter 9), Condition (A1) is one of
fundamental assumptions in the vector-beamforming. However, source activities in the
brain are inevitably correlated to some degree, and in strict sense, (A1) cannot be satisfied.
The theoretical influence of temporally correlated sources has been investigated by [Sekiharal
and Nagarajan| (2008, Chapter 9). The equation (9.3) in |Sekihara and Nagarajan (2008,
Chapter 9) implies that the influence can be ignored if the partial correlations between
sources are close to zeros in order of o(1/n) when the number of sensors n is sufficiently
large. Note that although in practice the number of sensors is limited to a few hundreds,
we still ideally let n tend to infinity to identify potential spatial factors that affect the
performance of a vector-beamformer. In the next section, by using simulations, we will
demonstrate that the source correlations can mask some true sources.

To show the consistency of the estimators f]k and Sk, we need more notations and
condition as follows. Let Hj denote the lead field matrix at the location ry. For the
simplicity of the technical derivations later, we further assume that the lead field matrices
satisfy the condition that for any location rg, H,CTH z/n — G in terms of the operator norm
as n tends infinity, where G is a 3 x 3 positive definite matrix.

Under the above condition, we can find a positive definite matrix @ satisfying that
H’F{Hk = anQf and Q,;lH,?HkQI;T = nl3 when n is large enough, where I3 is an identity
matrix. Letting H} = HkQ,;T, mj(t) = Q{mk and X} = QZZka, we reparametrize the
model as follows:

p
:ZH mk+€
k=1

with the covariance matrix C' = 2221 H ¥ H ,Z‘T + 021I,. Then, under the reparametrized
model, the estimators

N ~ -1 R -1 A
Sio= [mTCE) T o] = (@ HEC ) T QLT = QTS
Sio= QT
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Consequently, f]z is consistent with ¥ if and only if S is consistent with . Therefore,
without loss of generality, hereinafter we assume that

(A2): Hng = nl3 for any location .

We process the remaining analysis in two stages: In the first stage, we develop an
asymptotic theory for the proposed vector-beamformers when the sensor covariance matrix
C is known. The sensor covariance matrix can be assumed known if the width of the
sampling window can be arbitrarily large. In the second stage, we extend the theory to the
case where C' is estimated by C(7,,7).

3.1 Beamformer analysis when C' is known

We begin with introducing some more notations. For any locations r, and r,, let H, and H,
denote their lead field matrices. Define the lead field coherent matrix by pgy = p(ry,ry) =
HI'H,/n. Note that pyy + pys = Is— (H, — Hy,)T (H, — Hy)/(2n). Therefore, Is — (pzy + pya)
indicates how close r, is to r,. In general, the partial coherence factor matrices (or called
partial correlation matrices) Ayziks 1 < k < g are defined iteratively by the so-called sweep
operation ((Goodnight, [1979) as follows:

ayx|1 = U()_2p(ry, 1, Tﬂi) = 0()_2 (p(rya TJC) - p(ry7 rl)p(rlv TZ‘)) )

Oyal(e1) = Oyale = Oy(krDlk (Ot E+D] Ok, 1<k <q—1.

For example, we have

OQyslt = Pyz — PylPlas  Opasop = I3 — plapia,
T “1
J(2)%3\2 = I3 —pisp1s — (p23 — plapis)” [Is — plaprz]  (p2s — plaprs) -

Note that aga(kﬂ)(k“)‘ r gauges the partial variability of rj41 given the previous s while
agayz|(k +1) shows the partial coherence between r, and r, given {ry,...,rx41}. We expect
that ay,|x41) will be small if r, and 7, are spatially far away from each other. We define
byx|k‘7 1 <k <gq, by letting by:r:\l = pylzl_lplz and

byalke = byal(h-1) — Dyki(e—1) (@t (h-1)] " Gl (k-1) — Byl (k1) [@rkl(e—1)] " Bl (k1)

+agrie—1) (-]~ {28 + b=} [ammi—)] ™ Gl

We also define c;jjx, 1 < j <k < qby

p— _1 _ )
? Cilk=1) — bikik=1) [@rri-n]  Vfgyporyy 1T <k -1

Let ang = nminy<p<q1 [|a@g41)k+1)kll, and let ky, = 0 if ang — oo and ky, = min{l <
k< q=1:nllaginygsnpll = O1)} if ang = O(1). Let dyjq = maxa<r<q || —1)Tpp 1)l
which measures the maximum absolute partial correlation among ¢ sources by using their
lead field matrix. As the lead field matrix measures the unit outputs of sources recorded by

sensors, the maximum absolute partial correlation may increase when the number of sensors
n increases. In the following theorem, for any location r, of interest, the condition that
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dyjq = O(1) (i-e., the maximum absolute partial correlation will be bounded) is imposed
on the lead field matrix. The condition is used to ensure the coherence stability for the
grid approximation to the lead field. Our numerical experience suggests that the condi-
tion roughly holds when the underlying sources are asymptotically not close to each other.
See the discussion in Section 7. The following theorem shows when the source covariance
estimator is consistent and when it is not.

Theorem 1 Under Conditions (A1)~(A2) and C is known, we have:

(1) If ang = O(1) and maxi<p<qdiq = O(1), then the estimated source covariance at

Tl +1 [HkmﬂTC_lHka]_l s asymptotically larger than Xy, 1.

(2) If ang — o0, then for 1 < j < q, the estimated source covariance at r; admits

Tr—177171 1 -2
[H} CTHH;] = %5+ —%¢550%5 + Olang),

¥;/n|| = O(a,t) as n — occ.

provided maxi<g<q dijq = O(1), where [|S;c g

Jila
(3) If ang — 00, then for ry & {r1,...,74}, the estimated source covariance at r, admits

1 1
-1 -1 -1
Eaxadq B ﬁazﬂquﬂqaxaﬂq

[HT'Cc'H,] ™ = +O0(ang),

provided maxi<j<q djig = O(1), [|nagy)ql| — o0, and dyq = O(1) as n tends to infinity,

where by, = O(1) as n — .

zlq

The following lemma shows when the source power estimator is consistent.
Corollary 2 Under Condition (A1)~ (A2), we have:

(1) If ang = O(1) and maxi<p<q di)q = O(1), then the estimated source power at Ty, +1
tr([Hkm_HTC_lHkm_H]fl) is asymptotically larger than tr(Xy,, +1)-

(2) If ang — 00, then for 1 < j < g, the estimated source power at r; admits
- 1
tr([HjTC_lHj} 1) =tr(%;) + Etr(zjcmqilj) + O(agg),

Y;/n|| = O(a,}) as n — .

provided maxi<p<q dpjq = O(1), where ||X;c nq

Jilq

(3) If ang — oo, then for ry & {r1,...,rq}, the estimated source power at r, admits

1
—tr(a

T -1 - Lo
tr([HmC H,| ) = ntr(a ) .

zx|q

! bxx|qa;zl|q) + O(CL;;),

zx|q

provided maxi<j<q djjq = O(1), |[nayy4l| — o0, and d

zlq = O(1) as n tends to infinity,
where by, = O(1) as n — oo.
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Remark 3 It follows from the definition that c;j, is proportional to o3, which implies the
convergence rate of the neuronal activity indez is of order O(o3/(ckang)), where o3an, is
independent of o3. Therefore, the effect of adding oI, to C on the above convergence rate
is increasing or decreasing the rate by the amount of O(eo/((08 + €0)ang)). In particular,
adding eoly, to C does not affect the consistency of the neuronal activity index if anq tends
infinity.

Remark 4 From the proof in Section 7, we can see that if we relax the coherence stability
condition maxi<k<q dy, = O(1) to maxi<p<qdy)q = O(log(n)), then the convergence rates
in the theorem will be reduced by a factor of log(n).

Remark 5 If there are MEG measurements made under two different sets of stimuli and
pre-stimuli, we let C1) = P _ HgZ,il)Hk + o3I, and C? =3P, HkTZg)Hk + 0351,
be the corresponding sensor covariance matrices. We perform the proposed beamformers on
CY and C? respectively. Then, under certain conditions, Theorem can be extended to
this setting. When ri is a source location for both sets of stimuli, the log-contrast tends to
the true one as n — oo; when 7y is a source for stimulus set 1 but not for stimulus set
2, the log-contrast tends to infinite; when 1y is a source location for stimulus set 2 but not
for stimulus set 1, the log-contrast tends to —oo; when r; is neither a source for stimulus
set 1 nor a source for stimulus 2, the log-contrast tends to a finite value depending on the
associated values of ayy .. The details are omitted here.

3.2 Beamformer analysis when C is estimated

We now estimate the sensor covariance matrix by using the sensor observations over .J
time instants. Following [Bickel and Levina| (2008) and [Fan et al. (2011)), we establish the
asymptotic theory for the resulting beamformer estimators when both n and J are tending
to infinity.

In addition to Conditions (Al) and (A2), we need the following two conditions for
conducting the asymptotic analysis above. The first one is imposed to regularize the tail
behavior of the sensor processes.

(A3): There exist positive constants «1 and 71 such that for any u > 0 and all ¢,

max P(||Y;(t)|| > u) < exp(l —mu”™)
1<i<n

and max;<;<,, E||Y;(t)]|? < 400, where the noise covariance matrix is 021, and || - || is the
Lo norm.

Note that Condition (A3) holds if Y(¢) is a multivariate normal.

In the second additional condition, we assume that the sensor processes are strong
mixing. Let 72, and F¢° denote the o-algebras generated by {Y(t) : —oo < ¢ < 0} and
{Y(t) : t > k} respectively. Define the mixing coefficient

alk) = sup |P(A)P(B) — P(AB)|.
AeF? _ ,BeFe

The mixing coefficient «(k) quantifies the degree of the temporal dependence of the process
{Y(t)} at lag k. We assume that (k) is decreasing exponentially fast as lag k is increasing.
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(A4): There exist positive constants ko and 72 such that

a(k) < exp(—m2k"?).

Condition (A4) is a commonly used assumption for studying asymptotic behavior of
time series.

For a constant A, let 7,5 = Ay/log(n)/J. As before, let Y; be the sample mean of the

i-th sensor and
J
R 1 - - A R R
Cik = 5 > (Yilty) = V) (Yalty) = Vi), C(rng) = (CnI Gk > Tur)),

J=1

where I(+) is the indicator.
We are now in position to generalize Theorem [1| to the case where the sensor covariance
is estimated by the thresholded covariance estimator.

Theorem 6 Under Conditions (A1)~(A4) and assuming that n*/log(n)/J = o(1) as n
and J tend to infinity, we have:

(1) If ang = O(1) and maxi<p<qdy, = O(1), then as n and J tend to infinity, the

estimated source covariance at Ty, 41 i}km_l'_l 1s asymptotically larger than Xy, +1 in

probability.

2) If ang — o0, then as n and J tend to infinity, for 1 < j < q, the estimated source
q
covariance at rj admits

~ 1 _
Z] = Z] —+ EE]CJJME] —+ Op((lan —+ 7’L2\/ log(n)/J),

provided max,<p<q dyq = O(1), where ||S;¢;5,5;/n|] = O(a,,,) as n — oo.

(3) If ang — o0, then asn and J tend to infinity, for ry & {r1,...,7q}, the estimated source
covariance at r, admits
~ 1 -1 1 -1 —1 -3 2
Y, = Ea“‘q — ﬁam‘qu‘qamm + O(anq + n°y/log(n)/J),

provided maxi<j<q d;lg = O(1), ||[naggql| — 00, and dyq = O(1) asn tends to infinity,
where by, = O(1) as n — oo.

Corollary 7 Under Conditions (A1)~(A4) and assuming that n*/log(n)/J = o(1) as n
and J tend to infinity, we have:

(1) If ang = O(1), maxi<p<q dijq = O(1), as n and J tend to infinity, the estimated source
power at T, 41, Skm+1 is asymptotically larger than tr (X, +1).

(2) If anqg — oo, then as n and J tend to infinity, for 1 < j < q, the estimated source
power at r; admits

~

1 _
Sj = tr(Ej) + EtT(ZjCjﬂqu) + O(aan + TLQ\/ log(n)/J),

provided maxy<p<q dyq = O(1), where ||Z;c;5,5;/n|] = O(a,,) as n — oco.
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(3) If ang — o0, then asn and J tend to infinity, for ry & {r1,...,7q}, the estimated source
power at T, admits

A 1 _ 1
S, = —trla} ) - ﬁtr(amlqum m‘q)JrO( g 3+ n2y/log(n)/J),

n wzlq

provided maxi<j<q djjq = O(1), |[nayy4l| — o0, and d
where by, = O(1) as n — oo.

zlq = O(1) as n tends to infinity,

Remark 8 Theorem [f] indicates the convergence rate of the vector-beamformer estimation
is much slower than the empirical rate suggested by | Rodriguez-Rivera et al.| (2000). However,
the result is in agreement with an empirical result of Brookes et al. (2008). In fact, using
their heuristic arguments, we can show that the error of the power estimation at location 7,
is determined by the factor Hy(C(1,7)~' — C~Y)H,, which has a rate of n?\/log(n)/.J.

Theorem |0 can be also extended to the scenarios where MEG data are obtained under
two different sets of stimuli.

Remark 9 From the proof of Theorem[6, we can see that the thresholded covariance is still
consistent with the true C' even when the underlying sources are correlated.

4. Other covariance estimator-based beamformers

There are various ways to estimate the sensor covariance matrix. Each can be used to
construct a beamformer. These covariance estimators can be roughly divided into two cat-
egories, namely global shrinkage-based methods and elementwise thresholding-based meth-
ods. In shrinkage-based settings, the sample covariance is shrinking toward a target struc-
ture (for example, a diagonal matrix). The so-called optimal shrinkage estimator belongs
to this category (Ledoit and Wolf, 2004)). In thresholding-based settings, an elementwise
thresholding is applied to the sample covariance estimator. Examples of these approaches
include hard thresholding, generalized thresholding and adaptive thresholding (Bickel and
Levina, 2008; |Rothman et al., 2009; |Cai and Liu, 2011). Here, we focus on the following
three methods recommended by the above authors.
The optimal shrinkage covariance matrix is defined by

. 2 2 12
Copt = Zgun-[n + d d2 b C
where
Wn = <é 1 > <C MnImC Hn n>a
J
Ro— Ji ; (VYT - Y¥T = C), 1 = min(B?, d2),

and the operator < A, B >= tr(ABT)/n for any n x n matrices A and B. The idea
behind the above estimator is to find the optimal weighted average of the sample covariance
matrix C' and the identity matrix via minimizing the expected squared loss. Under certain
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conditions C’Opt converges to the true covariance C as n tends infinity, implying that C’Opt
can be degenerate if C' is degenerate (Ledoit and Wolf, [2004)). As before, we tackle the
issue by adding €pl,, to C’opt, where €y is determined by the maximum eigenvalue of the
pre-stimulus sample covariance matrix. The beamformer based on the above covariance
estimator is denoted as sh.

A family of generalized thresholding-based covariance estimators indexed by tuning
constants ¢y > 0 and dy > 0 can be defined by replacing the hard thresholding in Subsection
2.1 with the generalized thresholding, i.e.,

Cyq = (9(¢))
with g(éij) = ¢;(1 — (Tns/]¢:;1)%), where 7,5 = co53+/log(n)/J and 62 is estimated from a
baseline sample. Following the suggestion of Rothman et al. (2009), we choose dy = 4. The
same maximum/minimum strategy as in Subsection 2.3 can be adapted to choose the tuning
constant cg when we use the above estimator to construct a beamformer. The corresponding
beamformers are denoted by gmax and gmin respectively.
Similarly, an adaptive thresholding estimator can be introduced by replacing the above

Tpg in the g function by \;; = 2\/9}]- log(n)/J, where éij is the estimated variance of the
(4,7)-th entry ¢;; and is defined by

éi]’ =

<l

7
Z[(Yik —Y) (Vi = Y;) — &)
k=1

and Y; and YJ are the sample means of the i-th and the j-th sensors. See |Cai and Liu
(2011). The corresponding beamformer is denoted by adp.

5. Numerical results

In this section, we compare the proposed procedures to the standard vector-beamformer
(with the tuning ¢y = 0) and to the other covariance estimator-based beamformers in terms
of localization bias by simulation studies and real data analyses. Here, for any estimator
7 of a source location r, the localization bias |# — r| is the L; distance between 7 and 7.
The spatial correlation pmax between locations r; and ro is measured by the maximum
correlation between the projected lead field vectors at r; and ro:

i (L(r)m)"1(r)m }
lpl|=L, el (=1 |[LCr)ml] - [Hr2)mel [ ]

Pmax(T1,7“2) = {

By simulations, we attempted to answer the following questions:

e Has the vector-beamformer been improved by using the thresholded covariance esti-
mator?

e To what extent will the performance of the proposed beamformer procedure deterio-
rate by source interferences (or source cancellations) and source spatial correlations?

e Can the proposed beamformers ma and mi be superior to the other covariance
estimator-based beamformers?
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5.1 Simulated data

We started with specifying the following two head models (Sarvas, [1987)). The simple head
model that uses a homogeneous sphere in simulating the magnetic fields emanating from
current electric dipole neuronal activity possesses the advantage that the lead field matrix
can be calculated analytically. However, with more realistic head models, the numerical ap-
proximations such as a finite element method have to be used when we calculate the lead field
matrix. Here, we considered both of them: the simple one is a spherical volume conductor
with 10cm radius from the origin and with 91 sensors, created by using the software Field-
Trip (Oostenveld et al.,|2010), and the realistic one is a single shell head model by using the
magnetic resonance imaging (MRI) scan of a human brain provided by Henson et al.|(2011)).
We then discretized the inside brain space into a 3D-grid of resolution 1 cm. This yielded a
grid with 2222 points for the simple model and 1487 points for the realistic model. The grids
was further sliced into 10 and 14 transverse layers along the z-axis of the brain respectively.
We put two non-null sources at 71 and 75 or three sources at r1, ro and 73 respectively, where
two sources {ry,r9} are equal to {(3,—1,4)7,(-5,2,6)T} ecm or {(-5,5,6)T,(—6,-2,5)}
cm, and three sources {ri,ro,73} are equal to {(3,—-1,4)T,(-5,2,6)7,(5,5,6)T} in the
Subject Coordinate System (SCS/CTF). Note that the second set of source locations was
obtained in our real data analyses which will be presented later. These sources were located
in the region of the parietal and occipital lobes, where visual, auditory and touch informa-
tion is processed. We considered two types of sources in the brain: evoked responses that
are phase-locked to the stimulus and induced responses that are not. The induced responses
often have oscillatory patterns. Combining these sources with the two head models, we had
the following four scenarios:

e Scenario 1: For the simple head model, we put two oscillatory sources at locations
r = (3,-1,4)T and ro = (—5,2,6)T with time-courses

my(t) = ng cos(20tm), k=1,2,

respectively, where 7; = (10,1,1)” and 72 = (8,0,0)”. We considered two values of
the signal-to-noise-ratio (SNR): 0.04 and 1/0.64 = 1.5625.

e Scenario 2: For the simple head model, we put the above oscillatory sources at
locations 1 = (—5,5,6)7 and ry = (—6,—2,5)T. We also considered two values of the
SNR: 0.04 and 1/0.64 = 1.5625.

e Scenario 3: For the realistic head model, we put the following evoked response

sources at locations 71 = (3,—1,4)T and ry = (—5,2,6)7 with moments (i.e., time-
courses)

m(£) = g exp(—(t — 7)) sin(fi2m(t — 72)), b = 1,2,
respectively, where a1 = (5,0,0)7 | as = (20,0,0)7, 711 = 0.239, 712 = 0.139, 7o =

0.199, 799 = 0.139, f1 = 4.75, fo = 6.25, and w1 = wy = 0.067. We considered three
values of the SNR: 1/0.35? = 8.16,1/0.42 = 6.25,1/0.52 = 4.
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e Scenario 4: For the realistic head model, we put the following evoked response
sources at locations r; = (=5,5,6)T and ro = (—6,—2,5)7 with moments (i.e., time-
courses)

my,(t) = oy, exp(—(t — m1)? /wp) sin(fr2m(t — 1h2)), k = 1,2,

respectively, where a1 = (2,0,0)7 | as = (18,0,0)7, 711 = 0.439, 712 = 0.139, o1 =
0.399, 199 = 0.139, f1 =6, fo = 9, and wy; = wo = 2. We considered three values of
the SNR: 1/0.7% = 2.04,1/0.762 = 1.73,1/0.78% = 1.64.

e Scenario 5: We added another evoked response source at location r3 = (5, 5, 6)T to
the model in Scenario 3 with moment

m3(t) = agexp(—(t — 7'31)2/w§) sin( fs2m(t — 7132)),

where a3 = (2.5,0.25,0.25), 131 = 0.1, 735 = 0.139, f3 = 1.25, and w3 = 0.067. The
three source locations are highly spatially correlated with the pairwise spatial corre-
lations p(ry,r2) = 0.7289, p(r1,7r3) = 0.7935, and p(ra,r3) = 0.5924. We considered
the same SNR values as in Scenario 3.

The pair sources my(t), k = 1,2 for the first four scenarios and the treble sources my(t), k =
1,2,3 for Scenario 5 are plotted respectively in Figure By Scenarios 1 and 2, we com-
pared the proposed procedure to the standard vector-beamformer (with ¢y = 0) and to
the other estimator-based beamformer, when there existed two highly correlated oscillatory
sources (they have the same frequency and phase, but with slightly different amplitudes).
By Scenarios 3 and 4, we tested these beamformers when there existed two unbalanced
evoked response (or slightly dumped-oscillatory) sources. By Scenario 5, we assessed these
beamformers when there were three spatially correlated source locations. In each scenario,
with time-window width 1 and sample rate J, we sampled 30 data sets of Y (¢) from the
model

Y(t) = Hymg(t) +£(t), (5.5)
k=1

where in Scenarios 1~4, mg(¢), k = 1,2 are non-null time-courses at the two locations and
my(t),3 < k < p are null time-courses at other grid points, while in Scenario 5, mg(t),
k = 1,2,3 are non-null time-courses at the three locations and my(t),4 < k < p are null
time-courses at other grid points. As before, {e(¢)} is a white noise process with noise
level 03. We considered various combinations of (n,p) = (91,2222) and (102, 1487), and
J = 500,1000,2000, and 3000. Note that p is substantially larger than n and that the
sources are sparse in the sense that there are only two or three non-null sources among p
candidates.

We first applied the proposed procedures ma, mi and sh to each data set. We calculated
the maximum indices over the grids and the Li-biases of the maximum location estimates
to two sources respectively. For each combination of (n, p, J) and the SNR, we then summa-
rized these values in the form of a box-whisker plot as in Figures 2] 3| ], and [5] corresponding
to Scenarios 1, 2, 3, and 4 respectively. The results demonstrate that the proposed hard
thresholding-based procedure mi can outperform both the conventional vector-beamformer
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Figure 1: The amplitude plots of my(t), k = 1, 2 for Scenarios 1 to 4 and the amplitude plots
of my(t),k = 1,2, 3 for Scenario 5. In these plots, the blue, green and red colored
curves are corresponding to the amplitudes of my(t), k = 1,2, 3 respectively.

and the procedures ma and sh in all four scenarios, in particular when the SNR is low. We
note that in several cases, the localization bias and the maximum index were degenerate to
a single value with some outliers, indicating that random variations have not changed the
global peak location although they have effects on local peaks on the map. The simulations
also suggest that the proposed procedure may be unable to detect evoked response sources
of low SNR values. The local peak box-whisker plots in these figures reveal that all the
local peaks on the transverse slices are not close to the source location ri, implying that
the source at r; has been masked on the neuronal activity index-based map even when two
sources have a similar power level. This may be due to source cancellations as the lead
field vectors at these two locations were correlated and the sensor positions might favor the
detection of 5. Finally, we note that the results are robust to the choice of J in the sense
that increasing sampling frequency has only slightly reduced both the mean and standard
error of localization bias.
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To compare the procedures ma, mi and sh with the procedures gma, gmi and adp
based on the generalized and adaptive thresholding, we again generated 30 data sets from
model for each of the above four scenarios and for each combination of (n,p) =
(91,2222) and (102, 1487), and J = 500, 1000, 2000, and 3000. We applied these procedures
to each data set and calculated their localization biases respectively. As before, we displayed
these biases by multiple box-whisker plots in Figures [6] [7] and From these figures,
we can see a dramatic improvement in localization performance of the hard thresholding-
based procedure mi over the other procedures in Scenarios 1 and 2 and a slightly better
or similar performance to ma, gma, gmi, adp and sh in Scenarios 3 and 4. This is
striking because the existing studies have already shown that the soft (or generalized)
and adaptive thresholding-based covariance estimators can improve the hard thresholding-
based covariance estimator in terms of estimation loss. The potential explanations for this
phenomena are as follows: (1) The procedure adp may lose efficiency by not using the pre-
stimulus data. (2) The existing covariance estimators were aimed to improve the estimation
accuracy by reducing the estimation loss (the distance between the estimator and the true
covariance matrix) or by increasing the sensitivity and specificity in recovering sparse entries
in the true covariance matrix (Rothman et al.,2009; |Cai and Liu, 2011). Unfortunately, the
sparsity in MEG means a sparse signal distribution, which is quite different from the entry
sparsity of the sensor covariance matrix. Therefore, these estimators may be not efficient
for improving the accuracy of the beamformer estimation which is related to the signal
sparsity. In fact, our simulation experience suggests that besides the covariance estimation,
there are other factors that can affect the performance of a beamformer such as the lead
field matrix and the spatial distribution of signals in the brain. Therefore, the covariance
estimator with a smaller estimation loss may not give rise to a beamformer with a lower
localization bias.

To assess the performances of the six procedures ma, mi, gma, gmi, adp and sh when
there are more than two spatially correlated sources, we applied these procedures to the
30 data sets generated for Scenario 5. We calculated the average localization bias for each
procedure and presented them in Figure[0] It can be seen from these plots that like in two-
source scenarios, mi can have superior performance over the other procedures. However,
compared the above result to those in Scenario 3, we can see that the source cancellation
from r3 has increased the average localization bias from zero to the value of three.

Note that although Theorem 2 suggests that in general the localization bias will be
reduced as the sampling rate increases, it does not implies the localization bias is a monotone
function of the sampling rate (or the number of time instances). In fact, from row 4 in
Figure 2 and row one in Figure [J] it can be seen that the localization bias when J = 500 is
smaller than when J = 1000, 2000 and 3000. A potential explanation is that in finite cases
a higher sampling rate may cause a higher amount of leakage of background noises (in a
neighborhood of the target location) into the neuronal activity index calculation.

Finally, we notice that we also carried out simulations with the soft thresholding (dp = 1).
The result is very similar to the case with dyp = 4. For reasons of space, we do not report it
here.
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5.2 Face-perception data

We applied the proposed methodology to human MEG data acquired in five sessions by
Wakeman and Henson (Henson et al 2011). In each session, 96 face trials and 50 scrambled
face trials were performed on a healthy young adult subject. Each trial started with a
central fixation cross (presented for a random duration of 400 to 600 ms), followed by a face
or scrambled face (presented for a random duration of 800 to 1000 ms), and followed by a
central circle for 1700 ms. The subject used either his/her left or right index finger to report
whether he/she thought the stimulus was symmetrical or asymmetrical vertically through
its center. The data were collected with a Neuromag VectorView system, containing a
magnetometer and two orthogonal, planar gradiometers located at each of 102 positions
within a hemispherical array situated in a light, magnetically shielded room. The sampling
rate was 1100Hz. We focused our analysis on localizing non-null source positions, where
neuronal activity increases for the face stimuli relative to the scrambled face stimuli.

For this purpose, we normalized the subject’s MRI scan to a MRI template by using the
FieldTrip, on which a grid CTF system of 1 cm resolution was created with 1487 points.
For each session, we applied the neuroimaging software SPMS to read and preprocess the
recorded data, and to epoch and average the data generated from the face stimulus trials and
the scrambled face stimulus trials respectively. This gives rise to five 306 x 771 data matrices:
the first 220 columns for 200ms pre-stimuli and the later 551 columns for the stimuli. For
each session, we calculated the sample covariance C and noise covariance C’o by using the
stimulus data and the pre-stimulus data respectively. We estimated the baseline noise level
by 62, the minimum diagonal element in Co. We applied the beamforming procedures
ma, mi, gma, gmi, adp, and sh to the face data set and the scrambled face data set
respectively, obtaining the log-contrasts at each grid point. Here, if there exist the negative
eigenvalues of the covariance estimators (used in ma, mi, gma, gmi, adp and sh), we set
them to zeros and added ¢y to them to make the resulting covariance estimators positive
definite, where ¢y was determined by the maximum eigenvalue of the noise matrix Cy. For
each procedure, we interpolated and overlaid its log-contrasts on the structural MRI of the
subject, obtaining its index map. There were no visible differences among the maps derived
from ma, mi, gma, gmi and sh. The map derived from the adp slightly differed from the
rest. So, we reported only the mi-based and adp-based maps below.

For each session, we first identified the global peak location from each map, followed by
slicing the maps through their global peak locations as shown in Figure For sessions
1 ~ 4, the global peaks derived from the mi and adp were the same, which were located
at (—4,3,8)cm, (—1,—6,8)cm, (—6,—2,5)cm, and (—4,—4,6)cm respectively. However,
for session 5, the global peaks derived from the mi and the adp were located at two
slightly different positions, (—4,—4,6)cm and (—7,—3,6)cm. We then projected the data
along the associated optimal weight directions, obtaining estimated time-courses at these
global peaks. For reasons of space, we presented only these time-courses derived from the
procedure mi. See Figure Finally, we made 20 transverse slices along the z-axis to
identify the local peaks. There were some subtle differences between the mi-based and the
adp-based local peaks. For example, in session 1, the mi-based local peaks were located
at (1,5,2) em, (0,—1,11) cm, (3,2,10) cm, (3,4,9) cm, (—5,—3,3) cm, (—4,—3,4) cm,
(-2,1,1) cm,(—4,-3,-1) cm,(—2,1,0) cm,(—4,—5,5) cm,(—4,2,6) cm,(—5,3,7) cm and
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(—4,3,8) cm, whereas the adp-based local peaks were located at (3,2,2)cm, (0,—1,11)cm,
(=4,3,9)cm, (—6,—-2,1)cm, (—4,—-3,4)cm, (2,3,10)cm, (—4,—3,—1) cm, (—1,1,0) cm,
(—3,6,3) cm, (—4,—4,5) cm, (—4,2,6) cm, (—5,3,7) cm, and (—4,3,8)cm. They are not
the same as shown in Figure Note that the previous simulations demonstrated that
the procedure mi was expected to give a more accurate localization result than did the
procedure adp.

Although the areas highlighted in Figures[10] and [IT] were varying over sessions, they did
reveal the following known regions of face perception: the occipital face area (OFA), the
inferior occipital gyrus (IOG), and the superior temporal sulcus (STS), and the precuneus
(PCu). Interestingly, in each session, we identified a pair of nearly symmetric sources, of
which one was strongly powered while the other was weakly powered. This phenomenon
occurred due to source cancellations that prevented the second source from identification
as we have demonstrated in our simulation studies. The time-courses plots in Figure
showed the response differences under face stimuli and scrambled face stimuli during the
time period 100ms~300ms. The results are consistent with recent findings in face-perception
studies by using an MEG-based multiple sparse prior approach (Friston et al., 2006; Henson
et al., |2011]) and by other empirical approaches (e.g., Pitcher et al., [2011}; Kanwisher et al.,
1997). However, in the first two papers, the authors made a parametric model assumption
on source temporal correlation structures and imposed a limit on the number of candidate
sources in the model, whereas in our approach, the model is non-parametric and allows for
arbitrary number of candidate sources.

6. Discussion and Conclusion

In the present study, we have proposed a class of vector-beamformers by thresholding the
sensor sample covariance matrix. The consistency and the convergence rate of the proposed
vector-beamformer estimation have been proved in the presence of multiple sources. The
theory has provided a basis for choosing the threshold 7,5 = coo2+/log(n)/J in the beam-
former construction. However, it requires a number of conditions. As pointed out in Section
3, conditions (A1l)~(A4) are commonly used assumptions in literature for studying multiple
time series (Sekihara and Nagarajan, [2008; Fan et al.l 2011). We only need to validate the
coherence stability condition which is new. Intuitively, the strength of correlations between
sensors (therefore the absolute partial correlation) will increase when the number of sensors
increases in general. Taking the face-perception data (session 1) as an example, we show
how to validate it empirically by random sub-samples of the 306 sensors below. We take
the first two peaks in Figure 8 as two true sources. They are located at CTF (-4,3,8) cm
and (-4,-5,5) cm respectively. First, we reparametrize the lead field matrix as in Section
3. Then, for k =1, 2,...,306, we randomly choose k sensors, obtaining a k x 4461 sub lead
field matrix for the 1487 voxels in the brain. We calculate the maximum absolute partial
correlation di2(k) = max{d;,dy2} between the two sources and the maximum absolute
correlation dmax (k) = maxd,, for all voxels, where z is running over these voxels. Finally,
we plot di2(k), dmax(k), and log(log(k)) against k = 1,2, ...,306 respectively as displayed
in Figure As expected, the result shows that both dia(k) and dpax(k) change very
slowly when the number of sensors k changes, with a rate much slower than log(log(k)).
This implies that the coherence stability condition nearly holds.
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In real world situations, the underlying number of true sources, ¢ needs to be estimated.
The influence of ¢ on the beamformer estimators can be measured by the lead field partial
correlation coefficient a,, defined in Section 3. In this paper, local peaks on transverse
slices have been used to reduce the search space of sources. We can cluster the local peak
values into two groups, one of which is taken as a group of potential sources. The size of the
selected group gives an estimate of ¢q. In the face-perception data, we have only presented
the first two sources which are ranked higher than the remaining local peaks, because these
two are of clear neurological implications. Our approach is non-parametric in the sense
that we have not made any parametric assumptions on the model . However, if we
are willing to assume a family of parametric models for background noises, then we can
determine ¢ via model selection criteria such as Bayesian information criterion.

By theoretical and empirical studies, we have shown that due to source cancellations,
the beamformer power estimator can be inconsistent if the underlying multiple sources are
not well separated in terms of a lead field distance. Unlike the existing theories in the
literature, the new theory is applicable to more general scenarios, where multiple sources
exist and the sensor covariance matrix are estimated from the data. In the new theory, we
do assume that the powers of the unknown no-null sources as well as the underlying number
q are not growing with the number of sensors n. This assumption is natural to neurologists
and has simplified mathematical derivations of the theory very much. However, the theory
can be extended to the case where these quantities are growing with n. In the theory, we
have not impose any constraint on p as we only consider local behavior of beamformers. If
we want to investigate global properties of the neuronal activity map, then some constraints
need to be imposed on the growth rate of p with respect to n.

The performances of the proposed beamformers have further been assessed by simula-
tions and real data analyses. We have demonstrated that thresholding the sensor covariance
matrix can help reduce the source localization bias when the data have a low SNR value. We
have applied the vector-beamformer to an MEG data set for identifying the active regions
related to human face perception. Some excellent agreements have been found between the
current results and the existing neurological facts on human face perception. Finally, we
note that there are other ways to measure the contrast between two source covariances such
as the information-divergence. The theory can be easily extended to this case. The details
will be presented elsewhere.

7. Proofs

In this section we prove the theorems and corollaries in Section 3.
To prove Theorem [1}, we need the following lemma.

Lemma 10 If a,q — 00 as n — oo, then we have

— Cjjlk _ _ .
Hf G Hy = b+ ==+ 0(ay), b =357, for1<j <k
c< .
HI G Hy, = 22RO, for1<ji#ja<k
C,
J

L O(a),  for1<j<k v¢ R

HyTC’k_lﬂx = NGy + bye + O(a;,cl), for x,y ¢ Ry

HIC ' Hy = b+
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where a, = nmin1<j<k 1 tT( (]+1)(J+1)‘]) Ry = {?”1, .. T’k} Cr = zk HTE H +U()In;
and Qyg|k, byai and ¢, are defined before and the otherc s are defined ztemtwely as follows:

ikl (1) S, T 1) 1<ji<k-1lja=k
-1 -1 . .
Ciijalk = § Sk g (h—1) Dkl (k1) 1<je<k-1j=k
—1 . .
Cirgal(k—1) = Ojikl(h=1) Qg (h—1)Ohjol (k—1)> 1 < J1 #J2 <k — 1.

(ark|—1)2k) {bkx|(k 1)
—1 .
= (I3 + by h-1) (ki b-1) k) akzx|(k—1)} ; J=k
_ —1
Calk =\ Cal0e1)  CibIG1) D) el (-1)

3] (k1) A (1) bl (k1) l<j<k-1
+b; at [271 +b ] at a .

( Gkl (k=1)Pkk| (k—1) L=k kk|(k—=1)] YLk (k—1)Ykz|(k—1)

Proof Note that under the stability condition and the assumption that a,, — co, we have
byzi = O(1), 1 < k < g. And for any 7, in the source space,

Clz1 Cya|k -1
=0 = =0 1<y<k2<k<q.
n (n~ ) n (an(k—l))’ SY SR, q

We prove the lemma by induction. For k = 1, we have
Cr' = 0y, —og "Hy (ST + nog 2I5) T HY
HIC'H, = noy?ly —nPoy ' (7! +noyI3) 7!

-2 -1 ‘78 -
= noy” | 1I3— <I3 + X7 n>

= _2 (Ig—i-nElJO_Q)il
= 7' (I3 - 057 /n) + O(n7?)
= X -S1l0gs /n+O0(n?)

C11)1 _
= byp+ | +0(n™?),

where
511\1 = 21_17 C11)1 = —‘7321_2-
Analogously,
HICT'H, = o *HTH, — oy *n(27" + noy 2I3) " HY H,
= (I3 — (I3 + 21_10(2)/n)_1> HIH,

-1
n
= <13+221) H{ H,
90

o2 -1
= ¥t <13 + 7321—1) Pla
= Eflplx — ZflagEflplx/n + O(n_2)

Ciz1
= b+ | +0(n™?),
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where
biapn = 51 o1 it = Y208 p1a.
And
HICI'H, = oy°H}Hy — oy *H Hi(S7! + nog°Is) ' H H,
o2

= noypys — 0y Hy) ng‘) (Is + 0357 /n) " HY H,
= na()_2py:v - nUo_prl (I3 - 0821_1/”) P1z + O(”_l)
= 00y py1z + py Sy p1a + O(n )
= Nayzn + bya;|1 + O(n_l)v

where

-2 —1
Pyle = Pyxz — PylPlz; Qyz|l = Oy Pyla, bya:\l = pylzl Plx-

This implies the lemma holds for k£ = 1.
Assuming the lemma holds for the cases with less or equal to k sources, we show that
it is also true for the case with k + 1 sources by invoking the matrix inversion formulas

_ _ _ _ —1 _
Con = Op' =G Hpn (S, + Hin Gy M Hen) Higa O (7.6)
Cot = O+ O Hen S HEL O
The details are as follows.
For1 <5<k,
_ _ _ _ _ —1 _
HI'C\H; = H/C.'Hj— (H] C'Hyy1) x (501 + Hi C Hn) (HE L C M H;)

k Cj(k+1)|k _
= b]]|k + 7]]| + O( ) <bj(k+l)|k + % + O(ang))

_ _ -1
X (Ek-i-l + 00y 1) (e )lk Ok + Olan;))

k+1)[k o0\~
(bj(k+1)|k 4 et ;; Iy O(%;f))
k _
= bjjp+ % +O(az;)
= (bt + Olagy) ((na<k+1>(k+1>|k)_1 - O(GZ&H)))

X (bjtyp + O(afl))T

lek 1

= bjjk+ b (k’+1)|ka(k+1)(k+1)|kbj(k+1)\k +O(a (k+1))

|(k+1)
= bjjieen) + | ey  + Olay i)

For j = k4 1, we have

-1
HIC L H; = HL,C.!

1 Hyp1 = HE G Cp Hir (I + S HiL O " Higy)

+1
= (NG ik + O s + Olan,))

_ —1
X (I3 + Bpg1 (naei1) o1k + be+1) (b 1)k + O(a,)))
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_ —1
= (NG ik + Ok + Olany)) (na(k+1><k+1>|k)
% (s + (e ow) 'Sk + 0@ d)) S

1 -1 -1
= U1 Bk e (k) e )

C(k41) (k+1) | (k+1)
" +0(ay 1))

= b)) |(k+1) T

This completes the proof of the first equation in the lemma.
To prove the second equation in the lemma, we let

[N

1 _
B = [Sprnagintk)  + [See1na0e) )
1

X Dk 100 1) (k1) o [ Sk 170 e 1) (1)

Then, when 1 < j; <k, jo =k + 1, we have

_ _ _ -1
H Cil\Hy, = HY Gl Hy = H G Hy oy {Is + Sy HE Gy Py )

1 _
= <bj1(k+1)|k + Gk T O(an;f))

_ —1
X (I3 + Zpa1 (naGs1) k1) + D) (e )k + Olagy))

N

1 _ _
= <bj1<k+1)|k + ik + 00y )) [Zr1na )]

N|=

*(Is + B+ O(ar )7 [Seranagesnygenin] -

1

= by (ks D)k [Sr 1Ot (1) k) 2

% (I3 + 0 (nagsnyerv) ) [Serrnagen @]~ + 0, )

1
= nbjl(k+1)\kzk+l (k+1)(k+1)\k+0< (k+1)>

Cir (k+1) (1)
40 SAE

Similarly, when 1 < j; # jo < k, we have

— _ _ _ -1 —
H]C 1\ H;, = H C.'Hj,—H Cy'Hyyr (S + Hip Cp " He) HELCF?
1

_ 1
= Gtk + O(am?) byl(k+1|k) (k+1)(k+1)|kb(k‘+1)J2|k +0(a (k+1))
—Cjgal (1) + O Gp)-

We complete the proof of the second equation in the lemma.
To prove the third equation in the lemma, we let

=

1 1
D = (naginmeneSir)  + (e pSet) 2
XD 1) (1)) Zh1 (PO 1) (kb 1) Sk41) 2 s
_1 _ _1
F o= (nagsn o) 2 (Cety + b0 teenie) (Mgerygann) 2
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Then, for j =k + 1,

HICiLH, = [Is+ HE G He S| HE OV,
= [I3 4 101yt k541 + ber 1)t E Sk + Olan,)] !
X [nagei1)ele + biertyak + Olar,)]
= (na(k+1)(k+1)|k2kz+1)_% (I3 + D+ O(ay o yqy) " (na(k+1)(k+1)|k2k+1)_%
X [nags1yzk + Otz + Olant)]
= (agnEryeSin) {13 - D+ O(a53k+1>)}

_1 _
X (@) ) Zk01) 2 (@ks1)afe + Dps)ain/n + Olayy)/n)

= (@) Th1) " A1l

—1/2 2
— (1) 1) e Sk41) /D(a(k+1)(k+1)|k2k+1) /a(k+1):c|k

_ 1 -1 _
+O0(a, 1) + - (@) )k Sh41) " Diisnyaie + O, Goyy)
1

n

= (@ kDR T041) " Al + — (@ k1)

X {b(k+1):c|k — (I3 + bt 1) (k1) Ek41) (a(k+1)(k+1)|k2k+l)71 a(k—i—l)x\k}
+O(a7:(2k+1))
= b(k+l)x\(k+1) + Ec(k+l)x\(k+l) + O(a;(2k+1))'

For 1 < j <k, we have

vrCy L\ H, = HIC;'H,— HICy'Hyyy (S5, + HE Gy Hy) ™ HE G H,

J Tk+1TTT k+1
1 . 1 .
= bjupp + Cjain + Olae) = (bj(k+1>|k + Gkl T 0(%5))

- _ —1
X (Sjtt + e etk + bt ek + Olany))

X (na(k+1)m|k + bkt 1)zt + O(a;kl»
1 _ 1 -
= bjalk T —Cjapp + Olay;) — (bj(k+1>|k eyl + Olan ))

_ _ -1 _
x(agernernr) 2 [Is+ F 4+ O0(ap)] ™ (nageganye) 7>
X (Rt )2k + beryape + Olany))

1 . 1 _
= Djupp + - Cjain + Ola,g) = (bj(k+1>|k i+ O(an5)>

1 ~1/2 —1/2 )
X (“(k+1)(k+1)|k“(k+1)x\k = O 1) e 1) E U 1) (o) o U Dl T O(ayy)
1 ~1/2 ~1/2
(R4 1) 1) k) Ol Dyl = Ot 1) (o) 1 F P ) (s )P+ Dl i/ 7

JrO(“;(Qk;ﬂ)))
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1 1 .
= Djapp+ —Cjaip + Ola,g) — (bj(kmlk + Gtk T O(anzf))

1
-1 -1 -1
X <“(k+1)(k+1)|k“(k+1)x|k - ga(kﬂ)(kﬂ)\k(zkﬂ + b(k+1)(k+1)|k)

1
-1
Xa(k+1)(k+1)|k“(k+1)mlkn“(k+1)(k+1)|kb(k+1)xlk +0(a n(k+1)))

1
= Djup + Calk = B3kt 1) KO 1) k1) Dk
1

- -1
- {Cj<k+1>|ka(k+1>(k+1>|ka(k+1>x|k + D5+ 1) RO (1) (g 1) 1 DO+ )k

- —1 -1
= DI G 1) e 1) (St O1) 1) ] a(k+1)(k+1)\ka(k+1)$|k}
+0(,,41))

1
= Bjalk = b IRy s pE A+ Dalk + Cal(hr)) T Olaggy)- (77)

Note that for k = j,

-1
Ujalj = Aja)(j-1) ~ Gijl(i-1) ;) —1) Leli—1) = 0-
Assuming that for k = j + m,m > 0, the statement is true, i.e., ajz(k4m) = 0 for all z.
Then,
_ -1
jz|(j+m+1) = Ljz|(j+m) — Li(G+m+AD)|G+Hm) L 4m41) (+m+1)|(G+m) GG +mA L)z (G+m)

= 0.

By induction, we have that a;,;, = 0 for all , j < k. This implies that and

jal
-1
bjel(k+1) = bjalk = 0j(k+1) [k hy 1) (et 1) P (k+D)alk

by the definition of b,

equation in the lemma.
Finally, we turn to the last equation in the lemma. Assume that the equation holds for

the case k. We show that it also holds for k£ + 1 below. For z,y ¢ Ry (thus z,y ¢ Ry),

by the assumption, we have

k+1)- Combining this with l , we complete the proof of the third

HyTCk_le = Ny + byg|r + O(agkl).
This together with (7.6]) yields

_ _ _ _ _ —1 _
HIC}\Hy = HJC'H,—H]C;'Heyr (S0 + H 1 Cp 'Hyn)  Hpy Cp ' H,
= Nyl + byalk + Olapy) — (naygiayk + bysnyk + Olany))
_ _ —1
X (St + 0@k + 0 ek + Olany))
X (Nt 1yef + btk + Olagy))

= Nayglk + byalr + O(an)) = (A + by e + Oayy))
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o1 .
x <(“a(k+1)(k+1>k> = S (Cei g k)

XAy ki O(a;(?’k—i-l))) (nay (s ik + by + Olagy))
= Nayalk + byg|k + O(a;kl) - {ay(k+1)\ka(7c14rl)(k+1)\k
(kb DRy o) (St OO (k1) k) @y ot/ ™
+b (k+1)|ka(k+1)(k+1 w/n+0(a (k+1))}
X (Rt )2k + beryape + Olany))
= n [aya:\k - ay(k+1)\ka@il)(ml)\ka(ﬂl)wlk]
Byl = (e IR 1) 1R Dl — By KOG 1) 1) DGR D
g 4 DR Gy ey e (St T 0 1) (e D) QG (oo e @0+ Dl
+0(0y,y1))

= Nyl (ki) T byafern) + Olar i y))-
The proof is completed. |

Proof of Theorem Note that by,1 = p(ry, rl)Eflp(xl, T), Qya1 = 00_2(,0y$—py1p1x),
and both are bounded. By induction and the stability condition, it can be shown that a,,
and by, are bounded for 2 < k < g. If ay, is bounded, then there exists k;, such that
NA (K +1) (kpn+1) [ — O(1) and apg,, = ming<;<g,,—1 Na(j+1)(j+1)); — O° as n tends to
infinity. By Lemma we have

Hi 1O Heit = 0 1) (ot Dl Dbt 1) (4 1) e + O )5
which is bounded and non-negative definite. Furthermore, there exists an orthogonal matrix
Q@ and a diagonal matrix D = diag(d;, d2, d3) such that

1/2 T -1 1/2 T
=2 HE O Hy, 0% = QDQT.
Therefore,
T —1
Hk7n+1ckm+1Hkm+1
_ _ _ -1 _
= Hgm+1ck7inm+l <I3 - (Ekiﬂ + lemﬂckinmH) Hgm+lck7inm+l>
T -1 -1 T -1 -
= Hyop 1 Cr Hit1 (B, 41+ Hiey 11 G Hit1) Zk +1
—-1/2

1/2 -1
= Hk +1C%, Hkm+12k/ +1 (I3 + Zk/ +1Hk +1Cy, Hkm+1zk/ +1) Xkt

=5, 20DQ" (Is + QD@T> =

1/2 5—1/2
=3, érl (I +QD~ 1QT) 2 11

1/2 _ —1/2
kail (QUz+DHQ")~ Ekmérl

=5, 2Q; + DY QTS . (7.8)
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Note that E,lg{fHHgm_HC,;inmHE,lcfH = O(1), which implies that dj, > 0,1 < k < 3 are

bounded. We can find a positive constant ey such that maxj<g<s(1 +d;")~! < (1+ €))7}
when n is large enough. Consequently, for any vector a € R? with ||a|| = 1, we have

a'S? QI+ DHQTSY? la > (14 «)a 2%, ,QQTE,, a,
which shows that £,/°, | Q(I3 + D")QT<}/?, | (thus [H] ., Cyt, Hy,s1] ™ due to (7.8))

is asymptotically larger than 3y, .1(1 + €o).
We now consider the case where a,; — co. For j = ¢, by Lemma [I0] we have

. 1 _
%Iq = =3, [nagg-1)] 121120(%;),
3 -1
ey )T = o o]

_ 2;/2 [13 4 21/2 qu\q 21/2 i O(a*Q)} -1 21/2
_ 21/2 [ 21/2 qq\qzl/z +0(a —2)} 21/2
= Xg- [nGQQ\(q—l)] + O(anq)

asn — o0o. For 1 < j <¢q—1, by Lemma |10}, we have

H]-TCq_lHj _ ijl JJIq +O(a, )

where “'q = O(a;ql). This entails

J J J

B <1'3—21/2 Y2 4+ O(a, )) ni/2

—1
[mre'Hy) ™ = 21./2< + 21/2 M|q21./2+0(anq2)> »l/2

i Ciilq> j J

Zj + O(a,;?)

1
- Y. ZY.c
iT 3Cijla

For any location r, by Lemma [I0] we have

1

_ 1 -1
T—1 -1 -2 -1
[Hx Cy Hx] = [Ig + ﬁam|qu|q + O(ay, )] Gy

1 -2 —1
1 0t 2,

1
-1
azz|q ?’L2 mx|qb9m|q x:p\q + O( )

SI— 3l 3=

The proof is completed.
Proof of Corollary First, let A,, = [Hkm_s_lTCl_lHka]il. If a,g = O(1) and
maxi<kg<qdplg = O(1), then by Theorem , there exists a positive constant ¢y such that
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ming|q)— a’ (A, — 3k, 11)a > € for large n. Let a; = (1,0,0)7, a2 = (0,1,0)” and a3 =
(0,0,1)”. Then, we have

3 3
tr(4,) = tr(4, Z agal) = Ztr(Anakaf)
k=1 k=1
3 3
= Z at Anag > 3eo + Z arSk, 107
k=1 k=1
3 3
= 3e+ Ztr(Ekaaka;‘g) = 3eo + tr(Xg,,+1 Z aral)
k=1 k=1

= 3eg+tr(Xg,,+1),

which implies tr(A4,) is asymptotically larger than 3, 1.
To prove Theorem 2, we need two more lemmas as follows and the following condition

(A1") : {Y(tj) : 1 < j < J} is stationary and has a finite covariance matrix.

Lemma 11 Under Conditions (A1’) and (A3)~(A4), if Tng = O(\/log(n)/J) and nr,; =
o(1) as n — oo and J — oo, then

(i) maxi<i,j<n |éij — cij| = Op(y/log(n)/J),
(ii) [|C(7ns) = C|| = Op(mny/log(n)/J),
(iii) [|C(0) = C| < (my + )7,
where m, = maxi<i<p Z;‘:l I(cij #0) < n.

Proof. Let k3 = max{2(2/k1+1/k2)—1,(4/3)(1/k1+1/k2)—1/3,1}. Then ny/log(n)/J =
o(1) yields (log(n))*/J = o(1). We adopted the techniques of Bickel and Levina (2008);
Fan et al| (2011); |Zhang et al.| (2014)) to prove it. To prove (i), we set up more notations.
Let 7(t) be the so-called Dedecker-Prieur 7-mixing coefficients (Merlevede et al., [2011} see).
Let

O(u,t) = oo{v > 0: P(ly1(t)y2(t)] > v) <u}, 4y (M, 1) = max{min{y, (t)y;(¢), M}, —M}.
It follows from Lemma 7 in |Dedecker and Prieur| (2004)) that
sup ©(u, £) < b (1 — log(u))*"™,
t

which, under Condition (A4), gives 7(t) < bgexp(—bst™?). Similarly, it is derived from
Remark 3 in Merlevede et al.| (2011) that

sup [sup var (¢, (M, 1)) +2 Y [cov(ihy (M, t1), ¢y (M, 15))]
M>0 t 1 >ts

< sup sup var(yy (M, 1))
M>0 t

+2 (1\8/}13) 51t1p var (v, (M,t)) + 42/0 (sgp @(u))zdu) < 0.
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Let 1/k = 2/k1 + 1/k2. By Theorem 1 in Merlevede et al| (2011)), we can find positive
constants di,1 < k < 5 that only depend on 71, ko, b2, b3 such that

w)E u 2
P ('ff ;yi(t)yj(t) — gl 2 u) = Jew <_(Jdl>> e (_M))

(Ju)? (Ju)r1=+)
+exp (‘ ag P <d5(log(Ju))”>> '

Consequently,
SETa———
J
< n? - g
<n léril’&})g(nP<Jt§: clj|>u>
K Ju)2
g (W) (
<n exp( >—|—n exp< d2(1+Jd3)
2 _(JU)2 (Ju) =)
+n” exp ( dr) exp <d5(log(Ju))” .
Let w = Ay/log(n)/J. Then Ju = \/Jlog(n). When both n and J tend to infinity, we have

n?J exp (— (JU)H) = exp (2 log(n) + log(J) — M\/W)

d1 dl

oo(n 1-k/2
= exp <(2(1g(J232 ZZ)(Jlog( ))H/Q—G—log(J))

= o(1),

since (log(n))!=%/2/J%/? = o(1). Similarly, if we choose A > /2ds(d3 + 1), we have
9 B (Ju)? o B A%Jlog(n)
e ( (1 + Jdg)) e ( (1 + Jdy)

o[- o) =)

(Ju)2 (Ju)n(lfn)
n? exp <_ dyJ xp (W))

— ex oaln B ﬁex A’i(lf")(Jlog(n))’*(lfﬁ)/Z
= p(l g( )(2 dy p( ds(log(A+/J log(n)))" )))

=o(1).

And
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Therefore,

(1232(7@ |= Zyz y;(t) — cij| > u) =o(1). (7.9)

Note that for u = Ay/log(n)/J, there exist positive constants dy,1 < k < 5 so that
P( max [5illgil >w) = P(max |5 > V)

< nmax P(gi| > vu)
= nJexp (_WM) + nexp <_M>

o (14 Jds)
V2 (@
+nexp <_ g P (al5(log(‘]7“t))Hl >>
= o(l),

since (log(n))*3#1)=1/3 /] = o(1) and log(n)/J = o(1). This together with (7.9) yields that
for u = O(y/log(n)/J),

P <1£IZHZL}<(” ’CU Cij| > u) < P (1232{71 |* Zyz y] Cij| > u)
+7 (mox (3l > u> —o(1),

which implies
max |G — ¢ij| = ( log(n)/J) :

1<4,5<n

We turn to C(7,5) in (ii). Let T} = |(€i51(|¢i5] > Tng) — cijL(|cij| > Tna))||- We have

1C(g) = CIl < 1I(&51(1655] > ) — cigI(leijl > Taa))I| + (e I(|eij| < 7))

IA

n
T, + In;@XZ leij | (|cij] < Tha)
j=1
< T4 mhgmy. (710)

Similarly, we have
n
1C0) =C|| < Ti+Tpgmn + mlfdxz |Ci51I(1eij| < Tn)

j=1
Ty + (mp, +n)Th.

IN

Note that

n
T < m?XZ (€I (|eij| > Tng) — cijI(|cij| > 7o)
j=1
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n
= m?XZ €55 (L([€35] > T, izl < Tng) + 1(1655] > Tags cig] > Tog))
j=1

—cij (I(|eij| > Tng, €| > Taa) + I(Jcij| > Tna, |G| < o)) |

< T +IT +111,
where
n
I = max ) |&; — ci[[(|és] > s, el > i),
1 —
]_
n
T = max Y [&I(1g] > T, eyl < 7o),
K3 —1
]_
I = max Y el I(leij| > s, |65 < 7).
LT

We bound the above three terms as follows.

n
I < max|é; — ¢ mgngf(lcz’jl > 0)
i

= 0O, <mm/log(n)/J) . (7.11)

For 6 > 0, using the equality in (i), we have

n

II < max E |éi]’ — Ciju(|éij| > Tnd, |Cij’ < TnJ)
i
j=

n
+ mgxz |cijl ([ cis] < Tni)

=1
n
< maXZ |eij — cijlL(|¢i5] > Tnr,|cij] < 0Tn)
(A —1
‘7_
n
+miaxz |€ij — cijlL(|¢i5] > Ty, 0Ty < |cij] < Tag) + Tnama
=1
n
< n}%xwij — ¢4 miaxzf(léz‘j\ > T, |cij| < 0Tng) + M | + Tngmn
9, j:1
n
< Op(vlog(n)/ ) | max Dy I(1&; — cijl = (1= 8)7ag) + 1 | + T
=1
= OP( log(n)/J)(Op(l) + mn) + ThgMp = Op(TnJmn), (712)

since

)

n
Pl max) I(|éj —cij| > (1=0)7y) > €| < P <maX\@z‘j —cijl = (1- 5)TnJ>
(2 K3
=1
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= o(1).

Similarly,
n
1 < m?xz (1¢ij — cij| + |é1]) I(|cij| > Tna, 65| < o)
j=1
n n
< H%E;X|éij - cijl ZI(|Cij\ > Tng) + Tng mgxzf(!cijl > TnJ)
’ j=1 j=1

< Op(TnJ)mn + Tpgmn = Op(Tnjmn).

Combining this with (7.11)), (7.12) and (7.10]), we obtain the desired result in (ii). The proof
is completed.

Lemma 12 Under Conditions (A1’) and (A3)~(A4), if g = O(y/log(n)/J) and nt,; =
o(1) as n — oo and J — oo, then

(1) Hé(TnJ)il — 7| = Op(mnTyy) and Hé(TnJ)fz = C72|| = Op(maTny),
(ii) |C(0)™ = C7| < Op(Tns (my +n)); |C(0)2 = C72|| < Op(7s (my + 1)),
where m, = maxi<i<p Z?:l I(c;j #0) < n.
Proof. Let k3 = max{2(2/k1+1/k2)—1,(4/3)(1/k1+1/k2)—1/3,1}. Then ny/log(n)/J
= o(1) yields (log(n))*/J = o(1). If let A\ ;,(C) denote the minimum eigenvalue of C,

then we have that A;,(C) > 0. If let )‘min(é (Tno)) denote the minimum eigenvalue of
C(7ny), then it follows from Lemma [11| that

)\min(é(TnJ)) = )\min(C) + Op(mn’i'nj)
> Ug -+ O;D(mnTnJ)7

which is bounded below by 03 /2 if 7, ym,, is small enough. Therefore, we have

1C(an) ™ = C7H = (IC(70s)"H(C = Cran))C7|

< IC () HI(IC = ClranIDlIC™]

< )‘min(é(TnJ))il)‘min(C)ilHC - O(TnJ)H = Op(Tngmy).
1C(Tns) 2 =C72 < (|C(Tng) M (C () = C O+ [[(C(rag) = CHC]

< NC () C(Tns) ™ = CTH + 1O ()™ = CTHIICTH|

(Amin(é(TnJ))_l + )‘min(c)_l)Hé(TnJ)_l - C_1||
Op(Tngmn).

Op(7ns(mn + 1)),

Op(Tng(mp +n)).

IC©" — Y|
IC©)2 - ¢

IN A
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Proof of Theorem @. Note that for any =, HI H, = n. We have

|
a -1 N _
— 1l [H].TC(W)”HJ (H]Tc—lHj - H].TC(W)—lHj) (HTC'Hj]

1 A _ -1 _ A _
< || [ Clrun) ™ Hy/n] WIE] O Hy/n— B C(ru) ™ Hy /]

. —1 _
H {H]TC(TnJ)ilHj} — [HchilHj] !

1

|| [H] ™ H/n] |
1
n
which combining with Lemma [11] yields

a -~ -1 _ ~ _ _ 1
< || (BT Cran) ™ Hy/n] NIC™ = Clran) NI [T C ™ Hy /),

| |:HJTCA’(7-7LJ)_1HJ':|71 — [H]CH) |
< Op(n*/log )7 [HF ()| 11 [T O H)

Let A and A, denote the smallest eigenvalues of HJ»TC’AH j and HJTC'(Tn J) 1H; respec-
tively. Invoking Theorem (ILI;TFC'_IH]-)_1 = X, + o(1). There exists a positive constant
€ such that for large n, A, > €9. By the definition, there exists an, € R3 with ||an|| = 1,
such that A\, = al HfC(TnJ)_lHjam. So

m

1. (7.13)

A — ahH C ' Hjay| = |(Hiam)T(C™Y = C™YHiam| < n||C(rny) "t = C7Y]

Op(n®/log(n)/J),

IN

which implies

V

Am > aanJTC’_lHjam — 0,(n?*y/log(n)/J)
> Am — O,(n*y/log(n)/J) > eg — Op(n*/log(n)/J).

This shows that for large n, Am is bounded below from zero. Consequently, we have
. 3 -1 B 1
[T Cmn™m,] =00, I[HfC™ ;] | = 0q1).
This together with ([7.13)) proves that
. 3 -1 B _1
I [HjT C (1) 1Hj} — [HIC'H;) 7 || = 0p(n®/log(n) /).
The proof is completed.

Proof of Corollary [7] It follows from Theorem [f] directly. The details are omitted.
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2: Scenario 1: Two sources located at CTF coordinates (3,—1,4)7 cm and
(—5,2,6)T cm respectively. The first four rows display the box-and-whisker
plots of the index values and the localization biases against the tuning con-
stant ¢g = 0,0.5,1,1.5,2, ma, mi and sh for the combinations of n = 91,
SNR= 1/25,1/0.64, and J = 500, 1000, 2000, 3000 respectively. Here, ma and mi
stand for the proposed hard-thresholded covariance based methods. sh stands
for the optimal shrinkage-based method. With a slightly abuse of notation,
co = ma, mi,sh refer to that ma, mi, and sh are used. The remaining rows
present the box-and-whisker plots of the local localization bias to the sources 71
and 1o against the transverse slice indices from 0 to 10 when ¢y was selected by
the minimum strategy for the above combinations respectively. The red colored
lines in the boxes are the medians. Note that when the distribution of the lo-
calization biases are degenerate, the upper and lower quartiles and medians of
localization biases will be equal. Consequently, the box in the plot will reduce to
a red colored line. The plots in the last four rows show that all the local peaks
on the transverse slices are not close to the source location r1, implying that the
source 1 has been masked on the neuronal activity map by source cancellations.
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Figure 3: Scenario 2: Two sources located at CTF coordinates (—5,5,6)7 cm and
(—6, —2,5)T cm respectively. The first four rows display the box-and-whisker
plots of the index values and the localization biases against the tuning con-
stant ¢g = 0,0.5,1,1.5,2, ma, mi and sh for the combinations of n = 91,
SNR= 1/25,1/0.64, and J = 500, 1000, 2000, 3000 respectively. The remaining
rows present the box-and-whisker plots of the minimum local localization bias
to the sources r; and ro against the transverse slice indices from 0 to 10 when
cp is selected by the minimum strategy for the above combinations respectively.
The red colored lines in the boxes are the medians. When the upper and lower
quartiles and medians of localization biases have the same value, the box in the
plot will reduce to a red colored line. The plots in the last four rows show that
all the local peaks on the transverse slices are not close to the source location 1,
implying the source 1 has been masked on the neuronal activity map by source
cancellations.

2135



LCMV: SNR=8.16,J=500

ZHANG AND LiIu

Biases: SNR=8.16,J=500

LCMV: SNR=8.16,J=1000

Biases: SNR=8.16,J=1000
5

1 = = = 10 1 =
= 0 « + z zedl & a
g os & 5 L g o= ® g =] a g o
° L T ol— — — — 0.96 L —05
005 1 15 2 shmami 005 1 1.5 2 shmami 005 1 1.5 2 shmami 0051 1.5 2 shmami
c0o co c0 co
LCMV: SNR=6.25,J=500 Biases: SNR=6.25,J=500 LCMV: SNR=6.25,J=1000 Biases: SNR=6.25,J=1000
10 - i_l 1 e T gz AT T T 05«
= 1 = + " = -
= = 2
3075D LDD B B 51+ + E.E " g oos éélril El gODD 77+D7
° oj— — — U+ L= 0.9 1 1
0 0.5 1 1.5 2 sh mami 0 051 1.5 2 shmami 0 0.5 1 1.5 2 sh mami 0 05 1 1.5 2 sh ma mi
co c0 co
LCMV: SNR=4,J=500 Biases: SNR=4,J=500 LCMV: SNR=4,J=1000 Biases: SNR=4,J=1000
1 - - - 8 T T
= « 10 = 1 — - T T
33000700 0 #%__bi-s : -
=l N i gos Sdoorrof
0 0.5 1 1.5 2 sh mami 0 05 1 1.5 2 shmami 0 0.5 1 1.5 2 sh mami 0 051 15 2 h ma mi
co c0o co c0o
LCMV: SNR=8.16,J=2000 Biases: SNR=8.16,J=2000 LCMV: SNR=8.16,J=3000 Biases: SNR=8.16,J=3000
05 05
1 = 1 —
= + - @ = - -
= 0.995 @ = @
ostlesadd 55 & o Soowsl++2ml P & o
S o099 T T = T
—0.5 —-0.5
0 051 1.5 2 shmami 0051152 shmami 0 05 1 1.5 2 shmami 0051152 shmami
c0 cOo c0 cOo
LCMV: SNR=6.25,J=2000 Biases: SNR=6.25,J=2000 LCMV: SNR=6.25,J=3000 Biases: SNR=6.25,J=3000
! I+ - I - ‘fO000 L 0d ! - 4
= =
R g ié &2 Bow-=t2a *a #os(|[J[][] [
= 095 o o = S o8 == = @y _ _
) S +
0 05 1 1.5 2 shmami 0 05 1 1.5 2 sh ma mi 0 05 1 1.5 2 shmami 0 05115 2 shmami
<o 0 <o co
LCMV: SNR=4,J=2000 Biases: SNR=4,J=2000 LCMV: SNR=4,J=3000 Biases: SNR=4,J=3000
— a 1 — a
z --=gz + = + @ se = — - = z = "
2 3. @
3 o.95 =) =) &, o _ S ose = = @ 35
T T 0.96 3
005 1 1.5 2 shmami 0051 15 2 shmami 005 1 1.5 2 shmami 0051 15 2 shmami
c0 c0o 0 cOo
Biases to source 1 Biases to source 2 Biases to source 1 Biases to source 2
SNR=8.16,J=500 SNR=8.16,J=500 SNR=8.16,J=1000 SNR=8.16,J=1000
15 — 20 = e
+ = ES - E3 15[F i
P O+ F e P P 1 P E3 +]
8 10 8 Fra E = 8 10(+ ==
E ségéxg$ %' + m1gé Q$t$éé L T + o+ & s - =+
1234567 89101112 1234567 89101112 1234567 89101112 1234567 89101112
Slice Slice Slice Slice
Biases to source 1 Biases to source 2 Biases to source 1 Biases to source 2
SNR=6.25,J=500 SNR=6.25,J=500 SNR=6.25,J=1000 SNR=6.25,J=1000
157 5 . = 20 15 - Ea— 2 e
P T rEQE]- g Jo[rF + - 3 v -+ +rgiq- g Olres .
10 —
ool *i 0 ZofF=+01 (1o gl v _"T0il & o o, o
° + +
1234567 809101112 123456789101112 1234567 809101112 123456789101112
Slice Slice Slice Slice
Biases to source 1 Biases to source 2 Biases to source 1 Biases to source 2
SNR=4,J=500 SNR=4,J=500 SNR=4,J=1000 SNR=4.J=1000
15 — 15 — 20
@ * w 15 + F = " + — _ - +
2 10 + 40 ?L = FREEEE u] 2 10 4T = 8 S -+ o
i M EIN L (SESLEI: gife o700 g Rfeeas B
1234567 89101112 1234567 89101112 1234567 89101112 1234567 89101112
Slice Slice Slice Slice
Biases to source 1 Biases to source 2 Biases to source 1 Biases to source 2
SNR=8.16,J=2000 SNR=8.16,J=2000 SNR=8.16,J=3000 SNR=8.16.J=3000
13 = ——=FF_ 15 =T —— 13 = =TT 15== ——
8 & 10 -+ + 8 8 10 — % +
@ é & - + @ 5 - %+ @ =n - @ 5 - -+
o — o —
1234567 89101112 123456789101112 1234567 89101112 1234567 89101112
Slice Slice Slice lice
Biases to source 1 Biases to source 2 Biases to source 1 Biases to source 2
SNR=6.25,J=2000 SNR=6.25,J=2000 SNR=6.25,J=3000 SNR=6.25,J=3000
= Eapp———— 15— F o =+ = - - _= 15=—< =
&1 - o F = @ 10 -—_ - @1 B - 8 10 - -
@ 5 - + & s - @ s - + = g e
1234567 89101112 1234567 89101112 1234567 89101112 1234567 89101112
Slice Slice Slice Slice
Biases to source 1 Biases to source 2 Biases to source 1 Biases to source 2
SNR=4,J=2000 SNR=4,J=2000 SNR=4,J=3000 SNR=4,J=3000
o 15 = P 15[ — 1 = — 15 =—— —
8 107 = ’D’ 2 10 R 0- 8 - * T 8 10 - - F
5| * - @ g - _ = @ - - + @ 5 -

1234567 89101112
Slice

1234567891012
Slice

1234567809101112
Slice

123456 789101112
Slice

Figure 4: Scenario 3: Two sources located at CTF coordinates (3,—1,4)7 cm and
(—5,2,6)T cm respectively. The first six rows show the box-and-whisker plots
of the index values and the localization biases against the tuning constant
co = 0,0.5,1,1.5,2, ma, mi and sh for the combinations of n = 102 sensors,
SNR= 1/0.352,1/0.4%2,1/0.52, and the sample rates .JJ = 500, 1000, 2000, 3000 re-
spectively. The last six rows give the box-and-whisker plots of the minimum local
localization bias to the sources r; and ro against the transverse slice indices from
0 to 10 when c¢q is selected by the minimum strategy for these combinations re-
spectively. The red colored lines in the boxes are the medians. When the upper
and lower quartiles and medians of localization biases are equal, the box in the
plot will reduce to a red colored line. The last six rows of the plots show all
the local peaks on the transverse slices are not close to the source location rq,
implying the source 1 has been masked on the neuronal activity map by source

cancellations.
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Figure 5: Scenario 4: Two sources located at CTF coordinates (—5,5,6)7 cm and
(—6,—2,5 T cm respectively. The first six rows show the box-and-whisker plots
of the index values and the localization biases against the tuning constant
co = 0,0.5,1,1.5,2, ma, mi and sh for the combinations of n = 102 sensors,
SNR= 1/0.352,1/0.4%2,1/0.52, and the sample rates .JJ = 500, 1000, 2000, 3000 re-
spectively. The last six rows give the box-and-whisker plots of the minimum local
localization bias to the sources r; and ro against the transverse slice indices from
0 to 10 when ¢y was selected by the minimum strategy for these combinations
respectively. The red colored lines in the boxes are the medians. When the upper
and lower quartiles and medians of localization biases are equal, the box in the
plot will reduce to a red colored line. The last six rows of the plots show all
the local peaks on the transverse slices are not close to the source location rq,
implying the source 1 has been masked on the neuronal activity map by source
cancellations.
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Figure 6: Performance comparison of the six different beamformers, namely ma, mi, gma,
gmi, adp and sh in Scenarios 1 and 2. Here, ma and mi stand for the hard-
thresholded covariance based methods when the tuning constant cy is chosen
by use of the maximum strategy and the minimum strategy respectively; gma
and gmi stand for the generalized thresholded covariance based methods when
the tuning constant ¢g is chosen by use of the maximum strategy and the mini-
mum strategy respectively; adp and sh stand for the adaptive thresholding-based
method and the optimal shrinkage-based method. The upper two rows of mul-
tiple box-whisker plots are for the combinations of n = 91, SNR= 1/25, 1/0.64,
and J = 500, 1000, 2000, 3000 in Scenario 1, while the lower two rows are for the
combinations of n = 91, SNR= 1/25, 1/0.64, and J = 500, 1000, 2000, 3000 in
Scenario 2. Each panel shows the localization biases against the above six dif-
ferent beamformer methods. The red colored lines in the boxes are the medians.
When the upper and lower quartiles and medians of localization biases are equal,
the box in the plot will reduce to a red colored line.
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Figure 7: Performance comparison of the six different beamformers, namely ma, mi, gma,
gmi, adp and sh in Scenario 3. Multiple box-whisker plots of localization biases
are displayed for the combinations of n = 102, SNR= 1/0.352, 1/0.42, 1/0.52,
and J = 500, 1000, 2000, 3000. Each panel shows the localization biases against
the six different beamformer methods, namely ma, mi, gma, gmi, adp and sh.
The red colored lines in the boxes are the medians. When the upper and lower
quartiles and medians of localization biases are equal, the box in the plot will
reduce to a red colored line.
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Figure 8: Performance comparison of the six different beamformers, namely ma, mi, gma,
gmi, adp and sh in Scenario 4. Multiple box-whisker plots of localization biases
are displayed for the combinations of n = 102, SNR= 1/0.352, 1/0.42, 1/0.52, and
J = 500, 1000, 2000, 3000 in Scenario 4. Each panel shows the localization biases
against the six different beamformer methods, namely ma, mi, gma, gmi, adp
and sh. The red colored lines in the boxes are the medians. When the upper and
lower quartiles and medians of localization biases are equal, the box in the plot
will reduce to a red colored line.
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Figure 9: Performance comparison of the six different beamformers, namely ma, mi, gma,
gmi, adp and sh in Scenario 5. Multiple box-whisker plots of localization biases
are displayed for the combinations of n = 102, SNR= 1/0.352, 1/0.42, 1/0.52, and
J = 500, 1000, 2000, 3000 respectively. Each panel shows the localization biases
against the six different beamformer methods, namely ma, mi, gma, gmi, adp

and sh.
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Figure 10: Plots of the log-contrasts between the faces and scrambled faces on three or-
thogonal slices through the peak locations for each of five sessions, which are
overlaid on the subject’s MRI scan. The plots in the left-hand two columns
and the right-hand two columns are derived from the procedures mi and adp
respectively. Rows 1 and 2, 3 and 4, 5 and 6, and 7 and 8 are for sessions 1 ~ 5
respectively. The highlighted yellow colored areas revealed neuronal activity
increases or decreases for the faces relative to the scrambled faces. The areas
shown in the left-hand two columns are in or close to the IOG, STS, and PCu
regions which are known to be related to the human face perception.
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Figure 11: Plots of the log-contrasts between the faces and scrambled faces on 20 transverse
slices for each of five sessions, which are overlaid on the subject’s MRI scan.
The plots in the left-hand column and the right-hand column are derived from
the procedures mi and adp respectively. Rows 1 ~ 5 are for sessions 1 ~ 5
respectively. The highlighted yellow colored areas revealed neuronal activity
increases for the faces relative to the scrambled faces. The areas highlighted in
the first column are in or close to the OFA, IOG, STS, and PCu regions which
are known to be related to the human face perception.
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Figure 12: Plots of the estimated time-courses at the global peaks along x, y and z-axes
respectively for each of five sessions. The solid curve and the dashed curve in
each plot stand for the estimated time-courses under the faces and the scrambled
faces respectively. The plots are ordered from the top left panel to the right panel
to the bottom panel corresponding to sessions 1 ~ 5.
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Figure 13: Plots of di2(k) and dpmax(k) against k = 1,2, ..., 306 respectively, where k stands
for k randomly chosen sensors from the 306 sensors in the face-perception data,
two sources are located at CTF (-4, 3,8)cm and (-4,-5,5) cm respectively, and
the dashed curve in each plot is for the function log(log(k)).
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