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Abstract
Harmonicanalysisanddiffusionon discretedatahasbeenshown to leadto state-of-the-artalgo-
rithms for machinelearningtasks,especiallyin the context of semi-supervisedandtransductive
learning.Thesuccessof thesealgorithmsrestson theassumptionthatthefunction(s)to bestudied
(learned,interpolated,etc.) aresmoothwith respectto thegeometryof thedata. In this paperwe
presenta methodfor modifying thegivengeometryso the function(s)to bestudiedaresmoother
with respectto themodi�ed geometry, andthusmoreamenableto treatmentusingharmonicanaly-
sismethods.Amongthemany possibleapplications,weconsidertheproblemsof imagedenoising
andtransductiveclassi�cation.In bothsettings,ourapproachimprovesonstandarddiffusionbased
methods.
Keywords: diffusionprocesses,diffusiongeometry, spectralgraphtheory, imagedenoising,trans-
ductive learning,semi-supervisedlearning

1. Intr oduction

Recentlydevelopedtechniquesin theanalysisof datasetsandmachinelearningusethegeometry
of thedatasetin orderto studyfunctionson it. In particularthe ideaof analyzingthedatasetand
functionsonit intrinsicallyhasleadto novel algorithmswith state-of-the-artperformancein various
problemsin machinelearning(SzummerandJaakkola,2001;Zhu et al., 2003;ZhouandSchlkopf,
2005;Belkin andNiyogi, 2003a;MahadevanandMaggioni,2007;MaggioniandMhaskar,2007).
They are basedon the constructionof a diffusion, or an averagingoperatorK on the dataset,
dependentonits local,�ne scalegeometry. K, its powers,andthespecialbasesassociatedto it, such
asits eigenfunctions(Belkin andNiyogi, 2003a;Coifmanetal.,2005a;CoifmanandLafon,2006a)
or its diffusionwavelets(CoifmanandMaggioni,2006)canbeusedto studythegeometryof and
analyzefunctionson thedataset. Amongotherthings,“dif fusionanalysis”allows usto introduce
a notion of smoothnessin discretesettingsthat preserves the relationshipsbetweensmoothness,
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sparsityin a “Fourier” basis,andevolution of heatthatarewell-known in Euclideanspaces(Zhou
andSchlkopf, 2005).

Oneof themaincontributionsof thiswork is theobservationthatthegeometryof thespaceisnot
theonly importantfactorto beconsidered,but thatthegeometryandthepropertiesof thefunction
f to bestudied(denoised/learned)shouldalsoaffect thesmoothingoperationof thediffusion. We
will thereforemodify thegeometryof a datasetwith featuresfrom f , andbuild K on themodi�ed
f -adapteddataset. The reasonfor doing this is that perhapsf is not smoothwith respectto the
geometryof the space,but hasstructurethat is well encodedin the features.Sincethe harmonic
analysistoolsweusearerobustto complicatedgeometries,but aremostusefulonsmoothfunctions,
it is reasonableto let thegeometryof thedatasetborrow someof thecomplexity of the function,
andstudya smootherfunctionon a moreirregulardataset. In otherwords,we attemptto �nd the
geometrysothatthefunctionsto bestudiedareassmoothaspossiblewith respectto thatgeometry.
On the onehand,the result is nonlinearin the sensethat it dependson the input function f , in
contrastwith methodswhich considerthegeometryof thedataalone,independentlyof f . On the
otherhand,on themodi�ed dataset,thesmoothingoperatorK will be linear, andvery ef�ciently
computable.Onecould generalizethe constructionsproposedto varioustypesof processes(e.g.,
nonlineardiffusions).

Thepaperis organizedasfollows: in Section2, we review thebasicideasof harmonicanalysis
onweightedgraphs.In Section3 weintroducethefunction-adapteddiffusionapproach,whichaims
to modify thegeometryof a datasetsothata functionor classof functionswhich wasnon-smooth
in the original geometryis smoothin the modi�ed geometry, andthusamenableto the harmonic
analysisin thenew geometry. In Section4 wedemonstratethisapproachin thecontext of theimage
denoisingproblem. In addition to giving easyto visualizeexamplesof how the methodworks,
we achieve stateof the art results. In Section5, we demonstratethe approachin the context of
transductive learning.While hereit is moredif�cult to interpretour methodvisually, we testit on
a standarddatabase,whereit outperformscomparable“geometryonly” methodson the majority
of the datasets,andin many casesachievesstateof the art results. We concludeby considering
theunder-performanceof themethodon somedatasets,observingthat in thoseexamples(mostof
whicharein facttheonly arti�cial ones!),thegeometryof thedatasuf�ces for learningthefunction
of interests;andourmethodis super�uous.

2. Diffusion on Graphs Associatedwith Data-sets

An intrinsic analysisof a dataset,modeledasa graphor a manifold,canbedevelopedby consid-
eringa naturalrandomwalk K on it (Chung,1997;SzummerandJaakkola, 2001;Ng et al., 2001;
Belkin andNiyogi, 2001;Zhaetal.,2001;Lafon,2004;Coifmanetal.,2005a,b).Therandomwalk
allows to constructdiffusionoperatorson thedataset,aswell asassociatedbasisfunctions.For an
initial conditiondx, Ktdx(y) representstheprobabilityof beingaty at timet, conditionedonstarting
at x.

2.1 Setupand Notation

We considerthe following generalsituation: the spaceis a �nite weightedgraphG = (V;E;W),
consistingof asetV (vertices),asubsetE (edges)of V � V, andanonnegativefunctionW : E ! R+

(weights). Without lossof generalitywe assumethat thereis an edgefrom x to y 2 V, andwrite
x � y, if andonly if W(x;y) > 0. Notice that in this work W will usuallybe symmetric;that is
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theedgeswill beundirected.Thetechniqueswe proposehowever do not requirethis property, and
thereforecanbeusedondatasetsin whichgraphmodelswith directededgesarenatural.

WeinterprettheweightW(x;y) asameasureof similaritybetweentheverticesx andy. A natural
�lter actingon functionsonV canbede�ned by normalizationof theweightmatrixasfollows: let

d(x) = å
y2V

W(x;y) ;

andlet1 the�lter be
K(x;y) = d� 1(x)W(x;y) ; (1)

sothatå y2V K(x;y) = 1, andsothatmultiplicationK f of a vectorfrom theleft is a local averaging
operation,with locality measuredby thesimilaritiesW. Multiplication by K canalsobeinterpreted
as a generalizationof Parzenwindow type estimatorsto functionson graphs/manifolds.There
areotherwaysof de�ning averagingoperators.For exampleonecould considerthe heatkernel
e� tL whereL is de�ned in (3) below, seealsoChung(1997),or a bi-Markov matrix similar to W
(Sinkhorn,1964;SinkhornandKnopp,1967;Soules,1991;Linial etal.,1998;Shashuaetal.,2005;
ZassandShashua,2005).

In generalK is not column-stochastic,2 but theoperationf K of multiplicationon theright by a
(row) vectorcanbethoughtof asadiffusionof thevector f . This �lter canbeiteratedseveraltimes
by consideringthepowerKt .

2.2 Graphs Associatedwith Data Sets

¿FromadatasetX weconstructagraphG: theverticesof G arethedatapointsin X, andweighted
edgesareconstructedthat connectnearbydatapoints,with a weight that measuresthe similarity
betweendatapoints. The �rst stepis thereforede�ning theselocal similarities. This is a step
which is data-andapplication-dependent.It is importantto stresstheattribute local. Similarities
betweenfarawaydatapointsarenotrequired,anddeemedunreliable,sincethey wouldnottakeinto
accountthegeometricstructureof thedataset. Local similaritiesareassumedto bemorereliable,
andnon-localsimilaritieswill beinferredfrom localsimilaritiesthroughdiffusionprocesseson the
graph.

2.2.1 LOCAL SIMILARITIES

Localsimilaritiesarecollectedin amatrixW, whoserowsandcolumnsareindexedby X, andwhose
entryW(x;y) is thesimilarity betweenx andy. In theexamplesweconsiderhere,W will usuallybe
symmetric,thatis theedgeswill beundirected,but theseassumptionsarenotnecessary.

If the dataset lies in Rd, or in any othermetric spacewith metric r , thenthe moststandard
constructionis to chooseanumber(“local time”) s > 0 andlet

Ws (x;y) = h
�

r (x;y)2

s

�
;

1. Notethatd(x) = 0 if andonly if x is not connectedto any othervertex, in whichcasewe trivially de�ne d� 1(x) = 0,
or simply removex from thegraph.

2. In particularcasesK is ascalarmultipleof acolumn-stochasticmatrix, for examplewhenD is amultipleof identity,
whichhappensfor exampleif G is regularandall theedgeshave thesameweight.
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for somefunctionh with, say, exponentialdecayat in�nity . A commonchoiceis h(a) = exp(� a).
Theideais thatwe expectthatvery closedatapoints(with respectto r ) will besimilar, but do not
wantto assumethatfarawaydatapointsarenecessarilydifferent.

Let D be the diagonalmatrix with entriesgiven by d as in (2.1). Supposethe dataset is, or
lies on, a manifold in Euclideanspace. In Lafon (2004),Belkin andNiyogi (2005),Hein et al.
(2005),von Luxburg et al. (2004)andSinger(2006),it is proved that in this case,thechoiceof h
in theconstructionof theweightmatrix is in someasymptoticsenseirrelevant.For a rathergeneric

symmetricfunctionh, saywith exponentialdecayat in�nity , (I � D
� 1

2
s Ws D

� 1
2

s )=s, approachesthe
Laplacianon themanifold,at leastin a weaksense,asthenumberof pointsgoesto in�nity ands
goesto zero. Thusthis choiceof weightsis naturallyrelatedto theheatequationon themanifold.
On theotherhand,for many datasets,whicheitherarefar from asymptopiaor simplydonot lie on
a manifold, thechoiceof weightscanmake a largedifferenceandis not alwayseasy. Even if we
useGaussianweights,thechoiceof the“local timeparameter”s canbenontrivial.

For eachx, one usually limits the maximumnumberof points y such that W(x;y) 6= 0 (or
non-negligible). Two commonmodi�cations of the constructionabove are to useeither r e(x;y)
or r k(x;y) insteadof r , where

r e(x;y) =
�

d(x;y) if r (x;y) � e;
¥ if r (x;y) > e

;

whereusuallye is suchthath(e2=s) << 1, and

r k(x;y) =
�

r (x;y) if y 2 nk(x);
¥ otherwise:

andnk(x) is thesetof k nearestneighborsof x. This is for two reasons:one,oftenonly very small
distancesgive informationaboutthedatapoints,andtwo, it is usuallyonly possibleto work with
very sparsematrices.3 This truncationcausesW to be not symmetric;if symmetryis desired,W
maybeaveraged(arithmeticallyor geometrically)with its transpose.

A location-dependentapproachfor selectingthe similarity measureis suggestedin Zelnik-
Manor and Perona(2004). A numberm is �x ed, and the distancesat eachpoint are scaledso
them-th nearestneighborhasdistance1; thatis, we let r x(y;y0) = r (y;y0)=r (x;xm), wherexm is the
m-th nearestneighborto x. Now r x dependsonx, soin orderto make theweightmatrixsymmetric,
they suggestto usethegeometricmeanof r x andr y in theargumentof theexponential,thatis, let

Ws (x;y) = h
�

r x(x;y)r y(x;y)
s

�
; (2)

with h, asabove, decayingat in�nity (typically, h(a) = exp(� a)), or truncatedat thek-th nearest
neighbor. This is calledtheself-tuningweightmatrix. Thereis still a timescalein theweights,but
a global s in the self-tuningweightscorrespondsto somelocationdependentchoiceof s in the
standardexponentialweights.

3. However, methodsof FastMultipole of FastGausstype(GreengardandRokhlin,1988)maymakeit possibleto work
with densematricesimplicitly, with complexity proportionalto thenumberof points.SeeRaykaret al. (2005)for a
recentreferencewith applicationsto machinelearning.
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2.2.2 THE AVERAGING OPERATOR AND ITS POWERS

Multiplication by the normalizedmatrix K asin (1) canbe iteratedto generatea Markov process
f Ktgt� 0, andcanbeusedto measurethestrengthof all thepathsbetweentwo datapoints,or the
likelihoodof getting from onedatapoint to the other if we constrainourselves to only stepping
betweenverysimilardatapoints.For exampleonede�nesthediffusionor spectraldistance(Bérard
etal., 1994;Coifmanetal., 2005a;CoifmanandLafon,2006a)by

D(t)(x;y) = jjKt(x; �) � Kt(y; �)jj2 =
r

å
z2X

jKt(x;z) � Kt(y;z)j2 :

The termdiffusiondistancewasintroducedin Lafon (2004),Coifmanet al. (2005a)andCoifman
andLafon (2006a)andis suggestedby theformulaabove,which expressesD (t) assomesimilarity
betweenthe probability distributionsKt(x; �) andKt(y; �), which areobtainedby diffusion from x
andy accordingto the diffusion processK. The term spectraldistancewasintroducedin Bérard
et al. (1994,seealsoreferencestherein). It hasrecentlyinspiredseveral algorithmsin clustering,
classi�cationandlearning(Belkin andNiyogi, 2003a,2004;Lafon, 2004;Coifmanet al., 2005a;
CoifmanandLafon,2006a;MahadevanandMaggioni,2005;LafonandLee,to appear, 2006;Mag-
gioni andMhaskar,2007).

2.3 Harmonic Analysis

Theeigenfunctionsf y ig of K, satisfying

Ky i = l iy i ;

arearerelated,viamultiplicationby D� 1
2 , to theeigenfunctionsf i of thegraphLaplacian(Chung,

1997),since
L = D� 1

2WD� 1
2 � I = D

1
2 KD� 1

2 � I : (3)

They leadto anaturalgeneralizationof theFourieranalysis:any functiong 2 L 2(X) canbewritten
asg = å i2 I hg; f i i f i , sincef f ig is an orthonormalbasis. The larger is i, the moreoscillatingthe
functionf i is, with respectto thegeometrygivenbyW, andl i measuresthefrequency of f i . These
eigenfunctionscanbe usedfor dimensionalityreductiontasks(Lafon, 2004;Belkin andNiyogi,
2003a;CoifmanandLafon,2006a;Coifmanetal., 2005a;Jonesetal., 2007a,b).

For a function g on G, de�ne its gradient(Chung,1997; Zhou and Schlkopf, 2005) as the
functionon theedgesof G de�ned by

Ñg(x;y) = W(x;y)

 
g(y)

p
d(y)

�
g(x)

p
d(x)

!

(4)

if thereis anedgeeconnectingx to y and0 otherwise;then

jjÑg(x)jj2 = å
x� y

jÑg(x;y)j2:

Thesmoothnessof g canbemeasuredby theSobolev norm

jjgjj2
H 1 = å

x
jg(x)j2 + å

x
jjÑg(x)jj2 : (5)

1715



SZLAM , MAGGIONI AND COIFMAN

The �rst term in this normmeasuresthesizeof the functiong, andthesecondtermmeasuresthe
sizeof thegradient.Thesmallerjjgjj H 1, thesmootheris g. Justasin theEuclideancase,

jjgjj2
H 1 = jjgj2L2(X;d) � hg;Lgi ;

thusprojectinga functiononto the �rst few termsof its expansionin theeigenfunctionsof L is a
smoothingoperation.4

We seethattherelationshipsbetweensmoothnessandfrequency forming thecoreideasof Eu-
clideanharmonicanalysisareremarkablyresilient,persistingin very generalgeometries.These
ideashave beenappliedto a wide rangeof tasksin the designof computernetworks, in paral-
lel computation,clustering(Ng et al., 2001;Belkin andNiyogi, 2001;Zelnik-ManorandPerona,
2004;Kannanet al., 2004;CoifmanandMaggioni,2007),manifold learning(Bérardet al., 1994;
Belkin andNiyogi, 2001;Lafon, 2004;Coifmanet al., 2005a;CoifmanandLafon, 2006a),image
segmentation(Shi andMalik, 2000),classi�cation(CoifmanandMaggioni,2007),regressionand
function approximation(Belkin andNiyogi, 2004;Mahadevan andMaggioni, 2005;Mahadevan
etal., 2006;MahadevanandMaggioni,2007;CoifmanandMaggioni,2007).

2.4 Regularization by Diffusion

It is often useful to �nd the smoothestfunction f̃ on a datasetX with geometrygiven by W, so
that for a given f , f̃ is not too far from f ; this taskis encounteredin problemsof denoisingand
functionextension. In the denoisingproblem,we aregiven a function f + h from X ! R, andh
is Gaussianwhite noiseof a givenvariance,or if oneis ambitious,someotherpossiblystochastic
contamination.We must �nd f . In the function extensionor interpolationproblem,a relatively
largedatasetis given,but thevaluesof f areknown atonly relatively few “labeled”points,andthe
taskis to �nd f on the “unlabeled”points. Both tasks,without any a priori informationon f , are
impossible;theproblemsareunderdetermined.On theotherhand,it is oftenreasonableto assume
f shouldbesmooth,andsoweareled to theproblemof �nding asmooth f̃ closeto f .

In Euclideanspace,a classicalmethodof molli�cation is to run the heatequationfor a short
timewith initial conditionspeci�edby f . It turnsout thattheheatequationmakesperfectsenseon
aweightedgraph:if f is a functiononV, set f0 = f , and fk+ 1 = K f . If gk(x) = d

1
2 (x) fk(x),

gk+ 1 � gk = Lgk ;

somultiplicationby K is a stepin theevolution of the(densitynormalized)heatequation.Further-
more,a quick calculationshows this is the gradientdescentfor the smoothnessenergy functional
å jjÑgjj2. Wecanthusdo “harmonic” interpolationonX by iteratingK (Zhuetal., 2003).

We candesignmoregeneralmolli�ers usingan expansionon the eigenfunctionsf y ig of K.
For the rest of this section,supposeall inner productsare taken against the measured, that is,
ha;bi = å a(x)b(x)d(x), andso y areorthonormal.Then f = å hf ;y i i y i andonecande�ne f̃ , a
smoothedversionof f , by

f̃ = å
i

a ihf ;y i i y i

4. However it is well known that if f doesnot have uniform smoothnesseverywhere,theapproximationby eigenfunc-
tionsis poornot only in regionsof lessersmoothness,but thepoorapproximationspills to regionsof smoothnessas
well. This lackof localizationcanbeavoidedwith themultiscaleconstructionsin CoifmanandMaggioni(2006)and
MaggioniandMhaskar(2007).
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for somesequencef a ig which tendsto 0 asi ! + ¥ ; in theinterpolationproblem,we canattempt
to estimatetheinnerproductshf ;y i i , perhapsby leastsquares.Typicalexamplesfor a i are:

(i) a i = 1 if i < I , and0 otherwise(purelow-pass�lter); I usuallydependsonapriori information
on h, for exampleon thevarianceof h. This is a band-limitedprojection(with bandI), see
for exampleBelkin (2003).

(ii) a i = l t
i for somet > 0, thiscorrespondsto setting f̃ = Kt( f ), thatis, kernelsmoothingonthe

dataset,with a data-dependentkernel(SmolaandKondor,2003;ZhouandSchlkopf, 2005;
Chapelleetal., 2006).

(iii) a i = P(l i), for somepolynomial(or rationalfunction)P, generalizing(ii). See,for example,
MaggioniandMhaskar(2007)

As mentioned,onecaninterpretKt f asevolving aheatequationon thegraphwith aninitial condi-
tion speci�edby f . If we would like to balancesmoothingby K with �delity to theoriginal f , we
canchooseb > 0 andset f0 = f and ft+ 1 = (K ft + b f )=(1+ b); theoriginal functionis treatedas
aheatsource.Thiscorrespondsatequilibriumto

(iv) a i = b=(1+ b � l i).

Onecanalsoconsiderfamiliesof nonlinearmolli�ers, of theform

f̃ = å
i

m(hf ;y i i )y i ;

wherefor examplemis a(soft-)thresholdingfunction(DonohoandJohnstone,1994).In fact,mmay
bemadeevendependentoni. While thesetechniquesareclassicalandwell-understoodin Euclidean
space(mostly in view of applicationsto signalprocessing),it is only recentlythatresearchin their
applicationto theanalysisof functionson datasetshasbegun(in view of applicationsto learning
tasks,seein particularMaggioniandMhaskar2007).

All of thesetechniquesclearly have a regularizationeffect. This can be easily measuredin
termsof theSobolev normde�ned in (5): themethodsabove correspondto removing or damping
thecomponentsof f (or f + h) in thesubspacespannedby high-frequency y i , which aretheones
with largerSobolev norm.

3. Function-adaptedKernels

Themethodsabovearebasedon theideathatthefunction f to berecoveredshouldbesmoothwith
respectto W, but it canhappenthat an interestingfunction on datais not smoothwith respectto
thegivengeometryon thatdata.In this casewe cannotdirectly bring to bearthefull power of the
methodsdescribedabove. On the otherhand,we have seenthat thesemethodsarewell de�ned
on any weightedgraph. We thusproposeto modify the geometryof W so that the function(s)to
berecoveredareassmoothaspossiblein themodi�ed geometry. Evenwhen f is not smooth,the
geometryof W and f caninteractin a structuredway. We will attemptto incorporatethegeometry
of thefunction f (or a family of functionsF) in theconstructionof theweightsW; thehopeis that
we canconvert structureto smoothness,andapplythemethodsof harmonicanalysisto a smoother
functionon a rougherdataset. In otherwords,we want our regularizerto take averagesbetween
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pointswhere f hassimilar structure,in additionto beingnearto eachotherin termsof the given
geometryof thedata.

Thesimplestversionof this ideais to only choosenonzeroweightsbetweenpointson thesame
level setof f . ThenjjÑ f jj (with respectto W) is zeroeverywhere,andthefunctionto berecovered
is assmoothaspossible.Of courseknowing thelevel setsof f is far toomuchto askfor in practice.
For example,in thefunctionextensionproblem,if f hasonly a few values(e.g.,for aclassi�cation
task),knowing thelevel setsof f wouldbeequivalentto solvingtheproblem.

If wehadsomeestimatef̃ for f , wecouldset

W f (x;y) = exp
�

�
jjx� yjj2

s1
�

j f̃ (x) � f̃ (y)j2

s2

�
; (6)

sothatwhens2 << s1, theassociatedaveragingkernelK will averagelocally, but muchmorealong
the(estimated)level setsof f thanacrossthem,becausepointsondifferentlevel setsnow havevery
weakor no af�nity . This is relatedto ideasin Yaroslavsky (1985);Smith andBrady (1995)and
Coifmanetal. (2005a).

Theestimatef̃ of f is justasimpleexampleof a featuremap.Moregenerally, weset

W f (x;y) = h1

�
�

r 1(x;y)2

s1

�
h2

�
�

r 2(F ( f )(x);F ( f )(y))2

s2

�
; (7)

whereF ( f )(x) is a setof featuresassociatedwith f , evaluatedat the datapoint x, r 1 is a metric
on thedataset,r 2 is a metricon thesetof features,h1 andh2 are(usuallyexponentially)decaying
functions,ands1 ands2 are“local time” parametersin dataandfeaturespacerespectively. Sucha
similarity is usuallyfurtherrestrictedasdescribedat theendof Section2.2.1.Theideahereis to be
lessambitiousthan(6), andpositaf�nity betweenpointswherewe stronglybelieve f to have the
samestructure,andnot necessarilybetweenevery point on an(estimated)level set.Theaveraging
matrix K f associatedwith W f canthenbe usedfor regularizing,denoisingandlearningtasks,as
describedabove. Wecall suchakernela function-adaptedkernel.

Theway thefunction f affectstheconstructionof K f will beapplication-anddata-speci�c, as
weshallseein theapplicationsto imagedenoisingandgraphtransductive learning.For example,in
theapplicationto imagedenoising,F ( f )(x) maybeavectorof �lter responsesappliedto theimage
f at locationx. In theapplicationto transductiveclassi�cation,wearegivenC functionsc i , de�ned
by c i(x) = 1 if x is labeledasapoint in classi, and0 otherwise(eitherthepoint is not labeled,or it
is not in classi). Weset f = (c i)N

i= 1. ThenF ( f )(x) canbeobtainedby evaluatingK t(c i) atx, where
K is adiffusionoperatorwhichonly dependsonthedataset,andnoton thec i 's. In all applications,
our ideais simply to to try to choosesimilarities,with thelimited informationaboutthefunction(s)
to berecoveredthatwe aregiven,so that the function(s)areasregularaspossiblewith respectto
thechosensimilarities.

4. Application I: Denoisingof Images

We applyfunction-adaptedkernelsto thetaskof denoisingimages.Not only this will behelpful to
gain intuition abouttheideasin Section3 in a settingwhereour methodsareeasilyvisualized,but
it alsoleadsto state-of-artresults.

Gray-scaleimagesare often modeledas real-valuedfunctions,or distributions, on Q, a �ne
discretizationof thesquare[0;1]2, andthey areoftenanalyzed,denoised,compressed,inpainted,de-
blurredassuch,seefor exampleTschumperle(2002),PeronaandMalik (1990),Rudinetal. (1992),
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ChanandShen(2005),PeronaandMalik (1990),TomasiandManduchi(1998),Elad(2002),Boult
et al. (1993), Chin and Yeh (1983), Davis and Rosenfeld(1978), Graham(1961), Huanget al.
(1979),Lee (1980),Yin et al. (1996)andreferencestherein. It is well known that imagesarenot
smoothasfunctionsfrom Q to R, andin fact the interestingandmostimportantfeaturesareoften
exactly thenon-smoothpartsof f . ThusFourieranalysisandtheheatequationonQ arenot ideally
suitedfor images;muchof the work referencedabove aims to �nd partial differentialequations
whoseevolutionsmoothsimageswithoutblurringedgesandtextures.

With theapproachdescribedin Section3,unlikewith many PDE-basedimageprocessingmeth-
ods,themachineryof smoothingis divorcedfrom thetaskof featureextraction. We build a graph
G(I) whoseverticesarethepixelsof theimageandwhoseweightsareadaptedto theimagestruc-
ture,andusethediffusionon thegraphwith a �delity term,asdescribedin Section2.4 to smooth
the image,consideredasa functionon thegraph. If we areableto encodeimagestructurein the
geometryof thegraphin sucha way that the imageis actuallysmoothasa functionon its graph,
thentheharmonicanalysison thegraphwill bewell-suitedfor denoisingthatimage.Of course,we
have shiftedpartof theproblemto featureextraction,but we will seethatvery simpleandintuitive
techniquesproducestateof theart results.

4.1 Image-adaptedGraphs and Diffusion Kernels

To build theimage-adaptedgraphwe �rst associatea featurevectorto eachlocationx in theimage
I , de�ned on a squareQ. A simple choiceof d + 2 dimensionalfeaturevectorsis obtainedby
settingtwo of thecoordinatesof the featurevectorto bescaledversionsof thecoordinatesof the
correspondingpixel in theimageax, wherea � 0 is a scalar, andx 2 Q. Theremainingd features
arethe responsesto convolution with d different �lters g1; � � � ;gd, evaluatedat locationx. More
formally, we pick a d-vectorg = (g1; � � � ;gd) of �lters (i.e., realvaluedfunctionson Q), �x a � 0,
andmapQ into Rd+ 2 by a featuremap

Fg;a(I ) : Q ! Rd+ 2

x 7! (ax; f � g1(x); � � � ; f � gd(x))

This is anextremely�e xible construction,andtherearemany interestingchoicesfor the�lters
f gig. Onecould take a few waveletsor curveletsat differentscales,or edge�lters, or patchesof
texture,or somemeasureof local statistics.Also notetherearemany otherchoicesof featuremaps
thatarenotobtainedby convolution,seeSection4.1.2for examples.

ThegraphG(I) will haveverticesgivenby Fg;a(x), x 2 Q. To obtaintheweightededges,set

r (x;y) = r g;a (x;y) = jjFg;a( f )(x) � Fg;a( f )(y)jj ;

wherejj � jj is a norm (e.g.,Euclidean)in Rd+ 2. The parametera speci�es the amountof weight
to give to theoriginal 2-d spacecoordinatesof thepixels,andmaybe0. Alternatively, insteadof
usingaweighta, onecanchoosesetsS= S(x) � Q sothat

r (x;y) = dg;S(x;y) =
�

r g;0(x;y) if y 2 S(x);
¥ otherwise:

: (8)

In thediscretecase,if we chooseS(x) to bethen nearestneighborsof x in the2 spacecoordinates:
wewill write r g;n, andif the�lters areunderstood,just r n.
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Figure1: Above: imageof Lena,with two locationshighlighted.Left: row of thediffusionkernel
correspondingto the upper-left highlightedareain the above image. Right: row of the
diffusion kernelcorrespondingto the bottom-lefthighlightedareain the above image.
Thediffusionkernelaveragesaccordingto differentpatternsin differentlocations.The
averagingpatternon theright is also“non-local”, in thesensethat theaveragingoccurs
alongwell-separatedstripes,correspondingto thehair in theoriginalpicture.

For a �x ed choiceof metric r as above, and a “local time” parameters, we constructthe
similarity matrixWs asdescribedin Section2.2.1,andtheassociateddiffusionkernelK asin (1).

In Figure3 weexplorethelocalgeometryin patchspaceby projectingthesetof patchesaround
agivenpatchontotheprincipalcomponentsof thesetof patchesitself. Geometricstructuresof the
setof patches,dependenton local geometryof theimage(e.g.,texturevs. edge)areapparent.The
key featureof these�gures is thatthegraylevel intensityvalueis smoothasa functionfrom theset
of patchesto R, evenwhentheintensityis not smoothin theoriginal spatialcoordinates.

Wenow describesomeinterestingchoicesfor thefeaturemapsF (I ).

4.1.1 PATCH GRAPH

Let gN be the setof N2 �lters f gi; jgi; j= 1;:::;N, wheregi; j is a N � N matrix with 1 in the i; j entry
and0 elsewhere. ThenFgN;0 is thesetof patchesof the imageembeddedin N2 dimensions.The
diffusiononegetsfrom this choiceof �lters is theNL-means�lter of Buadeset al. (2005a).“NL”
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Figure2: Left to right: imageof Barbara,with several locationspi highlighted;Kt(pi ; �), for t =
1;2.

standsfor Non-Local; in the paper, they proposedsettinga = 0. In a later paperthey addsome
locality constraints;seeBuadeset al. (2005b)andMahmoudi(2005). We wish to emphasizethat
smoothingwith theNL-means�lter is not, in any sortof reasonablelimit, a 2-d PDE; rather, it is
theheatequationon thesetof patchesof theimage!

Note theembeddinginto 5� 5 patchesis thesameembedding(up to a rotation)asinto 5� 5
DCT coordinates,andsotheweightmatricesconstructedfrom theseembeddingsarethesame.On
theotherhand,if we attenuatesmall �lter responses,theweightmatricesfor thetwo �lter families
will bedifferent.

4.1.2 BOOTSTRAPPING A DENOISER; OR DENOISED IMAGES GRAPH

Differentdenoisingmethodsoftenpick updifferentpartsof theimagestructure,andcreatedifferent
characteristicartifacts.Supposewehaveobtaineddenoisedimagesf1; :::; fd, from anoisyimagef .
To make useof thevarioussensitivities, andrid ourselvesof theartifacts,we couldembedpixels
x 2 Q into Rd+ 2 by x 7! (ax; f1(x); :::; fd(x)) . In otherwordswe interpret( fi(x)) i= 1;:::;d asa feature
vectorat x. This methodis analternative to “cycle spinning”(CoifmanandDonoho,1995),that is,
simplyaveragingthedifferentdenoisings.

In practice,wehave foundthatabetterchoiceof featurevectoris fs(1)(x); :::; fs(d)(x), wheres
is a randompermutationof f 1; :::;dg dependingon x. The ideais to mix up theartifactsfrom the
variousdenoisings.Notethatthiswouldnotaffect standardaveraging,sinceå fi(x) = å fs(i) .

4.2 ImageGraph Denoising

OncewehavethegraphW andnormalizeddiffusionK, weuseK to denoisetheimage.Theobvious
bijectionfrom pixelsto verticesin theimagegraphinducesacorrespondencebetweenfunctionson
pixels (suchas the original image)and functionson the verticesof the graph. In particularthe
original imagecanbe viewed asa function I on G(I). The functionsK t I aresmoothedversions
of I with respectto the geometryof G(I ). If the graphwassimply the standardgrid on Q, then
K would be nothingother thana discretizationof the standardtwo-dimensionalheatkernel,and
Kt I would be theclassicalsmoothingof I inducedby theEuclideantwo-dimensionalheatkernel,
associatedwith theclassicalGaussianscalespace(wereferthereaderto Witkin, 1983;Koenderink,
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1984;Lindeberg, 1994,andreferencestherein). In our context K t is associatedwith a scalespace
inducedby G(I), which is thusa nonlinearscalespace(in thesensethat it dependson theoriginal

11

2

1

2

3

1

2

3

4

50 100 150 200 250

50

100

150

200

250

-100

0

100

200

-100
0

100
-100

-50

0

50

100

-500

0

500

-400

-200

0

200

-100

0

100

-400

-200

0

200

400 -200

0

200

-200

0

200

-200 0 200 -20

-10

0

10

20

30

-20

-10

0

10

Figure3: Top left: imageof Barbara,with 4 square10� 10 pixel regionshighlighted. The5� 5
patchesin eachregionareconsideredas25dimensionalvectors,andtopright weplot the
singularvaluesof their covariancematrix. At thebottom,we projectthe25-dimensional
pointsin eachregionontheir top3 principalcomponents,andthecolor is thevalueof the
imageateachpoint. In region1, notehow the(approximate)periodicityof thetexturein
region1 is re�ectedin thetubularshapeof theprojection;in region2, theportionsof the
imageon differentsidesof theedgearedisconnectedin the featurespace,andnotethe
higherdimensionality, asmeasuredby thesingularvalues;for region 3, notethehigher
dimensionality(slower decayof the singularvalues)comparedto regions1 and4; for
region 4 notethevery smalldimensionality. Most importantly, notethat in eachregion,
thegraylevel pixel valueis smoothasa functionof thepatches.
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imageI). In factG(I ), asdescribedabove, is oftena point cloudin high-dimensionalspace,where
closenessin thosehigh-dimensionalspacerepresentssimilarity of collectionsof pixels,and/orof
their features,in theoriginal two-dimensionaldomainof I .

We canbalancesmoothingby K with �delity to the original noisy function by setting ft+ 1 =
(K ft + b f )=(1+ b) whereb > 0 is aparameterto bechosen,andlargeb correspondsto lesssmooth-
ing andmore�delity to thenoisyimage.This is astandardtechniquein PDEbasedimageprocess-
ing, seeChanandShen(2005)andreferencestherein. If we consideriterationof K asevolving a
heatequation,the �delity term setsthe noisy function asa heatsource,with strengthdetermined
by b. Notethateventhoughwhenwe smoothin this way, thesteadystateis no longertheconstant
function,we still do not usuallywish to smoothto equilibrium. We referthereaderto Figure4 for
asummaryof thealgorithmproposed.

Ĩ  DenoiseImage (I ;t)

// Input:
// I : animage
// t : amountof denoising

// Output:
// Ĩ : adenoisedversionof I .

1. ConstructagraphG associatedwith I , in any of thewaysdiscussedin Section4.

2. ComputetheassociatedI-adapteddiffusionoperatorK I .

3. setĨ  (KI )t I .

Figure4: Pseudo-codefor denoisinganimage

4.3 Examples

Figure5 displaysexamplesof denoisingwith a diffusionon animagegraph.On thetop left of the
�gure wehavethenoisyimagef0; thenoiseis N(0; :0244). Onthetopright of Figure5, wedenoise
theimageusinga7� 7 NL-meanstypepatchembeddingasdescribedin Section4.1.1.Weset

W(k; j) = e� ˜r 81(k; j)2=:3

where ˜r 81 is thedistancein theembedding,restrictedto 81 point ballsin the2-d metric; that is we
takeS(k) in Equation(8) to bethe81nearestpixelsto pixel k in the2-d metric.We thennormalize
K = D� 1W anddenoisethe imageby applyingK threetimeswith a �delity term of :07; that is,
ft+ 1 = (K ft + :07f0)=(1:07), andtheimagedisplayedis f3. Theparameterswerechosenby hand.

In thebottomrow of Figure5: on thebottomleft, we sum9 curveletdenoisings.Eachcurvelet
denoisingsis a reconstructionof the noisy image f0 shiftedeither1, 2, or 4 pixels in the vertical
and/orhorizontaldirections,usingonly coef�cients with magnitudesgreaterthan3s. To demon-
stratebootstrapping,or cyclespinningby diffusion,weembedeachpixel in R9 usingthe9 curvelet
denoisingsascoordinates.Weset

W(k; j) = e� ˜r 81(k; j)2=:03
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Figure5: 1) Lenawith Gaussiannoiseadded.2) Denoisingusinga7� 7 patchgraph.3) Denoising
using hard thresholdingof curvelet coef�cients. The imageis a simple averageover
9 denoisingswith differentgrid shifts. 4) Denoisingwith a diffusion built from the 9
curveletdenoisings.

where ˜r 81 is the distancein the embedding,andagain we take S(k) in Equation(8) to be the 81
nearestpixels to pixel k in the 2-d metric. We thennormalizeK = D� 1W anddenoisethe image
by applyingK ten timeswith a �delity term of :1; that is ft+ 1 = (K ft + :1f0)=(1:1), and f10 is
displayed.Theresultsareonthebottomright of Figure5. Weareableto greatlyreducetheartifacts
from asimpleaverageof thecurveletdenoisings.
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5. Application II: Graph TransductiveLearning

We apply function adaptedapproachto the transductive learningproblem,andgive experimental
evidencedemonstratingthatusingfunctionadaptedweightscanimprovediffusionbasedclassi�ers.

In a transductive learningproblemoneis givenafew “labeled”examplesX̃ � F̃ = f (x1;y1); : : : ;
(xp;yp)g andalargenumberof “unlabeled”examplesXnX̃ = f xp+ 1; : : : ;xng. Thegoalis to estimate
theconditionaldistributionsF(yjx) associatedwith eachavailableexamplex (labeledor unlabeled).

For exampleF̃ maycorrespondto labelsfor thepointsX̃, or theresultof a measurementat the
pointsin X̃. Thegoalis to extendF̃ to a functionF de�ned on thewholeX, that is consistentwith
unseenlabels/measurementsatpointsin X nX̃.

This framework is of interestin applicationswhereit is easyto collect samples,that is, X is
large, however it is expensive to assigna label or make a measurementat X, so only a few la-
bels/measurementsareavailable,namelyat thepointsin X̃. Thepointsin X nX̃, albeitunlabeled,
canbeusedto infer propertiesof thestructureof thespace(or underlyingprocess/probabilitydis-
tribution) that is potentiallyusefulin orderto extendF̃ to F. Datasetswith internalstructuresor
geometryarein factubiquitous.

If F is smoothwith respectto the data,an intrinsic analysison the dataset,suchasthe one
possibleby theuseof diffusionprocessesandtheassociatedFourierandmulti-scaleanalyses,�ts
very well in thetransductive learningframework. In severalpapersa diffusionprocessconstructed
on X hasbeenusedfor �nding F directly (ZhouandSchlkopf, 2005;Zhu et al., 2003;Kondorand
Lafferty,2002)andindirectly, by usingadaptedbasisfunctionsonX constructedfrom thediffusion,
suchasthe eigenfunctionsof the Laplacian(CoifmanandLafon, 2006a,b;Lafon, 2004;Coifman
et al., 2005a,b;Belkin andNiyogi, 2003b;Maggioni andMhaskar,2007),or diffusion wavelets
(CoifmanandMaggioni,2006;MahadevanandMaggioni,2007;MaggioniandMahadevan,2006;
MahadevanandMaggioni,2005;MaggioniandMahadevan,2005).

We will try to modify the geometryof the unlabeleddataso that F is assmoothaspossible
with respectto themodi�ed geometry. Wewill usethefunctionadaptedapproachto try to learnthe
correctmodi�cation.

5.1 Diffusion for Classi�cation

Weconsiderherethecaseof classi�cation,thatis,F takesonly asmallnumberof values(compared
to the cardinalityof X), sayf 1; : : : ;kg. Let Ci , i 2 f 1; :::kg, be the classes,let Clab

i be the labeled
datapointsin the ith class,that is, Ci = f x 2 X̃ : F̃ = ig, andlet c lab

i bethecharacteristicfunction
of thoseCi , thatis, c lab

i (x) = 1 if x 2 Ci , andc lab
i (x) = 0 otherwise.

A simpleclassi�cationalgorithmcanbeobtainedasfollows (SzummerandJaakkola,2001):

(i) Build a geometricdiffusion K on the graphde�ned by the datapoints X, as describedin
Section2.2.1.

(ii) Useapowerof K to smooththefunctionsc lab
i , exactlyasin thedenoisingalgorithmdescribed

above,obtainingfunctionsc lab
i :

clab
i = Ktclab

i :

Theparametert canbechosenby cross-validation.

(iii) Assigneachpoint x to theclass
argmaxic

lab
i (x) :
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Thisalgorithmtakesinto accountthein�uenceof thelabeledpointsontheunlabeledpoint to be
classi�ed,wherethemeasureof in�uence is basedon theweightedconnectivity of thewholedata
set.If weaveragewith apowerof thekernelwehaveconstructed,wecountthenumberandstrength
of all the pathsof lengtht to the variousclassesfrom a given datapoint. As a consequence,this
methodis moreresistantto noisethan,for example,a simplenearestneighbors(or alsoa geodesic
nearestneighbors)method,aschangingthelocationor classof a smallnumberof datapointsdoes
not changethestructureof thewholenetwork, while it canchangetheclasslabelof a few nearest
neighbors.

For eachi, the “initial condition” for the heat�o w given by c lab
i considersall the unlabeled

pointsto bethesameaslabeledpointsnotin Ci . Sincewearesolvingmany one-vs-allproblems,this
is reasonable;but onealsomaywantto settheinitial conditionc lab

i (x) = 1 for x2 Clab
i , c lab

i (x) = � 1
for x2 Clab

j , j 6= i, andc lab
i (x) = 0 for all otherx. It canbeveryusefulto changetheinitial condition

to a boundaryconditionby resettingthe valuesof the labeledpointsafter eachapplicationof the
kernel.For largepowers,this is equivalentto theharmonicclassi�er of Zhuetal. (2003),wherethe
clab

i is extendedto the“harmonic” functionwith givenboundaryvalueson the labeledset. Justas
in theimagedenoisingexamples,it is oftenthecasethatonedoesnot wantto run sucha harmonic
classi�er to equilibrium,andwe maywantto �nd thecorrectnumberof iterationsof smoothingby
K andupdatingtheboundaryvaluesby crossvalidation.

Wecanalsousetheeigenfunctionsof K (whicharealsothoseof theLaplacianL ) to extendthe
classes.Belkin (2003)suggestsusingleastsquares�tting in theembeddingde�ned by the�rst few
eigenfunctionsf 1; :::; f N of K. Sincethe valuesat the unlabeledpointsareunknown, we regress
only to thelabeledpoints;sofor eachc lab

i , weneedto solve

argminf al g å
x labeled

�
�
�
�
�

N

å
l= 1

ail f l (x) � c lab
i (x)

�
�
�
�
�

2

;

andextendthec lab
i to

clab
i =

N

å
l= 1

ail f i :

The parameterN controlsthe bias-variancetradeoff: smallerN implies larger biasof the model
(larger smoothness)5 anddecreasesthe variance,while larger N hasthe oppositeeffect. Large N
thuscorrespondsto smallt in theiterationof K.

5.2 Function Adapted Diffusion for Classi�cation

If thestructureof theclassesis verysimplewith respectto thegeometryof thedataset,thensmooth-
nesswith respectto thisgeometryis preciselywhatis necessaryto generalizefrom thelabeleddata.
However, it is possiblethat theclasseshave additionalstructureon top of theunderlyingdataset,
which will not be preserved by smoothinggeometrically. In particularat the boundariesbetween
classeswe would like to �lter in sucha way that the “edges”of the classfunction arepreserved.
We will modify thediffusionso it �o ws fasteralongclassboundariesandslower acrossthem,by
usingfunction-adaptedkernelsasin (7). Of course,wedonotknow theclassboundaries:thefunc-

5. Ontheotherhand,extendingwith smallnumbersof eigenfunctionscreates“ripples”; thatis, theGibbsphenomenon.
Techniquesfor avoiding theGibbsphenomenonarediscussedin MaggioniandMhaskar(2007).
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F  ClassifyWithAdaptedDiffusion (X; X̃; f c igi= 1;:::;N; t1;b;t2)

// Input:
// X := f xig : adataset
// X̃ : asubsetof X, representingthelabeledset
// f c igi= 1;:::;N : setof characteristicfunctionsof theclasses,de�ned on X̃
// b : weightof thetuningparameter

// Output:
// C : functiononX, suchthatC(x) is theclassto whichx 2 X is estimatedto belong.

1. ConstructaweightedgraphG associatedwith X, in any of thewaysdiscussed.

2. ComputetheassociateddiffusionoperatorK asin (1).

3. Computeguessesat thesoftclassfunctionsc i usingany of themethodsin Section5.1,or
any othermethod,andfor multi-classproblems,set

ci(x) =
ci(x)

å i jc i(x)j
:

4. Usingtheci asfeatures,or c i for two classproblems,constructa new graphwith kernel
K0 from thesimilaritiesasin Equation(7), with s2 = bs1.

5. Finally, �nd C(x) usingany of themethodsin Section5.1andthekernelK0

Figure6: Pseudo-codefor learningof a functionbasedondiffusionongraphs

tionsf c ig areinitially givenon a (typically small)subsetX̃ of X, andhencea similarity cannotbe
immediatelyde�ned in awaysimilar to (7).

We usea bootstrappingtechnique.We �rst useoneof thealgorithmsabove, which only uses
similarities betweendatapoints (“geometry”), to generatethe functionsc i . We then usethese
functionsto designa function-adaptedkernel,by setting

F (f c ig)(x) := (ci(x)) i= 1;:::;k ;

andthende�ne akernelasin (7). Heretheci 's arenormalizedcon�dencefunctionsde�ned by

ci(x) =
ci(x)

å i jci(x)j
:

In this way, if several classesclaim a datapoint with somecon�dence, the diffusion will tend
to averagemoreamongotherpointswhich have the sameownershipsituationwhendetermining
the valueof a function at that datapoint. The normalization,besideshaving a clearprobabilistic
interpretationwhenthe c i arepositive, alsoachievesthe effect of not slowing the diffusion when
thereis only onepossibleclassthata point couldbe in, for example,if a datapoint is surrounded
by pointsof asingleclass,but is relatively far from all of them.

Wesummarizethealgorithmin Figure6. In theexamplesbelow wesimply let r 2 bethemetric
of Rk, andalso let h2(a) = h1(a) = e� a. The ratio b betweens2 ands1, however, is important,
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sinceit measuresthe trade-off betweenthe importancegiven to thegeometryof X andthatof the
setof estimatesf (c i(x)) i= 1;:::;kgx2X � Rk.

Wewishto emphasizethesimilarity betweenthistechniqueandthosedescribedin Section4 and
especiallySection4.1.2. We allow thegeometryof thedatasetto absorbsomeof thecomplexity
of the classes,andusediffusion analysistechniqueson the modi�ed dataset. The parallelwith
imagedenoisingshouldnot be unexpected:the goal of a function-adaptedkernelis to strengthen
averagingalonglevel lines,andthis is asdesirablein imagedenoisingasin transductive learning.

We remarkthatevenif theci 's aregoodestimatesof theclasses,they arenot necessarilygood
choicesfor extra coordinates:for example,considera two classproblem,anda functionc which
hasthecorrectsignoneachclass,but oscillateswildly. Ontheotherhand,functionswhicharepoor
estimatesof theclassescouldbeexcellentextracoordinatesaslongasthey oscillateslowly parallel
to the classboundaries.Our experiencesuggests,consistentlywith theseconsiderations,that the
safestchoicesfor extra coordinatesarevery smoothestimatesof the classes.In particular, of the
threemethodsof classextensionmentionedabove, the eigenfunctionmethodis often not a good
choicefor extracoordinatesbecauseof oscillationphenomena;seetheexamplesin Section5.4.

5.3 RelationshipBetweenOur Methodsand PreviousWork

In Coifmanetal. (2005a)theideaof usingtheestimatedclassesto warpthediffusionis introduced.
They suggest,for eachclassCn, building themodi�ed weightmatrixWn(i; j) = W(i; j)c lab

n (i)c lab
n ( j),

normalizingeachWn, andusingtheWn to diffusetheclasses.Our approachre�nes andgeneralizes
theirs,by collectingall the classinformation into a modi�cation of the metric usedto build the
kernel,ratherthanmodifying the kerneldirectly. The tradeoff betweengeometryof the dataand
geometryof the(estimated/diffused)labelsis madeexplicit andcontrollable.

In Zhu et al. (2003)it is proposedto adjustthegraphweightsto re�ect prior knowledge.How-
ever, their approachis differentthantheonepresentedhere.Supposewehavea two classproblem.
They addto eachnodeof thegrapha “dongle” nodewith transitionprobabilityb, which they leave
asa parameterto bedetermined.They thenrun theharmonicclassi�er (Zhu et al., 2003)with the
con�dencefunction(rangingfrom 1 to � 1) from aprior classi�er astheboundaryconditionsonall
the donglenodes.Thustheir methodsetsa tensionbetweenthe valuesof the prior classi�er and
theharmonicclassi�er. Our methoddoesnot suggestvaluesfor thesoft classesbasedon theprior
classi�er; rather, it usesthis information to suggestmodi�cations to the graphweightsbetween
unlabeledpoints.

5.4 Examples

Wepresentexperimentsthatdemonstratetheuseof function-adaptedweightsfor transductiveclas-
si�cation. We �nd thatonmany standardbenchmarkdatasets,classi�cationrateis improvedusing
function-adaptedweightsinsteadof “geometryonly” weightsin diffusionbasedclassi�ers.

We usethe datasetsof Chapelleet al. (2006)andthe �rst 10,000imagesin the MNIST data
set.At thetime this articlewaswritten, therespective datasetsareavailableat http://www.kyb.
tuebingen.mpg.de/ssl- book/benchmarks.html andhttp://yann.lecun.com/exdb/mnist/ ,
with an extensive review of the performanceof existing algorithmsavailable at http://www.
kyb.tuebingen.mpg.de/ssl- book/benchmarks.pdf , andat http://yann.lecun.com/exdb/
mnist/ .
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All thedatasetswerereducedto 50 dimensionsby principalcomponentsanalysis.In addition,
we smooththeMNIST imagesby convolving 2 timeswith anaveraging�lter (a 3� 3 all onesma-
trix). The convolutionsarenecessaryif we want the MNIST dataset to resemblea Riemannian
manifold; this is becauseif onetakesanimagewith sharpedgesandconsidersa smoothfamily of
smoothdiffeomorphismsof [0;1] � [0;1], thesetof imagesobtainedunderthefamily of diffeomor-
phismsis notnecessarilya(differentiable)manifold(seeDonohoandGrimes2002,andalsoWakin
et al. 2005). However, if the imagedoesnot have edges,thenthe family of morphedimagesis a
manifold.6

Wedo thefollowing:

x1. Choose100 pointsas labeled. Eachof the benchmarkdatasetsof Chapelleet al., has12
splitsinto 100labeledand1400unlabeledpoints;we usethesesplits. In theMNIST dataset
we labelpoints1001through1100for the �rst split, 1101to 1200for thesecondsplit, etc,
andused12 splits in total. Denotethelabeledpointsby L, let Ci theith class,andlet c lab

i be
1 on the labeledpointsin the ith class,� 1 on the labeledpointsof theotherclasses,and0
elsewhere.

x2. Constructa GaussiankernelW with k nearestneighbors,s = 1, andnormalizedso the jth
neighbordeterminesunit distancein theself tuningnormalization(Equation2), wheref k; jg
is oneof f 9;4g, f 13;9g, f 15;9g, or f 21;15g.

x3. Classifyunlabeledpointsx by supi c
lab
i (x), wherec lab

i (x) areconstructedusingtheharmonic
classi�erwith thenumberof iterationschosenby leave-20-outcrossvalidationfrom 1 to 250.
More explicitly: setg0

i = c lab
i . SetgN

i (x) = (KgN� 1
i )(x) if x =2 L, gN

i (x) = 1 if x 2 Ci
T

L,
andgN

i (x) = 0 if x 2 LnCi , andK is W normalizedto beaveraging.Finally, setc lab
i = gN

i (x),
whereN is chosenby leave-10-outcrossvalidationbetween1 and250(Ci andL areof course
reducedfor thecrossvalidation).

x4. Classify unlabeledpoints x by supi c
lab
i (x), where the c lab

i (x) are constructedusing least
squaresregressionin the (graphLaplaciannormalized)eigenfunctionembedding,with the
numberof eigenfunctionscrossvalidated;thatis, for eachc lab

i , wesolve

argminf al g å
x labeled

�
�
�
�
�

N

å
l= 1

ail f l (x) � c i(x)

�
�
�
�
�

2

;

andextendthec lab
i to

clab
i =

N

å
l= 1

ail f i :

The f arethe eigenfunctionsof L , which is W normalizedasa graphLaplacian,andN is
chosenby leave-10-outcrossvalidation.

6. For themostsimpleexample,considera setof n� n imageswhereeachimagehasa singlepixel setto 1, andevery
otherpixel setto 0. As we translatetheon pixel acrossthegrid, thedifferencebetweeneachimageandits neighbor
is in a new directionin Rn2

, andthusthereis no reasonabletangent.Thesamething is truefor translatesof a more
complicatedbinary image,andtranslatesof any imagewith anedge.Onecouldcomplainthat this is anartifactof
thediscretegrid, but it is easyto convinceyourselfthatthesetof translatesof acharacteristicfunctionin L2(R) does
not have a tangentanywhere-thetangentdirectionof thecurve de�ned by thetranslatesof a functionis exactly the
derivativeof thefunction.
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x5. Classifyunlabeledpointsx by supi c
lab
i (x), wherec lab

i (x) areconstructedby smoothingc lab
i

with K. More explicitly: setg0
i = c lab

i . SetgN
i = WgN� 1

i , whereK is W normalizedto be
averaging;and�nally , let c lab

i = gN
i (x), whereN is chosenby leave-10-outcrossvalidation

between1 and250(Ci andL areof coursereducedfor thecrossvalidation).

We also classify the unlabeledpoints using a function-adaptedkernel. Using the c lab
i from the

harmonicclassi�er at steadystate(N = 250),wedo thefollowing:

x6. If theproblemhasmorethantwo classes,set

ci(x) =
g250

i (x)

å i jg250
i (x)j

;

else,setci(x) = g250
i (x)

x7. Usingtheci asextra coordinates,build a new weightsW̃. Theextra coordinatesarenormal-
izedto have averagenormequalto theaveragenormof theoriginal spatialcoordinates;and
thenmultiplied by the factorb, whereb is determinedby crossvalidationfrom f 1;2;4;8g.
The modi�ed weightsareconstructedusingthe nearestneighborsfrom the original weight
matrix,exactlyasin theimageprocessingexamples.

x8. Usethefunctiondependent̃K to estimatetheclassesasin (x3).

x9. Usethefunctiondependent̃L to estimatetheclassesasin (x4).

x10. Usethefunctiondependent̃K to estimatetheclassesasin (x5).

We also repeattheseexperimentsusing the smoothedclassesas an initial guess,and using
the eigenfunctionextendedclassesas initial guess. The resultsare reportedin the Figures7, 8,
and9. Exceptingthedatasetsg241c,gc241n,andBCI, thereis analmostuniversalimprovement
in classi�cation rateusingfunction-adaptedweightsinsteadof “geometryonly” weightsover all
choicesof parametersandall methodsof initial soft classestimation.

In additionto showing thatfunctionadaptedweightsoftenimproveclassi�cationusingdiffusion
basedmethods,the resultswe obtainarevery competitive andin many casesbetterthanall other
methodslistedin theextensivecomparativeresultspresentedin Chapelleetal. (2006),alsoavailable
at http://www.kyb.tuebingen.mpg.de/ssl- book/benchmarks.pdf . In Figure10 we attempt
a comparison. For every dataset, we report the performanceof the bestclassi�er (with model
selection,andcross-validatedperformance)amongall theonesconsideredin Chapelleetal. (2006).
Wealsoreporttheperformanceof ourbestclassi�er, amongtheonesweconsidered,corresponding
to different choicesof the two parametersfor the self-tuningnearest-neighborgraphand initial
smoothing(but with otherparameterscross-validated).Thiscomparisonis unfair in many respects,
for usin thatwegive thebestchoiceover thetwo graphparameters(outof thefour pairswetested)
andchoiceof initial classestimation(threetested),andagainstusconsideringthelargenumberof
algorithmslistedin Chapelleetal. (2006).Neverthelessit demonstratesthattheproposedalgorithms
on3 outof 7 datasetscanoutperformall thealgorithmsconsideredin Chapelleetal. (2006).
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KS FAKS HC FAHC EF FAEF
digit1 2.9 2.2 2.9 2.5 2.6 2.2
USPS 4.9 4.1 5.0 4.1 4.2 3.6
BCI 45.9 45.5 44.9 44.7 47.4 48.7
g241c 31.5 31.0 34.2 32.7 23.1 41.3
COIL 14.3 12.0 13.4 11.1 16.8 15.1
gc241n 25.5 24.7 27.1 25.9 13.9 35.7
text 25.5 23.7 26.3 24.0 26.4 25.4
MNIST 9.4 8.5 9.0 7.9 9.4 8.7

KS FAKS HC FAHC EF FAEF
digit1 2.8 2.2 2.7 2.1 2.6 2.2
USPS 5.2 4.2 5.2 4.0 4.0 3.3
BCI 47.6 47.4 45.0 45.5 48.2 48.6
g241c 30.7 31.2 33.3 32.0 21.7 31.7
COIL 17.2 16.7 16.0 15.1 21.9 19.0
gc241n 23.1 21.6 25.3 22.8 11.1 24.0
text 25.2 23.0 25.5 23.3 26.9 24.0
MNIST 10.0 9.2 10.1 8.7 9.7 8.5

KS FAKS HC FAHC EF FAEF
digit1 3.0 2.3 2.8 2.2 2.6 1.9
USPS 5.0 4.0 5.2 3.9 3.9 3.3
BCI 48.2 48.0 45.9 46.1 47.6 47.9
g241c 30.5 30.4 32.8 31.2 21.2 29.7
COIL 18.0 17.0 16.2 15.2 22.9 19.9
gc241n 24.5 21.7 26.2 23.1 11.1 17.7
text 25.1 22.4 25.7 22.3 25.6 22.9
MNIST 10.3 9.2 10.0 8.9 9.6 8.3

KS FAKS HC FAHC EF FAEF
digit1 3.1 2.6 2.9 2.6 2.0 2.1
USPS 5.6 4.7 5.6 4.4 4.4 3.7
BCI 48.2 48.5 46.3 46.7 48.9 48.5
g241c 28.5 28.2 32.1 29.4 18.0 23.6
COIL 19.8 19.3 19.2 17.9 26.3 24.1
gc241n 21.8 20.5 24.6 21.7 9.2 14.2
text 25.1 22.3 25.6 22.7 25.4 23.2
MNIST 10.8 10.0 10.7 9.7 10.8 10.0

Figure7: Variousclassi�cationerrorpercentages.Eachpairof columnscorrespondstoasmoothing
method;theright columnin eachpair usesfunctionadaptedweights,with ci determined
by the harmonicclassi�er. KS standsfor kernelsmoothingasin (x5), FAKS for func-
tion adaptedkernelsmoothingasin (x10), HC for harmonicclassi�er asin (x3), FAHC
for functionadaptedharmonicclassi�er asin (x8), EF for eigenfunctionsasin (x4), and
FAEF for functionadaptedeigenfunctionsasin (x9). TheGaussiankernelhadk neigh-
bors,andthe jth neighbordeterminedunit distancein theself-tuningconstruction,where
counterclockwise,from thetop left, f k; jg is f 9;4g, f 13;9g, f 15;9g, andf 21;15g. No-
tice that exceptingthe datasetsg241c,gc241n,andBCI, thereis an almostuniversal
improvementin classi�cationerrorwith function-adaptedweights.

KS FAKS HC FAHC EF FAEF
digit1 2.9 2.4 2.9 2.4 2.6 2.1
USPS 4.9 4.6 5.0 4.6 4.2 3.3
BCI 45.9 47.0 44.9 45.3 47.4 47.8
g241c 31.5 29.3 34.2 29.2 23.1 33.1
COIL 14.3 13.3 13.4 12.4 16.9 16.8
gc241n 25.5 21.3 27.1 22.5 13.9 23.0
text 25.5 24.5 26.3 25.0 26.4 24.6
MNIST 9.4 7.9 9.0 7.7 9.4 7.3

KS FAKS HC FAHC EF FAEF
digit1 2.8 2.2 2.7 2.1 2.6 2.1
USPS 5.2 4.3 5.2 4.0 4.0 3.5
BCI 47.6 48.7 45.0 46.5 48.2 49.1
g241c 30.7 27.9 33.3 27.7 21.7 28.1
COIL 17.2 17.6 16.0 15.5 22.5 20.3
gc241n 23.1 17.9 25.3 19.3 11.1 21.0
text 25.2 23.8 25.5 23.7 26.9 24.5
MNIST 10.0 8.2 10.1 8.2 9.7 7.7

KS FAKS HC FAHC EF FAEF
digit1 3.0 2.5 2.8 2.2 2.6 1.9
USPS 5.0 4.0 5.2 3.9 3.9 3.4
BCI 48.2 48.6 45.9 46.5 47.6 48.1
g241c 30.5 26.9 32.8 27.9 21.2 27.3
COIL 18.0 17.6 16.2 15.8 22.3 21.0
gc241n 24.5 19.7 26.2 20.8 11.1 19.5
text 25.1 22.8 25.7 23.3 25.6 23.4
MNIST 10.3 8.3 10.0 7.9 9.6 7.7

KS FAKS HC FAHC EF FAEF
digit1 3.1 2.6 2.9 2.6 2.0 2.1
USPS 5.6 4.9 5.6 4.2 4.4 4.2
BCI 48.2 49.0 46.3 47.1 48.9 49.0
g241c 28.5 26.0 32.1 26.5 18.0 22.8
COIL 19.8 19.4 19.2 18.3 26.6 23.1
gc241n 21.8 16.5 24.6 17.4 9.2 14.3
text 25.1 22.9 25.6 23.0 25.4 22.8
MNIST 10.8 9.6 10.7 9.2 10.8 8.2

Figure8: Variousclassi�cationresults,ci determinedby smoothingby K. The tableis otherwise
organizedasin Figure7.

6. SomeCommentson the BenchmarkswhereOur MethodsDo Not Work Well

If theclassstructureis trivial with respectto thegeometryof thedataaspresented,thenanisotropy
will beunhelpful.This is thecasefor two of thebenchmarkdatasets,g241candg241n.In g241c,
which hasbeenconstructedby generatingtwo Gaussianclouds,andlabelingeachpoint by which
cloud it camefrom, thebestpossiblestrategy (knowing thegenerative model)is to assigna point
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KS FAKS HC FAHC EF FAEF
digit1 2.9 2.9 2.9 2.6 2.6 2.4
USPS 4.9 4.1 5.0 3.8 4.2 4.1
BCI 45.9 47.1 44.9 46.0 47.4 48.7
g241c 31.5 25.3 34.2 26.7 23.1 23.7
COIL 14.3 13.0 13.4 12.0 16.5 16.6
gc241n 25.5 16.7 27.1 18.2 13.9 14.1
text 25.5 25.1 26.3 25.6 26.4 25.4
MNIST 9.4 7.4 9.0 6.9 9.4 7.9

KS FAKS HC FAHC EF FAEF
digit1 2.8 2.0 2.7 2.1 2.6 2.3
USPS 5.2 3.8 5.2 3.6 4.0 3.4
BCI 47.6 48.1 45.0 46.9 48.2 48.5
g241c 30.7 23.8 33.3 24.7 21.7 21.6
COIL 17.2 17.5 16.0 15.4 22.0 21.5
gc241n 23.1 13.0 25.3 14.1 11.1 11.5
text 25.2 24.8 25.5 24.9 26.9 27.3
MNIST 10.0 7.8 10.1 7.3 9.7 7.4

KS FAKS HC FAHC EF FAEF
digit1 3.0 2.5 2.8 2.2 2.6 2.2
USPS 5.0 4.1 5.2 3.5 3.9 3.2
BCI 48.2 47.5 45.9 45.7 47.6 47.9
g241c 30.5 23.1 32.8 24.1 21.2 21.2
COIL 18.0 17.5 16.2 16.1 22.8 22.1
gc241n 24.5 13.2 26.2 13.9 11.1 11.1
text 25.1 24.3 25.7 24.3 25.6 25.9
MNIST 10.3 8.1 10.0 7.5 9.6 8.6

KS FAKS HC FAHC EF FAEF
digit1 3.1 2.7 2.9 2.5 2.0 2.2
USPS 5.6 4.6 5.6 4.1 4.4 3.6
BCI 48.2 49.0 46.3 47.4 48.9 49.7
g241c 28.5 19.8 32.1 21.5 18.0 18.0
COIL 19.8 19.8 19.2 18.8 26.7 25.8
gc241n 21.8 11.0 24.6 12.0 9.2 9.2
text 25.1 24.1 25.6 24.0 25.4 24.9
MNIST 10.8 8.9 10.7 7.9 10.8 9.4

Figure9: Variousclassi�cationresults,ci determinedby smoothingby eigenfunctionsof L . The
tableis otherwiseorganizedasin Figure7.

FAKS FAHC FAEF Bestof other methods
digit1 2.0 2.1 1.9 2.4 (Data-Dep.Reg.)
USPS 4.0 3.9 3.3 4.7 (LapRLS,Disc. Reg.)
BCI 45.5 45.3 47.8 31.4 (LapRLS)
g241c 19.8 21.5 18.0 13.5 (Cluster-Kernel)
COIL 12.0 11.1 15.1 9.6 (Disc. Reg.)
gc241n 11.0 12.0 9.2 5.0 (ClusterKernel)
text 22.3 22.3 22.8 23.6 (LapSVM)

Figure10: Classi�cationerrors,in percent.In the rightmostcolumnwe chose,for eachdataset,
thebestperformingmethodwith modelselection,amongall thosediscussedin Chapelle
et al. (2006). In eachof the remainingcolumnswe reportthe performanceof eachof
the smoothingmethodsdescribedabove, but with the bestsettingsof parametersfor
constructingthenearestneighborgraphandtypeof initial classguesses,amongthose
consideredin othertables(but all othersmoothingparameters,including thosefor the
initial guesses,crossvalidated).Theaimof this ratherunfair comparisonis to highlight
thepotentialof themethodson thedifferentdatasets.
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to theclustercenterit is nearestto. Theboundarybetweentheclassesis exactly at thebottleneck
betweenthetwo clusters;in otherwords,thegeometry/metricof thedataasinitially presentedleads
to theoptimalclassi�er, andthusmodifying thegeometryby theclusterguessescanonly do harm.
This is clearly visible if one looks at the eigenfunctionsof the dataset: the sign of the second
eigenfunctionat a givenpoint is anexcellentguessasto which clusterthatpoint belongsto, andin
factin our experiments,oftentwo wastheoptimalnumberof eigenfunctions.See�gure 11. g241n
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Figure11: Panelon theleft. On theleft thelighteranddarkerpointsarethetwo classesfor g241c.
On theright is thesecondeigenfunction.Panelon theright. On thetop left the lighter
anddarker pointsarethe two classesfor g241n. On the top right is the secondeigen-
function,thenon thebottomthethird andfourtheigenfunctions.

is very similar; it is generatedby four Gaussians.However, two pairsof centersareclosetogether,
andthepairsarerelatively fartherapart.Theclassessplit acrossthetwo �ne scaleclustersin each
coarsescaleclusterasin g241c.In this dataset,theidealstrategy is to decidewhich coarsecluster
a point is in, andthentheproblemis exactly asabove. In particular, theoptimalstrategy is given
by thegeometryof thedataaspresented.This is again re�ectedin thesimplicity of theclasseswith
respectto eigenfunctions2, 3, and4; see�gure 11.

While in somesensethesesituationsare very reasonable,it is our experiencethat in many
naturalproblemsthegeometryof thedatais notsosimplewith respectto theclasses,andfunction-
adaptedkernelshelpbuild betterclassi�ers.

Our methodalsowasnot useful for the BCI example. Herethe problemwassimply that the
initial guessat theclasseswastoopoor.

7. Computational Considerations

Let N bethecardinalityof thedatasetX, which is endowedwith somemetricr . The�rst andmost
computationallyintensivepartof thealgorithmsproposedis theconstructionof thegraphandcorre-
spondingweights.Theapproachweuseis direct,in thesensethatweexplicitly storethesimilarity
matrixW. For eachpoint x 2 X, we needto �nd thepointsin ane-ball, or thek nearestneighbors
of x. Thisproblemcanbesolvedtrivially, for any metricr , in O(dN2) computations.It is of course
highly desirableto reducethis cost,andthis requiresmoreef�cient waysof computingnear(or
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nearest)neighbors.This problemis known to behardeven in EuclideanspaceRd, asd increases.
Theliteratureonthesubjectis vast,ratherthanalonglist of papers,wepoint theinterestedreaderto
Dataretal. (2004)andreferencestherein.Theveryshortsummaryis thatfor approximateversions
of thek-nearestneighborproblem,thereexist algorithmswhich aresubquadraticin N, andin fact
prettycloseto linear. Theneighborsearchis in factthemostexpensive partof thealgorithm:once
for eachpointx weknow its neighbors,wecomputethesimilaritiesW (this is O(k) for thek neigh-
borsof eachpoint), andcreatethe N � N sparsematrix W (which containskN non-zeroentries).
Thecomputationof K from W is alsotrivial, requiringO(N) with a very smallconstant.Apply K t

to a function f on X is very fastaswell (for t << N, asis thecasein thealgorithmwe propose),
becauseof thesparsityof K, andtakesO(tkN) computations.

Thisshouldbecomparedwith theO(N2) or O(N3) algorithmsneededfor otherkernelmethods,
involving the computationsof many eigenfunctionsof the kernel,or of the Green's function (I �
K) � 1.

Note that in most of the imagedenoisingapplicationswe have presented,becauseof the 2-
d locality constraintswe put on the neighborsearches,the numberof operationis linear in the
numberN of pixels, with a rathersmall constant.In higherdimensions,for all of our examples,
we usethe nearestneighborsearcherprovided in the TSTool package,availableat http://www.
physik3.gwdg.de/tstool/ . Theentireprocessingof animageasin theexamples256� 256takes
about7 secondson a laptopwith a 2:2Ghzdual coreIntel processor(the codeis not parallelized
though,so it runs on one core only), and 2Gb of RAM (the memoryusedduring processingis
approximately200Mb).

8. Futur eWork

We mentionseveral directionsfor further study. The �rst one is to usea transductive learning
approachto tackle imageprocessingproblemslike denoisingand inpainting. One hasat one's
disposalanendlesssupplyof cleanimagesto useasthe“unlabeleddata”,andit seemsthatthereis
muchto begainedby usingthestructureof thisdata.

The secondone is to morecloselymimic the function regularizationin imageprocessingin
the context of transductive learning. In this paper, our diffusionsregularizein big steps;alsoour
methodis linear(onamodi�ed space).Eventhoughthereisnodifferentialstructureonourdatasets,
it seemsthatby usingsmall time incrementsandusingsomesortof constrainednearestneighbor
searchsothatwedonothaveto rebuild thewholegraphaftereachmatrix iteration,wecanusetruly
nonlineardiffusionsto regularizeourclassfunctions.

Anotherresearchdirectionis towardsunderstandinghow to constructanduseef�ciently basis
functionswhichareassociatedto function-adapteddiffusionkernels.Theuseof thelow-frequency
eigenfunctionsof theoperator, andtheassociatedFourieranalysisof functionson thesethasbeen
consideredin several works, as cited above, while the constructionand useof multiscalebasis
functions,whichcorrespondto ageneralizedwaveletanalysisondatasets(CoifmanandMaggioni,
2006;Szlamet al., 2005;Maggioniet al., 2005),hasbeenusedsofar for approximationproblems
in machinelearning(Maggioni andMahadevan, 2006;Mahadevan andMaggioni, 2007)but has
potentialin many otherapplications. Onecanconsiderthe approachthat usesdiffusion kernels
directly, asin thispaper, asasortof “PDE approach”(evenif in factthediscretenessandroughness
of thesetsconsideredusuallybringsusquiteafarfrom PDEsoncontinua),while onecaninvestigate
“dual” approachesbasedon representationsandbasesfunctions.

1734



REGULARIZATION ON GRAPHS WITH FUNCTION-ADAPTED DIFFUSION PROCESSES

9. Conclusions

We have introduceda generalapproachfor associatinggraphsanddiffusionprocessesto datasets
andfunctionsonsuchdatasets.This framework is very �e xible, andwehaveshown two particular
applications,denoisingof imagesandtransductive learning,whichtraditionallyareconsideredvery
differentandhave beentackledwith very differenttechniques.We show that in fact they arevery
similarproblemsandresultsat leastasgoodasthestate-of-the-artcanbeobtainedwithin thesingle
framework of function-adapteddiffusionkernels.
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