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Abstract

Harmonicanalysisanddiffusion on discretedatahasbeenshawn to leadto state-of-the-artilgo-

rithms for machinelearningtasks,especiallyin the context of semi-supervisedndtransductie

learning.The succes®f thesealgorithmsrestson the assumptiorthatthe function(s)to be studied
(learned,nterpolatedgetc.) aresmoothwith respecto the geometryof the data. In this paperwe

presenta methodfor modifying the given geometryso the function(s)to be studiedare smoother
with respecto themodi ed geometryandthusmoreamenabléo treatmentisingharmonicanaly-

sismethods Amongthemary possibleapplicationswe considetthe problemsof imagedenoising
andtransductie classi cation. In bothsettingspurapproachmproveson standardiiffusionbased
methods.

Keywords: diffusionprocessegjiffusiongeometryspectragraphtheory imagedenoisingrans-
ductive learning,semi-supervisetearning

1. Intr oduction

Recentlydevelopedtechniquesn the analysisof datasetsandmachinelearningusethe geometry
of thedatasetin orderto studyfunctionsonit. In particulartheideaof analyzingthe datasetand
functionsonit intrinsically hasleadto novel algorithmswith state-of-the-amperformancén various
problemsin machindearning(SzummemndJaaklola, 2001;Zhuetal., 2003;ZhouandSchllopf,
2005;Belkin andNiyogi, 2003a;MahadeanandMaggioni,2007;MaggioniandMhaskar,2007).
They are basedon the constructionof a diffusion, or an averagingoperatorK on the dataset,
dependenbnitslocal, ne scalegeometryK, its powers,andthespeciabasesssociatetb it, such
asits eigenfunctiongBelkin andNiyogi, 2003a;Coifmanetal., 2005a;CoifmanandLafon,2006a)
or its diffusionwavelets(Coifmanand Maggioni, 2006) canbe usedto studythe geometryof and
analyzefunctionson the dataset. Among otherthings, “dif fusion analysis”allows usto introduce
a notion of smoothnes discretesettingsthat preseresthe relationshipsbetweensmoothness,
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sparsityin a“Fourier” basis,andevolution of heatthatarewell-known in EuclideanspacegZhou
andSchlkopf, 2005).

Oneof themaincontritutionsof thiswork is theobsenationthatthegeometryof thespaces not
the only importantfactorto be consideredbut thatthe geometryandthe propertiesof thefunction
f to be studied(denoised/learnedhouldalsoaffect the smoothingoperationof the diffusion. We
will thereforemodify the geometryof a datasetwith featuresfrom f, andbuild K onthemodi ed
f-adapteddataset. The reasonfor doing this is that perhapsf is not smoothwith respectto the
geometryof the space put hasstructurethatis well encodedn the features.Sincethe harmonic
analysigoolswe usearerobustto complicatedyeometriesbut aremostusefulon smoothfunctions,
it is reasonablé¢o let the geometryof the datasetborrov someof the compleity of the function,
andstudya smootheifunctionon a moreirregular dataset. In otherwords,we attemptto nd the
geometrysothatthefunctionsto be studiedareassmoothaspossiblewith respecto thatgeometry
On the one hand, the resultis nonlinearin the sensethatit dependson the input function f, in
contrastwith methodswhich considerthe geometryof the dataalone,independenthof f. Onthe
otherhand,on the modi ed dataset,the smoothingoperatorK will belinear, andvery ef ciently
computable.One could generalizehe constructiongproposedo varioustypesof processese.g.,
nonlineardiffusions).

Thepaperis organizedasfollows: in Section2, we review the basicideasof harmonicanalysis
onweightedgraphs.In Section3 we introducethefunction-adaptediffusionapproachwhichaims
to modify the geometryof a datasetsothata functionor classof functionswhich wasnon-smooth
in the original geometryis smoothin the modi ed geometry andthusamenablego the harmonic
analysisn thenew geometry In Sectiord we demonstratghis approachn the contet of theimage
denoisingproblem. In additionto giving easyto visualize examplesof how the methodworks,
we achieve stateof the art results. In Section5, we demonstratehe approachin the contet of
transductie learning. While hereit is moredif cult to interpretour methodvisually, we testit on
a standarddatabasewhereit outperformscomparablé’geometryonly” methodson the majority
of the datasets,andin mary casesachieses stateof the art results. We concludeby considering
the underperformancef the methodon somedatasets,observingthatin thoseexamples(mostof
whicharein facttheonly arti cial ones!)thegeometryof thedatasufces for learningthefunction
of interestsandour methodis super uous.

2. Diffusion on Graphs Associatedwith Data-sets

An intrinsic analysisof a dataset,modeledasa graphor a manifold, canbe developedby consid-
eringanaturalrandomwalk K on it (Chung,1997;SzummerandJaaklola, 2001;Ng et al., 2001,
Belkin andNiyogi, 2001;Zhaetal.,2001;Lafon,2004;Coifmanetal., 2005a,b). Therandomwalk
allows to constructdiffusion operatoron the dataset,aswell asassociatedasisfunctions.For an
initial conditiondy, K'dy(y) representthe probabilityof beingaty attimet, conditionedon starting
atx.

2.1 Setupand Notation

We considerthe following generalsituation: the spaceis a nite weightedgraphG = (V;E;W),
consistingof asetV (vertices)asubsek (edgespfV V, andanonngativefunctionW:E! R*
(weights). Without lossof generalitywe assumehatthereis anedgefrom xtoy 2 V, andwrite
x vy, if andonly if W(x;y) > 0. Notice thatin this work W will usually be symmetric;thatis
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theedgeswill beundirected.Thetechniquesve proposehowever do not requirethis property and
thereforecanbe usedon datasetsin which graphmodelswith directededgesarenatural.
WeinterprettheweightW(x;y) asameasur@f similarity betweertheverticesxandy. A natural
Iter actingonfunctionsonV canbede ned by normalizationof theweightmatrix asfollows: let

dX) = & W(xy);
y2V

andlet! the Iter be
K(xy) = d (W(xy); (1)

sothata,y K(xy) = 1, andsothatmultiplicationK f of a vectorfrom theleft is alocal averaging
operationwith locality measuredby the similaritiesW. Multiplication by K canalsobeinterpreted
as a generalizatiorof Parzenwindow type estimatorsto functionson graphs/manifolds.There
are otherways of de ning averagingoperators.For exampleone could considerthe heatkernel
e 'L whereL is de ned in (3) below, seealsoChung(1997),or a bi-Markov matrix similar to W
(Sinkhorn,1964;SinkhornandKnopp,1967;Soules1991;Linial etal.,1998;Shashuatal., 2005;
ZassandShashua?005).

In generaK is not column-stochastié but the operationf K of multiplicationon theright by a
(row) vectorcanbethoughtof asa diffusionof thevectorf. This Iter canbeiteratedseveraltimes
by consideringhe powerK®.

2.2 Graphs Associatedwith Data Sets

¢, FromadatasetX we construciagraphG: theverticesof G arethe datapointsin X, andweighted
edgesare constructedhat connectnearbydatapoints, with a weightthat measureshe similarity
betweendatapoints. The rst stepis thereforede ning theselocal similarities This is a step
which is data-andapplication-dependentt is importantto stressthe attribute local. Similarities
betweerfaraway datapointsarenotrequired anddeemedinreliable sincethey would nottake into
accountthe geometricstructureof the dataset. Local similaritiesareassumedo be morereliable,
andnon-localsimilaritieswill beinferredfrom local similaritiesthroughdiffusionprocessesnthe
graph.

2.2.1 LOoCAL SIMILARITIES

Localsimilaritiesarecollectedn amatrixW, whoserows andcolumnsareindexedby X, andwhose
entryW(x;y) is thesimilarity betweerx andy. In theexampleswe considetere W will usuallybe
symmetricthatis theedgeswill beundirectedput theseassumptionarenot necessary

If the datasetliesin RY, or in ary other metric spacewith metricr, thenthe moststandard
constructioris to chooseanumber(“local time”) s > 0 andlet

Tk
We(ey)=h =2

1. Notethatd(x) = 0if andonly if x is notconnectedo ary otherverte, in which casewe trivially de ned 1(x) = 0,
or simply remove x from thegraph.

2. In particularcase« is a scalamultiple of a column-stochastimatrix, for examplewhenD is a multiple of identity;
which happengor exampleif G is regularandall the edgeshave the sameweight.
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for somefunctionh with, say exponentialdecayatin nity . A commonchoiceis h(a) = exp( a).
Theideais thatwe expectthatvery closedatapoints(with respecto r) will be similar, but do not
wantto assumehatfar away datapointsarenecessarilgifferent.

Let D be the diagonalmatrix with entriesgiven by d asin (2.1). Supposéhe datasetis, or
lies on, a manifold in Euclideanspace. In Lafon (2004), Belkin and Niyogi (2005), Hein et al.
(2005),von Luxburg et al. (2004)and Singer(2006),it is provedthatin this case the choiceof h
in the constructiorof theweightmatrixis in someasymptoticsenseirrlelevantl. For arathergeneric

symmetricfunction h, saywith exponentialdecayatin nity , (I D 2WsDs 2)=s, approachethe
Laplacianon the manifold, at leastin a weaksenseasthe numberof pointsgoesto in nity ands
goesto zero. Thusthis choiceof weightsis naturallyrelatedto the heatequationon the manifold.
Ontheotherhand,for mary datasetswhich eitherarefar from asymptopiaor simply do notlie on
a manifold, the choiceof weightscanmalke a large differenceandis not alwayseasy Evenif we
useGaussiamweights,the choiceof the“local time parameter’s canbenontriial.

For eachx, one usually limits the maximum numberof pointsy suchthatW(x;y) 6 0 (or
non-ngligible). Two commonmodi cations of the constructionabore areto useeitherr ¢(x;y)
orr k(x;y) insteadof r , where

o dixy) ifr(xy) g
re(xy) = ¥ ifr(xy) > e

whereusuallyeis suchthath(e?=s) << 1,and

oo = T3y ify2 n(X);
n(xy) =y otherwise

andn(x) is the setof k nearesheighborsof x. Thisis for two reasonsone,often only very small
distancegyive informationaboutthe datapoints,andtwo, it is usuallyonly possibleto work with
very sparsematrices’ This truncationcausesV to be not symmetric;if symmetryis desired W
may be averagedarithmeticallyor geometrically)with its transpose.

A location-dependenapproachfor selectingthe similarity measures suggestedn Zelnik-
Manor and Perona(2004). A numberm is x ed, and the distancesat eachpoint are scaledso
themth nearesheighborhasdistancel; thatis, weletr y(y;y9) = r (Y, y9=r (X; Xm), wherexy, is the
m-th nearesheighborto x. Now r x depend®n x, soin orderto make theweightmatrix symmetric,
they suggesto usethegeometrianeanof r y andr y in theargumentof the exponential thatis, let

WeGay) = h DOIE) @

with h, asabove, decayingatin nity (typically, h(a) = exp( a)), or truncatedat the k-th nearest
neighbor This is calledthe self-tuningweightmatrix. Thereis still atimescalan the weights,but

a global s in the self-tuningweightscorrespondso somelocation dependenthoiceof s in the

standardexponentialweights.

3. However, methodsf FastMultipole of FastGausdype (GreengrdandRokhlin, 1988)maymale it possibleto work
with densematricesmplicitly, with compleity proportionalto the numberof points. SeeRaykaret al. (2005)for a
recentreferencewith applicationso machindearning.
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2.2.2 THE AVERAGING OPERATOR AND | TS POWERS

Multiplication by the normalizedmatrix K asin (1) canbe iteratedto generatea Markov process
fK'g o, andcanbe usedto measurehe strengthof all the pathsbetweentwo datapoints,or the
likelihood of getting from one datapoint to the otherif we constrainoursehesto only stepping
betweervery similar datapoints. For exampleonede nesthediffusionor spectratdistancgBérard

etal., 1994;Coifmanetal., 2005a;CoifmanandLafon, 2006a)by
r
DOy) = jiK'(x ) K'(%)ij2= & iK(x2 K(y2)j?:

2X

The term diffusion distancewasintroducedin Lafon (2004), Coifmanet al. (2005a)and Coifman
andLafon (2006a)andis suggestedby the formulaabove, which expresse® () assomesimilarity
betweenthe probability distributions K'(x; ) andK!(y; ), which are obtainedby diffusion from x
andy accordingto the diffusion procesK. The term spectraldistancewasintroducedin Bérard
etal. (1994,seealsoreferencesherein). It hasrecentlyinspiredseveral algorithmsin clustering,
classi cationandlearning(Belkin and Niyogi, 2003a,2004; Lafon, 2004; Coifmanet al., 2005a;
CoifmanandLafon,2006a;MahadeanandMaggioni,2005;LafonandLee,to appear2006;Mag-
gioni andMhaskar,2007).

2.3 Harmonic Analysis

Theeigenfunctionsg y ;g of K, satisfying

Kyi=liyi;
arearerelated,viamultiplication by D %, to the eigenfunctiondg ; of the graphLaplacian(Chung,
1997),since
L=D WD ¢ |=D2KD z I: 3)

They leadto anaturalgeneralizatiomf the Fourieranalysis:ary functiong 2 L2(X) canbewritten
asg= 4o hg;fiif;, sinceff;gis anorthonormalbasis. The largeris i, the more oscillatingthe
functionf; is, with respecto thegeometrygivenby W, andl ; measure¢hefrequeng of f;. These
eigenfunctionscan be usedfor dimensionalityreductiontasks(Lafon, 2004; Belkin and Niyogi,
2003a;CoifmanandLafon, 2006a;Coifmanetal., 2005a;Jonestal., 2007a,b).

For a function g on G, de ne its gradient(Chung,1997; Zhou and Schlkopf, 2005) as the

functiononthe edgesof G de ned by
|

Ng(x;y) = W(x;y) pI) Q9 (4)
d(y) d(x)

if thereis anedgee connectingk to y and0 otherwisethen
jiNg(ji*= & iNg(xy)j*
Xy
Thesmoothnessf g canbe measuredby the Sobole’ norm

jidiif: = & igi%+ & iiNg(ii?: 5)
X X
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The rst termin this norm measureshe size of the functiong, andthe seconderm measureshe
sizeof thegradient.Thesmallerjjgjj 41, thesmootheiis g. Justasin the Euclideancase,

idigs = fidifxq Moldi;

thusprojectinga function ontothe rst few termsof its expansionin the eigenfunctionof L is a
smoothingoperatiort:

We seethattherelationshipdbetweersmoothnesandfrequeng forming the coreideasof Eu-
clideanharmonicanalysisare remarkablyresilient, persistingin very generalgeometries.These
ideashave beenappliedto a wide rangeof tasksin the designof computernetworks, in paral-
lel computationclustering(Ng et al., 2001;Belkin and Niyogi, 2001; Zelnik-Manorand Perona,
2004;Kannanet al., 2004; Coifmanand Maggioni, 2007), manifold learning(Bérardet al., 1994;
Belkin andNiyogi, 2001;Lafon, 2004;Coifmanet al., 2005a;CoifmanandLafon, 2006a),mage
sgmentation(ShiandMalik, 2000),classi cation (CoifmanandMaggioni,2007),regressiorand
function approximation(Belkin and Niyogi, 2004; Mahad&an and Maggioni, 2005; Mahad&an
etal., 2006;MahadeanandMaggioni,2007;CoifmanandMaggioni,2007).

2.4 Regularization by Diffusion

It is oftenusefulto nd the smoothesfunction f on a datasetX with geometrygiven by W, so
thatfor a given f, f is nottoo far from f; this taskis encounteredn problemsof denoisingand
function extension. In the denoisingproblem,we aregivena function f + h from X! R, andh
is Gaussiarwhite noiseof a givenvarianceor if oneis ambitious,someotherpossiblystochastic
contamination.We must nd f. In the function extensionor interpolationproblem,a relatively
large datasetis given,but thevaluesof f areknown atonly relatively few “labeled” points,andthe
taskisto nd f onthe“unlabeled”points. Both tasks,without ary a priori informationon f, are
impossibleithe problemsareunderdeterminedOn the otherhand.,it is oftenreasonabléo assume
f shouldbe smooth,andsowe areled to the problemof nding asmoothf closeto f.

In Euclideanspace a classicalmethodof molli cation is to run the heatequationfor a short
time with initial conditionspeci edby f. It turnsout thatthe heatequatiormakesperfectsenseon
aweightedgraph:if f isafunctiononV, setfo= f,andfy.1= Kf. If gk(X) = d%(x) fr(X),

O+1 Ok= Lok

somultiplicationby K is a stepin the evolution of the (densitynormalizedheatequation.Further
more, a quick calculationshows this is the gradientdescenfor the smoothnesgnegy functional
& jiNgjj2. We canthusdo “harmonic”interpolationon X by iteratingK (Zhuetal., 2003).

We candesignmore generalmolli ers usingan expansionon the eigenfunctiongy ;g of K.
For the restof this section,supposeall inner productsare taken againstthe measured, thatis,
he;bi = & a(x)b(X)d(x), andsoy areorthonormal.Thenf = &hf;y;iy; andonecande ne f, a
smoothedrersionof f, by

f= g aihf;yiiy;

4. However it is well known thatif f doesnothave uniform smoothnessverywhere the approximatiorby eigenfunc-
tionsis poornotonly in regionsof lessersmoothnesdyut the poorapproximatiorspills to regionsof smoothnesas
well. Thislack of localizationcanbe avoidedwith the multiscaleconstructionsn CoifmanandMaggioni(2006)and
MaggioniandMhaskar(2007).
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for somesequencéa;g whichtendsto O asi! +¥; in theinterpolationproblem,we canattempt
to estimateheinnerproductshf;y i, perhapsdy leastsquaresTypical examplesfor a; are:

() aj= 1lif i< I,andOotherwisgpurelow-passlter); | usuallydepend®naprioriinformation
on h, for exampleon the varianceof h. Thisis a band-limitedprojection(with bandl), see
for exampleBelkin (2003).

(i) aj=1!forsomet> 0,thiscorrespondso settingf = K!(f), thatis, kernelsmoothingonthe
dataset,with a data-dependerkernel(SmolaandKondor,2003;ZhouandSchllkopf, 2005;
Chapelleetal., 2006).

(i) aj = P(l;), for somepolynomial(or rationalfunction) P, generalizindii). See for example,
MaggioniandMhaskar(2007)

As mentionedpnecaninterpretkK! f asevolving a heatequationon the graphwith aninitial condi-
tion speci edby f. If wewould like to balancesmoothingby K with delity to theoriginal f, we
canchooseb > 0 andsetfp = f andfi+1 = (Kfi+ bf)=(1+ b); theoriginal functionis treatedas
aheatsource.This correspondst equilibriumto

(iv) ai= b=(1+b I)).

Onecanalsoconsiderfamiliesof nonlineamolli ers, of theform

f= & mhf;yii)yi;

wherefor examplemis a(soft-)thresholdindgunction(DonohoandJohnstonel 994).In fact,mmay
bemadeevendependenbni. While thesegechniquesreclassicabndwell-understoodn Euclidean
spacgmostlyin view of applicationgo signalprocessing)it is only recentlythatresearchn their
applicationto the analysisof functionson datasetshasbegun (in view of applicationgo learning
tasks,seein particularMaggioniandMhaskar2007).

All of thesetechniquestlearly have a regularizationeffect. This can be easily measuredn
termsof the Soboler normde ned in (5): the methodsabove correspondo removing or damping
thecomponent®f f (or f + h) in the subspacspannedy high-frequeng y ;, which arethe ones
with larger Sobole norm.

3. Function-adaptedKernels

Themethodsabore arebasedn theideathatthefunction f to berecoseredshouldbe smoothwith
respecto W, but it canhappenthat an interestingfunction on datais not smoothwith respecto
the givengeometryon thatdata. In this casewe cannotdirectly bring to bearthefull power of the
methodsdescribedabore. On the otherhand,we have seenthat thesemethodsare well de ned
on ary weightedgraph. We thus proposeto modify the geometryof W so thatthe function(s)to
berecoreredareassmoothaspossiblein the modi ed geometry Evenwhen f is not smooth the
geometryof W and f caninteractin a structuredvay. We will attemptto incorporatehe geometry
of thefunction f (or afamily of functionsF) in the constructiorof theweightsw; the hopeis that
we cancorvert structureto smoothnessandapplythe methodsof harmonicanalysisto a smoother
functionon a rougherdataset. In otherwords, we wantour regularizerto take averagesetween
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pointswhere f hassimilar structure,in additionto beingnearto eachotherin termsof the given
geometryof thedata.

Thesimplestversionof thisideais to only choosenonzeroweightsbetweerpointsonthe same
level setof f. ThenjjNfjj (with respecto W) is zeroeverywhere andthefunctionto berecovered
is assmoothaspossible.Of courseknowing thelevel setsof f is fartoo muchto askfor in practice.
For example,in the functionextensionproblem,if f hasonly afew values(e.g.,for aclassi cation
task),knowing thelevel setsof f would be equialentto solvingthe problem.

If we hadsomeestimatef for f, we couldset

. 2 . o o 2
W' (xy) = exp JJXS e afe) foiT (6)
1 S2

sothatwhens; << s3, theassociatedveragingkernelK will averagdocally, but muchmorealong
the (estimated)evel setsof f thanacrosgshem,becaus@ointsondifferentlevel setsnow have very
weakor no af nity . This is relatedto ideasin Yaroslassky (1985); Smith and Brady (1995)and
Coifmanetal. (2005a).

Theestimatef of f is justasimpleexampleof afeaturemap.More generallywe set

N2 . 2
I R U E GO TG

; (7)

whereF (f)(X) is a setof featuresassociateavith f, evaluatedat the datapointx, r ; is a metric
onthedataset,r , is ametricon the setof featuresh; andh, are(usuallyexponentially)decaying
functions,ands 1 ands, are“local time” parameterin dataandfeaturespacerespectiely. Sucha
similarity is usuallyfurtherrestrictedasdescribedattheendof Section2.2.1. Theideahereis to be
lessambitiousthan (6), andpositaf nity betweenpointswherewe stronglybelieve f to have the
samestructure andnot necessarilypetweerevery point on an (estimated)evel set. The averaging
matrix K associateavith W' canthenbe usedfor regularizing,denoisingandlearningtasks,as
describedhbore. We call sucha kernela function-adaptedternel.

Theway thefunction f affectsthe constructiorof K will beapplication-anddata-speci ¢, as
we shallseein theapplicationgo imagedenoisingandgraphtransductie learning.For example,in
theapplicationto imagedenoisingF (f)(x) maybeavectorof Iter responseappliedto theimage
f atlocationx. In theapplicationto transductie classi cation,we aregivenC functionsci, de ned
by ci(xX) = 1if xis labeledasapointin classi, and0 otherwise(eitherthe pointis notlabeledor it
is notin class). Wesetf = (ci)i’i 1- ThenF (f)(X) canbeobtainedby evaluatingK'(c;) atx, where
K is adiffusionoperatomwhich only depend®nthedataset,andnotonthec;'s. In all applications,
ourideais simplyto to try to choosesimilarities,with thelimited informationaboutthe function(s)
to berecoveredthatwe aregiven, sothatthe function(s)areasregularaspossiblewith respecto
thechosersimilarities.

4. Application I: Denoisingof Images

We applyfunction-adapte#ternelsto the taskof denoisingmages.Not only thiswill be helpfulto
gainintuition abouttheideasin Section3 in a settingwhereour methodsareeasilyvisualized but
it alsoleadsto state-of-artesults.

Gray-scaleimagesare often modeledas real-valuedfunctions, or distributions,on Q, a ne
discretizatiorof thesquard0; 1], andthey areoftenanalyzeddenoisedcompressednpainted de-
blurredassuch,seefor exampleTschumperl€2002),PeronaandMalik (1990),Rudinetal. (1992),
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ChanandShen(2005),PeronaandMalik (1990), TomasiandManduchi(1998),Elad(2002),Boult
et al. (1993), Chin and Yeh (1983), Davis and Rosenfeld(1978), Graham(1961), Huanget al.
(1979),Lee(1980),Yin etal. (1996)andreferencesherein. It is well known thatimagesare not
smoothasfunctionsfrom Q to R, andin factthe interestingandmostimportantfeaturesare often
exactly thenon-smoottpartsof f. ThusFourieranalysisandthe heatequationon Q arenotideally
suitedfor images;much of the work referencedabore aimsto nd partial differential equations
whoseevolution smoothdmageswithout blurring edgesandtextures.

With theapproachdescribedn Section3, unlike with mary PDE-basedmageprocessingneth-
ods,the machineryof smoothingis divorcedfrom thetaskof featureextraction. We build a graph
G(1) whoseverticesarethe pixels of theimageandwhoseweightsareadaptedo theimagestruc-
ture,andusethe diffusion on the graphwith a delity term,asdescribedn Section2.4to smooth
theimage,consideed as a functionon the graph If we areableto encodeimagestructurein the
geometryof the graphin sucha way thatthe imageis actuallysmoothasa functionon its graph,
thentheharmonicanalysison thegraphwill bewell-suitedfor denoisinghatimage.Of coursewe
have shiftedpartof the problemto featureextraction,but we will seethatvery simpleandintuitive
techniqueproducestateof theart results.

4.1 Image-adaptedGraphs and Diffusion Kernels

To build theimage-adaptedraphwe rst associate featurevectorto eachlocationx in theimage
I, de ned on a squareQ. A simple choiceof d+ 2 dimensionalfeaturevectorsis obtainedby
settingtwo of the coordinatesf the featurevectorto be scaledversionsof the coordinatesf the
correspondingixel in theimageax, wherea 0isascalarandx2 Q. Theremainingd features
arethe responseso corvolution with d different Iters g1; ;gq, evaluatedat locationx. More
formally, we pick ad-vectorg= (g1; ;0q) of lters (i.e.,realvaluedfunctionsonQ), x a 0,
andmapQ into R4 2 by afeatue map

Fga(l) : Q! RY2
x7(axf qa(9; 5 f gu(X)
Thisis anextremely e xible constructionandtherearemary interestingchoicesfor the Iters
fgig. Onecouldtake a few waveletsor cuneletsat differentscalesor edge lters, or patchesof
texture,or somemeasuref local statistics. Also hotetherearemary otherchoicesof featuremaps

thatarenot obtainedby cornvolution, seeSection4.1.2for examples.
ThegraphG(l) will have verticesgivenby Fga(X), x2 Q. To obtaintheweightededgesset

r(xy) = rga(xy) = jj Fg;a(f)(x) Fg;a(f)(Y)jj ;

wherejj jj is anorm (e.g.,Euclidean)in R%* 2, The parametea speci esthe amountof weight
to give to the original 2-d spacecoordinatef the pixels,andmay be 0. Alternatively, insteadof
usingaweighta, onecanchoosesetsS= S§(x) Q sothat

r(xy) = dgs(xy) = ;g;O(X;y) gtf:éﬁﬁa : (8)

In thediscretecasejf we chooseS(x) to bethen nearesnheighborsof x in the 2 spacecoordinates:
wewill write r ¢y, andif the Iters areunderstoodjustr n.
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Figurel: Above: imageof Lena,with two locationshighlighted.Left: row of the diffusionkernel
correspondindo the upperleft highlightedareain the abore image. Right: row of the
diffusion kernel correspondingo the bottom-left highlightedareain the above image.
The diffusionkernelaveragesaccordingto differentpatternsn differentlocations. The
averagingpatternon theright is also“non-local”, in the sensehatthe averagingoccurs
alongwell-separatedtripes,correspondingo the hairin theoriginal picture.

For a x ed choiceof metricr asabove, and a “local time” parameters, we constructthe
similarity matrixWs asdescribedn Section2.2.1,andthe associatedliffusionkernelK asin (1).

In Figure3 we explorethelocalgeometryin patchspaceby projectingthe setof patchesaround
agivenpatchontothe principalcomponent®f the setof patchestself. Geometricstructuresf the
setof patchesdependentn local geometryof theimage(e.g.,texturevs. edge)areapparentThe
key featureof these gures is thatthe graylevel intensityvalueis smoothasa functionfrom the set
of patchego R, evenwhentheintensityis not smoothin the original spatialcoordinates.

We now describesomeinterestingchoicesfor thefeaturemapsF (1).

4.1.1 PATCH GRAPH

andO elsavhere. ThenFg, o is the setof patchesof theimageembeddedn N? dimensions.The
diffusion onegetsfrom this choiceof Iters is the NL-meanslter of Buadesetal. (2005a).“NL”
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Figure2: Left to right: imageof Barbara,with severallocationsp; highlighted;K!(p;; ), fort =
12

standsfor Non-Local; in the paper they proposedsettinga = 0. In a later paperthey addsome
locality constraintsseeBuadeset al. (2005b)and Mahmoudi(2005). We wish to emphasizehat
smoothingwith the NL-means Iter is not, in ary sortof reasonabléimit, a 2-d PDE; rather it is
theheatequationon the setof patchef theimage!

Notethe embeddingnto 5 5 patcheds the sameembeddingup to arotation)asinto5 5
DCT coordinatesandsotheweightmatricesconstructedrom theseembeddingsrethe same.On
the otherhand,if we attenuatesmall Iter responsegheweightmatricesfor thetwo Iter families
will bedifferent.

4.1.2 BOOTSTRAPPING A DENOISER; OR DENOISED IMAGES GRAPH

Differentdenoisingmethodsftenpick up differentpartsof theimagestructure andcreatedifferent

vectorat x. This methodis analternatve to “cycle spinning”(CoifmanandDonoho,1995),thatis,
simply averagingthe differentdenoisings.

In practice we have foundthata betterchoiceof featurevectoris fs(y)(X);:::; fs(q)(X), wheres
is arandompermutationof f 1;:::; dg dependingon x. Theideais to mix up the artifactsfrom the
variousdenoisingsNotethatthis would not affect standardaveraging sinced fi(x) = & fs.

4.2 Image Graph Denoising

Oncewe havethegraphW andnormalizediffusionK, we useK to denoiseéheimage.Theobvious
bijectionfrom pixelsto verticesin theimagegraphinducesa correspondendeetweerfunctionson
pixels (suchasthe original image)and functionson the verticesof the graph. In particularthe
original imagecanbe viewed asa function| on G(1). The functionsK!l are smoothedversions
of I with respecto the geometryof G(I). If the graphwassimply the standardgrid on Q, then
K would be nothing otherthan a discretizationof the standardwo-dimensionaheatkernel,and
Kl would be the classicalsmoothingof | inducedby the Euclideantwo-dimensionaheatkernel,
associatewvith theclassicalGaussiarscalespacgwe referthereaderto Witkin, 1983;Koenderink,
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1984;Lindebeg, 1994,andreferencesherein). In our context K! is associatedvith a scalespace
inducedby G(1), whichis thusa nonlinearscalespacg(in the sensehatit dependon the original

-400 -500 400 -200

Figure3: Top left: imageof Barbarawith 4 squarel0 10 pixel regionshighlighted. The5 5
patchesn eachregion areconsidereds25 dimensionalectors andtop right we plot the
singularvaluesof their covariancematrix. At the bottom,we projectthe 25-dimensional
pointsin eachregion ontheirtop 3 principalcomponentsandthecoloris thevalueof the
imageat eachpoint. In region 1, notehow the (approximateperiodicity of thetexturein
region1is re ectedin thetubular shapeof the projection;in region 2, the portionsof the
imageon differentsidesof the edgeare disconnectedh the featurespaceandnotethe
higherdimensionalityasmeasuredy the singularvalues;for region 3, notethe higher
dimensionality(slower decayof the singularvalues)comparedo regions1 and4; for
region 4 notethe very small dimensionality Mostimportantly notethatin eachregion,
thegraylevel pixel valueis smoothasa functionof the patches.
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imagel). In factG(l), asdescribedabore, is oftena point cloudin high-dimensionaspacewhere
closenessn thosehigh-dimensionakpacerepresentsimilarity of collectionsof pixels, and/orof
theirfeaturesijn the original two-dimensionatdomainof I.

We canbalancesmoothingby K with delity to the original noisy function by setting fi+1 =
(Kfi+ bf)=(1+ b) whereb > Oisaparameteto bechosenandlargeb correspondo lesssmooth-
ing andmore delity to thenoisyimage.Thisis astandardechniquen PDEbasedmageprocess-
ing, seeChanand Shen(2005)andreferencesherein. If we consideriterationof K asevolving a
heatequation the delity term setsthe noisy function asa heatsource with strengthdetermined
by b. Notethateventhoughwhenwe smoothin this way, the steadystateis no longerthe constant
function,we still do not usuallywish to smoothto equilibrium. We referthe readerto Figure4 for
asummaryof thealgorithmproposed.

i Denoiselmage (I;t)

I/l Input:
/l'1 : animage
/'t : amountof denoising

/I Output:
/l'l : adenoisedrersionof |.

1. ConstructagraphG associatedvith I, in ary of thewaysdiscussedh Sectiord4.
2. Computetheassociatedi-adaptediiffusionoperatork ' .
3. seti  (KHU.

Figure4: Pseudo-codéor denoisinganimage

4.3 Examples

Figure5 displaysexamplesof denoisingwith a diffusionon animagegraph.On thetop left of the
gure we have thenoisyimagefo; thenoiseis N(0;:0244). Onthetopright of Figure5, we denoise
theimageusinga7 7 NL-meangype patchembeddingasdescribedn Sectiord.1.1.We set

W(k ) = e riatki’=3

wherer g; is thedistancein theembeddingrestrictedio 81 point ballsin the 2-d metric;thatis we
take S(k) in Equation(8) to bethe 81 nearespixelsto pixel k in the 2-d metric. We thennormalize
K = D W anddenoisethe imageby applyingK threetimeswith a delity termof :07; thatis,
fie1 = (Kf + :07fp)=(1:07), andtheimagedisplayeds f3. The parametersverechoserby hand.

In the bottomrow of Figure5: onthebottomleft, we sum9 curveletdenoisingsEachcurvelet
denoisingds a reconstructiorof the noisyimage f, shiftedeitherl, 2, or 4 pixelsin the vertical
and/orhorizontaldirections,usingonly coefcients with magnitudegreaterthan3s. To demon-
stratebootstrappingor cycle spinningby diffusion,we embedeachpixel in R® usingthe 9 curvelet
denoisingsascoordinatesWe set

W(k; ) = e riki=03
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Figure5: 1) Lenawith Gaussiamoiseadded.2) Denoisingusinga7 7 patchgraph.3) Denoising
using hard thresholdingof curvelet coefcients. The imageis a simple averageover

9 denoisingswith differentgrid shifts. 4) Denoisingwith a diffusion built from the 9
curweletdenoisings.

wherer g; is the distancein the embeddingandagain we take (k) in Equation(8) to be the 81
nearespixelsto pixel k in the 2-d metric. We thennormalizeK = D W anddenoisethe image
by applyingK tentimeswith a delity termof :1; thatis fi+1 = (Kf;+ :1fg)=(1:1), and fip is
displayed.Theresultsareonthebottomright of Figure5. We areableto greatlyreducetheartifacts
from a simpleaverageof the curveletdenoisings.
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5. Application II: Graph Transductive Learning

We apply function adaptedapproacho the transductre learningproblem,and give experimental
evidencedemonstratin;matusingfunctionadapted/veightscanimprove diffusion based:lassi ers.

thecondltlonaldlstnmnonsF(ij) associatewvith eachavanableexamplex (labeledor unlabeled).

For @<ampIeF maycorrespondo labelsfor the pointsX, or theresultof ameasuremerttthe
pointsin X. Thegoalis to extendF to afunctionF de ned onthewhole X, thatis consistentvith
unseerabels/measuremenaspointsin X nX.

This framework is of interestin applicationswhereit is easyto collect samplesthatis, X is
large, however it is expensve to assigna label or make a measuremenat X, so only a few la-
bels/measuremengseavailable,namelyat the pointsin X. The pointsin X nX, albeitunlabeled,
canbe usedto infer propertiesof the structureof the spaceor underlyingprocess/probabilitglis-
tribution) thatis potentiallyusefulin orderto extendF to F. Datasetswith internalstructuresor
geometryarein factubiquitous.

If F is smoothwith respectto the data,an intrinsic analysison the dataset, suchasthe one
possibleby the useof diffusion processeandthe associatedrourierandmulti-scaleanalyses,ts
very well in thetransductie learningframework. In seseral papersa diffusion processonstructed
on X hasbeenusedfor nding F directly (ZhouandSchllkopf, 2005;Zhu et al., 2003;Kondorand
Lafferty, 2002)andindirectly, by usingadaptedasisfunctionson X constructedrom thediffusion,
suchasthe eigenfunctionf the Laplacian(Coifmanand Lafon, 2006a,b;Lafon, 2004; Coifman
et al., 2005a,b;Belkin and Niyogi, 2003b; Maggioni and Mhaskar,2007), or diffusion wavelets
(CoifmanandMaggioni,2006;Mahadean andMaggioni,2007;MaggioniandMahadean, 2006;
Mahad@anandMaggioni,2005;MaggioniandMahad&an,2005).

We will try to modify the geometryof the unlabeleddataso that F is as smoothas possible
with respecto themodi ed geometry We will usethefunctionadaptedapproacho try to learnthe
correctmodi cation.

5.1 Diffusion for Classi cation

We consideherethe caseof classi cation,thatis, F takesonly asmallnumberof values(compared
to the cardinality of X), sayf1;:::;kg. Let G, i 2 f1;:::kg, bethe classeslet C!2° be the labeled
datapointsin theith class,thatls Ci=1fx2 X:F= ig, andlet c'ab bethecharacterlstlcfunctlon
of thoseC;, thatis, c|2?(x) = 1if x2 C;, andc!2®(x) = 0 otherwise.
A simpleclassi cationalgorithmcanbe obtainedasfollows (SzummeirandJaaklola, 2001):
(i) Build a geometricdiffusion K on the graphde ned by the datapoints X, as describedn
Section2.2.1.

(i) Useapowerof K to smooththefunctionsc!2®, exactly asin thedenoisingalgorithmdescribed

above, obtainingfunctionsc|2®:
C!ab - KtC!abZ

Theparametet canbechoserby cross-alidation.

(iii) Assigneachpointx to theclass L
argmaxc!a(x) :
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This algorithmtakesinto accounthein uence of thelabeledpointsontheunlabeledointto be
classi ed, wherethe measuref in uence is basedon the weightedconnecwity of the whole data
set.If we averagewith apower of thekernelwe have constructedwe countthenumberandstrength
of all the pathsof lengtht to the variousclassedrom a given datapoint. As a consequencehis
methodis moreresistanto noisethan,for example,a simplenearesheighborgor alsoa geodesic
nearesneighborsimethod,aschangingthelocationor classof a smallnumberof datapointsdoes
not changethe structureof the whole network, while it canchangehe classlabel of afew nearest
neighbors.

For eachi, the “initial condition” for the heat o w given by c!ab considersall the unlabeled
pointsto bethesameaslabeledpointsnotin C;. Sincewe aresolvingmary one-vs-alproblemsthis
is reasonablehut onealsomaywantto settheinitial conditionc!2’(x) = 1forx2 /2, cla®(x)= 1
forx2 Clab, j & i, andc|2(x) = Ofor all otherx. It canbevery usefulto changeheinitial condition
to a boundarycondition by resettingthe valuesof the labeledpoints after eachapplicationof the
kernel.For large powers,thisis equivalentto theharmonicclassi er of Zhuetal. (2003),wherethe
¢l is extendedto the “harmonic” functionwith given boundaryvalueson the labeledset. Justas
in theimagedenoisingexamplesijt is oftenthe casethatonedoesnot wantto run sucha harmonic
classi erto equilibrium,andwe maywantto nd the correctnumberof iterationsof smoothingby
K andupdatingthe boundaryaluesby crossvalidation.

We canalsousetheeigenfunction®f K (which arealsothoseof the LaplacianL ) to extendthe
classesBelkin (2003)suggestsisingleastsquarestting in theembeddingle ned by the rst few
eigenfunctiond 1;:::;f y of K. Sincethe valuesat the unlabeledpoints are unknavn, we regress
only to thelabeledpoints;sofor eachc!2®, we needto solve

2
N

agming, a aafi) c® ;
X labeled 1= 1

andextendthec!?® to

clab=
|

ayfi:

Qo=

1

The parameteiN controlsthe bias-\ariancetradeof: smallerN implies larger bias of the model
(larger smoothness)and decreasethe variance while larger N hasthe oppositeeffect. Large N
thuscorrespondso smallt in theiterationof K.

5.2 Function Adapted Diffusion for Classi cation

If thestructureof theclassess very simplewith respecto thegeometryof thedataset,thensmooth-
nesswith respecto this geometryis preciselywhatis necessarjo generalizérom thelabeleddata.
However, it is possiblethatthe classeshave additionalstructureon top of the underlyingdataset,
which will not be presered by smoothinggeometrically In particularat the boundariedbetween
classesve would like to Iter in suchaway thatthe “edges”of the classfunction are presered.
We will modify thediffusionsoit o ws fasteralongclassboundariesandslower acrosshem, by
usingfunction-adaptet#ternelsasin (7). Of coursewe do notknow the classboundariesthefunc-

5. Ontheotherhand,extendingwith smallnumbersf eigenfunctiongreatesripples”; thatis, the Gibbsphenomenon.
Techniquedor avoiding the Gibbsphenomenomrediscussedn MaggioniandMhaskar(2007).
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F  ClassifyWithAdaptedDiffusion (X; X:f Cigi= 1n; ta; i)

I/l Input:
//)5 = fxg: adataset
/I X : asubsebf X, representinghelabeledset

.....

Il b : weightof thetuningparameter

[/l Output:
// C: functionon X, suchthatC(x) is theclassto whichx 2 X is estimatedo belong.

1. ConstructaweightedgraphG associatedavith X, in ary of thewaysdiscussed.
2. Computethe associatediffusionoperatorK asin (1).

3. Computeguesseatthesoft classfunctionsc; usingary of themethodsn Sections.1,or
ary othermethod,andfor multi-classproblemsset

Ci(x)
aijici(¥j

ci(X) =

4. Usingthec; asfeaturespr Cj for two classproblemsconstructa nev graphwith kernel
KOfrom thesimilaritiesasin Equation(7), with s, = bs;.

5. Finally, nd C(x) usingary of themethodsn Section5.1andthekernelK°

Figure6: Pseudo-codéor learningof afunctionbasedn diffusionon graphs

tionsf c;g areinitially givenon a (typically small)subsetX of X, andhencea similarity cannotbe
immediatelyde ned in away similarto (7).

We usea bootstrappingechnique.We rst useone of the algorithmsabove, which only uses
similarities betweendata points (“geometry”), to generatethe functionsc;. We then usethese
functionsto designa function-adapteternel,by setting

andthende ne akernelasin (7). Herethec;'s arenormalizedcon dencefunctionsde ned by

Ci(¥)

In this way, if several classesclaim a datapoint with somecon dence, the diffusion will tend

to averagemore amongother pointswhich have the sameownershipsituationwhendetermining
the value of a function at that datapoint. The normalization besideshaving a clearprobabilistic
interpretationwhenthe Cj are positive, alsoachiesesthe effect of not slowing the diffusion when

thereis only onepossibleclassthata point could bein, for example,if a datapointis surrounded
by pointsof asingleclassbut is relatively far from all of them.

We summarizeghealgorithmin Figure6. In theexamplesbelonv we simply letr , bethemetric
of RK, andalsolet hy(a) = hy(a) = e 2. Theratio b betweens, ands1, however, is important,
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sinceit measureshe trade-of betweertheimportancegivento the geometryof X andthatof the
setof estimates (C/(X))i= 1.-kGex RX.

Wewishto emphasizéhesimilarity betweerthistechniqueandthosedescribedn Sectiord and
especiallySection4.1.2. We allow the geometryof the datasetto absorbsomeof the compleity
of the classesand usediffusion analysistechniqueson the modi ed dataset. The parallelwith
imagedenoisingshouldnot be unexpected:the goal of a function-adaptedkernelis to strengthen
averagingalonglevel lines,andthis is asdesirablen imagedenoisingasin transductie learning.

We remarkthatevenif thec;'s aregoodestimate®f the classesthey arenot necessarilygood
choicesfor extra coordinatesfor example,considera two classproblem,anda function ¢ which
hasthecorrectsignon eachclass but oscillateswildly. Ontheotherhand functionswhicharepoor
estimate®f theclassesouldbeexcellentextra coordinatesslong asthey oscillateslowly parallel
to the classboundaries.Our experiencesuggestsconsistentlywith theseconsiderationsthat the
safestchoicesfor extra coordinatesare very smoothestimatesf the classes.In particular of the
threemethodsof classextensionmentionedabove, the eigenfunctionmethodis often not a good
choicefor extra coordinatedbecaus®f oscillationphenomenaseethe examplesn Section5.4.

5.3 Relationship BetweenOur Methods and Previous Work

In Coifmanetal. (2005a)theideaof usingthe estimatedtlasse$o warpthediffusionis introduced.
They suggestfor eachclassCy, building themodi ed weightmatrixWh(i; j) = W(i; j)clab(i)clab(j),
normalizingeachw,, andusingtheW, to diffusethe classesOur approacire nes andgeneralizes
theirs, by collecting all the classinformationinto a modi cation of the metric usedto build the
kernel, ratherthan modifying the kerneldirectly. The tradeof betweengeometryof the dataand
geometryof the (estimated/dflused)labelsis madeexplicit andcontrollable.

In Zhu etal. (2003)it is proposedo adjustthe graphweightsto re ect prior knovledge.How-
ever, theirapproachs differentthanthe onepresentedhere.Supposeve have atwo classproblem.
They addto eachnodeof thegrapha “dongle” nodewith transitionprobabilityb, which they leave
asa parameteto be determined.They thenrun the harmonicclassi er (Zhu et al., 2003)with the
con dencefunction(rangingfrom 1to 1) from aprior classi er astheboundaryconditionsonall
the donglenodes. Thustheir methodsetsa tensionbetweenthe valuesof the prior classi er and
the harmonicclassi er. Our methoddoesnot suggeswvaluesfor the soft classedasedon the prior
classi er; rather it usesthis informationto suggestmodi cations to the graphweightsbetween
unlabeledoints.

5.4 Examples

We presenexperimentghatdemonstratéhe useof function-adaptedveightsfor transductre clas-
si cation. We nd thaton mary standardenchmarldatasets classi cationrateis improvedusing
function-adapteaveightsinsteadof “geometryonly” weightsin diffusionbasecdlassi ers.

We usethe datasetsof Chapelleet al. (2006)andthe rst 10,000imagesin the MNIST data
set. At thetime this article waswritten, the respectie datasetsareavailableat http://www.kyb.

tuebingen.mpg.de/ssl- book/benchmarks.html andhttp://yann.lecun.com/exdb/mnist/ :
with an extensie review of the performanceof existing algorithmsavailable at http://www.
kyb.tuebingen.mpg.de/ssl- book/benchmarks.pdf ~ , andat http://yann.lecun.com/exdb/

mnist/
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All the datasetswerereducedo 50 dimensionsuy principalcomponentanalysis.In addition,
we smooththe MNIST imagesby corvolving 2 timeswith anaveraging lter (a3 3 all onesma-
trix). The corvolutionsare necessaryf we wantthe MNIST datasetto resemblea Riemannian
manifold; this is becauséf onetakesanimagewith sharpedgesandconsidersa smoothfamily of
smoothdiffeomorphism®f [0;1] [0; 1], the setof imagesobtainedunderthe family of diffeomor
phismsis not necessarila (differentiable)manifold (seeDonohoandGrimes2002,andalsoWakin
et al. 2005). However, if theimagedoesnot have edgesthenthe family of morphedimagesis a
manifold®

We do thefollowing:

x1. Choosel00 pointsaslabeled. Eachof the benchmarkdatasetsof Chapelleet al., has12
splitsinto 100labeledand1400unlabeledooints;we usethesesplits. In the MNIST dataset
we label points1001through1100for the rst split, 1101to 1200for the secondsplit, etc,
andusedl12 splitsin total. Denotethelabeledpointsby L, let C; theith class,andlet c}ab be
1 onthelabeledpointsin theith class, 1 onthelabeledpointsof the otherclassesand0
elsavhere.

x2. Constructa GaussiarkernelW with k nearesheighborss = 1, andnormalizedso the jth
neighbordetermineainit distancen the selftuningnormalization(Equation2), wheref k; jg
isoneof f9;4g, f 13,9g, f 15;9q, orf 21; 159g.

x3. Classifyunlabeledpointsx by sup c!2°(x), wherec!2®(x) areconstructedisingthe harmonic
classi erwith thenumberof iterationschoserby leave-20-outcrossvalidationfrom 1 to 250.
More explicitly: setg? = cl2. SetgN(x) = (Kg" H(x) if x2 L, gNx¥) = 1if x2 C L,
andgiN(x) = 0if x2 LnGC;, andK isW normalizedto be averaging.Finally, setc}ab = giN(x),
whereN is chosery leave-10-outcrossvalidationbetweeril and250(C; andL areof course
reducedor the crossvalidation).

x4. Classify unlabeledpoints x by sup @(x), wherethe ﬁ(x) are constructedusing least
squaregegressionin the (graphLaplaciannormalized)eigenfunctionembeddingwith the
numberof eigenfunctionsrossvalidated;thatis, for eachc!ab, we solve

2
N
agmin,, & aafi® ci( ;

x labeled I=1
andextendthec?® to
__ N
cl= g afi

Thef arethe eigenfunctionsof L, which is W normalizedasa graphLaplacian,andN is
chosenby leave-10-outcrossvalidation.

6. For the mostsimpleexample,considerasetof n  n imageswhereeachimagehasa singlepixel setto 1, andevery
otherpixel setto 0. As we translatethe on pixel acrosshe grid, the differencebetweereachimageandits neighbor
is in anew directionin R“z, andthusthereis no reasonabléangent. The samething is true for translateof a more
complicatecbinaryimage,andtranslatef any imagewith anedge.Onecould complainthatthis is an artifact of
thediscretegrid, but it is easyto cornvinceyourselfthatthe setof translate®f a characteristiunctionin L2(R) does
not have atangentarywhere-the tangentdirectionof the curve de ned by thetranslateof a functionis exactly the
derivative of thefunction.
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x5. Classifyunlabeledpointsx by sup c!2°(x), wherec!2(x) areconstructedy smoothingc!2®
with K. More explicitly: setg® = cl2*. SetgN = Wg! !, whereK is W normalizedto be
averaging;and nally, Ietc}ab: gN(x), whereN is choserby leave-10-outcrossvalidation
betweerl and250(C; andL areof coursereducedor thecrossvalidation).

We also classify the unlabeledpoints using a function-adaptedkernel. Using the ﬁ from the
harmonicclassi er at steadystate(N = 250),we do thefollowing:

x6. If the problemhasmorethantwo classesset

P O
CI(X)_ é,ijgi25O(X)j,

else setci(x) = g2°9(x)

x7. Usingthec; asextra coordinatesbuild a new weightsW. The extra coordinatesarenormal-
izedto have averagenormequalto the averagenorm of the original spatialcoordinatesand
thenmultiplied by the factorb, whereb is determinedoy crossvalidationfrom f 1; 2; 4; 8g.
The modi ed weightsare constructedisingthe nearesheighborsfrom the original weight
matrix, exactly asin theimageprocessingxamples.

x8. UsethefunctiondependenK to estimatetheclassessin (x3).
x9. Usethefunctiondependent to estimatethe classessin (x4).
x10. UsethefunctiondependenK to estimatethe classessin (x5).

We also repeattheseexperimentsusing the smoothedclassesas an initial guess,and using
the eigenfunctionextendedclassesasinitial guess. The resultsare reportedin the Figures?7, 8,
and9. Exceptingthe datasetsg241c,gc241n,andBClI, thereis analmostuniversalimprovement
in classi cation rate using function-adaptedveightsinsteadof “geometryonly” weightsover all
choicesof parameterandall methodof initial soft classestimation.

In additionto shaving thatfunctionadaptedveightsoftenimprove classi cationusingdiffusion
basedmethodsthe resultswe obtainarevery competitve andin mary casesetterthanall other
methoddistedin theextensive comparatie resultspresentedh Chapellestal. (2006),alsoavailable
at http://www.kyb.tuebingen.mpg.de/ssl- book/benchmarks.pdf . In Figure10 we attempt
a comparison. For every dataset, we reportthe performanceof the bestclassi er (with model
selectionandcross-alidatedperformanceamongall theonesconsideredn Chapelleetal. (2006).
We alsoreportthe performancef our bestclassi er, amongthe oneswe consideredgorresponding
to differentchoicesof the two parameterdor the self-tuning nearest-neighbographand initial
smoothing(but with otherparametersross-alidated).This comparisoris unfair in mary respects,
for usin thatwe give thebestchoiceoverthetwo graphparametergout of thefour pairswe tested)
andchoiceof initial classestimation(threetested)andagainstus consideringhe large numberof
algorithmdistedin Chapellestal. (2006).Nevertheles# demonstratethattheproposedlgorithms
on 3 outof 7 datasetscanoutperformall thealgorithmsconsideredn Chapelleetal. (2006).
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KS FAKS HC FAHC EF FAEF KS FAKS HC FAHC EF FAEF
digitl 2.9 2.2 29 2.5 2.6 2.2 digitl 2.8 2.2 2.7 2.1 2.6 2.2
USPS 4.9 4.1 5.0 4.1 4.2 3.6 USPS 5.2 4.2 5.2 4.0 4.0 3.3
BCI 45.9 45.5 44.9 44.7 47.4 48.7 BCI 47.6 47.4 45.0 45.5 48.2 48.6
g241c 315 31.0 34.2 32.7 23.1 41.3 g241c 30.7 31.2 33.3 32.0 217 31.7
COIL 14.3 12.0 13.4 11.1 16.8 15.1 COIL 17.2 16.7 16.0 15.1 21.9 19.0
gc241n 25.5 24.7 27.1 25.9 13.9 35.7 gc241n 23.1 21.6 25.3 22.8 11.1 24.0
text 255 23.7 26.3 24.0 26.4 25.4 text 25.2 23.0 25.5 23.3 26.9 24.0
MNIST 9.4 8.5 9.0 7.9 9.4 8.7 MNIST 10.0 9.2 10.1 8.7 9.7 8.5
KS FAKS HC FAHC EF FAEF KS FAKS HC FAHC EF FAEF
digitl 3.0 2.3 2.8 2.2 2.6 1.9 digitl 3.1 2.6 2.9 2.6 2.0 2.1
USPS 5.0 4.0 5.2 3.9 3.9 3.3 USPS 5.6 4.7 5.6 4.4 4.4 3.7
BCI 48.2 48.0 45.9 46.1 47.6 47.9 BCI 48.2 48.5 46.3 46.7 48.9 48.5
g241c 30.5 30.4 32.8 31.2 21.2 29.7 g241c 28.5 28.2 32.1 29.4 18.0 23.6
COIL 18.0 17.0 16.2 15.2 229 19.9 COIL 19.8 19.3 19.2 17.9 26.3 24.1
gc241n 245 21.7 26.2 23.1 111 17.7 gc241n 21.8 20.5 24.6 21.7 9.2 14.2
text 25.1 22.4 25.7 22.3 25.6 229 text 25.1 22.3 25.6 22.7 25.4 23.2
MNIST 10.3 9.2 10.0 8.9 9.6 8.3 MNIST 10.8 10.0 10.7 9.7 10.8 10.0
Figure7: Variousclassi cationerrorpercentage€achpairof columnscorrespondso asmoothing
method;theright columnin eachpair usesfunctionadaptedveights,with ¢; determined
by the harmonicclassi er. KS standsfor kernelsmoothingasin (x5), FAKS for func-
tion adaptedkernelsmoothingasin (x10), HC for harmonicclassi er asin (x3), FAHC
for functionadaptecharmonicclassi er asin (x8), EF for eigenfunctionssin (x4), and
FAEF for function adapteceigenfunctionsasin (x9). The Gaussiarkernelhadk neigh-
bors,andthe jth neighbordeterminedinit distancan the self-tuningconstructionwhere
counterclockwisefrom thetop left, fk; jg is f9;4g, f13;9g, f 15;9g, andf 21;159. No-
tice that exceptingthe datasetsg241c,gc241n,and BCI, thereis an almostuniversal
improvementin classi cationerrorwith function-adaptegveights.
KS FAKS HC FAHC EF FAEF KS FAKS HC FAHC EF FAEF
digitl 2.9 2.4 2.9 2.4 2.6 2.1 digitl 2.8 2.2 2.7 2.1 2.6 2.1
USPS 4.9 4.6 5.0 4.6 4.2 3.3 USPS 5.2 4.3 5.2 4.0 4.0 3.5
BCI 45.9 47.0 44.9 45.3 47.4 47.8 BCI 47.6 48.7 45.0 46.5 48.2 49.1
g241c 315 29.3 34.2 29.2 23.1 33.1 g241c 30.7 27.9 33.3 27.7 217 28.1
COIL 14.3 13.3 13.4 12.4 16.9 16.8 COIL 17.2 17.6 16.0 15.5 22.5 20.3
gc241n 25.5 21.3 27.1 225 13.9 23.0 gc241n 23.1 17.9 25.3 19.3 11.1 21.0
text 25.5 24.5 26.3 25.0 26.4 24.6 text 25.2 23.8 25.5 23.7 26.9 24.5
MNIST 9.4 7.9 9.0 7.7 9.4 7.3 MNIST 10.0 8.2 10.1 8.2 9.7 7.7
KS FAKS HC FAHC EF FAEF KS FAKS HC FAHC EF FAEF
digitl 3.0 25 2.8 2.2 2.6 19 digitl 3.1 2.6 2.9 2.6 2.0 2.1
USPS 5.0 4.0 5.2 3.9 3.9 3.4 USPS 5.6 4.9 5.6 4.2 4.4 4.2
BCI 48.2 48.6 45.9 46.5 47.6 48.1 BCI 48.2 49.0 46.3 47.1 48.9 49.0
g241c 30.5 26.9 32.8 27.9 21.2 27.3 g241c 28.5 26.0 32.1 26.5 18.0 22.8
COIL 18.0 17.6 16.2 15.8 22.3 21.0 COIL 19.8 19.4 19.2 18.3 26.6 23.1
gc241n 24.5 19.7 26.2 20.8 11.1 19.5 gc241n 21.8 16.5 24.6 17.4 9.2 14.3
text 25.1 22.8 25.7 23.3 25.6 23.4 text 25.1 22.9 25.6 23.0 25.4 22.8
MNIST 10.3 8.3 10.0 7.9 9.6 7.7 MNIST 10.8 9.6 10.7 9.2 10.8 8.2
Figure8: Variousclassi cationresults,c; determinedy smoothingby K. Thetableis otherwise

organizedasin Figure7.

6. SomeCommentson the Benchmarkswhere Our Methods Do Not Work Well

If theclassstructureis trivial with respecto the geometryof the dataaspresentedthenanisotropy

will beu

nhelpful. This is the casefor two of the benchmarldatasets,g241candg241n.in g241c,

which hasbeenconstructedy generatingwo Gaussiarclouds,andlabelingeachpoint by which
cloudit camefrom, the bestpossiblestratgly (knowing the generatie model)is to assigna point
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KS FAKS HC FAHC EF FAEF KS FAKS HC FAHC EF FAEF
digitl 2.9 2.9 2.9 2.6 2.6 2.4 digitl 2.8 2.0 2.7 2.1 2.6 2.3
USPS 4.9 4.1 5.0 3.8 4.2 4.1 USPS 5.2 3.8 5.2 3.6 4.0 3.4
BCI 45.9 47.1 44.9 46.0 47.4 48.7 BCI 47.6 48.1 45.0 46.9 48.2 48.5
g241c 315 25.3 34.2 26.7 23.1 23.7 g241c 30.7 23.8 333 24.7 21.7 21.6
COIL 14.3 13.0 13.4 12.0 16.5 16.6 COIL 17.2 17.5 16.0 15.4 22.0 21.5
gc241n 25.5 16.7 27.1 18.2 13.9 14.1 gc241n 23.1 13.0 25.3 14.1 11.1 11.5
text 25.5 25.1 26.3 25.6 26.4 25.4 text 25.2 24.8 25.5 24.9 26.9 27.3
MNIST 9.4 7.4 9.0 6.9 9.4 7.9 MNIST 10.0 7.8 10.1 7.3 9.7 7.4

KS FAKS HC FAHC EF FAEF KS FAKS HC FAHC EF FAEF
digitl 3.0 2.5 2.8 2.2 2.6 2.2 digitl 3.1 2.7 2.9 25 2.0 2.2
USPS 5.0 4.1 5.2 3.5 3.9 3.2 USPS 5.6 4.6 5.6 4.1 4.4 3.6
BCI 48.2 475 45.9 45.7 47.6 47.9 BCI 48.2 49.0 46.3 47.4 48.9 49.7
g241c 30.5 23.1 32.8 24.1 21.2 21.2 g241c 28.5 19.8 32.1 21.5 18.0 18.0
COIL 18.0 175 16.2 16.1 22.8 22.1 COIL 19.8 19.8 19.2 18.8 26.7 25.8
gc241n 24.5 13.2 26.2 13.9 11.1 11.1 gc241n 21.8 11.0 24.6 12.0 9.2 9.2
text 25.1 24.3 25.7 24.3 25.6 25.9 text 25.1 24.1 25.6 24.0 25.4 24.9
MNIST 10.3 8.1 10.0 7.5 9.6 8.6 MNIST 10.8 8.9 10.7 7.9 10.8 9.4

Figure9: Variousclassi cationresults,c; determinedoy smoothingby eigenfunctionof L. The
tableis otherwiseorganizedasin Figure?7.

FAKS FAHC FAEF Bestof other methods
digitl 20 21 1.9 2.4 (Data-DepRegj.)
USPS 4.0 3.9 3.3 4.7 (LapRLS,Disc.Reg.)
BCI 45.5 45.3 47.8 31.4 (LapRLS)
g241c 19.8 215 18.0 13.5 (ClusterKernel)
COIL 12.0 111 15.1 9.6 (Disc.Reg.)
gcz241n 11.0 12.0 9.2 5.0 (Clusterkernel)
text 22.3 22.3 22.8 23.6 (LapSVM)

Figurel10: Classi cationerrors,in percent.In the rightmostcolumnwe chose for eachdataset,
thebestperformingmethodwith modelselectionamongall thosediscussedh Chapelle
et al. (2006). In eachof the remainingcolumnswe reportthe performanceof eachof
the smoothingmethodsdescribedabore, but with the bestsettingsof parametergor
constructingthe nearesneighborgraphandtype of initial classguessesamongthose
consideredn othertables(but all othersmoothingparametersincluding thosefor the
initial guesses;rossvalidated).Theaim of this ratherunfair comparisoris to highlight
the potentialof the methodsn thedifferentdatasets.
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to the clustercenterit is nearesto. The boundarybetweerthe classess exactly at the bottleneck
betweerthetwo clustersjn otherwords,thegeometry/metriof thedataasinitially presentedeads
to theoptimalclassi er, andthusmodifying the geometryby the clusterguessesanonly do harm.
This is clearly visible if onelooks at the eigenfunctionf the dataset: the sign of the second
eigenfunctiomta givenpointis anexcellentguessasto which clusterthatpoint belongsto, andin

factin our experimentspftentwo wasthe optimalnumberof eigenfunctionsSee gure 11.g241n

Figurell: Panelontheleft. Ontheleft thelighter anddarker pointsarethetwo classegor g241c.
Ontheright is the secondeigenfunction.Panelon theright. Onthetop left thelighter
anddarker pointsarethe two classedor g241n. On the top right is the secondeigen-
function,thenon the bottomthethird andfourth eigenfunctions.

is very similar; it is generatedby four GaussiansHowever, two pairsof centersareclosetogether
andthe pairsarerelatively fartherapart. The classesplit acrosghetwo ne scaleclustersin each
coarsescaleclusterasin g241c.In this dataset,theideal strateyy is to decidewhich coarsecluster
apointis in, andthenthe problemis exactly asabove. In particular the optimal stratgy is given
by thegeometryof the dataaspresentedThisis againre ectedin the simplicity of theclassesvith

respecto eigenfunction, 3, and4; see gure 11.

While in somesensethesesituationsare very reasonableit is our experiencethat in mary
naturalproblemsthe geometryof the datais not so simplewith respecto the classesandfunction-
adaptedernelshelpbuild betterclassi ers.

Our methodalsowas not usefulfor the BCI example. Herethe problemwas simply thatthe
initial guessatthe classesvastoo poor.

7. Computational Considerations

Let N bethecardinalityof thedatasetX, whichis endavedwith somemetricr . The rst andmost
computationallyintensve partof thealgorithmsproposeds the constructiorof thegraphandcorre-
spondingweights. The approactwe useis direct,in the sensehatwe explicitly storethesimilarity
matrix W. For eachpointx 2 X, we needto nd thepointsin ane-ball, or thek nearesneighbors
of x. This problemcanbe solvedtrivially, for ary metricr , in O(dN?) computationslt is of course
highly desirableto reducethis cost, andthis requiresmore ef cient waysof computingnear(or
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nearestheighbors.This problemis known to be hardevenin EuclideanspaceRY, asd increases.
Theliteratureonthesubjects vast,ratherthanalonglist of paperswe pointtheinterestedeaderto
Dataretal. (2004)andreferencesherein. Thevery shortsummaryis thatfor approximateversions
of the k-nearesneighborproblem,thereexist algorithmswhich are subquadratian N, andin fact
pretty closeto linear The neighborsearchs in factthe mostexpensve partof thealgorithm:once
for eachpointx we know its neighborsye computethe similaritiesW (thisis O(k) for thek neigh-
borsof eachpoint), andcreatethe N N sparsematrix W (which containskN non-zeroentries).
The computatiorof K from W is alsotrivial, requiringO(N) with avery smallconstantApply K!
to afunction f on X is very fastaswell (for t << N, asis the casein the algorithmwe propose),
becaus®f the sparsityof K, andtakesO(tkN) computations.

This shouldbecomparedvith the O(N?) or O(N?) algorithmsneededor otherkernelmethods,
involving the computationf mary eigenfunction®f the kernel,or of the Greens function (I
K) 1.

Note thatin mostof the imagedenoisingapplicationswe have presentedpecauseof the 2-
d locality constraintswe put on the neighborsearchesthe numberof operationis linear in the
numberN of pixels, with a rathersmall constant.In higherdimensionsfor all of our examples,
we usethe nearesheighborsearcheprovidedin the TSTool package available at http://www.
physik3.gwdg.de/tstool/ . Theentireprocessin@f animageasin theexample256 256takes
about7 secondson a laptopwith a 2:2Ghzdual core Intel processothe codeis not parallelized
though,so it runson one core only), and 2Gb of RAM (the memoryusedduring processings
approximately200Mb).

8. Future Work

We mentionsereral directionsfor further study The rst oneis to usea transductre learning
approachto tackle image processingoroblemslike denoisingand inpainting. One hasat one's
disposakinendlessupplyof cleanimageso useasthe“unlabeleddata”,andit seemghatthereis
muchto be gainedby usingthe structureof this data.

The secondoneis to more closely mimic the function regularizationin imageprocessingn
the contet of transductie learning. In this paper our diffusionsregularizein big steps;alsoour
methods linear(onamodi ed space) Eventhoughthereis nodifferentialstructureonourdatasets,
it seemghat by usingsmalltime incrementsandusingsomesort of constrainechearesneighbor
searctsothatwe do nothave to retuild thewholegraphaftereachmatrixiteration,we canusetruly
nonlineardiffusionsto regularizeour classfunctions.

Anotherresearctdirectionis towardsunderstandindpow to constructanduseef ciently basis
functionswhich areassociatedo function-adaptediiffusionkernels.The useof the low-frequeng
eigenfunction®of the operatorandthe associatedrourier analysisof functionson the sethasbeen
consideredn several works, as cited above, while the constructionand use of multiscalebasis
functions,which correspondo a generalizedvaveletanalysison datasets(CoifmanandMaggioni,
2006;Szlametal., 2005;Maggionietal., 2005),hasbeenusedsofar for approximatiorproblems
in machinelearning(Maggioni and Mahadean, 2006; Mahad&an and Maggioni, 2007) but has
potentialin mary otherapplications. One can considerthe approachthat usesdiffusion kernels
directly, asin this paperasasortof “PDE approach’{evenif in factthediscretenesandroughness
of thesetsconsideredisuallybringsusquiteafarfrom PDEson continua) while onecaninvesticate
“dual” approachebasedn representationandbasedunctions.
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9. Conclusions

We have introduceda generalapproactfor associatinggraphsanddiffusion processeto datasets
andfunctionson suchdatasets.This framewvork is very e xible, andwe have shovn two particular
applicationsdenoisingof imagesandtransductre learning whichtraditionallyareconsideredrery
differentandhave beentackledwith very differenttechniquesWe shawv thatin factthey arevery
similar problemsandresultsatleastasgoodasthe state-of-the-artanbe obtainedwithin the single
framework of function-adaptediffusionkernels.
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